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Abstract

The Evans function is a well known tool for locating spectra of differential opera-
tors in one spatial dimension. In this paper we construct a multidimensional analogue
as the modified Fredholm determinant of a ratio of Dirichlet-to-Robin operators on
the boundary. This gives a tool for studying the eigenvalue counting functions of
second-order elliptic operators that need not be self-adjoint. To do this we use local
representation theory for meromorphic operator-valued pencils, and relate the alge-
braic multiplicities of eigenvalues of elliptic operators to those of the Robin-to-Robin
and Robin-to-Dirichlet operator pencils. In the self-adjoint case we relate our construc-
tion to the Maslov index, another well known tool in the spectral theory of differential
operators. This gives new insight into the Maslov index and allows us to obtain crucial
monotonicity results by complex analytic methods.
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1 Introduction

Let 2 C R” be a bounded Lipschitz domain, and consider the differential expression

n n n
Lu = — Z aj(ajkak“)+ijaju_28j(dju)+qu, (1.1)
J.k=1 =1 =1

where the coefficients a i, b, d;, g are complex-valued functions on €2. We are inter-
ested in the Dirichlet eigenvalue problem

Lu = \u, =0, (1.2)

”‘asz

so we let £P denote the Dirichlet realization of L. Our goal is to construct a function
that is analytic (expect for isolated singularities) whose zeros coincide with the eigen-
values of £P, with the order of each zero equaling its algebraic multiplicity. This is
achieved in Theorem 1.3, where we obtain such a function as the modified determinant
of a certain ratio of Robin-to-Dirichlet operators. In Sect.2 we review the history of
using perturbation determinants for such questions, and put our results in context by
comparing them to previous constructions in the literature.
We start with some standard assumptions on L.

Hypothesis 1.1 The coefficients of L satisfy:

(1) aji,bj,dj,qg € L(Q) foreach 1 < j, k <n;
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(2) there is a constant C > 0 such that

Re Y ajn(0)éj& = C Y I&

jok=1 j=1

forall (§1,...,&,) € C"and x € Q.

We next fix a compactl operator ®: HI/Z(BQ) — H_1/2(8S2), and let £° denote
the realization of L with the generalized Robin boundary condition

yiu+©y,u=0, (1.3)

where yNL denotes the conormal derivative associated to L and y,, is the Dirichlet trace
(restriction to the boundary).

For any complex number A not in the spectrum of £®, we define the Robin-to-
Dirichlet operator Ne(1): H~/2(3Q) — H'/?(3Q) as follows. For g € H~/2(3Q)
there exists aunique u € H' () suchthat Lu = iu weakly in 2 and yNLu+®yDu =g,
so we define No(A)g = y,u € H'Y2(Q). 1t is easy to see that Ng(A) is bounded,
and depends analytically on X (see Lemma 4.9) in the resolvent set p (L£9).

Similarly, for any A not in the spectrum of £, we define the Dirichlet-to-Robin
operator Me(1): H'/2(0Q) — H™2(0Q) by Me(L)g = yiu 4+ ©y,u, where
u € H'(Q) is the unique solution to the Dirichlet problem Lu = Au and YplU = 8.
If . € p(£®) N p(LP), then Ng(A) and Mg (L) are both defined and are mutually
inverse.

We are interested in defining a functional determinant that vanishes at the eigen-
values of £P. A natural choice would be the modified Fredholm determinant of
JNe (L), where J: HY2(3Q) — H~Y2(3) denotes inclusion, as this operator
is meromorphic in A and is not invertible at the eigenvalues of £”. This is not pos-
sible, however, since 7 Ng(A) — I is not contained in the Schatten—von Neumann
ideal B, (H 1723 Q)) for any p > 0, so its p-modified Fredholm determinant is not
defined. We therefore regularize Ng (1) by dividing by the Robin-to-Dirichlet map for
an auxiliary differential expression.

To that end, we let L denote the differential expression

n n n
Lu=— Y 0;(@du)+ Y bjdju— Y d;(dju)+qu, (1.4)
jk=1 j=1 j=1

with complex-valued coefficients i, b s d i, q satisfying Hypothesis 1.1, and let
0: HY 20Q) > H Y2(0Q) be compact. We thus obtain a Dirichlet-to-Robin map
1\7@ (1) that is analytic in p (ZD ) and fails to be invertible precisely at the eigenvalues
of L°. Using this, we define the operator

E() = Mg(\)Ne() € B(H™'2(59)). (1.5)

! The operator £ can be defined under less restrictive assumptions on ®; see Hypothesis 4.4. However,
our main theorem requires the stronger Hypothesis 1.2, which implies compactness of ®.
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This is well defined and analytic for A € (LN p(ED ). Moreover, we have that
E()) — I is contained in B,(H~'/2(3Q)) for sufficiently large p, as long as the
following assumption holds.

Hypothesis 1.2 Assume, in addition to Hypothesis 1.1, that:

(1) aj are real-valued, Lipschitz and symmetric, i.e. ajx = ai; for 1 < j, k <n;
(2) © = *O, where © € B(H'/2(3Q), L?(382)) and

cHY20Q) > LP0Q), & L209) > HV200)

are inclusions.

A particular case is ® = (*6¢, where 6 € B (L2(8 Q)). Letting 6 be the multipli-
cation operator corresponding to a bounded function on 92, we recover the classical
Robin boundary condition as a special case.

Finally, we define the multiplicity of a point Ao for a function with isolated zeros
and singularities, following [43, Sect. 4]. Suppose f: C — C is analytic except at
isolated singularities and its zeros do not accumulate in C. For each 1o € C we define

1 e
m(io; f) = 5— L)

: i, (1.6)
21i Japog:e) S )

with & chosen small enough that the punctured disk D’(L¢; €) contains no zeros or
singularities of f. In particular, if f is meromorphic, then

k  if Ag is a zero of order k,
m(ho; f) = { —k if Ag is a pole of order k, (L.7)
0  otherwise.

The generalization (1.6) of the multiplicity function in (1.7) is relevant for our analysis,
since the p-modified determinant of E(A) that we define in (1.8) may have essential
singularities; see Remark 1.4 and the discussion in Sect. 6.1.

We now state our main result.

Theorem 1.3 Suppose Q C R" is a lgounded Lipschitz domain, and let L, ® and E,
O satisfy Hypothesis 1.2, with d; — d; Lipschitz and aji = aji forall 1 < j, k < n.

(1) Foreach x € p(L®) N ,O(ED) and p > 2(n — 1) the operator E(\) — I is in the
Schatten—von Neumann ideal B, (H’1/2(8§2)).
2) If p > 2(n — 1) is an integer; then
E(A) 1= det, E(L) (1.8)

defines an analytic function on ,0(£®) N ,O(ZD).
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(3) For each Ly € C there exists a meromorphic function ¢, defined in a neighbour-
hood of Lo, such that

EM) = (A — rg)e? ™, (1.9)
where
d = my (. £2) = ma(ho. LP) + my (g, £°) — ma(no, £9)  (1.10)

and my (Ao, ®) denotes the algebraic multiplicity of Lo for the operator e. In
particular, the multiplicity satisfies m(Ao; £) = d.

For instance, if Ao € ,O(ZD) N p(£®) N ,0(29), we have that £(1g) = 0 if and
only if A¢ is an eigenvalue of £, with the order of the zero equal to the algebraic
multiplicity of 1. More generally, £ contains information about the spectra of all four
operators appearing in (1.10). We will explain below how to extract information from
this formula by making appropriate choices of ®, Oand L.

Remark 1.4 In Sect.6.3 we will see that the function A — E(A) is completely mero-
morphic (the definition is given prior to Lemma 6.8) on C. While the determinant £ is
analytic wherever E is, it is possible for £ to have essential singularities at the poles of
E. This is a consequence of the definition of the p-modified determinant when p > 1;
see [43, p. 333] and Sect. 6.1 for further discussion.

Remark 1.5 If we assume additional regularity of 0€2 and L, and better mapping prop-
erties of ® and @, the condition p > 2(n — 1) can be weakened to p > n — 1; see
Hypothesis 6.1 and Propositions 6.2 and 6.7. The requirement p > n — 1 cannot be
improved without imposing further assumptions; in Sect. 3.3 we give an example with
analytic boundary for which E(A) — I ¢ 5,_;.

Remark 1.6 In Remark 6.19 we will show that E()) has the same p-modified Fred-
holm determinant as No(»)Mg() € B(H'?(9%)). While the latter operator is
perhaps more appealing, as it acts on functions in H'/?(9<2), rather than distribu-
tions in H~1/2(32), we have defined E()) by (1.5) because this arises naturally in
our discussion of the Maslov index; see Theorem 7.2.

There are two major steps in the proof of Theorem 1.3:

(1) In Sect.5 we relate the eigenvalues of £, LP , £° and L° to the correspond-
ing Dirichlet-to-Robin, Robin-to-Dirichlet and Robin-to-Robin maps. While the
equality of geometric multiplicities is straightforward, the equality of algebraic
multiplicities is significantly more involved, see Theorem 5.1.

(2) InSect.6 we show that the p-modified Fredholm determinant of E is well defined,
and relate the order of its zeros, poles and essential singularities to the multiplicities
of the corresponding eigenvalues.

Combining Theorem 1.3 with the definition of m in (1.6), we get an eigenvalue
counting formula.
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Corollary 1.7 Let K C C be a compact set with rectifiable boundary. If 9K is disjoint
from o (LPYUa(LPYUo (LO)U U(E®), then

1 E'M) b D
— ——dAr = K — K

mg (K. L) — my(K, L), (1.11)

where my (K, L®) is the number of eigenvalues of L® in K, counted with algebraic
multiplicity.

In general we are not interested in all four operators appearing on the right-hand side
of (1.11). However, we have considerable flexibility in applying this result, since ®, 0
and L can be chosen as desired, subject to the hypotheses of the theorem. Depending
on the application at hand, we can choose these to make one or more of the terms on
the right-hand side vanish.

For instance, adding a positive constant to the coefficient q simply translates the
spectra of LP and £° to the right. Therefore, given a compact set K, we can choose
g to ensure that O‘(ED ) and O'(ZG) ) are disjoint from K, in which case (1.11) reduces
to

1 E'0

2mi 9K 5()\)

dr =ma(K, LP) —ma(K, L®). (1.12)

When ® = 0 this is simply the difference of the Dirichlet and Neumann counting
functions, a quantity that has received much attention over the years; see, for instance
[2, 10, 26,27, 34, 51, 55] and references therein. These papers only consider the self-
adjoint case, whereas our counting formula (1.12) is valid for any L and L satisfying
Hypothesis 1.2.

If we are only interested in the Dirichlet spectrum, we can gain further control by
adjusting the operators ® and ®. For a self-adjoint operator this is particularly easy,
since the spectrum is real, and so to count eigenvalues it suffices to consider sets K of
the form [Aq, A2] x [—6,6] for0 < 6 < 1.

We recall that L is symmetric if its coefficients satisfy ajx = axj, b; = d; and
g = q forall 1 < j, k < n.In this case the Dirichlet realization £ is selfadjoint,
so the algebraic and geometric multiplicities coincide. We continue to denote this
common multiplicity by m, to avoid confusion with the multiplicity function m in
(1.6). Since we are interested in the spectrum of LP, which is real, we will choose ©
so that the spectrum of L@ is not on the real axis, and hence does not contribute to the
right-hand side of (1.11); see Lemma 8.4.

Anoperator ®: H'/2(3Q) — H~1/2(3Q) is said to be non-real if Im{(Og, g)) # 0
for any nonzero g € H'2(3%Q), where (-, -)) denotes the dual pairing of H™2Q)
and HY/ 2(8 Q). Two important examples of non-real ® are iR and iJ, where
R: H'2(0Q) — HY%2HQ) is the Riesz isomorphism, as in (1.21), and J =
o HY2(0Q) — H-Y2(9Q) is the inclusion.
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Theorem 1.8 Suppose, in addition to the hypotheses of Theorem 1.3, that L and L are
symmetric and ©, ® are non-real. For any real numbers .1 < Ay in p(LPYN p(ED),
there exists § > 0 such that K = [A1, A2] x [—§, 8] is contained in ,0([:@) N ,O(EG)),
and hence

1 E' )

_ D\ _ D
rl ey dh = mq([A1, A2], £7) — mg([A1, 221, L7). (1.13)

Finally, in the case that both L and L are symmetric, we discuss the relationship
between our multi-dimensional Evans function £(A) and the Maslov index, a well-
known tool for counting eigenvalues of self-adjoint operators.

The Maslov index is a topological invariant that counts intersections, with sign
and multiplicity, of Lagrangian subspaces in a symplectic Hilbert space. This was
first described in [3] in the finite-dimensional case, and applied to Sturm-Liouville
problems in [4]. A survey of the Maslov index in infinite dimensions is given in [28]
and [15]. Much work has been done recently to apply this machinery to selfadjoint
eigenvalue problems, starting with [22] and continuing in [5, 17-20, 41, 42, 48, 50].

To count eigenvalues for the Dirichlet problem, we consider the subspaces

G = {(pu, ytuy :u e H'(Q.R), Lu = ru} (1.14)
and
D={0,g:ge€ H'*0Q,R)), (1.15)

so G(X) encodes solutions to Lu = Au with no boundary conditions imposed, and D
encodes the Dirichlet boundary condition. It follows that G()) intersects D nontrivially
whenever A is a Dirichlet eigenvalue, and the multiplicity of A equals the dimension
of G(A) N D.

When A is real these are Lagrangian subspaces in the symplectic Hilbert space
H=H"72BQ,R)® H 23, R), with the symplectic form  given by (8.2). The
Maslov index Mas(+) of the path G()) with respect to D is then defined as the spectral
flow sf(-) (through —1) of the family W ()) of unitary operators, called the Souriau
map,

W) = —(I —2Pg))(I — 2Pp), (1.16)

where the P, denote H-orthogonal projections [13, 14, 28]. Defining subspaces G )
for L, analogous to (1.14), we can now state our main result connecting the Evans
function and the Maslov index.

Theorem 1.9 With all notation and assumptions as in Theorem 1.8, we have

Winding number of £ around 0 K = Mas (ém D) — Mas (g\if, D) . (1.17)
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That is, the winding of our multi-dimensional Evans function equals the difference
of Maslov indices for the perturbed and unperturbed operators. This formula is an
immediate consequence of Theorem 1.8, since it says the left-hand side of (1.17)
equals the difference of counting functions, m([)q, Az], [ID) — m([kl, Az, ED), and
it is known that the Maslov index satisfies

Mas (G}, D) = —m(a1. 2], £9), (1.18)

and likewise for ED; see [18, Lemma 5.3], [19, Lemma 4.1], [22, Lemma 4.7] or [48,
Theorem 3.3].

While this establishes the equality (1.17), it does not give much insight into why
it is true. To better understand this connection, we prove this equality directly by
deriving an explicit algebraic connection between the Evans function and the Maslov
index. This is done in Sects.7 and 8; see in particular Theorem 7.2, where we relate
the operators W, W and E. This demonstrates a fundamental connection between the
Evans function and the Maslov index, as opposed to the mere equality of indices seen
in (1.17). In terms of the family W (X) of unitary operators in (1.16), the Maslov index
is defined to be

Mas (g\iﬁ, D) —sf (W|if, —1) . (1.19)
As a consequence of this definition and (1.13), Theorem 1.9 is equivalent to

1 M)

2mi oK 5()\)

dh=sf (W[;2 —1) = st (W[, -1). (1.20)

This is the result we prove in Sect. 8 by directly relating W, W and E.

There are two steps to the proof. First, in Theorem 7.1, we give an explicit formula
for W in terms of the Robin-to-Dirichlet map Ng. In addition to clarifying the relation-
ship between these objects, this explicit formula allows us to define W (1) for complex
values of A. The second step is to prove that the spectral flow for W (1) is monotone,
in the sense that its eigenvalues (which must lie on the unit circle whenever A is real)
always pass though —1 in the same direction as A increases. We prove this mono-
tonicity using the analytic continuation of W (). This continuation has the property
that its spectrum lies outside the unit circle whenever A is in the upper half plane, and
inside the unit circle whenever A is in the lower half plane. Combined with analyticity,
this spectral mapping property gives the desired monotonicity of the spectral flow and
completes the proof of (1.20), and hence of Theorem 1.9.

We expect that the analytic continuation of W (1), which to the best of our knowledge
has not previously appeared in the literature, will be a valuable new tool for studying
the Maslov index. For instance, it gives an elegant proof of monotonicity for the
spectral flow that seems completely different from the existing proofs in the literature,
which use the method of crossing forms, cf. [18, 19, 22, 41, 42, 48, 50].
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Outline of paper

In Sect.2 we put our results in context by recalling relevant literature on perturba-
tion determinants in mathematical physics. In Sect.3 we illustrate our constructions
and results using simple examples where everything can be computed explicitly. In
particular, we show how our construction is related the “standard” Evans function in
one spatial dimension. In Sect.4 we precisely define all of the relevant operators, and
establish needed properties of the Dirichlet-to-Robin and Robin-to-Dirichlet maps. In
Sect. 5 we discuss the connection between these maps and the eigenvalues of £ and
L. In Sect. 6 we establish the B » properties needed to define the modified Fredholm
determinant of E(A), then study the zeros and singularities of the resulting Evans
function £(A), culminating in the proof of Theorem 1.3. Finally, in Sects.7 and 8 we
discuss the connection to the Maslov index, proving Theorem 1.9.

Notation and conventions

Unless explicitly stated otherwise, all functions are complex-valued, so we abbreviate
HY(Q,C) = HY(Q) etc. Sesquilinear forms, such as the inner product, are always
linear in the first argument and antilinear in the second. The inner product in L?(£2)
will always be denoted (-, -).

Following the convention of [46], we define the adjoint X* of a Banach space
X to be the set of bounded antilinear functionals on X. In particular, we let
H_1/2(8S2) = H1/2(8$2)*, and use the notation (¢, g)) = ¢(g) to denote the action
of g € H Y2(3Q) on g € HY?(3K2). The Riesz representation theorem therefore
gives a linear map R: H'/?(0Q) — H~'/2(3Q) satisfying

(Rf. &) =(f 8 urepe- (1.21)

There is also a linear map from H'/2(3Q) to H'/2(dQ)** = H~/>(3Q)* that sends
f € HY2(3) to the antilinear functional H~/?(3Q) > ¢ — ((¢, f)). Therefore,
given a bounded operator ®: H'/2(3Q) — H~'/2(3R2), we can identify its adjoint
with a map ©*: H'/2(0Q) — H~!/2(3Q) satisfying

(Of, g)=(O*g, f) (1.22)
forall f,g € H'/?(3). Finally, we recall the compact embedding ¢: H'/?(3Q) —
L%(3Q). Using the Riesz theorem to identify L?(32) with L?(3Q)*, we iden-
tify * with the map L?(0Q) — H~'/2(dQ) that sends f e L?*(3RQ) to the
functional g +— (f,tg) on H'/2(3Q). We thus obtain a compact linear operator
J =" H2(0Q) — H™1/2(3Q), acting as

(Trf.8h) =S 8rwpe (1.23)
forall f,g € H'/2(3Q).
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We denote by o () and p(-) the spectrum and resolvent set of an operator. The alge-
braic multiplicity of an eigenvalue is denoted m, (A, -), and the p-modified Fredholm
determinant is det, (-).

2 Background and motivation

Perturbation determinants are among the most popular tools of modern mathematical
physics [38, 46, 58]. In particular, for a given perturbed operator on a Hilbert space,
they provide an analytic (or meromorphic) function of the spectral parameter whose
zeros (or poles) give the location of discrete eigenvalues. A typical example of this
is an application of the important Birman—Schwinger principle for the Schrodinger
operator L = —A + V, whose discrete spectrum under appropriate assumptions is
given by zeros of the perturbation determinant det (I + V(A - z)_l); this follows
from the identity £ — z = (I + V(—A - z)_l)(—A — z) for z in the resolvent set
of —A. To avoid citing quite a number of influential papers on this classical topic we
refer the reader to [12] where one can find an extensive bibliography.

The perturbation determinants of this type are quite “large” as the operators involved
are acting on the whole Hilbert space, say L>(£2) for adomain Q C R”. It is therefore
natural to attempt to reduce the space by passing to a “smaller” space of functions on the
boundary 9€2. A typical example of this reduction in the ODE case is furnished by one-
dimensional scattering theory [16, Chapter 17], where the discrete spectrum of a one-
dimensional Schrédinger operator is given by the zeros of the classical Jost function,
an analytic function of the spectral parameter constructed by means of solutions to the
spectral problem with appropriate asymptotic behavior.

More generally, in the theory of one-dimensional ODEs with asymptotically con-
stant or periodic coefficients, the spectrum of differential operators is given by zeros
of the Evans function, a powerful and popular tool in the stability theory of traveling
waves [1, 45, 53, 56]. An important fact that goes back to the classical work of Jost
and Pais, cf. [29-31, 36], and was established in a general Evans function setting in
[32], is that the Birman—Schwinger-type perturbation determinant is actually equal to
the Jost and Evans functions. Unfortunately, the one-dimensional construction of the
Evans function does not admit an easy multidimensional generalization, although, in
a slightly different direction, there were several attempts to construct direct analogs of
the Evans function for PDE situations [23, 24] and, in particular, for infinite cylinders
[47].

Amid the attempts to generalize the notions of the Jost and Evans function to the
PDE context, yet another classical set of objects took a prominent role, those being the
Dirichlet-to-Neumann and Robin-to-Robin maps. We refer to [29, 30, 36], with a later
spectacular development of this topic in [6, 12, 31, 35, 37]. This is quite helpful as
the Robin-to-Robin maps and their abstract versions, such as abstract Weyl functions
in the theory of abstract boundary triplets [7, 57], are acting on “smaller” boundary
spaces, for instance L2(32) as described above.

In this paper we construct an analog of the Evans function for multidimensional
elliptic operators that need not be self-adjoint. In some sense the current paper
stems from [29, 36], except instead of using the Birman—Schwinger-type perturbation
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determinants we use the Dirichlet-to-Neuman and Robin-to-Robin maps to directly
construct meromorphic operator-valued functions whose zeros and poles are the eigen-
values of the respective differential operators. We construct a function (which we call
an analog of the Evans function) as a Fredholm determinant of a particular Robin-to-
Robin map. Because these are infinite dimensional operators we must use a suitable
regularization to be in the class of operators for which Fredholm determinants are
defined. As a result, our Evans function is analytic except at isolated singularities that
could be either poles or essential singularities.

In addition, we need to relate the spectra of the Robin and Dirichlet realizations
of L to the spectra of the respective Dirichlet-to-Robin, Robin-to-Robin and Robin-
to-Dirichlet maps. This relation is well known in the selfadjoint case, for instance
when L is the Laplacian [36]. It was recently studied in an important paper [11]
for non-selfadjoint operators, with a particular choice of Robin boundary condition.
We prove here quite general results relating the Jordan chains (and hence algebraic
multiplicities of eigenvalues) of the Robin realization of L and the Robin-to-Robin
operator pencil. Our approach stems from [11] but provides a unified approach to all
types of boundary conditions for general (not necessarily selfadjoint) elliptic operators.
Our main technical tool is the theory of local equivalency of nonlinear operator pencils
that goes back to [39], see also [40, Chapter IX], [12, 43, 49] and the vast literature
therein.

Yet another interesting connection we explore is related to the Maslov index, a
notion from infinite-dimensional symplectic geometry [15, 28] that has been widely
used in stability theory and related problems when the operator in question is selfad-
joint [5, 17-19, 22, 41, 42, 48, 50]. There one uses the Souriau map [28], a double
reflection operator whose spectrum detects the fact that two Lagrangian subspaces
have a nontrivial intersection. (This detection is exactly what the standard ODE Evans
function does, though in the non-selfadjoint case there is no Lagrangian structure.) The
Lagrangian subspaces that we encounter happen to be the graphs of certain Robin-to-
Robin maps, and we notice and exploit a relationship between the Souriau map and the
Cayley transform of the Robin-to-Robin operator to establish appropriate properties
of the Evans function. Even for the well-studied ODE situation we establish a new,
direct relation between the standard Evans function and the Maslov index.

3 Examples

Before proving the main results we give a few examples. The first two are one-
dimensional, and hence avoid the technical difficulties associated with determinants in
infinite dimensions. We start with the Laplacian on an interval, for which the Dirichlet-
to-Robin map can be explicitly computed. This example demonstrates the role of the
boundary operator ©, and shows how it can be chosen to separate the spectrum of £
from that of £©.

The second example is a matrix-valued Schrodinger operator on an interval. This
example clarifies the relationship between our function £ and the “standard” Evans
function in one dimension, as described in [1, 45, 56], for instance. In particular,
we show that £ can be written explicitly in terms of four separate Evans functions,
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corresponding to a perturbed and unperturbed differential operator with two different
sets of boundary conditions.

Our final example is the Laplacian on the unit disc. Unlike the first two examples,
the Dirichlet-to-Neumann map is now an operator acting on an infinite-dimensional
space, as opposed to a matrix, and so one needs to worry about its 3, properties. Using
known asymptotic formulas for the eigenvalues of the Dirichlet-to-Neumann map, we
find that E(X) — I is of class B, if and only if p > 1, as claimed in Remark 1.5. We
also discuss Schrodinger operators with radial potentials, and relate E (A) to an infinite
collection of one-dimensional Evans functions.

3.1 The interval

We first consider L = —(d/dx)2 on the unit interval 2 = (0, 1). Since 02 = {0, 1},
the Robin-to-Dirichlet map Ng(X) is a 2 x 2 matrix. It thus has a well-defined deter-
minant, so there is no need to introduce a reference operator L and the corresponding
Dirichlet-to-Robin map, as in (1.5), and we can illustrate our results by simply com-
puting det Ng(1).

The Dirichlet spectrumis o (£LP) = {(n7)? : n € N}.For » € p(L£P), the Dirichlet-
to-Neumann map M (1) is given by

a —b
MG) = [_b ) } 3.1)
where
. cos /A . 1
B sinc«/x’ B sinc«/x’

and sinc z = 7z~ sin z is the unnormalized sinc function; see [21, Sect. 3]. Here cos A

and sinc ﬁ are shorthand for the power series

S —1)ran N
cos VA = Z % sinc v/A = Z ((Zn j)L o (3.2)
n=0

which define entire functions of A and do not depend on a choice of square root. Note
that sinc +/A = 0 if and only if » € o(LP).

For any matrix ® = [g} gg ] the Dirichlet-to-Robin map Mg (1) is given by

M@(A)ZM(A)+®=|:0+ZII —b+t121|

—b+1n a+tn

It is easily verified that b —a? = X. Since Ng(A) is inverse to Mg (1) whenever both
operators are defined, we find that
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det No(h) = (det Mo()) ™'
_ sinc v/A
"~ (det® — ) sinc /A + tr @ cos VA + (t12 + ta1)

(3.3)

As noted above, the numerator vanishes on the spectrum of £?, and it can be shown
that the denominator vanishes on the spectrum of £®. Therefore, the determinant
has zeros in o (LP)\o (L®), poles in o (£L®)\o (L), and removable singularities in
o (LP) N o (L?), as expected from Theorem 1.3.

This example demonstrates the importance of the boundary operator ®. If we had
chosen ® = 0, so that £L® = £V is just the Neumann Laplacian on (0, 1), the
determinant would have no zeros, because o (£P) ¢ o (£V), and its only pole would
be at o (LN No (LPy = {0}. Indeed, it follows immediately from (3.3) with ® = 0
that

det N () = _%. (3.4)

As noted in the introduction, it is advantageous to choose ® so that o (LP) and
o (L®) are disjoint. This is easily done in the symmetric case, where £? is self-adjoint
and hence has real eigenvalues; see Theorem 1.8. For instance, choosing ® = il>2,
we find that A is an eigenvalue of £ if and only if (A + 1) sinc v/A — 2i cos v/A = 0,
which is clearly not possible for any real A. It follows that det Ng is analytic in an
open neighborhood of the real axis, and in this neighborhood we have det Ng (1) = 0
if and only if A is an eigenvalue of £P.

3.2 The Evans function for a Schrédinger operator

We next consider the Schrddinger operator Lu = —u” + Qu, with continuous C"*"-
matrix valued potential Q. Although in the main part of the paper we only consider
scalar equations, the results can easily be generalized to systems. Including a matrix
potential in this example helps clarify the relationship between our construction and
the standard Evans function for systems in one spatial dimension. Since in the main
part of the paper we consider only bounded domains, in this section we deal with the
bounded interval 2 = (—1, 1); however, the generalization to the line (—o0, 00) is
not hard.

Our main result for this problem compares our generalized Evans function £(1) to
the “standard” Evans functions for the Dirichlet and Robin problems, as defined in [1,
45, 56], which we now recall. For the Dirichlet Evans function we let Y. (-, A) be the
C™*"-matrix valued solutions of LY, = AY+ with boundary conditions

Y_(=1,0) =Y (1,2) = Oyxn and YL(_I,)\)ZYL(I’)L)ZInxn‘
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The Dirichlet Evans function, which we denote E , is then defined to be the determinant
of the Evans matrix

Yo, ) Y, )
Ep(x, L) = [Y’(x, 1) Y, (x, A)} . (3.5)
The determinant is easily shown to be independent of x, so we have
_ Y_(1,2) Onscn | _
E, (1) = det [Y/_(l, ) IHXJ =detY_(1,1). (3.6)

Similarly, welet V4 (-, A) be the matrix-valued solutions of L V4 = AV, with boundary
conditions

Vo(—1,A) = =Vi(1,A) = Ly and V' (=1,2) = VL(1, 1) = Opn.

For the Robin problem we fix n x n matrices @+ € M, (C) andlet ® = diag{®,, ©_}.
Then W4 := Vi + Y104 satisfy the eigenvalue equation LWy = AW and the Robin
boundary conditions

—W (=12 +0-W(=1,4) = W1, + 04 W(l, 1) = Opxn,

so we define the Evans function for the ®-Robin eigenvalue problem as
_ W_(x,A) Wy(x,2)
Eo (1) = det |:W’_(x, ) W] 3.7
which is again independent of x.
We now relate these Evans functions to the function £ defined by (1.8) with p = 1.
As in the previous example, the Dirichlet-to-Robin and Robin-to-Dirichlet maps are
matrices, and hence have well-defined determinants, so we can write

E(\) = det No (1) det Mg (i) (3.8)

forall » € p(L2) N p(LP).

Theorem 3.1 For any continuous matrix-valued potential Q and matrices O €
M, (C) we have

det No(A) = % forall » € p(L?),
det Mo(A) = EO&; forall » € p(LP). 3.9)
D

Given an auxiliary potential Q and boundary matrices O, we thus have

_E,(WEs()

5 )\. _— =<
* Ee(ME, (V)

(3.10)
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forall » € p(L®) N p(ED).

Before proving the theorem, we recall the definitions of Mg and Ng. For a differ-
entiable function u: [—1, 1] — C" we define the Dirichlet and Neumann traces

1 n « n
YU = [ulz(—i)} eC™, yu= [—Z’E—)l)] e C*.

Assuming that A € p(L£P) and f € C?", we let u be the solution of the boundary
value problem

—u" 4+ Qu=hu, yyu=f, (3.11)

and then define the Dirichlet-to-Neumann map M (A) by M (1) f = y,, u. The Dirichlet-
to-Robin map Mg (1) is defined by Me(A) f = yyu+0Oy, u,s0 ML) = M (L) +0O.
For A € p(L®) the Robin-to-Dirichlet map Ng (1) is defined similarly, and satisfies
No() = ML)~ forall A € p(L®) N p(LP).

Next, we let

G = {(vpu, yyu) € C" - —u" + Qu = ru) (3.12)

denote the set of traces of solutions to the eigenvalue equation, with no boundary
conditions imposed. Since the set {u : —u” + Qu = Au} is spanned by the columns
of the matrices Y_ (-, A) and V_(-, A), we find that G(1) is spanned by the columns of
the frame matrix

Y_(1,h)  V_(L,1)
X1 [rp¥o vVl | Yo(=1,A) V(=12
Z] T Y- Vo] T YLauh VL a
Y (=1,2) =V’ (=1, %)
CY_(1,2) V_(1,2)

J— OnXl’l IﬂXn
YL ViAo | (3.13)
L —lnixn 05 xn

which has size 4n x 2n.
We now relate the frame matrix to the the Dirichlet-to-Neumann map.

Lemma 3.2 If Q is a continuous matrix-valued potential, then ) € p(LP) if and only
if X is invertible, in which case the Dirichlet-to-Neumann map is given by M (L) =
zx 1

Dnxon
zx!
that G(1) is the graph of the Dirichlet-to-Neumann map.

Since the columns of [ § ] and [ ] span the same subspace, the lemma implies

Proof Note that & € o (L") if and only if there is a nontrivial solution to —u” 4+ Qu =
Au that satisfies Dirichlet boundary conditions at both —1 and +1. From the definition
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of Y_ and Y, this happens if and only if the columns of the Evans matrix Ep (x, 1)
in (3.5) are linearly dependent, i.e. det Ep(x, A) = det Y_(1, A) = 0, and it follows
from (3.13) that det Y_(1, 1) = det X.

Assuming A € p(LP), we choose f € C?" and let u be the solution of (3.11).
Since {1 : —u” + Qu = Au} is spanned by the columns of Y_ and V_, there exists
a vector ¢ € C?" such that u(x) = [Y_(x,A) V_(x,)]ec for all x € [—1, 1]. Then
ypu = Xc and y,u = Zc by the definition of the frame. Since X is invertible, this
implies ¢ = X! f and hence M()L)f:yNu=Zc=ZX_1f. O

We are now ready to prove the main result.
Proof of Theorem 3.1 Using Lemma 3.2 we obtain Mg = ZX~ ' +© = (Z +

©X)X~!. Toprove (3.9), we will show thatdet X = E, (V) anddet(Z4+0OX) = Eg(1).
The first claim follows immediately from (3.6) and (3.13), since

E,(A) =detY_(1,1) =det X.
To prove the second claim, we notice that

det(Z + OX) — det [YL(LA) +0,Y (1,1 VL(l,A)+®+v_(1,A)]

_Inxn O_

=det (Y_(1,) + OLY_(1,1))0_ + V. (1,1) + O, V_(1, 1)),
(3.14)

where the second equality follows from the fact that if AC = CA, then
A B
det [C D] =det(AD — BC).

On the other hand, letting x = 1 in (3.7) gives

_ Vo, M) +Y-(1,M)0_ —Ihxn
Eo(}) = det [v:a,x)wL(l,A)@_ CH }

= det (O (V_(1, ) + Y_(1, )O_) + V/ (1, ) + Y (1, 1)0_),

(3.15)

where the second equality follows from the fact that if BD = DB, then
A B
det |:C D] =det(DA — BC).

Comparing (3.14) and (3.15) proves that det(Z + ®X) = Eg(A), and hence
det Mo(A) = Ee(A)/E, (%) for all A € p(LP). If A € p(L®) N p(LP) we can
invert this to obtain det Ng(A) = E,;(1)/Eg (1), and by continuity we conclude that
this holds for all » € p(£®). ]
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3.3 The unit disc

We finally consider L = —A on the unit disc. For a reference operator we take
L=—-A+ y for some y € R, and we choose boundary operators ® = wJ and
® = /1.7, where 1 and i are complex numbers and 7 : H'/2(0Q) — H~/2(0Q) is
the inclusion. With these choices the eigenvalues of E (i) can be computed explicitly,
and we obtain the following.

Theorem 3.3 IfA > max{y, 0} and u # [i, then E(\) — I € By, ifand only if p > 1.
This verifies the claim made in Remark 1.5 about the optimality of p > n — 1.

Proof From [21, Sept. 4] we know that the Dirichlet-to-Neumann map M (i) acts on
the Fourier basis {¢/*”} by

MWer = dy(0)e*?, 9 € [0, 27),

for all k € Z, where

di (W) = M (3.16)
Jik (V) '

and J; are the Bessel functions of the first kind. If & is even, both Jj;|(z) and zJ‘/k‘ (2)
are entire functions, given by convergent power series only having even powers of z,
and hence can be evaluated at z = /A for any A € C, independent of the choice of
square root. When k is odd, the same is true of Jy|(z)/z and Jl’kl(z). Therefore, as in
(3.2), we see that (3.16) unambiguously defines di (A) for every A € C.

It follows that M (A) = M(\ — y) has eigenvalues dy(A — y), so the operator
E(L) = Ng (A)M@()\) has eigenvalues

di (A — 7
M’ (3.17)
dr(A) +
and hence E(A) — I has eigenvalues
A0 —y) —di () + i —
dr(A) — '
indexed by k € Z.
To analyze the B, properties, we recall [21, Lemma 4.2], which implies
li dir(A) — k)= 1i dir(A—vy)—k)=0. 3.18
Jim (di(3) — k) = lim (di(h —y) = k) (3.18)

Therefore, there exists a natural number N so that |d; (M) —k| < 1 and |dx (M) —dr (A —
Y| < %l — | for all k > N. Using this, we obtain
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1 — [ dk(A—y)—dr(A) + 0 — 3 — [
1 in—al < kA —y) —dk () +pp— 3 ln — il (3.19)
2k+(ul+1D di(2) — 2k —(ul+1)
for k > N and the result follows. O
We conclude this section with a discussion of the Schrodinger operator L = —A +

¢ (]x|) on the unit disc with continuous radial potential. We will show that the function
E from (1.5) can be represented as an infinite diagonal matrix whose entries are one-
dimensional Evans functions for Schrodinger operators on a half-line. However, this
does not imply that £ = det, E is the product of one-dimensional Evans functions,
on account of the regularizing exponential factors in det, when p > 1; see (6.1).

Passing to polar coordinates (r, %) € (0, 1] x [0, 27), definingt > Oby r = ™’
and separating variables in the eigenvalue equation Lu = Au produces solutions
vi(t, 1)e'k? for k € Z, where vi (-, 1) is a solution to the one-dimensional Schrodinger
equation

— "+ 0, v +kv=0, Q@A) :=eH(gle)—2)  (3.20)

that is bounded on [0, oo). With a suitable normalization we can assume that vg (-, 1)
is the Jost solution to (3.20), that is, the unique solution asymptotic to the plane wave
> e kIt corresponding to Q = 0; see, e.g., [16, Chapter 17]. For instance, if ¢ = 0
as in Theorem 3.3, we may choose v (t, 1) = (\/X)_V<| Jik| (\/Xe").

As for the Laplacian, for general potentials we have o (L) = {A : v (0,A) =
0 for some k = 0, 1, ...} and for A ¢ o (£P) the Dirichlet-to-Neuman operator M (1)
maps the function e’*” to the function dj (1)e’*” | where we have introduced the nota-
tion di(A) = —v,’((O, A)/vi(0, A). (When g = 0 this reduces to (3.16); the minus
sign appears here because we are differentiating with respect to ¢t = —logr.) We
remark that the one-dimensional operator dj (A) is the Dirichlet-to-Neuman map for
the one-dimensional Schrédinger equation (3.20). Defining v analogously, and letting
© = nJ and ©® = L7 as before, we arrive at the following description of E on the
disc:

[ +7 N
E) =Fd _ F ', 3.21
o ‘ag{dkmw}kez (321)
where
_ GO s 0.
dr (L) 0.5 k(L) 500
and

F:(ckez > Y cre™”
keZ

is the discrete Fourier transform.
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4 Preliminaries

We now define all of the operators needed for the statement and proof of Theorem 1.3.
In particular, we define the Dirichlet and Robin realizations, L£P and £°, as well
as the Dirichlet-to-Robin and Robin-to-Dirichlet maps, Mg and Ng. We also define
the Robin-to-Robin map Rg,,e,. While this does not appear in the statement of the
theorem, it is needed for the proof, which is given in Sect.6.3. The constructions
in Sects.4.1 and 4.2 are standard, and are included for the sake of completeness. In
Sect.4.3 we prove an auxiliary result on the spectrum of £ that will be useful in the
proof of Theorem 1.3.

4.1 Operators and domains

Recall the differential expression

n n n
Lu=— Z 0j(ajroku) + ijf)ju — Z 8.,~(dju) + qu
j.k=1 j=1 j=1

defined in (1.1). We define the associated sesquilinear form

n

n n
Q. v) = Y (ajxdu, 0jv) + Y (bjdju. v) + Y (dju, d;v) + (qu.v) (4.1)
Jj.k=1 j=1 j=1

where (-, -) denotes the L2(2) inner product, so that & (u, v) = (Lu, v) forallu, v €
C2°(2) compactly supported in 2. We will also consider the formal adjoint differential
expression

n n n
Liu=— " de@jdju)+ > djdju—y_ 0;(b)u+ qu. (4.2)
jk=1 j=1 j=1

where bar stands for complex conjugation. The adjoint form ®* is defined by
®*(u, v) = ®(v,u) and corresponds to LT in the sense that ®*(u, v) = (LTu, v)
for all u, v € CZ°(K2). We adhere to the standard notation ®[u] = & (u, u) for the
quadratic form associated with .

To describe the domains of the Dirichlet, Neumann and Robin realizations of the
operator L, we will need the following brief discussion of the Dirichlet and Neumann
traces; see, for instance, [52]. By the standard trace theorem, the linear mapping
H (Q)NCQ)>u— u| s € C(3S2) can be extended to a bounded linear operator

vy HY(Q) — H'?(3Q). (4.3)
To define the conormal derivative operator for L, we introduce the function space

DH(Q) :={uec H(Q): Lu € L*(Q)}, (4.4)

@ Springer



G. Cox et al.

equipped with the natural graph norm of L,

172
el i= (13 gy + MLul2g) (45)

where Lu should be understood in the sense of distributions. We define Db(Q)
analogously.

Proposition 4.1 [52, Theorem 4.4] Assuming Hypothesis 1.1, there exist bounded lin-
ear operators yNL € B(DIL(Q), H_I/Z(BSZ)) and )/NLI € B(DILT(Q), H_I/Z(E)Q))
such that Green’s first identity holds, that is,
®(u, v) = (Lu, v) 2 + (Yiu, ypv) forallu e Dp(Q),ve H(Q), (4.6
D (u,v) = (u, L) 2 + (v v, ypu)) forallu e H'(Q),v € D) (Q), @4.7)

and hence Green’s second identity

(Lu, v) 20y — (s LT0) 120y = (v F v, ypu) — (vlu, y,0) (4.8)
holds for all u € D}‘ () and v € D! +(S2).
We will frequently use the fact that
{ue H(Q): Lu=0,y,u=0and y'u =0} = {0}, (4.9)
which follows from the unique continuation principle, cf. [44, Theorem 3.2.2].

When u is sufficiently smooth, say in H 2(Q), and the coefficients b; and d; are
Lipschitz, the conormal derivatives can be computed by the usual formulas

n n
yiu="Y" a™vy, @) + ) vy, dju), (4.10)
jok=1 j=1
R n n
yEu= Y a*viy, @) + ) vy, bju), (4.11)
jok=1 j=I
with v = (vy, ..., v,) denoting the outward unit normal to 9€2. We will also need the

following identity for the difference of Neumann traces when the principal parts of L
and L coincide.

Lemma4.2 Let L and L both satisfy Hypothesis 1.1, with aji = ajx for all j, k, and
dj — c?j Lipschitz. If u € DII‘(Q), then Lu € L?*(Q), and

k

yiu—ylu= Z Vi, (d; —dju) € L*(39). (4.12)
j=1
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If u € H*(), this formula would follow immediately from subtracting (4.10) and
the corresponding expression for yNLu. The advantage of Lemma 4.2 is that it only
requiresu € D i (£2). For a Lipschitz domain we can only guarantee that the right-hand
side of (4.12) is in L?(3<), even though each y,, ((d; — c?j)u) isin H'/2(32), since
we only know that the v; are bounded.

Proof For any v € HJ () we have

(Lu,v) — (Lu, v) = ®(u, v) — d(u, v)

—Z(b —b)dju, v) + Z«d —dj)u, d;v) + (g — §)u, v)

j=1

and hence

(Lu,v) — (Lu, v) = Z —bj)dju, v)

- Z<a,~<(d,- —dju),v) + (g —Pu,v),  (4.13)
j=1

where in the last line we have integrated by parts, using the fact that (d; — d u €
H'(R). By density, this last equality holds for all v € L?(2), and in particular for
v e HY(Q).Forv e HY(Q) we thus compute ¥ and ) using (4.1), and subtract (4.13)
to obtain

n

D (u, v) — B, v) — (Lu, v) — (Lu,v)) = Y ((d; —dj)u, d;v) + (3;(d; — dj)u. v)

Jj=1

k
= (v, ((dj —dj)u). y,v).

j=1

using the divergence theorem in the second line. On the other hand, (4.6) says that

®(u, v) — Du, v) — ((Lu,v) — (Lu, v)) = (()/Afu — ylgu, YpU)

for all v € H'(2). Comparing these formulas completes the proof. O

We now define the Dirichlet, Robin and Neumann realizations of L using the theory
of sectorial forms. We first recall some standard facts, which can be found in [57,
Chapter 11]. Let V C H 1(Q) be a closed subspace that contains H(} (2). The form ®
is said to be elliptic on V if it is bounded and satisfies the abstract Garding inequality.
That is, there is a constant C > 0 such that |® (u, v)| < Cllu||y||v|ly forallu,v € V,
and constants y > 0 and ¢ € R such that

Re ®[u] > y|lull} + (4.14)

2
C”u”LZ(Q)
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holds for all # € V. The form ® is elliptic if and only if it is closed and sectorial,
in which case it generates a sectorial operator £ on L?() satisfying ® (u, v) =
(LPu, v) for all u, v € V. The operator L® is given by

dom(L®) = {u € V : there exists w, € L*(S) such that ®(u, v)
= (wy,v) forall v € V) (4.15)

L% = w,.
We now construct the Dirichlet realization of L.

Proposition 4.3 Assuming Hypothesis 1.1, the form ® defined in (4.1) is elliptic on
V = H& (Q), and the corresponding sectorial operator LP satisfies LPu = Lu for
all u in its domain

dom(LP) = {u € HJ(Q) : Lu € L*(Q)}. (4.16)

Moreover, LP has compact resolvent, so its spectrum consists entirely of isolated
eigenvalues of finite algebraic multiplicity, and LP — A is Fredholm of index zero for
any A € C.

Proof 1t is well known that & is elliptic under Hypothesis 1.1, see, e.g., [S7, Propo-
sition 11.10]. If u € HJ(Q) and Lu € L*(Q), it follows from the first Green
formula (4.6) that ®(u, v) = (Lu, v) forall v € HO1 (£2), and so (4.15) implies that
u € dom(LP). On the other hand, if u € dom(£P), then [57, Lemma 11.11] implies
Lu € L*(), thus proving (4.16).

Since H(Q) is compactly embedded in L2(2), [57, Theorem 11.8(iii)] implies
that £ has compact resolvent, and the remaining statements follow from [25, Theo-
rem IX.3.1]. O

Next, we fix an operator ®: H 123) — H~1/2(32) and construct the Robin
realization, £®, of L, corresponding to the boundary condition )/Afu + Oy,u = 0.
For ® = 0 this is the Neumann condition yhfu = 0, and the corresponding operator

will be denoted £V . To construct £, we let V = H'() and, using ® from (4.1),
define the form

Po(u,v) =D, v) + (Oy,u, y,v), dom(Pe) :=H(Q). (4.17)

To define £, we need to know that ®g is elliptic. This requires an extra assumption
on ©.

Hypothesis 4.4 Assume, in addition to Hypothesis 1.1, that ®: H'/2(3Q) —
H~'2(3Q) is a bounded operator and the form ®¢ in (4.17) is elliptic.

The following lemma gives some easily verified conditions under which this hypoth-
esis is satisfied.
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Lemma 4.5 Assume Hypothesis 1.1 and let ©: H'/2(3Q) — H™Y2(0Q) be a
bounded operator. The form ®g in (4.17) is elliptic if either

(1) Re{®Oy,u, ypu) >0 forallu HY(Q), or
(2) O is compact.

Proof Boundedness of ®g follows from the boundedness of the form @, the operator
©, and the trace map y,,, since, with C denoting a generic constant,

|«®VDM, VDU»| = C||®)/D”||Hfl/2(agz)||VDU||H1/2(39) =< C||M||H1(Q)||U||H1(Q)-

To establish the Garding inequality (4.14) for ®g, it is enough to show that for any
€ > 0, there exists a constant C = C (¢) such that

— Re(@y,u, ypu) < ellulZ g + C@llull2s g, (4.18)

forall u € H'(R). To see that this suffices, we use (4.18) and the Garding inequality
for ® to compute

Re ®plu] = Re ®[u] + Re(®y,u, y,u)
> vl gy + cllulFa g — €lullz g — C@OIul2 g,
and then choose € < y.
The condition (4.18) is trivially satisfied if Re (®y, u, y,u)) > Oforallu € H'(Q),
so to complete the proof we just need to show that it also holds if ® is compact. Suppose

there is an € > 0 for which no such C(¢) exists. This means there is a sequence {u }
in HY(2) with

|[(Oypuj, vpu)| = €llujliz g + llujliza g (4.19)

for each j, and we can assume that [|u || ;71(q) = 1. Then there is a subsequence (still
denoted {u;}) and a function u € H'() so that uj—uin H' (), and hence

uj— uin LZ(Q), YpUj—ypuin HI/Z(BQ),
Oypuj — Oyyuin H2(3Q).

Itfollowsthat (®y,u;, yyu;) — (Oypu, yyu).From(4.19) we get [(Oy u, y,u))
> ¢, which implies # is nonzero. On the other hand, (4.19) also gives

1172y < 7" ([€®puj vpus)| =€) = 0
and hence u = 0, a contradiction. O

We now construct the operator £©.
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Proposition 4.6 Assume Hypothesis 4.4, so the form ®g defined in (4.17) is elliptic.
The corresponding sectorial operator L satisfies L2 = Lu for all u in its domain

dom(£®) = {u € H'(Q) : Lu € L*(Q) and y u + Oy, u =0}.  (4.20)

Moreover, L® has compact resolvent, so its spectrum consists entirely of isolated
eigenvalues of finite algebraic multiplicity, and L® — A is Fredholm of index zero for
any ) € C.

Proof To describe the domain of £®, we denote by D the right-hand side of (4.20). If
u € Dthen Lu € LZ(SZ) satisfies, for any v € HI(Q),

(Lu,v) = ®(u,v) — ((yNLu, ypv))  (by the first Green formula(4.6))
= O, v) + (Oyyu, y,v)  (because u € D)
= de(u, v).

Thus, u € dom(£L®) according to (4.15) with ® replaced by ®g. This proves D C
dom(L®).

To prove the inverse inclusion, we take u € dom(£®) and notice that £LOu = Lu €
L%(2), by [57, Lemma 11.11]. For all v € H'(£2) we have the equalities

(Lu,v) = @, v) — (yLu, y,v) (by the first Green formula (4.6))
(Lu,v) = (U, v) = ®(u, v) + {Op,u, y,v) (by (4.15) applied to ©@).

Comparing these yields yNLu + ©y,u = 0, completing the proof of (4.20). The final
assertions are proved as in Proposition 4.3. O

By the general relation between the adjoint form and adjoint operator, see [57, The-
orem 11.8], we have (L®)* = £L%6, where @ (u, v) = ®*(u, v) + (O*y,u, y,v).
Analogously to Proposition 4.6, one can then prove that

dom ((£°)*) = {u € H'(R) : Lu € L2(@) and y'u + ©*y,u = 0}. 4.21)
Finally, we observe that the unique continuation result (4.9) is equivalent to
ker £ Nker £P = {0} (4.22)

for any ® satisfying Hypothesis 4.4.

4.2 The Robin-to-Dirichlet and Dirichlet-to-Robin maps

We now define the Robin-to-Dirichlet and Dirichlet-to-Robin operators, Ng(A) and
Mg (L), associated to L. These are the main ingredients in the definition of the oper-
ator family E()) in (1.5), and the properties established in this section will be used
throughout.
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First, we recall some results on the generalized Robin boundary value problem. Fix
an operator ©: H'/2(3Q) — H~'/?(32) and consider the boundary value problem

Lu—ju=finQ, yru+Oy,u=gondQ, (4.23)

with f € HY(Q)* and g € H™V2(3Q), recalling that H'(Q)* is a proper subspace
of H-1(Q) = HO1 (2)*. Using (4.20), we see that the homogeneous problem (with
f = 0and g = 0) admits a nontrivial solution if and only if A € o (£?).

Proposition 4.7 [52, Theorem 4.11] Assume Hypothesis 4.4, and suppose that A €
o(L®). Then, forany f € H'(Q)* and g € H™'/%(3Q), the inhomogeneous problem
(4.23) has a unique solution u € H' (), which satisfies the estimate

lull gy < c(1f g1 + I8l u-1200)) - (4.24)

This is a slight generalization of the result appearing in [52], but the proof is
identical, since it only relies on the ellipticity of ®g. This will be sufficient to construct
the operator Ng (). In Sect. 6.2, when we establish 3, mapping properties of E (1),
we will need the following refinement.

Proposition 4.8 [52, Theorem 4.24] Assume, in addition to the hypotheses of Propo-
sition 4.7, that Hypothesis 1.2 is satisfied. If f € L>(Q) and g € L*(9), then the
unique solution u to (4.23) has y,u € H'(39), with the estimate

||J/DM||H1(agz) =c (||f||L2(Q) + ||g||L2(aQ)) . (4.25)

Proof Since Lu — iu = f € L*(2) and yNLu =g—0Opuc L%(dK2), we can apply
[52, Theorem 4.24] to obtain y,u € H'(3), with

lypullgroa) <c <||M||Hl(sz) + 11 2 + ||7/;M||L2(asz)> .
Hypothesis 1.2 implies || Oy ull;250) < cllypullgiizpa) < cllullgiq) and hence
lyyull2oe) = 8 = OVl 2p0) < I8ll20e) + clulm @)

so we get
lvpull o) < ¢ (”u”Hl(Q) + 11 f 2 + ||g||L2(aQ))~

Finally, Proposition 4.7 implies |[u| g1y < ¢ (||f||Lz(Q) + ||g||Lz(39)), completing
the proof. O

To define the Robin-to-Dirichlet map Ng (i) for A outside of the spectrum of £©,
we fix g € H120Q), letu Di(Q) denote the unique solution to

Lu = \u, yl\ll‘u + Oy, u =g, (4.26)
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as guaranteed by Proposition 4.7, and then define
No(A)g :=yyu. (4.27)

If ® = 0, then Ny (1) is the Neumann-to-Dirichlet map, which we abbreviate as N (A).
We will need the following standard properties of the Robin-to-Dirichlet operator, cf.
[7, 33] and the literature cited therein.

Lemma 4.9 Assume Hypothesis 4.4.

() Ifx € p(L®), then No (1) € B(H12(3), H'/2(3)).
(ii) The map % — Ng(X) is analytic in p(L®).

Proof To prove (i), we use the estimate from Proposition 4.7 with f = 0, to con-
clude that the solution u of the boundary value problem (4.26) satisfies ||u| ;1 q) <
cllgll g-1/2(35)- We then compute

INoe(Mgll 2@y = lvpullgirgy = cllullgiqe) < cligllp-1260)
and the result follows.

To prove (ii), fix g € p(L®)and g € H2(3Q). By Proposition 4.7 there exists
a unique solution v € H'() to the boundary value problem

Lv = Agv, yNLv +Oy,v=g.

Now for any A € p(L£®) we have (A — L)v = (A — Ag)v € L*(Q), and so w(}) :=
(L® =)~ ((x — L)v) € dom(L®) satisfies

(L=Mw}) =G =L, yrwk) + Oy,w() =0.
Since £® — is bounded from dom(£®) (equipped with the D} () norm) into L?(£2),
the resolvent (L€ —1)~! € B(L?(Q2), D} (X)) is analytic in 1. Therefore, A — w (1)
defines an analytic function p(£®) — H'(Q). It follows that u(A) := v + w(})
solves the boundary value problem
Lu() =), yEluO)+0y,u() =g,
and so

No(Wg = yu(r) € H'(3Q)

depends analytically on A. This is the case for each g € HY2Q), s0 A = No())
is strongly analytic and hence analytic. O

The Dirichlet-to-Robin map Mg (1) is defined similarly, for any ® € B(H '/ 2(0Q2),
H~123Q)). Assuming A € p(£P), the boundary value problem

Lu=2Au, yu=g
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has a unique solution u € Dk () for each g € HY/2(32), so we define
Mo(M)g = yru+ Oy,u. (4.28)

For ® = 0, My(}) is the Dirichlet-to-Neumann map, and we abbreviate it as M ()).
The following lemma (and its proof) is analogous to Lemma 4.9.

Lemma 4.10 Assume Hypotheses 1.1 and let ® € B(H'/?(3Q), H~'/?(0Q)).

() If 1 € p(LP), then Mo(1) € B(H'/*(3Q), H~/2(0Q)).
(ii) The map » — Me (L) is analytic in p(LP).

We remark that Ng(A)Me (L) = Iginpg and Me(MNe () = Ig-124q) for
L€ p(LP) N p(L®).

Remark 4.11 Inthe definitions of the Neumann-to-Dirichlet and Dirichlet-to-Neumann
maps we choose to use the sign convention adapted in [7] rather than in [33]. That is,
we write Mo(L)g = yNLu rather than My(A)g = —yNLu. As a result, for symmetric L
the function A — Ng(A) is a Nevanlinna function (as in [7]), instead of A — Mg())
(as in [33]), cf. Proposition 8.8 below.

Finally, given ® satisfying Hypothesis 4.4 and any bounded ®,, we introduce the
Robin-to-Robin map Rg, e, (which we abbreviate as R 2) as follows. If A € p (L8,
then for each ¢ € H~!/2(32) the Robin boundary value problem

Lu = \u, y;u +O1y,u =g,
has a unique solution u € Di (€2), and so we define

Ri2(0)g = ylu+ Oy u. (4.29)

It follows immediately that Re .0, = Iy-12(5g). Moreover, if © also satisfies
Hypotheses 4.4 and & € p(£®1) N p(L9?), then Ry 2(A) = R,.1(1)~!. The following
properties are easily verified, as above.

Lemma 4.12 Assume that © satisfies Hypotheses 4.4 and ©, € B(Hl/z(BQ),
H™120Q)).

(i) If 1 € p(LOY), then R 2(A) € B(H™'2(3Q)).
(i1) The map X +— Ry 2(A) is analytic in p(LO).

The introduction of R; > is motivated by the following factorization property. For
convenience we write N; (1) = Ne; (A) for j = 1,2, and similarly for M;(%).

Proposition 4.13 Assume that ©1 satisfies Hypotheses 4.4 and ©®, € B(Hl/z(aﬁ),
H™'20Q)).

() If 2 € p(LOY), then Ry 2(A) = Iy-123q) + (©2 — ODNI ().
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(i) If 2 € p(LP) N p(LOY), then My(h) = Ry 2(M) M1 ().
If ®, also satisfies Hypotheses 4.4 and A € p(LO") N p(LO?), then

(i) N1(A) = Na(M)R12(2),
(iv) Ni(A) — Na(2) = N2(M)(©2 — O N1 (D),
(V) Ro,,—0,(M)Rey0,(A) = Ig-12(30) — 202N2(R).

This is an important ingredient in the proof of Theorem 1.3, since it will allow us
to separate the zeros and poles of 1\71@) and Ng, and hence deal with the case that both
terms in (1.5) are singular. The last assertion is used in the proof of Theorem 7.1.

Proof We prove (iii); assertions (i) and (ii) follow from similar computations. Fix
g € H™'2(3Q), and let u denote the unique solution to

Lu = \u, y;u +O1y,u =g,

so that Rj»(M)g = y}&u + Oyy,u and Ni(A)g = y,u. Since u also solves the
boundary value problem

Lu=u, ylu+®ry,u=Ris(Mg,
we have
N2 (W) (R12(0)g) = ypu = Ni(M)g

for arbitrary g, and so N2(A) R 2(X) = Ni(A).
To prove (iv), we multiply (i) by N2(A) and use (iii) to infer

Na(R) + Na(RM)(O2 — O)N1(A) = N2(R) R 2(2) = N1 (D).
Assertion (v) follows from (i) and (iv),

Ro,—0,(M)Rey0,() = (Iy-12 + (=02 — ODN1 (W) (Iy-112 + (O — O2) N2 (1))
=Iy-12+ (O — O2)N2(L)— (O + O)N ()
—(®2+ BN (M) (O] — O2)N2(A)
=Iy-12 —202N2(A),

thus finishing the proof. O

4.3 Controlling the resolvent set of £©

In our proof of Theorem 1.3 we will need to factor 1\7@ and Ng through the Robin-
to-Robin map, making use of Proposition 4.13 for some auxiliary boundary operator.
This is made possible by the following result.
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Lemma 4.14 Assume Hypothesis 1.1. For each A € C there exists an operator
©: H'2(0Q) — H~Y2(0Q) of finite rank such that % € p(L®).

Proof If » € p(LN) it suffices to choose ® = 0, so we assume for the rest of the
proof that & € o(LN). Let uy, ..., ux € H'(Q) be a basis for_ker(EN — A), and
similarly let vy, ..., vx be a basis for the kernel of (LN)* — L. We define ® on

Sy :=span{ypuy, ..., ypur} by
O(ypui) = R(yyvi), 1<i=<k,

where R: H'/2(3Q) — H~'?(3Q) is the Riesz map, and extend O to the rest
of H'/2(3) by defining it to be zero on Si‘. Note that ran® = R(S;+), where

Sy = span{y,vi, ..., VpUk}.
To see that X is not an eigenvalue of £®, suppose there exists u € H' () such that

Lu = \u, yNLu—i—G)yDu =0.

From the definition of R, Green’s second identity (4.8), and y A{j v; = 0, we have

Ly, ypu) =0,

(Eu, R(ypvd)) g-1epay = (viu, vyu) = (v
for each i, which means yNLu is H_l/z(aﬂ)-orthogonal to the subspace R(S;+). On
the other hand, we have —yNLu = Oy,u € R(S;+), and so —yNLu = Oy,u = 0. The
fact that yNLu = 0means u = ciu; + - - - + cruy for some constants ¢;, and hence the
definition of ® yields

Oypu = c1R(ypv1) + -+ + aR(ypv0).

Since ®y,u = 0, this implies ¢y = -+ = ¢x = 0, hence u = 0 and A is not an
eigenvalue of £®. O

Remark 4.15 In the special case that L is symmetric, it is possible to find a real number
w such that a given A € C is not in the spectrum of £, where O, = nJ. If
* € p(LN) then we choose u = 0, as in the proof of Lemma 4.14. If A € o (LN)
we can use [54, Theorem 3.2], which says that the eigenvalues of L% are strictly
monotone in x, and hence guarantees A is not an eigenvalue of L9 for small, nonzero
w. Note that ®,, = .7 is compact (because J is) and hence satisfies Hypothesis 4.4.
This construction will be used below, in the proof of Proposition 8.5.

5 Eigenvalues of elliptic operators and Robin-to-Robin maps
In this section we relate the eigenvalues of the linear operators £, £ and £°2 to

the eigenvalues of the nonlinear operator pencils Ng,, Mg, and R; > defined in the
previous section. Here and below, we say that A € C is an eigenvalue of a pencil 7'(-)
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if ker T'(A) # {0}. This material will be used in the proof of Theorem 1.3 given in the
next section, but it is also of independent interest as a further development of several
known results that can be found in [11] and the bibliography therein. While it is not
hard to show that the eigenvalues and their geometric multiplicities coincide, relating
the algebraic multiplicities is significantly more involved. Indeed, even defining the
algebraic multiplicity mq (A, T(-)) of an eigenvalue of an operator pencil requires
some work; see Definition 5.3 below. We summarize the main results of this section
as follows.

Theorem 5.1 Assume Hypothesis 1.1 and let ®1 and ©; satisfy Hypothesis 4.4.

(1) Ifx € p(LOY), then & € o(L£®2) if and only if A is an eigenvalue of the pencil
R12(+); moreover, m, (A, £92) = m, (k, R1,2(~)).

() If . € p(LOY), then ) € o (LP) if and only if A is an eigenvalue of the pencil
Ne, (-); moreover, my (A, LP) = m, (A, No, (-)).

(3) If » € p(LP), then 1 € o(L®?) if and only if A is an eigenvalue of the pencil
Me, (-); moreover, mg (X, £92) = m, (A, M@2(~)).

The relationship between the Robin eigenvalues and the Dirichlet-to-Robin map was
recently described in an important paper [11] that was a major step in our understanding
of the subject. In fact, a version of the main tool that we employ here, Lemma 5.6, is
already contained in the proofs of [11] for the case of Dirichlet-to-Robin maps.

The proof of Theorem 5.1 proceeds in two steps. First, in Sect. 5.1, we show that the
geometric multiplicities agree. Then, in Sect. 5.2, we give a one-to-one correspondence
between Jordan chains, which implies that the algebraic multiplicities agree as well.
Throughout, we assume Hypothesis 1.1.

5.1 Geometric multiplicity

If 19 € Cis an eigenvalue of a nonlinear pencil T (-), then its geometric multiplicity
mg(ko, T(-)) is defined to be dim ker T (Ag). We set mg(ko, T(-)) = 0if Aq is not an
eigenvalue. If Tp is a closed linear operator then the geometric multiplicity mg (Ao, 7o)
of Ao as an eigenvalue of Ty is equal to the geometric multiplicity mg (AQ, T(-)) of
the linear pencil T (A) = Ty — A. We begin by relating the geometric multiplicities
of eigenvalues of elliptic operators and eigenvalues of Robin-to-Dirichlet, Robin-to-
Robin and Dirichlet-to-Robin maps.

Lemma 5.2 Assume that © and ©, satisfy Hypothesis 4.4. If .o € p(LO"), then
Ne, (L) and Ry 2(Ao) are Fredholm operators of index 0, and the maps

0y + 017 keren sy Ker(LP = 1o) —> ker N, (ho),
7y + 17 lker£0r sy Ker(LP? = o) —> ker R12(ho),

are bijections. In particular,

dimker(LP — Ag) = dimker Ng, (Ag), dimker(£%? — i) = dimker R 2(%o),
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and
2o € p(LPYN p(L®) < Neg, (ho) is invertible,
Ao € p(£®2) N p(£®1) <= Rj1.2(lo) is invertible.

Similarly, if Lo € p(ED), then M@, (o) is a Fredholm operator of index 0 and the
map

125 |ker(£®2—ko): ker(£92 — )g) —> ker Mg, (Mo)

is a bijection, hence
ro € p(LO N pLP) = R12(Xo) is invertible.

Proof We will prove the items concerning £ and Ng,; the remaining items can be
shown in the same way using Proposition 4.7.

By Proposition 4.3 we know that the operator £L” — A is Fredholm of index
0, and its spectrum consists of eigenvalues of finite algebraic multiplicity, so p :=
dimker(£P — Xg) is finite. Now let g € p(L£L®). If u € ker(LP — xo) and f =
(¥E4+O1y,)u € H7Y2(3Q), then N, (ro) f = y,u = 0, therefore f € ker No, (Ao)
and the map (V;\If +0O1y,) |ker (LP—30) from the statement of the theorem is well-defined.
Since Ag € p(LO"), the map (yNL +01y,) ’ker(ﬁp_ko) is injective. On the other hand,

if f € ker Ng, (Lo), then there exists a unique u € D,ld (2) so that (L — Ag)u = 0 and
(yNL + ©1y,)u = f;moreover, y,u = Ng, (Ao) f = 0. Therefore, u € ker(L£LP — ro)
and the map (yNL +01Y,) |ker(LD—A0) is surjective. In particular, dim ker Ng, (Ao) = p.

Moreover, according to [52, Theorem 4.10], there are p linearly independent solu-
tions to the adjoint homogeneous Dirichlet problem, denoted here by vy, ..., vj,. The
inhomogeneous problem (L — Ap)u =0, y,u =g € H 172(3Q) is solvable if only if
(()/NLT vj, g) = 0 for each j. By the unique continuation principle [9] associated with

the adjoint problem, dim span {yNﬂvl, ceey )/NLT v,,} = p. Since g € ran Ng, (A9) if

and only if there is a solution of the inhomogeneous problem (L —Ap)u =0, y,u = g,
the codimension of ran Ng, (Ag) is p. Hence, the range of Ng, (Ao) is closed and the
operator Ng, (A¢) is Fredholm of index 0.

Finally, if Ap € p(LP) N p(LO"), then Ng,(Lo) is Fredholm of index 0 and
dim ker Ng, (Ag) = dim ker(LP — 1) = 0, therefore Ng , (Ao) is invertible. m|

5.2 Algebraic multiplicity

We first recall the definition of algebraic multiplicity for eigenvalues of nonlinear
operator pencils; cf. [12] and the bibliography therein.

Definition 5.3 Let U{ be an open subset of C, and T: U/ — B(H, K) be an analytic
family of bounded operators between Hilbert spaces H and .
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(1) Givenk € N, we say that vectors fy, ..., fk—1 € H form a Jordan chain of length
kfor T at A9 € U if fo # 0 and

J
Z%T(l)(ko)fj—z =0, 0<j<k-L .1
=0
(2) Therank r( fp) of anonzero vector fy € ker T (1¢) is the supremum of the lengths
of all Jordan chains starting at fj.
(3) If Ap is an eigenvalue and { fy ; } is a basis for ker T (A¢), the algebraic multiplicity
of A is defined to be

mg (20,7 ()

ma(ho. TO) = Y r(foi) (5.2)

i=1

If Ao is not an eigenvalue we set m, (AO, T(-)) =0.

Note that the algebraic multiplicity will be infinite if ker T(Xp) is infinite-
dimensional or if any eigenvector admits arbitrarily long Jordan chains. In the special
case when H = K and T(A) = Ty — Al for some Ty € B(H), the definition of a
Jordan chain reduces to the familiar one from linear algebra:

(To —20) fo=0, (To—Ar0)f1=fo. To—2r)f2=/f1, ...,
(To — 20) fi—2 = fr—1-

However, Jordan chains for a nonlinear pencil can behave quite differently than their
linear counterparts; see Example 5.5 for an illustration.

Remark 5.4 Two different notions of algebraic multiplicity occur in this paper: (1) for
an eigenvalue of a linear operator; and (2) for an eigenvalue of a (possibly nonlinear)
pencil. For a linear pencil T (A) = To—Al we always have m, (Ao, T(-)) = mg (Ao, To)
but in general these two notions of algebraic multiplicity are not the same. Note that
Ao 1is an eigenvalue of the pencil 7'(-) if and only if O is an eigenvalue of the linear
operator T (19). However, the algebraic multiplicity of A¢ for the pencil 7'(-) does not
necessarily coincide with the algebraic multiplicity of O for the linear operator 7 (1¢),
as the following example demonstrates.

Example 5.5 Consider the nonlinear pencil D(A) = [ (1) )?2 ] Then fy = [(1)] forms
the basis of ker D(0). The next vector f| in the Jordan chain associated with fj at
A = 0 should satisfy the equation D(0) f; = 0, which implies f; = « fy for arbitrary
a € C. In particular, we can choose fi = fy or fi = 0, so we see that vectors in
the Jordan chain do not need to be linearly independent, and can even be zero, except
for the eigenvector fj at the beginning of the chain. The next vector f> in the chain
at A = 0 should satisfy the equation D(0) f> + fo = 0 which is impossible because
fo ¢ ran D(0). Therefore, we obtain the absence of a chain beyond the generalized
eigenvector fi, implying r(fp) = 2 and hence m, (0, D(-)) = 2. On the other hand, 0
is a simple eigenvalue of D(0), so for Ag = 0 we have mq (1o, D(-)) # mq (0, D(Xp)).
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We now turn to the proof of Theorem 5.1. As we will see, this theorem is an almost
immediate consequence of the following Lemma 5.6 and its analogues, Lemmas 5.9
and 5.11.

Lemma 5.6 Assume that © satisfies Hypothesis4.4, ®, € B(H'/2(dQ), H~/%(3Q))
and vy € p(LO). If u_1 = 0, ug,...,up—1 € Dk(Q) and fo,..., fiu1 €
H~'20Q) satisfy

(L—2ouj=uj_1, (yL+0O1y)u; = f (5.3)
for0 < j <k —1, then
J 1
o+ 0y u; =" ~ R (0) fi- (5.4)

= A

for0<j<k-—1
In turn, the proof of Lemma 5.6 is based on the following lemma.

Lemma 5.7 Under the assumptions in Lemma 5.6, for ) near Ly and any h €
H'2(3Q) let v()) denote the unique solution to the boundary value problem

(LT =T =0, (X +Ofy,)v0) = —(©% — ). (5.5)
Then
(L =Muj, vA)) 2 = (Ri200) fj — (J/NL + ©2y,)uj, h) (5.6)
for0<j<k-—1
Proof Green’s identity (4.8), (5.3) and (5.5) yield
(L= Muj, v0)) 20 = (Luj, v(D)) 20y — (j, LTv()) 120
= (o), ypui) — (viuj. y,v(0))
(=OTyp,v() — (O — DA, ypu;)

— (=O1y,u; + fi, yprv))
= —((©2 = ODypuj, h) — (fj, ypv)).

Since A € p(L£®O1), for A near Ag we also have A € p(£°1) and so Ng, (1) is well-
defined. Moreover, (5.5) yields (Ng, (1))*(®3 — ©7)h = —y,,v(X). Therefore,

(fi, vov)) = =(fj. (No, BN (O3 — OD) = = (O3 — ODh, N, (1) f;)
= —{((®2 = O1)Ne, (V) fj, h)) = =((©2 = Oy, w;(R), h),
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where w  (A) denotes the solution to the boundary value problem
(L—0wjM) =0, (yr+0O1y,)wj}) = f;. (5.7
Combining these equations, and adding and subtracting yNL-terms, we get

(L= 2uj, v 2 = —((O2 — OD(ypuj — yyw; (W), h)
= ((F +Oypuj. b)) — ((vr + Oaypuj, h)
— (O + Oryp)w (M), k) + ((vE + Oayp)wi(). h)
= (i, h) — () + Oayp)uj, ) + (Ri20) fi, k) — (£, h)
= (Ri2M) fj — (VE + Oay)uj. ),
which gives (5.6). O

Proof of Lemma 5.6 Adding and subtracting Ao and using (5.3), we rewrite (5.6) as

(i1, v0)) 120y + (L + Oayp)uj. b))

= (Ri200) f7, h) + (o = M) {uj, v(D) 12(0- o
In particular, for j = O the relation u_; = 0 yields
(@ + O2yp)uo, ) = (Ri 20 fo, ) + (4 — ko) {uo, v(V)) 12(g)- (5.9
Since h is arbitrary, letting A = ¢ in (5.9) proves (5.4) for j = 0.
On the other hand, setting A = X in (5.8) gives
(i1, v(o)) 2@ + (L + O2vp)uj, h) = (Ri2(ho) fj. ). (5.10)
Moreover, subtracting (5.10) from (5.8) yields
((R120) = RiaGo) f. ) = (ujo1. 00) = 0Bz = G o

= 20)(uj, v(A)) 12(q)-
To begin the proof of (5.4) for 1 < j <k — 1, we decompose
-1y
s p(s) .
RiaG) = — (=20 R’ () + Ri 25 2),

s=0 "

where we have introduced Ry 2(/; 1) := Zfo:l %()\ —A0)* R{Y% (X0). In particular,
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Ri2(1; 1) = R12(A) — Ry 2(Ao), (5.12)
1

Jim (=) "Ria(;0) = —R‘”z()\o) (5.13)

Ria(l+1:2) = Rio(; ) — ﬂ(x —30)' R{ (1) (5.14)

The proof of (5.4) for | < j <k — 11is based on (5.8) and the following assertion:

J
{1 v ey = G — a0 (Rl W fi Y, 1< < k. (5.15)
=1

Indeed, assuming (5.15) and letting A — Ao, (5.13) yields

J
1 .
— (i1, v0:0)) 20 =Zl— (RAG0) i1 k), 1<j<k  (5.16)

Adding (5.10) and (5.16) and using that % is arbitrary yields (5.4) for 1 < j <k — 1.
So, it remains to prove (5.15). We use induction. For j = 1 we use (5.11) and (5.12)
as follows:

(= 20) " (R12(15 2 fo, ) = O — 20) " ((R12(0) fo. hY) — (R1.2(ho) fo, 1)
= (L= 20) " (=(x — 10){uo, v(V)) 12(q) + 0)
—(uo, v(A)) 12(q)
which gives (5.15) for j = 1.

Let us assume that (5.15) holds for j = m. Taking the limit in (5.15) and using
(5.13), we obtain

|
— (1, V00)) 20 = Z— (R, (10) fj—1. ). (5.17)

~

Now we prove (5.15) for j = m + 1. Changing the summation index and using
(5.12) and (5.14) yields

m+1

D =20 Ri2 W A frr
=1
m—+1

= =20 " Ria( W) fui—1 + = 20) ' Ri2(15 1) fin
=2

=G =20 (Z(A —20) ' Ria(+ 1 2) fnt + Ri2OM) fon — Rl,zuo)fm)

=1
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= (=) (Za = 20) ' R12(: 2) fni

=1

G|
=D R0 fint + R12 () fn R1,2(?»o)fm) :

=1
Using the induction assumption, (5.11) and (5.17), we have

m+1

D =20 (R 25 2 fugr 10 )

=1
= —20) "' (= (m=1. V) 120 + (Um—1, v(A0)) L2
+ (Um—1, W) —v(R0))) 12¢) — (A — 20) (. V(W) 12(q2))
= —<um, U(}\,)>L2(Q)

This proves (5.15) for j = m + 1 and completes the proof of Lemma 5.6. O

Our next result is a direct corollary of Lemma 5.6; it shows that the Jordan chains
of £°2 and R1 > are in one-to-one correspondence.

Theorem 5.8 Assume that ©1 and ©, satisfy Hypothesis 4.4. Let 1o € o(£92) N
p(LO) and consider the analytic function A > Ri2(A) from o(LOY) into
B(H™'2(3)).

(1) Letug, ..., ux—1 € dom(L®2) be a Jordan chain of length k for L9 at Ay, and
define

fi=@E+0yu; e H?0Q), 0<j<k—1.

Then the vectors fo, ..., fi—1 form a Jordan chain of length k for R} 2 at ho.

() Let fo,..., fi—1 € H71/2(8§2) be a Jordan chain of length k for Ry 2 at Ag. Set
u_1 =0andfor0 < j<k—1letu; e DIIA (2) be the unique solution to the
boundary value problem

(L—r)uj=uj—1, (yE+01y)u; = fj. (5.18)
Then the vectors uq, . . ., ux—1 form a Jordan chain of length k for L2 at io.
Proof (1) We need to prove that fy # 0 and
J
0
Y SR 00) fj-1=0 (5.19)

I
1=0

forO0 < j < k—1.Since Ao € p(L£®"), we have fy # 0 as otherwise ug € D}‘(Q)
would have solved the boundary value problem (L —Ag)ug = 0, (VI\I; +0O1y,)up =
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0, implying that 1 € o (L£O1). Since (5.3) holds, assertion (5.19) follows directly
from (5.4) in Lemma 5.6 because u ; € dom(£®2).

(2) From the definition of a Jordan chain for Ry > we have (5.19), while (5.18) is (5.3).
The right-hand side of formula (5.4) vanishes, implying that (yNL +O2y,)u; =0
andsou; € dom(EGz) for 0 < j < k — 1, thus finishing the proof.

O

We will now relate the Jordan chains for £ and Ng,. We start with the following
lemma, which is an analogue and an easy consequence of Lemma 5.6.

Lemma 5.9 Assume that ©1 satisfies Hypothesis 4.4 and Ay € p(L®"). Ifu_; = 0,
Uuo, ..., uk—1 € DH(Q) and fo, ..., fie1 € H-V2(3Q) satisfy

(L—ho)uj=uj—1, (vy+Oy)u;=f (5.20)
for0 < j <k—1,then

j
Yol =) 5 N(’)(ko)fj z (5.21)

lO
forall0 < j<k-—1.

Proof Fix v > 0 and let ®, = v.J. We will apply Lemma 5.6 with this ®,. From
Proposition4.13 we have Ry 2(Ao) = Iy-124+ (0T —O1)Ng, (Lo). Using Lemma 5.6,
we compute for0 < j <k — 1

J
1
y +vTypuj =) ﬁRflz)(Ko)fH
=0 "~
= (zH,m + (T — ©1)Ne, (M) f

Z—w ONNS) (ho) fi1.

Dividing both sides by v, passing to the limit as v — oo and using injectivity of J
gives (5.21). O

As before, the following one-to-one correspondence of the Jordan chains for £
and Ng, is an easy consequence of Lemma 5.9. We omit the proof as it is identical to
the proof of Theorem 5.8 with Lemma 5.6 replaced by Lemma 5.9.

Theorem 5.10 Assume that © satisfies Hypothesis 4.4. Let Ly € o(LP) N

p(£®1) and consider the analytic function . +— Ng,(A) from p(£®') into
BH~'20%Q), H'/?(3%)).
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(1) Let ug, ..., ur—1 € dom(LP) be a Jordan chain of length k for LP at 1o, and
define

fi=k+01y)u; e HT20Q) for0<j<k—1.
Then the vectors fy, ..., fk—1 form a Jordan chain of length k for Ng, (-) at Lo.
() Let fo, ..., fi1 € H-Y2(3S) be a Jordan chain of length k for Neg, (-) at Xo.

Setu_1 =0andfor0<j<k—1letu; ¢ D}‘(Q) be the unique solution of the
boundary value problem

(L—ho)uj=uj_1, (vt+O1y)u;=f. (5.22)

Then the vectors uq, . . ., ux_1 form a Jordan chain of length k for L at Ao.

We will now relate the Jordan chains for £92 and Me,. Again, we begin with an
analogue and a consequence of Lemmas 5.6 and 5.9.

Lemma 5.11 Assume that ®, satisfies Hypothesis 4.4 and Ao € ,o(llD). Ifu_1 =0,
uo, ..., u—1 € DL(Q) and fy, ..., fi—1 € H?(0Q) satisfy

(L—=Xuj=uj_y, yyu;=f; (5.23)
for0 < j <k—1,then
J
(vy +Oayp)uj =) MS; (%) f—1 (5.24)
I= 0
holds for0 < j <k — 1.
Proof Pick an auxiliary operator ®; satisfying Hypothesis 4.4 and such that Ao €

p(£®1), using Lemma 4.14. Then the operators R, Ng, and Mg, are all well-
defined for A near A, and

Me,(A) = Ri2(M)Me, (X)), Me,(M)Ne,(X) = Ig-112¢50) (5.25)
by Proposition 4.13. We introduce auxiliary vectors
g =Wy +Oyuj =yiuj+01f;, 0<j<k-—1 (5.26)
By Lemma 5.6 with f; replaced by g;, we know that
!
(VL + ©ayp)u, =12;l, RYGo)gj1, 0<j<k—1. (5.27)
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Thus, to verify (5.24) we have to show that the right-hand sides of (5.24) and (5.27)
are equal. Using the first equality in (5.25), the product rule, changing the order of
summation, and relabeling yields

UNS NS A 0
M(l)(ko)f/ Zl—,Z(n> R )M ™ (1o) f—1

1= O =0  n=0

= Z RGo) Z MGG Syt 0= k1.
(5.28)
This shows that (5.24) holds provided we know that
J
gj =Z MY (o) fij—1. 0<j<k—1; (5.29)
1=0

in other words, by (5.26), that an analogue of the lemma holds for Mg, in place of
Me,. To show (5.29), we recall that

(L—ho)uj=uj_1, (yr+Oyuj=g;, 0<j<k—1I,

and thus Lemma 5.7 applies with f; replaced by g;, giving

fi=ypu; = Z N(’")(ko)g, e 1< j<k—1 (5.30)

Plugging (5.30) with j — [/ in the right-hand side of (5.29), changing the order of
summation, relabeling and using the second equality in (5.25) yields

J
> M(’)(ko)f, I—Z M(”(A)Z — NG (R0)gj-t-m

I= 0

]—m

i

j—m ) 0 G-m=b
Z Mg, (o) Ng *o) | gm
mmo U =Mt ( !
J
Z G Mo MNe ()Y en =g
as needed in (5.29). O

Our next result shows that the Jordan chains of £92 and Mg, are in one-to-one
correspondence. The proof is again omitted as it is identical to the proof of Theorem 5.8
with Lemma 5.6 replaced by Lemma 5.11.
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Theorem 5.12 Assume that @, satisfies Hypothesis 4.4. Let Lo € o (£L92)Np(LP) and
consider the analytic function .. — Mg, (1) from p(LP) to B(Hl/z(a Q), H %@ Q)).

(1) Let ug, ..., ux—1 € dom(L£®2) be a Jordan chain of length k for £LO2 at ro, and
define

fi=ypuj € H2@Q) for0<j <k —1.

Then the vectors fo, ..., fr—1 form a Jordan chain of length k for Mg, at Ag.

Q) Let fo, ..., fic1 € H'/>(3) be a Jordan chain of length k for Me, at ro. Set
u_1 =0andfor0 < j<k—1letu; e D}‘(Q) be the unique solution of the
boundary value problem

(L — )u())btj =uj_1, Ypyu;= fj.
Then the vectors uq, . . ., ux_1 form a Jordan chain of length k for £ at rg.

Proof of Theorem 5.1 Item (1) follows from the fact that the geometric multiplicities
dim ker(£®2 — A¢) and dim ker R| 2(Ap) are equal by Lemma 5.2, while Theorem 5.8
gives a one-to-one correspondence between the Jordan chains of £92 and R ». Sim-
ilarly using Lemma 5.2, Theorems 5.10 and 5.12, one can prove items (2) and (3).

O

Remark 5.13 Sometimes it is convenient to use the Riesz map R in order to replace
operator pencils acting between H~!/2(3Q) and H'!/?(3R2) by pencils acting in a
single space H~'/2(3Q). In this context we formulate the following easy conse-
quence of Theorem 5.1 and Lemma 5.2. If ®; satisfies Hypothesis 4.4, then the
operator RNg, (1) is Fredholm of index O for all A € p(L£°1). Moreover, for
any Ao € p(L®") we have equality of the geometric and algebraic multiplicities:
mg(ho, LP) = mg(o, RNe, (1)) and mg (o, LP) = ma(ro, RNe, (-)).

6 The Evans function and operator pencils

We are now ready to construct the promised multi-dimensional Evans function, thus
proving Theorem 1.3.In Sect. 6.1 we recall definitions and important properties of the
Schatten—von Neumann ideals and p-modified Fredholm determinants. In Sect.6.2
we show that Hypothesis 1.2 implies E(A) — I € B,(H'/?(3Q)) for sufficiently
large p, where E()) is the operator defined in (1.5). This guarantees that the p-
modified Fredholm determinant £(A) = det,, E(}) is a well-defined analytic function
on p(ﬁo) N ,0(,CD ). The proof relies on elliptic estimates, and hence is sensitive
to the smoothness of the boundary and the coefficients of L; see Remark 1.5 and
Proposition 6.2. Finally, in Sect. 6.3 we study the function E and its determinant £ in
more detail, proving that E is completely meromorphic in C and relating the order
of zeros, poles and essential singularities of its determinant to the eigenvalues of £,
ED £9 and £® , as stated in (1.9) and (1.10).

@ Springer



Fredholm determinants, Evans functions. . .

6.1 Schatten-von Neumann ideals and modified determinants

We first recall some definitions and basic facts that are needed for the statement and
proof of Theorem 1.3. Let H and /C be separable Hilbert spaces, and A: H — K a
compact linear operator. The singular values of A, denoted s;(A), are the eigenvalues
of the compact, selfadjoint operator / A*A. For p > 1, the Schatten—von Neumann
ideal B, (H, K) is defined to be the set of all compact A for which the pth Schatten
norm

00 1/p
1All, = (Z(sk(A»”)

k=1

is finite. This is a Banach space with respect to || - || ,. It is a two-sided ideal, in the
sense thatif A € B,(H, K), C € B(K,K) and B € B(H, H) for some separable
Hilbert spaces H; and Ky, then CAB € B,(H,Ky). If H = K we abbreviate
B,(H) = B,(H, K). We denote by F (H) the two-sided ideal of finite rank operators
in ‘H, and note that 7 (H) C B,(H) for all p.

We next recall some basic notions and facts about modified Fredholm determinants.
If B € B, (H) for some integer p > 1, the p-modified Fredholm determinant det , (1 +
B) is defined by the formula

0o p—1
det,(I +B) =[] | A+ mnexp [ D &' —DFul | ]. 6.1)
n=1 k=1

where {11, } are the eigenvalues of B, repeated according to their algebraic multiplicity.
We refer to [58, Sect. 1.7] for the properties of determinants that we will need. In
particular, we recall from [58, (I.7.17)] that if F € F(’H) is a finite rank operator, then

p—1
det,(I + F) = det(I + F)exp Z kN (—=D*Tr (FF) (6.2)
k=1
for any p > 1, where det stands for the usual determinant, that is, the product of the
respective eigenvalues. We also recall, see [58, p. 44], that

det, (I + A1A3) =det,(I + A2AY) (6.3)
for any bounded operators A and A; such that both AjA; and A3 A are in B, (H).
(Note that A; and A are not individually required to be 5,.) We will also need a

more advanced result from [36, Lemma 4.1], generalizing [58, (1.7.19)] from p = 2
and saying that if both B and B, are in B, (), then

det, ((I + B))(I + By)) = det, (I + By)det, (I + By) exp (Tr T, (B1, B2)),
(6.4)

where T, (-, -) is a polynomial function with T,,(By, B2) € Bi(H), so that its trace is
well defined.
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We also need to take determinants of operators that depend analytically or mero-
morphically on a parameter. If )V is an open subset of C and B: V — B(H) is a
B, (H)-valued analytic function, then the function A + det, (I 4+ B(1)) is analytic; see
[58, Sect. 1.7] and also [29, 43]. Moreover, if Bj: V — B(H) and B,: V — B(H) are
two B, (H)-valued analytic functions, then there exists an analytic functiong : V — C
such that

det, (1 + Bi(W))(I + Ba(1))) = e*Pdet, (I + Bi(1))det, (I + Bo(W)) (6.5)

forall A € V. This is a direct consequence of (6.4) with ¢ (A) = Tr T),(B1(A), B2(2)).

The situation for meromorphic functions is slightly more complicated. If F: V —
F(H) is meromorphic, then the function A + det(/ 4+ F (X)) is also meromorphic.
However, if B: V — B(H) is a meromorphic function with values in B,(H) (but
not necessarily F(H)), then the poles of B(-) may produce essential singularities
of the function det,(/ + B(-)), as can be seen from (6.1). If By: V — B(H) and
By: V — B(H) are two B, (H)-valued meromorphic functions, then there exists a
meromorphic function ¢ : V — C such that

det, (I + Bi(M))(I + Ba(1))) = e*Pdet, (I + Bi(1))det, (I + Bo(A)) (6.6)

forall A € V. Thisis adirect consequence of (6.4) with (1) = Tr (T, (B1 (), B2(1))).

To prove Theorem 1.3, we need to understand the poles and singularities of functions
of type det, (I + B(-)), where B(-) is B),(H)-valued and meromorphic. Following
[29] and [43], for a function f: ) — C that is analytic except at a discrete set of
singularities (which could be either poles or essential singularities) and whose zeros
do not accumulate in C, we define by (1.6) the multiplicity function m(Ag; f), and
recall the formula (1.7) that holds for meromorphic f. The multiplicity m (Ao, f),
however, is defined even when A is an essential singularity of f, in which case it can
assume any integer value. For instance, the function f(1) = AFe!/* has an essential
singularity at the origin with m(0; f) = k for any k € Z. As a result, one must be
careful when interpreting the multiplicity. If we know a priori that f is analytic at A,
then m(Ag; f) > 01if and only if f has a zero at A¢. Without this a priori knowledge,
however, we can only conclude from m(X1g; f) > O that f has a zero or an essential
singularity at Xg.

We finally note that if £ and f> are two functions of this type, then m (Lo; f1f2) =
m(ho; f1) +m(Ao; f2). In particular, if ¢ is meromorphic near Ao (and hence analytic
in a punctured neighborhood of X¢), then m(Ag; e? f) = m(Xg; f), since

1
m(ho; ) = — @' W) dxr=0
271 JaD(rpse)

by the fundamental theorem of calculus.
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6.2 13, properties of Robin-to-Dirichlet maps

We now return to the elliptic setting described in the Sects. 1 and 4. Before stating the
main result of this section, we mention an additional set of hypotheses on €2, L and
®; cf. Hypothesis 1.2.

Hypothesis 6.1 Assume, in addition to Hypothesis 1.1, that:
(1) 92 is of class C1-1;
(2) ajk = akjforl < j, k <n;
(3) ajk, bj, d; and g are Lipschitz;
(4) ©® = 7O, where © € B(H'2(3Q)) and J: H'/?(3Q) — H~/2(3Q) is inclu-
sion.
These stronger assumptions are not needed for the statement or proof of Theo-

rem 1.3. However, they give improved B, properties for E(A) — I, and hence lead to
a refinement of the theorem, as explained in Remark 1.5.

Proposition 6.2 Under the hypotheses of Theorem 1.3,

(1) if € p(LO) N p(LP), then E(G) — 1 € By(H™'(3)),

Q) if i € p(LO) N p(LO), then No (1) — Ng() € B,(H2(0%), H'/*(32))
forany p > 2(n — 1). If Hypothesis 6.1 also holds for L, ©® and L, ©, then p>n—1

suffices.

To motivate the proof, let A € p(£?) N ,o(LD) so that E(A) 1\70 (AM)Ne(N) is

defined. If we additionally assume that A € p(A®) then N@(A) is also defined, and
we can write

E() — I = Mg()(Ne(n) — Ng(L). 6.7)

Therefore, we start by studying the difference of Robin-to-Dirichlet maps. The key
observation is that the principal parts of L and L coincide, so the difference L — L is
first order. As a result, Ng — N® has better mapping properties than Ng and N® on
their own; cf. Lemma 4.9.

Lemma 6.3 If the hypotheses of Theorem 1.3 are satisfied and A € p(L®) N p(f®),
then Ng (L) — ﬁa (M) isin B(H_I/Z(BQ), H! (89)) and depends continuously on A.
If Hypothesis 6.1 also holds, then No (1) — Ng (%) is in B(H~'/2(0%), H**(3R))
and depends continuously on A.

Proof Fix g € H~'/>(32) and let u,  be the unique solutions to the boundary value
problems

Lu = \u, y;u +Oy,u=g (6.8)
and

Li=ii, yri+0y,i=g (6.9)
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respectively, so that No(1)g = y,u and ﬁ@(k)g = y,u. From Proposition 4.7 we
have lull gy < cllgla-12pa) and similarly for 7.
The difference w := u — u satisfies the boundary value problem

(L-—nw=(L-La ytw+oy,w=L-yhi+@®-06y,n.
(6.10)

Since L — L is a first-order differential expression with bounded coefficients, we have
I — LYl gy < cllll g (6.11)

Moreover, from Lemma 4.2 we get ()/NZ — yAI;)iZ = Zj Vivp ((ZZ\/ - dj)ii) e L2(Q),
and we easily obtain the estimate

It =y Dl 2pa) < cllill - (6.12)

Finally, the assumptions on ® and Oin Hypothesis 1.2 imply Oy, u, @yDiZ € L*(dQ),
with

[© = O]l 120 = clliilniq): (6.13)

Applying Proposition 4.8 to (6.10) and using (6.11)—(6.13), it follows that y,w €
H'(3%), with

lypwllgtae) < C||ﬁ||H1(Q)-
We therefore obtain

[Ne(L)g — ﬁ@()‘)g”f]l(ag) = lvpwllg g < cllullgiq) < clglu-120e
(6.14)

and conclude that Ne () — Ng (1) is bounded from H~'/2(3) to H' (32).

To prove continuity, we vary A in a neighborhood of a fixed Ao € p(£®) N ,0(2@ ),
letting u(A) and (1) denote the correspond solutions to (6.8) and (6.9), respectively.
Define

v(A) == w) — who) = u(d) — u(ho) +u(ro) —un),
so that
(No () — Ng(1)g — (Ne(10) — Ng(h0))g = v, v(3).
A calculation shows that v()) solves the boundary value problem
(L = 20)v(x) = (h = 20) (u () — A(W)) + (L — L) (@(ho) — @)

yEv() + Oy, = (vE = yHY@0) — T00)) + (O — ©)y, @) — T(ho)).
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As in the first part of the proof, we use Proposition 4.8 to obtain

1Yo v Ml ee) < ¢ (I)\ = hol[u) =a) | 2, + [@0) — 7R ||H1(Q)) :

For the first term we note that [[u(A) — u(M) |2 < lu@) — M) <
cllgll g-1 239) in a neighborhood of A¢. For the second term we write, as in the proof
of Lemma 4.9,

a0 —aho) = (L2 = 1) (00 = 20)E(h0)).
It follows that

||it\()”) - 74\()"0) HHI(Q) = CH ()\' - )"0)74\()"0) H L2() = C|)‘ - )"0| ||g ” H=172(3Q)

and so we obtain
1Yo v @l aey < €It = 2ol 8] 51200, (6.15)

for all g € H~/2(32) and all 1 sufficiently close to Ao.
The second statement is proved similarly so we just sketch the argument, defining u,
7 and w as above. The fact that 32 is C!-! implies each v j is Lipschitz, so Lemma 4.2

implies ()/Ni—yNL)'IZ = Zj Vivp ((ZZ\] —dj)T[) e H'/2(39), and the additional assump-
tions on @ and © imply Oy, w € H'/2(3S) and (© — ©)y, 7 € H'/2(3Q). Then w
satisfies (6.10), with yfw € H'/2(3Q), so [52, Theorem 4.18] implies w € H(R),

with the estimate
L
lwilg2@) < cllyywlmrea) < cligla-12p0)-

It follows from the trace theorem that y,w € H3/2(3Q) and lypwllgsrpe <
cligllg-129g) 0 No — IVG is bounded from H~'/2(39) to H3/2(3Q) as claimed.
Similar estimates can be used to prove continuity in A, as above. O

The proof of Proposition 6.2 is an easy consequence of Lemma 6.3 and the following
result.

Lemma 6.4 Let Q2 C R” be a bounded Lipschitz domain and fix —1 < s <t < 1. The
inclusion H'(9Q2) C H*(9) is of class B, for each p > (n — 1)/(t — ).

When 0€2 is smooth this follows from [8, Lemma 4.7]. For the Lipschitz case we
use the definition of H*(9€2), in terms of local coordinates and a partition of unity, to
reduce the problem to that of a smooth, compact manifold without boundary, where
the result of [8] then applies.

Proof By [52, Definition 3.28] there exist finite collections of open sets { W} and {2}
in R" with the following properties:
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H aQcyw;,
(2) W;NnQ=W; NQ; foreach j,
(3) each Q2 is equivalent (via rigid motion) to a Lipschitz hypograph.

By (3) we mean that there exists a rigid motion «; of R" and a Lipschitz function
¢j: R — R so that

Ki(Q) ={x=" x) eR" 1 x, < (X))}

Next, let {¢; } be a partition of unity subordinate to { W }. Givenafunctionu: 322 — C,
we define functions u; : R"~ ' = Chby

uj(x') = (gju) ey (o, ¢ ()

for each j. The H*(02) norm is then defined for 0 < s < 1 by

luell 115 o2y = Zuu s qn-1)-

It can be shown that any other choice of {W;}, {2} and {¢;} will yield an equivalent
norm.

Note that supp(¢;u) C 92N W}, hence u; is supported in Pk j(W; N 9€2), where
P: R" — R"~! denotes projection onto the firstn— 1 coordinates. Since there are only
finitely many W;, we can find a large hypercube C = [—R, R1"~ ! so that supp ¢;jCC
for each j. Identifying opposing faces of C, we can thus view each u; as a function
on an (n — 1)-torus. As a result, we can write the embedding H'(92) C H*(9L2) as
a composition

H'(3Q) — @H’(T“*‘) — @HS(T”*‘) — H'(0Q). (6.16)
j j

The definition of H*(3€2) and H'(3$2) implies boundedness of the first and last maps,
and [8, Lemma 4.7] says that the embedding H'(T"~') ¢ H*(T" ') is of class B,
forp>m—1)/(—s). O

Remark 6.5 The topology of T"~! is irrelevant to the above argument; it is simply a
device to identify a bounded domain in R”~! with a subset of a compact manifold
without boundary, allowing us to apply the result of [8] without modification.

We are now ready to prove the main result of this section.

Proof of Proposition 6.2 If & € p(£®)N p(f@ n p(ED ), then using (6.7) we can write
E (X)) — I as the composition of three operators,

Ne ()»)*ﬁ(*) @) inclusion

H 200 ——2°5 H'9Q) /5 B2 0Q) —2= Ve 0)

H'209),
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where the first and last are bounded (by Lemmas 6.3 and 4.10, respectively), and the
second one is B, for any p > 2(n — 1), by Lemma 6.4 with s = 1/2 and t = 1.
Similarly, if Hypothesis 6.1 holds we have

No(1)~Ng () M)
_

H™'2(0%) H32(9g) 2O f1290) O 12330,
and the result follows from Lemma 6.4 with s = 1/2 and t = 3/2.

In either case, for an appropriate choice of p we have E(A) — 1 € B, (H—1/2(a Q))
foralla € p(L®)Np (29) Np (ED). Moreover, from Lemma 6.3, we get that E(1) — [
depends continuously on A in the B, (H ~!/?(39)) norm. Since B,(H~'/?(3Q)) isa
Bag\ach space, and hence is closed, and p(£®) N p(E@)) N p(ED) is dense 1/1\1 p(,C@) N
p(LP), we find that E(A) — I € B,(H~2(0Q)) forall A € p(L®) N p(LP), which
completes the proof of (1) in the proposition. The proof of (2) is analogous (and
simpler). O

Remark 6.6 Proposition 6.2 says Mg(\)Ne(r) — I € B,(H™2(dQ)) for all A €
p(LP)Np(LP). Analogous arguments show that Ne (M) Mg(A) —1 € B,(H'? (%))
for the same set of A.

Finally, we establish 13, properties of the Robin-to-Robin map. The proof is much
simpler than the above results, and only depends on the properties of the boundary
operators.

Proposition 6.7 If Hypothesis 1.2 holds and A € p(L®"), then Ro,.0,(A)—Ig-112¢50)
is of class B, for each p > 2(n—1). Moreover, if there exists ©' € B(Hl/z(aQ)) such
that ©, — © = J O/, then Re,,0,(A) — Tg-12030) is of class B, foreach p > n— 1.

The second condition holds if both ®; and ®; satisfy Hypothesis 6.1(4). This
observation suffices for the improved version of Theorem 1.3 that was promised
in Remark 1.5. Stronger conclusions are possible with additional conditions on the
boundary operators. For instance, if ®, is a finite rank perturbation of ®1, then
Re, 0, — I is of class B, for every p.

Proof 1t follows from Proposition 4.13 that Rg, e,(A) — 1 = (02 — O)N{(}L).
Using Hypothesis 1.2, we have ®, — ©; = L*((:)z — (:)1) for (:)1,(:)2 €
B(H'2(3Q), L?(3Q)), and so ©, — O is B, for p > 2(n — 1) because (* is.
Since Ng, (L) € B(H_1/2(8Q), HI/Z(BQ)), this proves the first statement. The sec-
ond statement follows immediately since 7 is of class B, forany p > n — 1. O

6.3 The determinant

In this section we complete the proof of Theorem 1.3 by analyzing the zeros and
singularities of £ = det,, E, thus establishing the index formulas (1.9) and (1.10).
Our strategy is as follows. Using Lemmas 4.9, 4.10 and Proposition 6.2, we see that
the function A — E(A) = Mo (A)Ne()) can be extended from the set ,o(ED) Np(L9)
(where it is analytic) to the entire complex plane C as a meromorphic function whose

@ Springer



G. Cox et al.

values are operators of the type I + B with B € B,(H'/?(3Q)). Thus, the p-
modified Fredholm determinant £(A) = det, E(A) is defined and analytic for all A
except the poles of E. The poles of E produce essential singularities of £, which is
why Theorem 1.3 involves the meromorphic function ¢ and the multiplicity m (Ag; £).

Our main task is thus to relate m(2; &) to the algebraic multiplicity of A¢ as an
eigenvalue of the operators LD, LD , £© and £®. To do this we relate the eigenvalues
of these operators to the eigenvalues of the respective Robin-to-Robin and Robin-to-
Dirichlet operator pencils using results obtained in Sect. 5, but we must overcome the
following obstacle. While Ng (-) fails to be invertible at the eigenvalues of £P, it is not
defined at the eigenvalues of £©. As a result, it is not immediately clear what happens
to the determinant in the intersection of these two spectra. To resolve this, we factor
Ne (+) through the Robin-to-Dirichlet map Ng, (-) and Robin-to-Robin map Re, e(:)
associated with an auxiliary boundary operator ®1, so that one factor has zeros but
no poles, and vice versa for the other. A similar factorization is used for the pencil
Mg(-).

As aresult, we obtain a local description of the determinant, namely (1.9), around
every point in the complex plane. The ODE example in Sect. 3.1 illustrates this phe-
nomena, since the Dirichlet-to-Neuman map M (1) from (3.1) has singularities at the
points of the Dirichlet spectrum while the determinant of M () is equal to —A and
thus has removable singularities.

We recall that an operator-valued function B: V — B(H) is meromorphic at
Ao € Vif it has a Laurent expansion B(L) = Z,‘:i_N Bi (A — X)X near Ag, with
By € B(H) for each k. It is said to be completely meromorphic at Aq if, in addition,
the coefficients in the principal part of the Laurent expansion satisfy the finite rank
conditions By € F(H) for =N <k < —1.

We will need the following fact, cf. [43, Lemma 4.2] or [29, Lemma 5.3].

Lemma 6.8 Assume that B: V — B(H) is a completely meromorphic B,(H)-valued
function such that

I+ B} =SM(I+F®)) (6.17)

forallx € V, where S: V — B(H) is an analytic function whose values are invertible
operators and F:V — F(H) is a completely meromorphic function whose values
are finite rank operators. Then

m(o; det, (I + B(-))) = m(ho; det(I + F(-))) (6.18)
for each Ly € V, where m(Ao; -) is the multiplicity function defined in (1.6). If, in
addition, S(A) — I € B,(H) for all . € V), then there exists a meromorphic function
¢: YV — C such that

det, (I + B(1)) = e*P det (I + F()) (6.19)

forall . € V.
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The statement (6.18) about multiplicities does not require the assumption that
S(A) — 1 € B,(H). With this extra assumption, however, we get (6.19), which tells
us more about the structure of the determinant itself, not just its multiplicity.

Proof We refer to [43, Lemma 4.2] for the proof of (6.18). Under the additional
assumption S(A) — I € B,(H), (6.6) implies

det, (I + B(1)) = e?Pdet, (S(1))det, (I + F(1))

for some meromorphic function ¢. Since det,S(A) is nonzero, it can be written as
eV ™ for some analytic function v/, and the result follows from (6.2). O

Remark 6.9 The sets

I+B,(H)={I+B:BeB,(H)}, I+FH)={I+F:FeFMH)}
(6.20)

are inverse-closed sub-semigroups of B(H) by multiplication: If By, B, € B,(H),
then (I + B))({ + B2) — I € B,(H), and if B € B,(H) and I + B is invertible in
B(H),then (I + B)~' -1 € B, (H), and analogously for F (H). Indeed,

(I +B)(I + By) =1 =By + Bi(I + By) € B,(H)
and
I+B)'—I=U+B)'(I-U+B)=~-U+B)"'BeB,(H)

since B, (‘H) is an ideal. For future reference we remark that if D = I 4 F for some
F € F(H) and S is an invertible operator in B(H), then S~' DS — I € F(H) and the
identity

DS = SD 6.21)

holds, where D := S™!DSand D — I isin F (H). Moreover, D has the same deter-
minant as D.

One of the main tools used in what follows is a “canonical” representation of
nonlinear operator pencils and their local equivalence, a theory that goes back to [39];
see also [40, Chapter IX], [12, 49] and the vast literature therein. We now briefly recall
some relevant facts.

Let H beaHilbertspaceand 7 : V — B(H) be an analytic operator-valued function
on an open subset V of the complex plane. Assume that 7'(1o) is Fredholm of index
zero for some Ag € V. Then there exists an operator F' € B(H) of finite rank such that
T (1) + F is invertible. Since T'(A) € B(H) and T (-) is continuous in A, the operator
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G(}) := T(}) + F is invertible for all A in some open neighborhood U of Ag in V,
and thus we can write

T =G0)—F=GM(I—-GM'F), rel. 6.22)

Since the operator F is of finite rank, ker F' has a finite-dimensional complement
in H. Let P be the projection in H along ker F onto H. It follows that

I-GOW'F=(1-PGW'FP)(I -~ P)GA'FP). (6.23)

Weput Gi(A) :=1—( — P)G(A)~' F P and note that G is defined and analytic in
U. Furthermore, the values of G are invertible operators on 7; in fact

GV '=1+U-P)GH)'FP.
We thus obtain
T() =GO(I —PGO)'FP)Gi(A), rel, (6.24)

where G and G are analytic operator-valued functions on I/ and their values are
invertible.
This motivates the following definition.

Definition 6.10 Let V be an opensetin Candlet 7:V — B(H) and D: V — B(H)
be analytic operator-valued functions. We say that T and D are equivalent at a point
Ao € V if there exists an open neighborhood U/ of Ay in V such that

T = S1(M)DR)S2(2) (6.25)

for all . € U, where S;(X), S2(A) € B(H) are invertible operators that depend ana-
lytically on A.

Based on formula (6.24), one can further decompose the middle term and obtain
the following well-known result that goes back to [39]; see also [40, Theorem X1.8.1],
[49], [12, Theorem 3.10] and references therein.

Theorem 6.11 Let T:V — B(H) be an analytic operator-valued function, and
assume that T (Ag) is Fredholm with index zero for some Ly € V. Then T is equivalent
at Ao to an analytic operator-valued function D, defined in a neighborhood U of X\,
of the form

D) = Po+ (=2 Py 4+ (00— 20)" Py, (6.26)
wherer € NU {0}, Py, P, ..., P are mutually disjoint projections such that I — Py
is of finite rank and P1, ..., P, have rank one, and 0 < k1 < k> ... < k,. Moreover,

there exist operators G(1), G1(1) and G> () so that

() =GMG20)DM)G1(A) (6.27)
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for A € U, where G, G| and G are analytic with invertible values, and G(A) =
T (A) + F, where F is of finite rank. Furthermore, the operators G1(A) — I, D(A) — 1
and G2(X) — I in (6.27) are of finite rank, and hence belong to B, (H) for every p.

Note that for T'(A) as in (6.27), the operator T'(A) — I is not necessarily in B, (H),
and D(}) from (6.26) is not necessarily invertible for A # Aq.

Proposition 6.12 Let T: V — B(H) satisfy the hypotheses of Theorem 6.11.

(1) For each . € U, the operator T (}) in (6.27) is invertible if and only if D(}) is
invertible.
(2) T () is invertible for some (and hence all) A in U\{ o} if and only if

Po+ P+ +P =1 (6.28)

(3) T (ro) is invertible if and only if r = 0 and Py = 1.

Proof Since G, G| and G in (6.27) take invertible values, the required assertions
directly follow from Theorem 6.11 and the fact that

dimker D(A) = dimker(Py + Py ---+ P,) for A # Ao,
dimker D(1g) = dim ker Py,

by formula (6.26). O

As seen in the following simple example, the pencil D in (6.26) is obtained from 7T
by elementary transformations on rows and columns.

Example 6.13 Consider the linear pencil 7(3) = [ § ! ], for which A = 0 is an eigen-
value with m, (0, T(-)) = 2. One can show that T is equivalent at Ao = 0 to the
nonlinear pencil D(A) = [(1)8] + 22 [8(1)]. Indeed, using the elementary matrices

01 10 1 -2 10
E1=[1Oi|, E2=|:—A 1] E3=|:O 1i|, E4=[0_1],
one verifies the identity E4E>T (A)E1E3 = D()) needed for (6.27). As discussed in

Example 5.5, one also has m, (0, D(-)) = 2.

We next explain how the algebraic multiplicity of an eigenvalue for a nonlinear pen-
cil T () is encoded in the indices k1, . . ., k, in (6.26). This requires an extra condition
onT(-).

Hypothesis 6.14 Assume that

(1) T:V — B(H) is an analytic operator-valued function,
(2) T(A) is Fredholm with index zero for each A € V),
(3) The set of & € V for which T (1) is not invertible is discrete.
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We stress that if 7' satisfies Hypothesis 6.14, then (6.28) holds for each Ag € V. The
following well-known result goes back to [39]; see also [40, Chapter XI] and [12,
Theorem 3.10].

Lemma 6.15 Suppose T: V — B(H) satisfies Hypothesis 6.14 and let Loy € V. Then
the algebraic multiplicity mg (ko, T(-)), in the sense of Definition 5.3, is equal to
ki1 4+ - - - + k- for the indices in Theorem 6.11.

Next, we describe how the algebraic multiplicity is encoded in the p-modified
determinant.

Proposition 6.16 Suppose T : V — B(H) satisfies Hypothesis 6.14 and let Ao € V.
(1) In a neighborhood U of Ao the operator T (1) is represented by (6.27), with

det D(X) = (A — Ag)™e0TO) (6.29)
p—1 r k
det, D(A) = (A — rg)"a @0 T) exp Z k(=¥ Z (=2 =1)] |,
k=1 j=1
(6.30)

and det, G1(A), dety, G2(A) do not vanish in U.
(2) If, in addition, the operator T (X) — I is in B, (H) for all . € U, then

det, T (1) = ™ (n — )Lo)ma()LO»T(‘))
for some analytic function ¢ on U, hence
m(ho; det, T) = mgq(ho, T()),

where m(Lo; -) is the multiplicity function from (1.6).

Proof (1) The operator T (A) is invertible in some punctured neighborhood of 1 by
Hypothesis 6.14, so we can assume it is invertible in Z/\{A¢}, and hence (6.28) holds
by Proposition 6.12. Therefore, (6.26) yields D(A) — I = "', (= 2r)% —1)P;,
with mutually disjoint rank one projections P;. Thus the spectrum of the operator
D () — I consists of ;1o = 0 and the eigenvalues p; = (A — 2)ki —1forl < j<r.
It follows that

,
det D) = [ [0+ 1) = (= ) Zi=15 = (1 — ag)"e 0T,
j=0

where in the last equality we applied Lemma 6.15.

Next, using (6.29), formula (6.2) relating det, (I + F) and det(/ + F), and the
formulas just obtained for the eigenvalues ; of D(A) — I, we arrive at (6.30). The
statements for det,, G1(A) and det, G2 (2) follow from Theorem 6.11 since both G1 (%)
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and G (1) are invertible, and det, G1(A) and det, G,(A) are well defined because
Gi1(A) — I and G2(1) — I arein B, (H) forall A € U.

(2) Since T(A) — G(A) € F(H) by Theorem 6.11 and T'(A) — I € B, (H) by
assumption, we conclude that G(A) — I € B, (H) for A € U. Using the fact that
G1(A)—1,G2(A) =TI and D(}) — I are in B,(H) by Theorem 6.11, applying formula
(6.5) twice and utilizing (6.29), we have

detp T = detp (G(k)GQ(X)D()\)Gl(A)) =det(D(A))S(L)
=0 - Ao)ma(lo,T(‘))S(A)

with some nowhere vanishing analytic function S, as required. O

We now consider what happens to the ratio of T (-) from Theorem 6.11 and another
analytic operator-valued function 7 (-), whose representation (6.27) from the theorem
is

TO) =GMGMDMNG(L), Aell. 6.31)

Proposition 6.17 Suppose T:V —> B(H) satisfies Hypothesis 6.14 and let Ao € v,
soT is given by (6.31) ina nezghborhoodl/{ of Lo.

(1) The operator-valued function D from (6.31) and the projections I’)\] from (6.26)
satisfy

DV =Pyt (h—ao) TP 4+ (= a) B (6.32)

for A € U\{Ao} and the functlon T() ! zs completely meromorphic near \.
Moreover, the functions G( )~ ! Gl( ) 1 Gg( )~ lfrom (6.31) are analytic with
mvemble values, and the operators Gl(k) -1, Gz(k) U — I, respectively
D(A) 1: 1, are all of finite rank and therefore belong to B, (H) for every p and
all » € U, respectively » € U\{\o}. Furthermore, for all A € U\{Ao} we have

det D)™ = (h = ag) et TN (6.33)
det, D) ™! = ( — ag) G0 TC)
~ k
p—1 7
X exp Zk*](_l)k Z(()\ )»0) ki _ 1) . (6.34)
k=1 j=1

and det), (61 (A)_l), det), (62(A)_1) do not vanish in U.
) Q@ addition, let T: V — B(H) satisfy Hypothesis 6.14 and let .o € V N V. If
T T —Tisin B, (H) for A in a punctured neighborhood of Lo, then the
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function A +— f()»)’l T (A) is completely meromorphic in a neighborhood of Ao,
and there exists a meromorphic function ¢ in a neighbourhood of Ao such that

det,(T() 7T () = #P (1 — ag)maCo TO=maGo.TO) (6 35)
and hence

m (203 det, (T()'T())) = ma(ho. T)) = ma(o. T()),
where m(Lo; -) is the multiplicity function from (1.6).

Proof (1) By Theorem 6.11, ?(~) is equivalent at Aq to the analytic operator-valued
function

D =P+ (- )l P (6.36)
j=1

for A € . Thati is, there exist analytic and invertible operators G(A) Gl (A) and GQ(A)
so that (6. 31) holds where the operators G1 -1, D(A) -1, Gz(k) I are of finite
rank and G(A) = T()») +. F for some F € F(H).

By Hypothesis 6.14, T(A) is invertible for A in a punctured neighborhood of A,
so the same is true of 5(A) and the identity (6.28) holds for }3\] by Proposition 6.12.
Inverting (6.36), we arrive at (6.32). Since the coefficients of the singular terms in
(6.32) are of rank one, the function

TO) '=Gim) ' D) 'Ga) G ! (6.37)

is completely meromorphic. All required assertions regarding the 55, and finite rank
properties follow from Remark 6.9, while the determinant calculatlon for D( )y i
similar to that in the proof of Proposition 6.16.

(2) Let Ap € YNV and letU and U be the neighborhoods of A¢ as in Theorem 6.11.
For the rest of the proof we assume that 1. € (Z/{ NU)\{}o} and suppress A-dependence
in operator-valued functions. Note that 7! T is completely meromorphic because
T lisand T is analytic. Using (6.27) and (6.31) we can write

T7'T = $,D'$,DS;, (6.38)

where S1, Sz, S3 are analytic with invertible values. Applying (6.21) twice, we can
rewrite (6.38) as

T'T = $,58,D, D, (6.39)

where D1 (8283)~ 1D 1(5253) and Dz = DSg We observe that all five opera-
tors D~ — I1,D—1, D1 —1, D2 — [ and D102 — I are of finite rank by Remark 6.9,
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and that det 51 det(D 1y and det D = det Dz We now apply Lemma 6.8 with
I+B=T" I7.8=88Sand I + F = D1D2 to obtain the desired result (6.35),

det,(T~'T) = ™ det(D)) det(Ds)
i det(ﬁ_l) det(D) = M) - )\’O)ma(}tosT('))—ma()hoj‘\('))’

where in the last equality we used (6.29) and (6.33). O

We now return to the elliptic setting described in the Sects. 1 and 4. We fix an
operator ® = ©, let 1y € C, and use Lemma 4.14 to choose ®; such that 1o €
0(LP1). We then consider the Robin-to-Dirichlet map Ng, and Robin-to-Robin map
R1 2 defined in Sect. 4.2.

Proposition 6.18 Assume that ©1 and O, satisfy Hypothesis 4.4, and let 1o € p(LO1).

(1) RNg,: p(LO) — B(H~V2(3Q)) and Ry »: p(LO") — B(H Y2 (0%Q)) satisfy
Hypothesis 6.14, and so are equivalent at L to analytic operator-valued functions
of the form (6.26).

(2) The projections Pj from (6.26) corresponding to the operator family R Ng, satisfy
(6.28), withr = 0 for Ao € p(LP) and r > 0 for 1o € o (LP).

(3) The projections P; from (6.26) corresponding to the operator family Ry » satisfy
(6.28), with r = 0 for Ao € p(LO2) and r > 0 for Ao € o (L®2).

Analogous results hold for the differential expression L.

Proof (1) This follows directly from Lemma 5.2 and Theorem 6.11.
2) Ifrep (£P), then Lemma 5.2 implies that the operator R Ng, (1) is invertible in
aneighborhood of A, including A, and so by Proposition 6.12, we have r = 0 and
Py = I.Thatis, (6.28) holds with r = 0. On the other hand, if A € o (L"), then by
Theorem 5.1 (see also Remark 5.13) we have m, (Ao, RNg, (~)) = mq(ro, LP) >
0. Thus by Lemma 5.2 the operator R Ng, (1) is invertible for A in a punctured
neighborhood of Aq, but not at A¢, so by Proposition 6.12 the identity (6.28) holds
and r > 0.
The proof of (3) is analogous to item (2) so we omit it. O

We are ready to present the proof of Theorem 1.3. Forall A € p(ED YN p(LO) we
recall the definition

E() = Mg(M)Ne(V) € B(H™'2(5%)), (6.40)

where we assume that © and © satisfy Hypotheses 4.4 (this is implied by the assump-
tions in Theorem 1.3). In the course of proof we will also show that the function E is
completely meromorphic.

Proof of Theorem 1.3 For convenience, we will use notations @2 — ®and O, =0.1It
suffices to prove the result locally. Fix A9 € C. For all 1 in a punctured neighborhood
of Ao we have A € p(LP) N p(£®2) and thus E (1) is well-defined. By Proposition 6.2
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we know that E(A) — I € B, (H’I/Z(BQ)) for any p > 2(n — 1). In particular,
det, E(-) = det, (I + E(-) — I) is defined in a punctured neighborhood of 2.

We will now factorize E as a product of four operator pencils. To this end, we use
Lemma4.14 to pick ®; and ®1 suchthat Ao € p(£91)N ,o(A®' ). By Proposition 4.13,
E ()) can be written

E() = Mg,(MNe, (M) = Rg, 5,()(RNg, (1) RNe, (W) (Re,.0,(1)
(6.41)

By Proposition 6.18 the pencils ﬁ@ |.0ys Rﬁa ,» RNg, and Re, e, all satisty Hypoth-
esis 6.14 in some neighborhood of Ag. Thus, Theorem 6.11 and Propositions 6.16
and 6.17 apply. In particular, the pencﬂs RO , and RNg, can be represented as in

(6.27), while the pencils (RN(_) ] )7 and (Re, ,(.)2)71 can be represented as in (6.37).
By (6.26) and (6.32), we conclude that E (-) is completely meromorphic in some neigh-
borhood of Ao, and hence over C, as the coefficients of singular terms in (6.32) have
rank one while all other factors are analytic.

It remains to prove formulas (1.9) and (1.10). To simplify notation we rewrite (6.41)
as

EQ) = $1(M)D1(1)S2(A) D2(2) $3(1) D3(2)S4(A) Da(A) S5(1), A € U\{Ao},
(6.42)

where U/ is the intersection of the neighborhoods of Ap where the conclusion of The-
orem 6.11 holds for each of the four pencils in (6.41). From now on we will suppress
A in the notation. In (6.42) the pencils D and D3 are as in (6.26) and correspond
to ﬁ@@z and RNg,, respectively, while the pencils D> and Dy are as in (6.32) and

correspond to (Rﬁ@ 1)_1 and (R@],@z)_l, respectively. All five pencils S; in (6.42)
are analytic in A and their values are invertible operators, since they are obtained as
products of various G-terms from the representations (6.27) and (6.37).

We claimthat S; — 1,1 < j <5,and D; — 1,1 <i < 4, are B,. For D; this
follows from two formulas of type (6.26) and two formulas of type (6.32). For S we
temporarily denote T = I’i’\@l’@z sothat S| = GG, by (6.27). Since G — T and G, — |
are of finite rank by Theorem 6.11, and T — [ is of class B, by Proposition 6.7, we
may use Remark 6.9 to conclude that S; — I is of B, class because G — I is. An
analogous argument with T = Rol o, works for Ss. To deal with Sy we temporarlly
let T = R()l 6, and T = RNO Using (6.27) and (6.31) we have S, = GlG1
and so S — I is of B)-class by Remark 6.9 because both G; — I and G1 — I are
by Theorem 6.11. The argument for Sy is analogous. It remains to deal with S3 =
G2 G- eled w1th the G terms from (6.27) and (6.31), where this time we denote
T =RNg, and T = RNO The operator

f_lT -1 = (1’\7@1)_1]\’@1 -1 = (]/v\@l)_l(]v@)I - ﬁ@l)
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is B, because No, — ﬁ@l is by Proposition 6.2(2). Since T-T = §f15’153 DGy,
using Theorem 6.11 and Remark 6.9 we conclude that S3 — 1 is B, thus finishing the
proof of the claim.

We now apply formula (6.21) to (6.42) four times to obtain

E = (S] 52535455)51525354,
where we have defined
Dy = (52535455)_1D1(52535455), Dy = (535455)_1D2(53S455)),

53 = (S4S5)71D3(S455), 54 = (S5)71D4SS.

~

Remark 6.9 tells us that F := 5152D354 — I is of finite rank. Moreover, F' is
completely meromorphic and

det(I 4 F) = det (D1 D2D3Ds) = ]_[ det D; (6.43)

as 5, and D; are similar and thus have equal determinants. The function B = E — [
is completely meromorphic because E is. We can now apply (6.19) from Lemma 6.8
with § = 515535485, because S — 1 is of B ,-class since each S; — [ is by the claim
proved above. This and (6.43) yield

4
det, E = e det(I + F) = e? [ [ det(D;)
i=1
— (O — Ao)muuoﬁ@l@z(-))—mauo,Rﬁ@l<»>)+mu<xo,RN@1 () =ma(ho,Re 0, ()

where for det D;(-) we used formula (6.29) when i = 1, 3 and formula (6.33) when
i = 2,4. Now Theorem 5.1 implies the desired formulas (1.9) and (1.10), recalling
that ® = ©, while ® = ©5. O

Remark 6.19 We now address the issue raised in Remark 1.6 regarding switching the
order of factors in E. As mentioned in Remark 6.6, both inclusions

Mg(MNe(A) — I € B,(H™V2(3)),  Ne(MMgh) — I € B,(H'*(9%))
hold provided A € p(ED )N ,0(£®). Therefore, both determinants
det,(Mg(MNo()),  det,(No(M)Mg(R))
are well-defined. It is easy to see that the two determinants are equal. Indeed, tem-

porarily assuming that A € p(f®) also holds, so that NA(A) = MO(A) L
bounded, and letting A; = MO(A) and A, = Ne(A) — Mo(k) I we see that
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Mg(MNe() — I = AjA; while No(MMg () — I = AzAj, and thus formula
(6.3) yields the result for all & € p(LP) N p(£®) by continuity.

7 The complex Souriau map

In Sect. 8 we will explore the connection between our generalized Evans function and
the Maslov index, assuming L and L are symmetric. This amounts to a detailed study
of the so-called Souriau map W, which was defined in (1.16). Many relevant properties
of W are also satisfied by a more general object, which we call the complex Souriau
map and denote by W. The definition of W does not require L to be symmetric, so
it generalizes W to many other situations of interest. We thus devote this section to a
detailed study of W.

7.1 Definition and continuation

Assume that L satisfies Hypothesis 1.1 z_md let A € p(LN), so that the Neumann-to-
Dirichlet map N (1) is defined. Letting £™® denote the realization of L with the Robin
boundary condition yNLu +iRy,u =0, we will see in Theorem 7.1 that N(A)R — i

is invertible if and only if A € p(L!™®). Therefore, the map
Wo) := (NWR + i) (NWR — i)~ e B(H'?(09) (7.1)

is analytic on p (£’ ®”yn p(LN). We claim that points in p (L_iR)\ p(LN) are removable
singularities, so this extends to an analytic function on p (£!"%). We recall notation Ng
and Rg, e, for the Robin-to-Dirichlet and Robin-to-Robin maps from Sect. 4.2.

Theorem 7.1 The function Wy defined in (7.1) is given by'Wo()L) =2iNg(MR —
Iy129g) and hence can be analytically continued to p(LR). For any O satisfying
Hypothesis 4.4, the continuation, which we denote by W, is given by

Wi) = -R'"Re_ir W RiR.0(MR (7.2)
== 21N® ()\.)RI’R"@()\.)R - IH1/2(3$2) (73)

forall » € p(LR) N p(L9).
Proof Proposition 4.13(i) yields
iR 'Ry irMR = iR (I £iRNW))R = iFN(WR (7.4)
for A € p(LVY), and soi — N(M)R is inyertible if and only if Rg ; (1) is, which is
the case if and only if A € p(LV) N ,O(E’R). This shows that W is well defined and
analytic on p(£V) N p(ﬁ_iR).
For A € p(LN) N p(LIR) Eq. (7.4) yields
. N—1 _
Wo) = (NWR+ i) (NMR —i)” =R 'Ry _irWRiro(MR. (1.5)
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By Proposition 4.13(v) with ®; = 0 and ®, = i’R we infer that
Ro—ir(MRiRr,0(A) =1 —2IRN;R (1), (7.6)

and so

Wor) = =R (I = 2iRNig (M))R = 2iN;r O)R — I 7.7
as claimed. In particular, Wy is analytic in p(EiR) by Lemma 4.9(ii). We now fix
any O satisfying Hypothesis 4.4. Applying Proposition 4.13(v) with ®; = ® and
® = iR yields

Ro —ir(MRire(*) =1 —2IRN;R(X) = Ro iR M) Rir 0(1),

where in the last equality we used (7.6). This and (7.5) show (7.2). By Proposi-

tion 4.13(iii) with ®; = iR and ®; = © we have No(M)RiR. 0e(M)R = Nir (MR,
and (7.3) follows from (7.7). O

Given an auxiliary differential expression L also satisfying Hypothesis 1.1, we can
define W analogously on p(L'?).

7.2 The determinant

We next relate the operators E (L), W(A) and W(A), and the corresponding determi-
nants.

Theorem 7.2 Assuming the hypotheses of Theorem 1.3 are satisfied and letting
U= p(£™) 0 (L) 0 p(L®) N p(2°),
we have
(1 + W)™ (1 + W) = SIOEG)S2(2) (78)

for € U N p(LP), where Si(x) € B(H'20%), H'/*(3RQ)) and () €
B(Hl/z(agl), H*1/2(8§2)) are invertible and depend analytically on A € U. More-

over, (I +W(A))_l (I +W(A)) —1lisinB, (Hl/z(BQ))for any integer p > 2(n—1),
and for each Ao € C there is a meromorphic function ¢ : Uy — C in a neighborhood
Up of Lo such that the determinant

W0 = det, (I +WH) (I + W) (7.9)
satisfies
W) = e*PEm) (7.10)
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for & € Up\{ro} and hence
m(io; W) = m(rg; E). (7.11)

The formula (7.8) says that (I + W(A))_l (I + W())) is equivalent to E (%) in the
sense of Definition 6.10.

Proof Applying (7.3) for W and w yields

(I+W)"'(I + W) =R'Rg ;g MgNo Rig o R

=R 'Rs» E Rir.oR, (7.12)
—_—
S S

which verifies (7.8).

To complete the proof we must relate det, (S1ES>) to det), E. This is complicated
by the fact that det, S and det, S> are not defined, so we cannot directly relate
det,(S1 ES>) to a product of three determinants. We claim, however, that

det,(S1ES2) = detp (5281 E). (7.13)

This is useful because the determinant of S, S; is well defined, as we will see below.
To prove (7.13) we use the identity (6.3) with A = S1E — S;] and A, = §», for
which we easily compute I + A1 A> = S1ES> and I + A> A1 = 5251 E. Therefore, the
assertion (I + W)™ (I + W) — I € B,(H'2(32)) will be proved and (7.13)
will follow from (6.3) once we verify that Aj Ay and A>A are B p. In turn, this and
Remark 6.9 then imply that S, S — I is of class BB, since E — I is by Proposition 6.2(1).

Under the additional assumption that A € p(L£P), so that Mg (1) is defined, we can
write

A1Ar = S1MgNe Sy — I = (S1Mg — S, ' Me)Ne S (7.14)
and

ArA1 = 281 MgNe — I = SH(S1Mg — S5 ' M) Ne. (7.15)
Next, we observe that

S1Mg — S5 'Me = SiMg(No — Ng)Me + ($1 — S )Me.  (7.16)
Recalling the definitions of S; and S, in (7.12) and using Proposition 4.13, we have
S1 =R'Rg.x =R (I + (R - O)Ng)

and

S;l = 'R,_lR@’iR = R_l(l + (iR — ®)N®)
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so that
S1— 8" = (R~ 8)(Ng — No) + (© — ©)Ne.

It follows from Proposition 6.2(2) and our assumptions on ® and © in Hypothesis 1.2
that S§1 — Sz_l is B), for any p > 2(n — 1). Substituting this in (7.16), we get that
S1 M() — Sz_ Mg is B, so it follows from (7.14) and (7.15) that A1 A, and A2A;
are B, forall A € U N p(LPY N ,o(LD ). The continuity argument in the proof of
Proposmon 6.2 shows that this in fact holds for all A € &/ N p(ED ).

We can thus use (6.3) to conclude (7.13) forall A e U N ,o(ED ), as claimed above.
To complete the proof we use (6.6) to get

det,($281E) = e? det,(5281) det, E

where ¢ is a meromorphic function near Aq that can be computed explicitly in terms of
E and §, ;. Using (7.8) and (7.13) and changing ¢ by incorporating det, (S152) # 0
into the exponential factor yields (7.10). O

We next relate the winding of £(1) to the eigenvalues of 7 + W(A) and I + W(A);
cf. Corollary 1.7.

Corollary 7.3 Let K C p(LR) ﬂp(ﬁ’R) be a compact set with a rectifiable boundary.
If K is disjoint from o (LP) U G(ED) Uo (L9 U O’(AG)) then

1 E'\) ~
— d) = a XM, T +W(E)) —mg (A, I +W(©)). 7.17
0 A%;m( W) —ma(r, I +W() (7.17)

Proof The hypotheses on K imply that £ has no zeros or singularities on d K . Defining
W as in (7.9), we conclude from (7.10) that

E'(L)
k €O

dr = Z m; W).

rekK

To complete the proof we will evaluate the right-hand side using Proposition 6.17, so
we need to verify its hypotheses.

Theorem 7.1 and Lemma 4.12 imply that W(X) is analytic in a neighborhood of
K. Lemma 5.2 implies that Ng (1) and R;k ¢ (1) are Fredholm of index zero, so it
follows from (7.3) that 7 + W (A) is also Fredholm of index zero. The same is true of
W(k). Finally, we have from Theorem 7.2 that (I + W)fl (I +W) — I is of class B,.
We can thus use Proposition 6.17(2) to conclude that

m(o; W) = ma(ro, I + W) —ma(ro, I +W())

for any point Ao € K, and the result follows. O
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8 The Maslov index

In this final section we explain how our multi-dimensional Evans function is related to
the Maslov index when L and L are symmetric. Our main goal is to prove the equality
(1.20) directly from the definitions of £ and W, without relating either side to the
eigenvalue counting functions for £° and ZP.

In Sect. 8.1 we review the definition of the Maslov index. For simplicity we only
describe the spaces and constructions arising in our particular setting; a general survey
of the Maslov index in infinite dimensions is given in [28], and a shorter summary with
an emphasis on applications to boundary value problems can be found in [ 19, Appendix
B]. In Sect. 8.2 we explicitly compute the Souriau map and relate it to the operator W
defined in Sect. 7, thus obtaining its analytic continuation from Theorem 7.1. Finally,
in Sect. 8.3 we use the symmetry of L to prove a spectral mapping property for the
analytic continuation, and use this to obtain a crucial monotonicity property for the
Maslov index.

8.1 Preliminaries

The Maslov index is only defined for self-adjoint boundary value problems. We there-
fore assume that L is symmetric for the remainder of the section. This implies £”
is self-adjoint, hence o (LP) C R and all eigenfunctions can be assumed to be real-
valued.

Abusing notation slightly, we let R denote both the real and complex Riesz
maps, H'/2(3Q,R) — H~2(3Q,R) and H'/2(3Q) — H~'/2(3Q), respectively,
where we recall our standing convention that all function spaces are complex-valued
unless explicitly stated otherwise. The real Riesz map is the restriction of the com-
plex one, so there is no ambiguity in our notation. Similarly, if A is real and L
is symmetric, then N(A) € B(H’l/z(aﬂ), H1/2(8§2)) restricts to an operator in
B(H~'2(3Q,R), H'/2(3Q, R)) which we again denote by N ().

We next define the real Hilbert space

H=H"?0Q,R) & H *0Q,R), 8.1
with the symplectic form
o((f1. 8D (f2.82)) = (g2, 1)) — (g1, f2)) = (J(f1. 81). (f2. 82)) . (8:2)
where J : H — 'H is the almost complex structure?
J(f,8) = (=R7'g, Rf). (8.3)

Using this, we can give H the structure of a complex vector space, which we denote
‘H j, by defining the scalar multiplication (a + ib)v = av + bJv for all a, b € R

2 ¢t [28, Example 2.1] which gives the correct w but has a sign error in J.
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and v € H. Note that H; and H are isomorphic as real vector spaces; H ; is not the
complexification of H.
For A € R, consider the subspaces

G ={(ypu, yfu) :u e D (Q,R), Lu = ru} (8.4)
and
D=1{0,9):ge H '@, R). (8.5)

These are both Lagrangian subspaces of 7, and G(A) depends continuously (in fact
analytically) on A; see [18] and [19] for details. Letting P, denote the corresponding
‘H-orthogonal projections, we define the Souriau map

W) = —(I —2Pggy)(I —2Pp). (8.6)

The fact that both D and G are Lagrangian implies WJ = JW, hence W defines
a complex linear operator on the space H ;. Moreover, it is unitary, and hence has
spectrum only on the unit circle. Up to a minus sign, this is simply reflection about
D followed by reflection about G(A). It follows that G()) intersects D nontrivially if
and only if —1 € o(W (X)), and

dimc ker (I + W()) = dimg (D NG(1)) = dimg ker (LP —1).  (8.7)

That is, the multiplicity of —1 as an eigenvalue of W (L) equals the multiplicity of
A as a Dirichlet eigenvalue. (Since £ is selfadjoint, the geometric and algebraic
multiplicities coincide, so we can use the term “multiplicity” unambiguously.)

Finally, the fact that D and G form a Fredholm pair (that is, their intersection has
finite dimension and their sum is closed and has finite codimension) implies that the
spectrum of W cannot accumulate at —1. The Maslov index of G(A) with respect to D
is then defined to be the spectral flow of W (1), that is, the net count of the eigenvalues
moving through the point —1 on the unit circle, in a counterclockwise direction, as A
varies; see [13, 28] for details.

From (8.7) we see that this gives a signed count of the eigenvalues of £, where
the sign depends on whether the corresponding eigenvalues of W passes through —1
in the clockwise or counterclockwise direction. However, it is well known that this
index satisfies a monotonicity property, in the sense that eigenvalues of W () always
pass though —1 in the negative (clockwise) direction as A increases. As a result, for
any real numbers A; < A, both contained in p (L") we have

number of eigenvalues of £P in (A1, Ap) = —sf (Wm, —1) , (8.8)

where the eigenvalues are counted with multiplicity. Below we will give an independent
proof of this monotonicity, using complex analytic methods.
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8.2 Computing W,

To understand the connection between the Evans function and the Maslov index, we
must relate the Souriau map W (X) to the operator E(A) defined in (1.5). We do this
by computing an equivalent version of W () which is defined on H'/?(92) instead
of H ;. We first describe the relationship between these spaces.

Lemma 8.1 The map ¥ (f,g) = f + iR~ g gives a (complex) linear isomorphism
from Hy to H'/?(3%).

Proof The map is obviously real linear, so we just need to check multiplication by i.
We have i (f, g) = (—R~'g, Rf) and hence

v(i(f, ) =v((-R "¢, Rf) = -R'g+if =i(f +iR7'g) =iv(f, ).
This completes the proof. O

A real linear map 7 : H — 'H is complex linear if and only if it commutes with J,
in which case it defines a map on H ;. Using the isomorphism 1 from Lemma 8.1, we
obtain a complex linear map 7 := ¥ T¢ ! on H'/?(3Q).

Lemma 8.2 The real linear operator

A B
T:[CD]H—>H

commutes with J if and only if C = —RBR and D = RAR™\. In this case, the
corresponding complex linear operator Ty on H'/*(3Q) is

T)=A—iBR. (8.9)

Proof The first claim follows from a direct computation, using the definition of J.
Now assume this holds, so that

A B
T = [—RBRRAR—I]' (8.10)

Let x +iy € H/2(39), so that x, y € H/?(3Q2, R). From the definition of v (in
Lemma 8.1) have ¥ ! (x +iy) = (x, Ry), so that

1 L A B x | _ Ax 4+ BRy
Ty et iy) = [—RBR RARl} [Ry] = [—RBRx + RAy
and hence

YTy (x +iy) = (Ax + BRy) + iR~ (=RBRx + RAy)
= (Ax + BRy) +i(—BRx + Ay) = (A — i BR)(x + iy),

as was to be shown. O
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We now apply this lemma to the Souriau map.

Proposition 8.3 The map W (L) defined in (8.6) commutes with J for all real A, and
the corresponding map Wy (1) on H'/?(dQ) is given by

W0 = (NOOR + i) (NWR — i)™ (8.11)
forall » € p(LY)NR.

In other words, W, (1) is the Cayley transform of N(A)R.

Proof Fixingi € p(L£Y)NR, weabbreviateG = G(A)and N = N (1) for convenience.
From [18, Proposition 4.11] we know that the orthogonal projection onto G is given
by?

b _[(NR)Z N] (1+WNR?)™ 0
9T RNR I 0 (1 +@®RN?) ]

from which we obtain

2 n—1
2Pg_[:[(NR)—I 2N ]|:(I+(NR)) 0 }

2RNR I —(RN)? 0 (1+ (RN)z)—l
For the projection onto D we have

00 I 0
o=o9] 1-2m=[5 Y]

and so

W = 2Pg — I)(I —2Pp)

B [(1\/72)2 ~I 2N } (I+(NR)?)™ 0
=| 2RNR - (RN)? 0 —(I+®RN?) ]
This is of the form given in Lemma 8.2, with
A=(NR?=D(I+(NR?)™,  B=-2N(I+RN?)".

Using the easily verified identity

(I+RN)?)'R=R(I+NR)?)™

3 The operators N and R here correspond to —M and Jﬂil in [18], cf. also Remark 4.11.
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we compute

A—iBR=((NR)?—1+2NR)(I+(NR)?)™"
= (NR+D*(NR = )(NR+1) " = (NR+DNR — i)~

as claimed. O

For & € p(LN) N R the right-hand side of (8.11) is precisely the operator W (%)
defined in (7.1). Therefore, by Theorem 7.1, W; can be continued to an analytic
function on p(£™), which we will continue to denote by W,. Given © satisfying
Hypothesis 4.4, we use (7.3) to obtain

I+ W;0) =2iNe(W)Rir o(W)R (8.12)

for all & € p(LT) N p(L®), To apply this result in practice, we therefore need to
understand the resolvent sets of £© and £/R.

Lemma 8.4 If © is non-real, then the resolvent set p(L®) contains an open neigh-
borhood of the real axis. In particular, p (LIRY contains an open neighborhood of the
real axis.

Proof Since the resolvent set is open, it suffices to prove that it contains the real axis.
If £Pu = Au, then

Mull7a gy = Polul = Plul + (Oy,u, y,u). (8.13)

Since L is symmetric, the quadratic form ®[u] is real for any u € H'($2). Assuming
A is real and taking the imaginary part of (8.13), we obtain Im{(®y,u, y,u)) = 0 and
hence y,u = 0. It follows from the unique continuation principle (see (4.22)) that
u = 0, and so £ has no real eigenvalues. To prove the second claim, we observe that
Im(Rf, f) = ||f||§1,,2(m), s0 iR is non-real. o

8.3 Connection to the Maslov index

We are now ready to prove Theorem 1.9, relating the Maslov index to the winding
of the Evans function for a selfadjoint boundary value problem. Given real numbers
Al < Ao in p(LP) N p(LP), Lemma 8.4 guarantees that K = [A1, A2] x [—8, 8] is
contained in p(EiR) N ,o(f’R) N ,0([1(")) N ,o(Z@) as long as 6 > 0 is sufficiently
small.

As described in the Sect. 1, we want to show that

1 g/()") _ =50 A %)
- BK%dk_sf(Wj 1) =t (Wal2 1), (8.14)

where we have used the fact that W and Wy are unitarily equivalent and hence have
the same spectral flow, and likewise for W and W;. In light of Corollary 7.3, it is
enough to show that
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> ma(h I+ Wy() = —sf (W,m—l), (8.15)
rek

and similarly for w J.

We first deal with the left-hand side of (8.15), proving that the algebraic multiplicity
of X as an eigenvalue of the nonlinear pencil / 4+ W; (-) coincides with the geometric
multiplicity of —1 as an eigenvalue of the linear operator W; ().

Proposition 8.5 If L is symmetric, then
mq(ro, I+ Wy () =dimker (I + Wy (ko)) (8.16)

forall hy € p(LRY. In particular, both quantities are zero if Ag is not real.

Proof Fix g € p(EiR) and choose ® such that 19 € p(£9), by Lemma 4.14. It
follows from (8.12) and Theorem 5.1(2) that

I + W; (o) is invertible <= Ng, (o) is invertible <= Ag € ,O(ED).

Since £P is self-adjoint, we conclude that I + W;(X¢) is invertible if Ao is not real,
in which case both sides of (8.16) vanish.

It remains to prove (8.16) when A is real. In this case we can use [54, Theorem 3.2]
(cf. Remark 4.15) to find a real number u such that Ao € p(ﬁ@), where ® = p.7. This
means Ng(}) is defined for A in a neighborhood of 1¢, and (8.12) says that I + W (L)
is equivalent to Ng(A), in the sense of Definition 6.10. It follows that

ma (1o, I + W) = ma(o, No()) (8.17)
and
dim ker (I + Wy (Ao)) = dim ker Ng (Ag). (8.18)
To prove (8.16), we therefore need to show that
mq(ro, No(-)) = dimker No (Ao). (8.19)

This is precisely the statement that every Jordan chain for the nonlinear pencil Ng(+)
has length one. The fact that Ng(X¢) is self-adjoint for this particular choice of ®
and Lo € R is not enough to imply (8.19), however, since for nonlinear pencils
mg (AO, N@(-)) does not necessarily coincide with the algebraic multiplicity of O as an
eigenvalue of the linear operator Ng(Ap); see Remark 5.4 and Example 5.5.

We can deduce (8.19) immediately from Theorem 5.10 and the fact that £ is
self-adjoint, since this implies that every Jordan chain for £” has length one. For
convenience we also give a more elementary proof that does not rely on the technical
results of Sect. 5.
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Suppose that Ng(-) has a Jordan chain of length greater than one at Aq, so there
exist fo, fi € H™'/2(9Q) satisfying the equations

No(ko)fo =0,  Ng(ro)fo+ Ne(ro) fi =0,

with fo # 0. Since ® = pJ with u € R, and A9 € R, the Robin-to-Dirichlet map
Ne(ro) is self-adjoint, and we get

{(fo. No (o) fol) = —( fo, Ne(ro) fi)) = —( f1, Ne(ro) fo) = 0.  (8.20)

It follows from Lemma 8.6 that fi = 0, a contradiction. O

Lemma 8.6 Suppose L is symmetric, © satisfies Hypothesis 4.4 and Lo € p(L®) NR.
If f € H™Y2(3Q) satisfies No (ko) f = 0 and {(f, Ny (ko) f)) = 0, then f = 0.

Proof Given such an f, let u()) denote the unique solution to
Lu = \u, ylfu +Oypu = f,
so that Ng(Lo) f = y,u(rg) = 0, and hence yAfu()Lo) = f. It follows from the proof

of Lemma 4.9 that & — u(A) € HY(Q) is analytic in a neighborhood of Ag, so we
have N¢,(ho) f = y,u’(*o), and hence

(vEuro), vpu' (o)) = (f. No(ho) f)) = 0. (8.21)
From Green’s first identity (4.6) we have
®(u(r), v) = Au), v) + (yLu@), y,v) (8.22)

forallv € H! (2) and A in a neighborhood of Aqg. Differentiating (8.22), evaluating
at Ao and choosing v = u (i), we obtain

D (' (20), u(h0)) = uo)lI* + ro(u’ (ho), u(ro)), (8.23)

where we have used the fact that y,u(19) = 0. On the other hand, evaluating (8.22)
at A9 and choosing v = u’(1g) gives

®(u(ho), u'(ho)) = hofu(ho), u' (1)) + (¥ u(ho), ypu' G0)).  (8.24)

Since Ag is real and L is symmetric, (8.23) and (8.24) together yield
luo)|I> = Gy uo), vpu' ().

Combined with (8.21), this gives u(A9) = 0 and hence f = y;u(ko) = 0, as claimed.
O
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As a result of Proposition 8.5, Eq. (8.15) can be rewritten as

> dimker (1+ W) = —sf (Wo[12, -1). (8.25)
AEK

The left-hand side counts, with multiplicity, the points A € (A1, A2) for which —1 is
an eigenvalue of W, (1), while the spectral flow on the right-hand side depends on
the direction in which these eigenvalues pass through —1 as A increases. Therefore,
(8.25) holds provided the eigenvalues of W;()) only pass through —1 in the negative
(clockwise) direction.

We give a sufficient condition for this to happen in terms of the location of the
spectrum of W, (A) relative to the unit circle.

Theorem 8.7 Let X be a Hilbert space and suppose that . — U () is an analytic
B(X)-valued function, defined on an open neighborhood U C C containing the seg-
ment [A1,A2] C R IfI + U(Xy) and I + U(X2) are invertible and the following
conditions hold for all » € U,

@) I+ U(A) is Fredholm,

(i1) U(A) is unitary for A € R,
(i) o(UQ)) C{z:|z] > 1} forIm A > O,
@iv) o(U)) C{z: |zl < 1} forImAr <O,

then

(U2 -1) == Y dimker (1 +U®). (8.26)
A <A<Ao

Given this abstract result (which we prove later), the equality (8.25), and hence
Theorem 1.9, is an immediate consequence of the following.

Proposition 8.8 If L is symmetric and 1,1y € p(LP), then W;()) satisfies the
hypotheses of Theorem 8.7.

Indeed, as indicated in Remark 4.11, N (-)R is a Nevanlinna function, and soIm A >
0 yields Imo (N (L)R) > 0; therefore, o (W (1)) is outside of the unite circle since
W; (%) is the Cayley transform of N (1)R. We provide, however, a direct proof of the
proposition.

Proof It was already observed in the proof of Corollary 7.3 that W, (1) is analytic
in a neighborhood of the real axis, I + W;(X1) and I + W;(X,) are invertible, and
I + W;(A) is Fredholm of index zero. Moreover, when A is real we have that W;())
is a unitary operator on H 1/ 2(8 2), since W(A) is unitary on H ;. Therefore, it only
remains to verify the spectral inclusions (iii) and (iv).

Letz € o (W; (1)) for some A with Im A # 0. This guarantees A € p(£"V),s0(8.11)
gives 7 = % for some v € o (N(A)R), and hence |z| > 1isequivalventtoImv > 0,
while |z| = 1 is equivalent to Im v = 0 and |z| < 1 is equivalent to Imv < O.
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Let f € H'?(3Q) be an eigenfunction corresponding to v € o (N(A)R). By
definition we have N(A)R f = y,u, where u € H'(Q) solves Lu = Au and y;u =
‘R f. The eigenvalue equation is y,,u = v f, so it follows from (4.6) that

D (u, 1) = Mull32 i) + (vyu, vpu)
= MullZoiq) + (R V) = Ml + D1 F 151050

The symmetry of L implies that ®(u, u) is real, so we get (Im )L)||u||iz(m =
(Imv)||f||%11/2(89). We conclude that |[z] > 1 < Imv > 0 & ImA > 0, and
similarly when |z| = 1 and |z| < 1, which completes the proof. O

We conclude by proving the abstract result in Theorem 8.7.

Proof of Theorem 8.7 The set of A such that 7 4+ U (1) is not invertible does not contain
A1 or A2, and hence is discrete, by the analytic Fredholm theorem. Therefore, it suffices
to prove the result when there is a single point A, € (A1, A2) for which dim ker (I +
U (A*)) =m > 0.

Since U (1) is unitary for A in the set (A, — €, Ay + €), which has A, as a limit
point, [46, Theorem II—1.10 (p.71)] gives the existence of analytic eigenvalue curves
U1(A), oo, (X)) in o (U (X)), with w1 (Ay) = - -+ = w(Ay) = —1. The right-hand
side of (8.26) is equal to —m, so it suffices to show that as A increases from A, — €
to Ay + €, the curves g (A) all pass through —1 in a negative (clockwise) direction,
since this implies

St (UL —1) = —m.

It is therefore enough to consider one of these curves, which we denote by (1), for
A — Ax] < €.

Consider the curve A(t) = Ay + €€'f, 0 < ¢ < 27, which parameterizes the circle
Ce(hy) = {A: |A—Ay| = €}. It follows that t — (A (2)) defines a positively oriented
curve in the complex plane, with [ (A(0))| = [ (A(7))| = 1 because A(0) = A, + €
and A(w) = A, —e€ arereal. For ¢ € (0, ), A(¢) is in the upper half plane, so item (iii)
of the hypotheses implies | (A(¢))| > 1. Similarly, by (iv) we have |u(1(¢))| < 1 for
t e (m,2m).

In other words, t — (A(2)) is a positively oriented closed curve that intersects the
unit circle at ¢t = 0, 7, is outside the circle for r € (0, ), and inside for ¢t € (7, 27).
Therefore, it must be as shown in Fig. 1. This implies that (1) passes through —1 in a
negative (clockwise) direction as A increases through A, which completes the proof.

O
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Fig.1 The curve (A (1)) is positively oriented, lies outside the unit circle forO < ¢ < 7, and inside the circle
for m <t < 2m. This implies that the lower point of intersection with the circle is (A (0)) = u(ry — €),
and the upper one is £(A(7)) = p(hs + €)
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