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Abstract — Liquid crystal elastomers (LCEs) undergo a large uniaxial contraction upon thermal
or optical stimulation. LCE sheets are often fabricated with a spatially patterned direction of
contraction, which can sculpt the sheet into a Gauss-curved surface. Here, we instead consider
LCE sheets subject to patterned stimulation intensity, leading to a control of contraction strength.
We show such patterns may also sculpt a complex surface, but with the advantage that arbitrarily
many surfaces may be achieved sequentially in the same sample, thus breaking the link between
microstructure and shape. We first consider a monodomain LCE in which some regions are
actuated and others are not. We discuss how to join actuated and unactuated regions compatibly,
and use this design rule to generate patterns for cones, anti-cones, arrays of cones and a rolling
bi-strip. We validate the patterns numerically via elastic shell simulations and demonstrate them
experimentally via patterned photo-chemical actuation. Secondly, we consider an LCE disk with
an azimuthal director profile actuated by a radially varying stimulus. We show, theoretically
and numerically, how to design a stimulation profile to sculpt any surface of revolution. Such
re-configurable actuation offers enticing possibilities for haptics, robotics and locomotion.
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Introduction. — Differential patterns of active de-
formation underpin many exquisite shape changes in
biological systems [1,2], from growth-driven embryonic
gastrulation to the muscle-powered beating of a heart.
Correspondingly, there is great interest in synthesising
soft active materials capable of patterned spontaneous de-
formations, which promise advances in soft robots and
deployable structures [3]. For example, a sheet of gel
fabricated with a patterned cross-link density will undergo
a pattern of isotropic dilation on swelling, allowing one to
program the sheet to undergo a sophisticated conformal
transformation [4-7]. Alternatively, one may use a liquid
crystal elastomer [8], which is a rubbery material incor-
porating mesogenic rods that align into a nematic phase.
Upon heating or photo-chemical activation the alignment
is disrupted, reflecting the conventional nematic-isotropic
transition, and the LCE contracts uni-axially along its di-
rector [9]. Furthermore, LCE sheets can be fabricated
with a spatial pattern of alignment/contraction [10-12],
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which has been used to morph flat sheets into cones, faces
and other complex surfaces [13-21].

A limitation of both approaches is that the pattern is
prescribed during manufacturing and cannot be amended.
A recent study addressed this challenge in gels by incor-
porating photo-switchable elements [22], which allowed
the local swelling magnitude to be reprogrammed opti-
cally. Here, we consider, theoretically and numerically,
how a single LCE sheet can undergo reprogrammable
shape changes by controlling the magnitude of the local ac-
tivation strength, allowing different shapes to be selected
during each activation (fig. 1). We also demonstrate exper-
imentally how this may be achieved by photo-chemically
stimulating an LCE with patterned light.

A central theme in the mechanics and geometry of thin
sheets is Gauss’s theorema egregium which dictates that
the Gauss curvature of a surface —computed as the prod-
uct of the two principal curvatures K = R%R%— cannot
be modified isometrically [23]. Since stretch 1s energeti-
cally prohibitive relative to bend, passive thin sheets may
easily be formed into developable K = 0 surfaces like
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Fig. 1: Discrete pattern of deformation. The illuminated
(bright) regions contract along the director and expand per-
pendicularly while the dark ones remain passive.

cylinders, but cannot be formed into Gauss-curved sur-
faces like spheres. In contrast, sheets that undergo a pat-
tern of active shape change that varies in plane change
their metric on activation, and can morph into Gauss-
curved surfaces. Demonstrations of sheets that morph
into surfaces with positive and negative K have been the
hallmark of flexible shape programming systems [4,22,24],
and are the key building block for inverse design of sur-
faces with arbitrary Gauss-curvature distributions [13,19].
Furthermore, the theorema egregium guarantees that, once
formed, such surfaces also may not be flattened without
energetically prohibitive stretch. Correspondingly, LCE
sheets that morph into cones bearing a point of singular
positive K at their tip, have proven to be capable of lifting
thousands of times their own weight as they form [25].

To programme an arbitrary metric into an active sheet,
one would need three independent actuation parameters
at each point, reflecting the three components of a sym-
metric 2x 2 matrix. However, in practice, most soft matter
systems offer just one local degree of freedom: the mag-
nitude of dilation in gels, and the direction of contraction
in conventional LCEs. Patterning the stimulus magnitude
in LCEs offers a distinct but rich palette as, although the
liquid nematic-isotropic transition is first order, the con-
traction of LCEs is supercritical [9], with actuation occur-
ring over a finite temperature window that may be narrow
or broad depending on sample composition and prepara-
tion. An LCE fabricated with homogeneous director may
thus be subject to a continuously patterned “grey-scale”
stimulation to generate a variable contraction magnitude.
This approach also leads to a metric with a single pattern-
able degree of freedom —the local degree of contraction—
which represents an interesting intermediate case between
gels and conventional patterned LCEs.

Naturally, one may also consider an on/off pattern
of stimulation, in which the contraction magnitude is a
discrete patterning variable [26] dividing the sheet into
contractile and passive regions. This approach is more
limited, but offers a simpler stimulus control. Alterna-
tively, one may superimpose patterned stimulation on a
patterned director giving two degrees of freedom at each

point [14], although only actuation strength is potentially
reprogrammable. Here we consider two examples at the
extremes of these possibilities: a monodomain subject to
an on/off stimulation, and an LCE sheet with a circular
director pattern subject to grey-scale stimulation.

Discrete monodomain actuation. — As our first
example, we consider the actuation of a monodomain
LCE sheet with director aligned along the horizontal -
direction. Homogeneous actuation simply leads to in-
plane contraction of the sheet by a factor A\j < 1 along
the director, and lateral elongation by a factor A\; = )\H_”.

LCEs are strictly volume conserving meaning v = 1/2.
However, where possible we shall maintain the two com-
ponents separate to encompass other anisotropic systems
such as LC photo-glasses [27] (v ~ 2), and barromorphs
(v =0) [28].

Now, consider dividing the sheet into regions as shown
in fig. 1, and activating only the regions shown in light
grey. Free from constraints, the illuminated regions con-
tract homogeneously, and the passive regions are un-
changed. However, if we then try to recombine the pieces
together, we find the puzzle is broken. The individual
pieces are Gauss flat, but with the deformation there is
now an angular deficit at the origin. The only solution to
recombine them is to step out of the plane to create a sur-
face with a singular point of positive Gauss curvature at
the origin, for example by forming a rectangular pyramid.

However, our simple illustration in fig. 1 overlooks an
important subtlety. We cannot arbitrarily choose bound-
aries between activated and non-activated regions, be-
cause the two regions may disagree on the length of their
shared interface, leading to an ill-defined metric. Such
incompatibility would result in material near the bound-
ary being substantially stretched away from its preferred
shape, inducing large (stretching) stresses, thickness-
dependent deformations [29], wrinkling to accommodate
excess length or, in brittle materials, perhaps even rup-
ture. In contrast, the shapes that emerge from a sheet with
a compatible metric are expected to be (bend-minimising)
isometries, which are low stress and thickness indepen-
dent. We thus ensure the two regions are geometrically
compatible, mirroring the approach used in constructing
piece-wise constant [30,31] and stitched [21,32] LCE direc-
tor patterns.

To find such a compatible boundary, we must con-
sider how distances change in the activated material as
opposed to the passive one. Before actuation, a dis-
tance dl between any two points on the surface is given
by the metric di? = dz? + dy?. However, after ac-
tivation, the length between the same points becomes
di3 = )\ﬁdac2 + A% dy?. If the interface is parameterised
by an arc-length parameter s and makes an angle 6 to
the z-axis (fig. 2(a)) then (dz,dy) = (cosf,sinf)ds. Ac-
cording to the activated region, the length of the inter-
face is dl} = ()\ﬁ cos? 0 + A2 sin® 0)ds? while, for the
non activated region, the local length of the boundary
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Fig. 2: (a) Sketch of the boundary line between two regions
and its unit tangent vector t = (cos@,sin6). (b) Plot of 6 as a
function of A, where A\ = A and A\, = 1/ﬁ

is simply dl = ds. For the two to agree, we must have
()\ﬁ cos? 0 + A% sin®0) = 1, which requires [32,33]

(1)

where v = \/(1 —Af)/(A% —1). Provided the two stretch

ratios span unity, this result yields two compatible angles
for the boundary line reflecting the up-down symmetry
of the system. In the particular case of incompressible
LCEs, the angle ¢ as a function of | is shown in fig. 2(b).
As the angle depends on the degree of actuation, a pattern
designed for a target A\ will not be compatible en route,
unless the angle is adjusted during activation. However,
even en route, the angle will typically only be wrong by
a few degrees (fig. 2(b)) and largest when the strains are
lower, so the degree of incompatibility is very mild.

In a planar monodomain, this angle is constant so the
boundaries are straight lines. However, if the director
varies in space, then so will the compatible angle, meaning
the interface will be curved [32]. Alternatively, one may
consider an LCE sheet with a homeotropic (normal) direc-
tor, in which case both planar directions are orthogonal
to the director, so activation gives the simpler actuation
of isotropic dilation by A . In this case, differential actu-
ation generates a conformal metric, familiar from swelling
gels [34]. Such a system is likely to be disappointing
in practice, as it forgoes the most dramatic spontaneous
strain, \|. We now see that a second drawback of this
approach is that the actuated length dl = A\ ds is strictly
larger than ds, so no compatible boundary exists [32] and
compatible discrete actuation is not possible.

0 = + arctan (),

Cones and anti-cones.  Returning to our planar mon-
odomain, the compatible boundaries form straight lines
in the reference state, so the previous design for a square
pyramid is compatible provided the interfaces are angled
appropriately. A simple geometric calculation reveals the

height of the pyramid is h = [, /(1 — /\ﬁ) and the angu-

lar deficit is 2 = 2(arctan(’y‘1%) — arctan(y~1)). Con-
versely, we may invert the pattern, actuating the hori-
zontal wedges but not the vertical ones (fig. 3). The
boundary remains compatible, but now the actuated re-
gions expand vertically on activation, meaning their cen-
tral angle increases. The sum of angles at the centre leads

to an angular surplus Q = 2(arctan(7’}ﬁ) — arctan(y)),

generating to a saddle-like anti-conical surface with a sin-
gular point of negative Gauss curvature [24]. This con-
firms we can generate tips of positive and negative Gauss
curvature.

We validate these designs numerically using a bespoke
code, documented in [14], that minimizes an elastic en-
ergy (stretch + bend) for an active shell to predict its
shape. As seen in fig. 3, the simulations confirm that the
same sheet can attain surfaces with (anti-)tips of Gauss
curvature at the origin after activation of the appropri-
ate metric. Interestingly, the rectangular pyramid is not
observed, as such a surface can relax isometrically to a
conventional cone, thereby avoiding the singular bend as-
sociated with the folds. Similarly, the interfaces in the
dual pattern are not visible in the actuated surface, which
relaxes isometrically to a smooth anti-cone. In both cases
the Gauss curvature in the simulated (anti-)tip is also not
concentrated at a point but smeared out over a small but
finite length-scale similar to the sheet thickness. This re-
laxation is also motivated by avoiding the singular bend of
a sharp tip, but in this case there is no isometry available
so relaxation incurs some localised stretch, as is familiar
from conventional LCE cones [24].

To demonstrate our designs experimentally, we fabri-
cated an azo-benzene doped LCE sheet with a longitudinal
director orientation imprinted via mechanical stretch-
ing during cross-linking (see the Supplementary Mate-
rial Supplementarymaterial.pdf (SM) for full details).
To obtain the various shapes, the sheet was then con-
strained between glass slides and illuminated for 20 min-
utes with light intensity of 100 mVV/cm2 while using
a mask to shadow the passive regions. The slides en-
sured the LCE remained in its flat reference configuration
during activation, so that the desired regions could be
activated straightforwardly. Illuminated regions became
orange coloured, reflecting the isomerization in the azo-
benzene moieties into a bent cis state, which is known to
disrupt the nematic order and generate a contraction [35].
During this constrained activation process, stresses build
up in the sheet but, fortunately, the soft LCE can ac-
commodate these without failure. After illumination the
sheet is released, and relaxes to its final low-stress shape.
Shape relaxation occurred over tens of seconds, and fi-
nal steady-state photographs were taken 3 minutes after
release. The resulting shapes were long-lived at room tem-
perature (hours), so, to return to the original flat sheet be-
fore reprogramming, the system was let to rest overnight
or illuminated with intense visible light for 2 minutes to
stimulate azobenzene’s back-reaction. Homogeneous il-
lumination leads to a homogeneous activation strain of
Al ~ 0.9. Perhaps surprisingly, this modest strain was
sufficient to generate convincing cone and and anti-cone
surfaces, reflecting the fact that straight lines in a flat
sheet are geodesics, so normal displacement and strain
only couple at second order. Importantly, the resultant
shapes (bottom row of fig. 3) were achieved sequentially
in the same LCE sheet.
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Fig. 3: Comparison of theoretical, numerical and experimental results for various patterns of discrete illumination. From left
to right we have a cone, an anti-cone, an array of cones and a bi-strip. The simulations were run for LCEs with activation

A = 1/v/AL = 0.8, thickness to length ratio ¢/l = 0.02.

Complex surfaces. Many more shapes may be at-
tained via different patterns of illumination. With discrete
actuation, one may choose any pattern of active/passive
separated by compatible interfaces, generating a design
space that is comparably rich to the well-studied case of
non-isometric origami [30,31]. Indeed, in both the current
case and the non-isometric origami case, the individual re-
gions are actuated homogeneously, so they always remain
Gauss flat, as do the compatible interfaces between them.
Therefore, such approaches generically produce sur-
faces with (anti-)tips of Gauss curvature stemming from
vertices in the pattern and embedded in a Gauss flat land-
scape. This observation clarifies that cones and anti-cones
are the natural building blocks for discrete actuation.

In the third column of fig. 3, we demonstrate a simple
example of this concept by tessellating the original cone
square pattern. The resulting metric contains an array of
conical and anti-conical tips (circled in red and blue), and
admits a tessellated array of pyramids as an exact isome-
try, reminiscent of the the LCE cone arrays that are such
powerful lifters [25]. The pattern was also programmed in
the same experimental LCE sheet to create an array with
four conical tips, highlighting how a sheet can sustain
shapes with different horizontal and vertical scales,
potentially offering a route to switchable topography.

As a second example, we consider a sheet in which the
right-hand side is active, and the left-hand side is pas-
sive (fig. 3, right column). If two regions are connected
naively by a simple vertical line, it would be an incompat-
ible boundary, and not admit any isometry. Such incom-
patible patterns were studied in [26] (using photo-thermal
actuation patterned at fabrication via gold-nanoparticles),
and were observed to produce a section of a bottleneck,
in which the activated and passive region form sections
of cylinders with different radii. The overall bottleneck

shape accommodates both halves isometrically, except in
the neck region (corresponding to the boundary) where
bands of positive and negative K highlight that material
has had to distort. Here, we instead construct a com-
patible boundary by zig-zagging at the compatible an-
gle, producing a compatible metric with the same overall
character. The zig-zags then encode a ring of positive
tips and a ring of negative tips, leading to a metric that
would admit a faceted section of a bottleneck as an exact
isometry, similar to the (non-isometric origami) example
in [36]. As previously, simulation and experiment reveal
that such facets are actually able to relax, leading to a
final shape that is very similar to that seen in bi-strip
in [26,29], though the discrete tips are visible in the nu-
merically evaluated K.

Shells of revolution via differential illumination.
— As our second example, we consider a more complex
system with a continuous activation modulation superim-
posed on a patterned director. More precisely, we consider
an LCE disk fabricated with a director pattern in concen-
tric circles, and then subject to stimulation that can be
prescribed as a continuous function of the (reference state)
radial coordinate, A (R), AL(R) = A(R)™". As shown in
fig. 4, such stimulation will cause the disk to morph into a
surface of revolution, generating a similar family of shapes
as those generated by radially varying director angles in
homogeneous actuation [37-39]. Our aim is to understand
the relationship between the activation strength, and the
resulting surface of revolution, in order to tackle the in-
verse problem of finding the actuation field A (R) required
to generate a given surface.

As shown in fig. 4, any surface of revolution may be de-
scribed by (p), which gives the in-space cylindrical radius
1 as a function of the in-shell radial arc-length p. The
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Fig. 4: On the left, a point with R, 6 coordinates on a sheet
decorated with azimuthal director field. On the right, the geo-
metrical meaning of the p, 1 coordinates, where the first rep-
resents the arclength distance and the second the distance of a
point on the surface from the axis of revolution.

surface is then paramaterized by (p, #) coordinates (where
0 is the azimuthal angle) as

r(9.6) = (1(0) cos), () sin(0). [T T )
leading to the metric

A1 = dp? + ¥ (p)*d6?, (2)

and the Gauss curvature distribution K (p) = —d;;/((p’;).

To connect this description of a surface of revolution to
the LCE disk, we consider a circle on the sheet centred at
the origin and with radius R. After actuation, the length
of the circle shrinks by a factor of A\ < 1, requiring

Y= AR (3)

In contrast, radial distances increase by A; > 1 on actua-
tion, so that the arclength distance of the circle from the
centre after actuation is

R R
p— /O AL(RDAR = /0 N(R)AR > R (4)

Equations (3) and (4) give p(R) and ¥ (R), effectively solv-
ing the forward problem of shape from pattern. To tackle
the inverse problem, we combine these results to write

This equation can be integrated leading to

#ip) = [0 ([“otrar+c)] e

where the constant of integration, ¢, must vanish in a
closed disk, but would be permitted if the disk is pierced
by a hole, in which case it controls the relationship be-
tween the initial and final radius of the hole itself. The
above result allows us to construct, for any surface ¥(p),
the original reference radius R for each actuated ar-
clength p. The inverse problem is then solved by inserting
this result into eq. (3), to give

Ai(p) = (p)/R(p).

(5)

(7)

From )| /p), one may finally construct the desired function
A|(R), by numerically inverting R(p) and substituting, or
by plotting A(p), parametrically against R(p). We thus
see that, for a closed disk, any surface may be targeted,
and there is a unique pattern of actuation to achieve it. Of
course one must check that the required A\ is achievable
by the sample.

Examples: flat, positive and negative Gauss cur-
vature surfaces. — We illustrate the above result by
presenting several examples of actuation profiles for LCE
sheets with azimuthal director orientation and optother-
mal Poison ratio v = % In this case, eq. (6) specialises to

r) = [2 ([ viwnas +e)]

We consider two different initial sample shapes: a disk
and an annulus, and discuss a variety of possible shape
changes we can program on the same two samples.

Disk.  We first consider that the LCE sheet is the unit
disk. In this case, a uniform actuation leads simply to ) =
AR and p = A R, and hence the surface ¥)(p) = (A /AL)p
which describes a cone with semi angle o = arcsin(\ /A1)
at the tip [30]. This simple actuation profile, and the
simulated shape of the cone are shown in fig. 5(a)(i).

Next, let us derive the function A (R) necessary to cre-
ate a surface of constant positive Gauss curvature: a
spherical cap. In this case, we need 1(p) = Asin(p/A)
where A is the radius of the sphere, meaning the Gaussian
curvature is K = -7, Equation (6) can then be integrated

to obtain
1 9 2/3
12
E(4(”‘A)\2)> -

2 (T3
R(p) =33A | —2L —
() ( ors
where E (¢|m) = f0¢ V1 —msin? udu is the elliptic inte-
gral of the second kind, I'(z) is the Euler gamma function
and we set ¢ =0 to ensure R(0) = 0. From (7), we find

A(p) = Asin(p/A)/R(p).

The activation profile is plotted parametrically against R
in fig. 5(a)(ii), as is the resulting simulated final shape of
the shell.

The cone and the spherical cap are two simple examples
of constant Gauss curvature surfaces. In fig. 5(a)(iii) we
show how a much more complex surface, with alternating
regions of positive and negative Gauss curvatures, can be
obtained using this framework. In the inset on the side
of the simulation, we compare the profile of the desired
shape with numerical results, with excellent agreement.

(®)

(10)

Annulus.  Finally, we consider activating an LCE an-
nulus, with unit outer radius, and inner radius R; = 0.5.
In this case, homogeneous actuation will simply lead to a
truncated cone with the same semi-angle as the disk case.
However, in the annular geometry the constant of inte-
gration c¢ is permitted and allows for more freedom when
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Fig. 5: Surfaces of revolution obtained modulating light intensity in an LCE sheet decorated with azimuthal director pattern.
The top row shows the actuation function in the radial coordinate, the middle row shows images of the illumination strength
and the bottom row shows numerical simulations of the LCE sheet using a 2D finite element code [14] for sheets of thickness to
radius ratio 0.1. Panel (a) shows the shapes obtained from a disk of radius 1: (i) a cone of half angle sina = 0.5, (ii) a spherical
cap with radius of curvature R = 0.7, (iii) a complex surface alternating regions of positive and negative GC. Here, we compare
the profile of the shape with red dots against the black theory line. (b) Surfaces obtained by an annulus of outer radius 1 and
inner radius 0.5: (i) a truncated cone of half angle sin o = 0.5, (ii) a cylinder, and (iii) a catenary of revolution with K = —2.8.
The inner radius of the annulus was kept constant during deformation.

choosing an actuation profile for a given surface. As ex-
plored in [40] for radially varying director patterns with
homogeneous actuation, we may use ¢ to attain more dra-
matic surfaces, or to specify the actuated radius of the
inner or outer boundary. For example, we may target a
cone, but with the inner hole constrained to not change
radius, requiring A\j = 1 on the inner boundary. To find
the activation function, we write our target truncated cone
as 1 = R; + psina with p = 0 on the boundary. Solving
eq. (6) with R(0) = R; then leads to ¢ = %R?/z and

1)R?/2))2/3,
DR}/?))725,

R = ((p+ csc(a)Ri)\/¢ —
A =((p+ csc(a)Ri) /Y —

((esc(a) —
((csea) -

As expected, )\”(R) is not constant, but increases as we
move radially outwards, as shown in fig. 5(b)(i). Moreover,
we are not limited to the original « in this expression,
but may set it to any value to obtain cones of different
steepness —illustrating that ¢ also enables more dramatic
surfaces. Indeed, if we set o = 7/2, we can morph into a
cylinder with

= (VR + py/) "3,
= Y(p\/¥ + Ri/P) 3.

As a final illustration, we can also obtain a negative
Gauss-curved surface by letting ¢(p) = R; cosh(p/A) so
that K = —ﬁ. We note that this solution is only valid for
A < p/sinh™'(R;) since otherwise /1 —1/(p)? yields a
complex solution, indicating the surface is not well defined.

If we again fix R(0) = R; by setting ¢ = %Rf/Q and using

the complex number 4 for conciseness, eq. (6) leads to

R(p) = R!* (R, — 3iA/, E (ip/2A|2))*?

(3
Ap) = Acosh(p/A)/R(p).
This is a real function, plotted in fig. 5(b)(iii).

Conclusion. — We have considered how an LCE sheet
can morph into a Gauss-curved surface via a spatial pat-
tern of actuation strength, rather than the classic pat-
tern of director orientation. Our study encompasses both
discrete and continuous patterns of activation as well as
sheets patterned with homogeneous and concentric direc-
tor fields. Moreover, we have demonstrated how the ac-
tuation strength can be controlled using light intensity in
LCEs, offering a simple route to sequential shapes.

In our experiments, the LCE was constrained to remain
in the flat reference state during illumination, and was
only released to attain its final shape afterwards. An im-
portant future direction is to instead impose a pattern of
light on an unconstrained sample, that morphs as it is il-
luminated. In this case, the light intensity pattern would
have to be adapted to account for the movement of mate-
rial, and also the dilution of flux when the surface attains a
finite gradient. In such circumstances, implementing a dy-
namic feedback system between light pattern and shape,
may allow the system to hone in on the desired target.

The reconfigurable morphing of LCE sheets points
to applications in robotics and haptics, although slow
material response remains a key barrier (see the SM).
Even with limited reconfigurability, the ability to gener-
ate non-reciprocating cycles of shape allows for swimming
or pumping at low Reynolds number, and may be useful
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for cyclic machines. Moreover, the ability to elicit shape
multiplicity from a single monolith allows for the design of
soft robots with nearly flat form factors. Motility on ar-
bitrary surfaces (solid or fluid) can be modulated without
predefined one-to-one mapping between micro-structure
and actuated shape. Finally, solving the inverse problem
would allow an LCE sheet to become a haptic display,
generating any texture.
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