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ABSTRACT

There is an unsettled problem in choosing the correct expressions for the local momentum density and angular
momentum density of electromagnetic fields (or indeed, of any non-scalar field). If one only examines plane waves,
the problem is moot, as the known possible expressions all give the same result. The momentum and angular
momentum density expressions are generally obtained from the energy-momentum tensor, in turn obtained
from a Lagrangian. The electrodynamic expressions obtained by the canonical procedure are not the same as
the symmetric Belinfante reworking. For the interaction of matter with structured light, for example, twisted
photons, this is important; there are drastically different predictions for forces and angular momenta induced on
small test objects. We show situations where the two predictions can be checked, with numerical estimates of
the size of the effects.
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1. INTRODUCTION

Twisted light is a light beam with intrinsic orbital angular momentum (OAM) in the direction of motion; for
reviews, see.’2 The components of the vector potential that are transverse to the overall propagation direction
of the beam can be given by?

[ll(ﬁ t) = Agéa etlk=z—wt) gt Je(kp) . (1)

Ay is a normalization constant, € is a polarization vector which can be made more specific as €y for circular
polarization A = +1. In wave number space, or momentum space quantum mechanically, it is a superposition of
plane wave states all with the same longitudinal momentum k, and the same magnitude transverse momentum
k but varying azimuthal directions. The phase e**® makes the orbital angular momentum in the direction of
motion be ¢ (or £h), and the total angular momentum is m, = ¢ + A. The swirling wavefront, in addition to
longitudinal momentum, has transverse momentum components that can twist objects in its path or give them
sideways kicks.

The expressions that give the momentum and angular momentum densities are obtained from the energy-
momentum tensor.*® Using the electromagnetic Lagrangian L = —F,3F“? /(414) and the canonical or Noether
procedure gives the canonical energy-momentum tensor

1
™" = —— FF*9¥A, — g™ L. (2)
Ho
It is not symmetric in its two indices. Aside from aesthetics, the field equation in General Relativity requires
a symmetric energy-momentum tensor. It can be symmetrized by adding a total derivative,%7 whereby spatial
integrals over the energy-momentum tensor remain unchanged. Doing so gives the Belinfante tensor

1
gHr — ,%FHQF‘:X —g"L. (3)
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The momentum densities P are obtained from 7% Jcor % /c, and are

—

P = GOE‘ (ﬁ)A7 canonical (4)

or
P=ekE x B, Belinfante. (5)

In general, they are numerically distinct. The related results for angular momentum density J are

7= { ok - (773< ﬁ)ff—l— o x ff, canonical, (6)

eo” x (E x B), Belinfante.

Again, the two expressions differ by just a total derivative. But they do differ locally, so do not lead to the same
torque upon small test objects.

Interestingly, an alternative way to obtain the momentum density of electromagnetic field is to infer it from
forces on small dielectrics calculated from Lorentz force law.® The momentum density obtained this way agrees
with the canonical result. Further discussions of momentum density definitions can be found in.? %14

2. ANGULAR AND TRANSVERSE MOMENTUM DENSITY TESTS

We will discuss some predictions for making objects spin by shining twisted light upon them, thinking in one
case in terms of the torque generated by absorbing the electromagnetic angular momentum, and in another case
in terms of the sideways kick, sometimes called the superkick,'® given to individual particles in a system.

One specific result for the z-component (averaged over time) of the angular momentum density, plotted versus
radius or the distance p out from the vortex axis, is shown in Fig. 1. In this figure, the projected total angular
momentum of the field is m, = 2 and the circular polarization is A = 0, = 1. One sees significant differences
between the canonical and Belinfante results at most radii.

One test: twisted light on a cylindrical shell. Given the plot just mentioned, we will consider shining a
twisted beam on a cylindrical shell, or hollow cylinder. (Note that the torque on a filled cylinder would be an
integrated torque, which is the about the same for the two cases, depending on the radius of the cylinder.)

Let the cylinder and beam axes be coincident, Fig. 2 and the torque on shell will be proportional to angular
momentum absorbed from beam at radius of cylinder.
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Figure 1. Angular momentum density on a ring of radius p for a twisted light beam of total angular momentum m~, = 2
and circular polarization o, = 1, with angular frequency w and Ay normalizing the strength of the beam’s electric field.
The pitch angle ) is arctan(x/k.). The Belinfante case has regions where the angular momentum density swirls in a
direction opposite to the overall angular momentum.
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Twisted Light Wavefront

Figure 2. Twisted light hitting a hollow cylinder, with axes coincident.

For radius p = 2 um ~ 2.74 A and other selected parameters, and cylindrical shell sitting in a kerosine bath

(the viscous drag is calculable!®17) terminal rotation frequency is

f~0.55Hz, canonical, (7)
or

f~0.23Hz, Belinfante. (®)

The other parameters used in this example are A = 0.729 yum, power in beam = 4 mW, the beam put inside a
Gaussian envelope of width 10 A, thickness of shell = 0.5 um, length of cylinder = 2 um, density of shell material
twice water.

Another test: a two-ion rotor. We will study this case in terms of the effect of transverse momentum kicks,
or superkicks, upon atoms constrained to move in a circle.

Consider a rotor has two 4°Ca ions constrained to revolve in a circular path in a plane. The atoms are well
constrained to stay in the plane, and their radius from the center of the circle is well fixed, but they are free to
revolve in a circle about the center. Such a rotor exists, and is described in,'® but has not been used for the
present purpose.

Figure 3. A two-ion Calcium rotor.

Shine the beam perpendicular to plane of the rotor with vortex line passing thru its center. The beam can
excite either ground state ion, and the ion receives one transverse momentum kick per lifetime of the excited
state. This will give a force dp, /dt, and a torque, and an angular acceleration. The transverse momentum kick
per absorption depends on the ratio of the momentum density and photon number density, and the numerator
and denominator of this ratio give a simple result for the canonical case,

Pl = @ canonical, 9)

p
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Figure 4. Calculated angular acceleration for a two-ion Calcium rotor of varying radii, with further description in the
text.

and J
o JEEA (kp)

Jo(kp)

Again, A is the photon helicity; a plot of the anticipated angular acceleration for A = 1 and ¢ = 1 is shown in
Fig. 4. The plot was made using the 4s; /5 — 4p3,3 or 4p; /o transitions, where the excited state is not metastable
but has a fast spontaneous decay. The situation is analogous to laser cooling:'® the spontaneous decay is isotropic
so statistically there is no momentum kick in the decay, but the excitation always involves a momentum kick in
the same azimuthal direction. The predicted angular accelerations are wildly different, as Fig. 4 shows.

Pl = Belinfante. (10)

3. CLOSING REMARKS

More details and additional situations contrasting the canonical and Belinfante momentum and angular momen-
tum density expressions can be found in.?°

The canonical and the Belinfante versions of the electromagnetic energy-momentum tensor are by design the
same for integrated quantities such as the total momentum or total angular momentum of the field. However,
point by point in space they are different, and on small test objects they give different results in calculations
of the force or torque from electromagnetic waves striking them. The differences are only apparent if the light
has a structured wave front, and we have worked out examples using the particular example of twisted photons.
In certain regions the differences are especially dramatic. Not discussed here are tractor beam effects in the
Belinfante case, discussed in?? and also noticed in.2! However, the dramatic tractor beam effects lie in limited
spatial regions and are sensitive to details of the beam preparation. On the other hand, the dramatic torque
differences which we have focused on in this talk are robust and exist over broad spatial regions and could well
be confirmed or denied experimentally using ringlike or end-weighted rotor test objects, and also in extensions
elaborated on in%° of existing experimental studies of transverse forces on small particles.'* Numerical results
suggest that the generated spin rate differences in all these cases could be observable on micron sized objects,
using available twisted photon beams.
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