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Abstract—This paper develops a New Keynesian model featuring financial
intermediation, short- and long-term bonds, credit shocks, and scope for
unconventional monetary policy. The log-linearized model reduces to four
equations: Phillips and IS curves, as well as policy rules for the short-
term interest rate and the central bank’s long-bond portfolio (QE). Credit
shocks and QE appear in both the IS and Phillips curves. In equilibrium,
optimal monetary policy entails adjusting the short-term interest rate to
offset natural rate shocks but using QE to offset credit market disruptions.
Use of QE significantly mitigates the costs of a binding zero lower bound.

I. Introduction

HE textbook three-equation New Keynesian (NK) model

(see, e.g., Woodford, 2003, or Gali, 2008) has enor-
mous influence in both policy circles and among academic
researchers due to its elegance and tractability. The model
boils down to a forward-looking IS equation characterizing
aggregate demand, a Phillips curve describing aggregate sup-
ply, and a rule for the central bank’s principal policy tool, the
short-term interest rate. The model has yielded several impor-
tant insights, including the potential desirability of inflation
targeting, the gains from policy commitment over discretion,
and the importance of having the policy rate track the “natu-
ral” or “neutral” rate of interest.

In spite of its myriad uses, the textbook model has proven
inadequate for examining a range of issues that have come to
the fore in policy circles over the past decade. As it abstracts
from the financial sector, the model is unable to address the
consequences of financial market disruption of the sort that
rocked the global economy from 2007 to 2009. It is also inca-
pable of directly speaking to the potential benefits and costs of
quantitative easing (QE) types of policies. QE policies were
among the first and most prominent of several unconventional
interventions deployed to fight the global financial crisis once
policy rates were lowered to 0. There is now a nascent liter-
ature incorporating QE into medium-scale dynamic stochas-
tic general equilibrium (DSGE) models (Gertler & Karadi,
2011, 2013; Carlstrom, Fuerst, & Paustian, 2017; or Sims
& Wu, 2021). While this work has proven useful and gen-
erated several important insights, these quantitative frame-
works lack the simplicity and transparency of the textbook
three-equation model.
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Our paper bridges the gap between the complicated quan-
titative DSGE models that have been developed to study
QE with the elegance and tractability of the textbook three-
equation model. Our model incorporates financial intermedi-
aries, short- and long-term bonds, credit market shocks, and
scope for central bank bond holdings to be economically rel-
evant. The linearized version of our model reduces to four,
rather than three, key equations. The IS and Phillips curves
are similar to the three-equation benchmark. The innovation
is that credit shocks and central bank long bond holdings
appear additively in both the IS and Phillips curves. This dif-
fers from many ad hoc treatments of financial disturbances,
which often simply include residuals in the IS equation meant
to proxy for credit spreads (Smets & Wouters, 2007). The
model is closed with a rule for the short-term policy rate (as
in the benchmark three-equation model) and a rule for the
central bank’s long bond portfolio.

We study optimal monetary policy in the context of our
four-equation model. Reflecting central banks’ dual mandate,
we focus on an objective function that minimizes a weighted
sum of volatilities of inflation and the output gap. Because
credit shocks appear in the Phillips curve, the so-called divine
coincidence (Blanchard & Gali, 2007) does not hold, and it
is not possible to achieve the global minimum of the loss
function with just one policy instrument.

When the central bank can actively manage both the short-
term interest rate and a bond portfolio, it can achieve com-
plete stabilization of both inflation and the output gap. In
equilibrium, optimal policy entails adjusting the short-term
interest to track fluctuations in the natural rate of interest (as
in the benchmark three-equation model), but adjusting the
long bond portfolio to offset the effects of credit market dis-
turbances. Our model therefore has an implication that differs
from the conventional wisdom among policymakers that ad-
justment of short-term interest rates is sufficient to meet a
dual mandate of price and output stability: in general, QE
policies ought to be used all the time to counter credit mar-
ket shocks, not only when policy rates are constrained by the
zero lower bound (ZLB).

We also explore the implications of the ZLB for policy.
When the policy rate is unavailable, optimal balance sheet
policy is characterized by a “lean-against-the-wind” condi-
tion that nevertheless differs from the standard condition un-
der discretion in the textbook three-equation model. A couple
of interesting results emerge. First, credit market shocks need
not have differential effects at the ZLB in comparison to nor-
mal times. Adjusting the long bond portfolio in exactly the
same way as it would absent a ZLLB constraint, the central
bank is able to stabilize both inflation and the output gap in
response to credit shocks at the ZLB. Second, QE policies can
serve as an effective (albeit imperfect) substitute for conven-
tional policy in response to natural rate shocks. Without QE
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available, output and inflation react suboptimally to natural
rate shocks when the short-term policy rate is constrained,
the more so the longer the anticipated duration of the ZLB. A
central bank can partially offset these nonoptimal responses
by adjusting its long bond portfolio. We derive an analytical
expression for the optimal equilibrium path for QE at the ZLLB
as a function of the relative welfare weight on the output gap
in the loss function. Though it is not possible to completely
stabilize both inflation and the gap, a central bank engaging
in QE operations can significantly reduce the costs of the
ZLB.

Our model has important implications for central banks
facing a dual mandate to stabilize both inflation and real eco-
nomic activity due to the failure of the divine coincidence.
How much QE is desired at the ZLB depends critically on
how much weight the central bank puts on inflation versus
output fluctuations. The more weight the central bank puts on
the output gap, the less QE is required in response to a shock
to the neutral rate of interest. Prior to the Great Recession,
active management of a long-bond portfolio was not a ma-
jor feature of most central banks’ toolkits, Japan being one
notable exception.

With only one policy instrument available, a lean-against-
the-wind condition for the policy rate holds; in fact, this con-
dition is the same as in the textbook three-equation model.
The direction for the optimal short rate response to a credit
shock depends on whether the central bank cares more about
inflation or output stabilization. For a positive credit shock, a
central bank focusing solely on inflation would increase the
short rate, whereas if the central bank only cares about the
output gap, it would instead cut the short rate. Alternatively,
if a central bank can use bond purchases all the time as a
policy instrument, there need not be any conflict between the
two aspects of the dual mandate.

Our analysis of optimal policy highlighted above studies
how a central bank’s two instruments (the policy rate and
long bond portfolio) ought to optimally adjust in equilib-
rium to stabilize its two targets (inflation and the output gap).
While instructive, targeting rules of this sort may not be easily
implementable. We also therefore consider an extension with
“simple and implementable” rules for both the policy rate and
the bond portfolio (Schmitt-Grohe & Uribe, 2007): both in-
struments follow Taylor-type rules that react to deviations in
the two target variables (inflation and the output gap). When
the long bond portfolio does not react to endogenous vari-
ables, the restrictions on parameter values of the rule for the
policy rate necessary for equilibrium determinacy are identi-
cal to the standard three-equation model. When the long bond
portfolio does react to endogenous variables, determinacy is
more likely when it responds strongly to the output gap and
not inflation. We then show that having the policy rate react
strongly to inflation and the bond portfolio react strongly to
the output gap mimics the optimal allocations while also de-
livering a determinant equilibrium. We further show that an
implementable rule for the central bank’s long bond portfo-

lio significantly ameliorates the adverse consequences of a
binding ZLB on the policy rate.

Though irrelevant in a standard model (Wallace, 1981),
there are several potential channels by which QE can transmit
to the real economy that have been explored in the literature
(see Bhattarai & Neely, 2020, for a thorough survey). One
is a signaling channel, wherein accumulating a large balance
sheet in the present might commit a central bank to lower
short-term policy rates in the future (Bauer & Rudebusch,
2014, and Bhattarai, Eggertsson, & Gafarov, 2019). Another
is based on exogenous participation constraints that build on
the preferred habitat theory of the term structure (Vayanos &
Vila, 2009; Hamilton & Wu, 2012; Chen, Curdia, & Ferrero,
2012). A third assumes leverage constraints on intermedi-
aries (Gertler & Karadi, 2011, 2013). The key friction in our
model is a leverage constraint that allows for a long-short in-
terest rate spread. Relative to more involved papers based on
aleverage constraint, such as Sims and Wu (2021), our model
makes a number of simplifying assumptions that allow us to
reduce the model down to four equations. At the expense of
some realism, these simplifying assumptions afford a great
deal of tractability, which allows us to make clear statements
about optimal policy. More expansive models with leverage
constraints nevertheless generate similar quantitative predic-
tions as our four-equation model.

Our paper relates to the literature on unconventional mon-
etary policy in the New Keynesian model. Gertler and Karadi
(2011, 2013), Carlstrom et al. (2017), Sims and Wu (2021,
2020b), and Mau (2019) all represent attempts to model large-
scale asset purchases in a quantitative DSGE framework. Dis-
tinct from this strand of the literature, one important contri-
bution of our paper is to incorporate the financial frictions
giving rise to effective QE policies in these papers into the
tractable small-scale New Keynesian model of Clarida, Gali,
and Gertler (1999) that is popular among academics and pol-
icymakers alike. The framework we present here can be used
to address a number of important policy questions in a way
similar to how the three-equation model is used. For example,
Sims and Wu (2020a) use the four-equation model to relate
the Fed’s QE policies in the wake of the Great Recession to
the Wu and Xia (2016) shadow rate series.

The remainder of the paper is organized as follows. Sec-
tion II presents the model. Section III discusses optimal cen-
tral bank policy. Section IV considers optimal implementable
rules for both the policy rate and the central bank’s long bond
portfolio. Section V offers concluding thoughts.

II. Model

This section presents our model. We first present the four-
equation linearized model in section IIA. The full nonlinear
model is derived from first principles in section IIB. Sec-
tion IIC studies positive properties of a calibrated version of
the model before turning to normative issues in section III.
Details are available in online appendixes A to F.
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A.  The Four-Equation Model

The principal equations of our linearized model are an IS
curve,

—Z

S £
X = Exp1 — (r, —E/mq — 7’[)

— 2[00 — 0) + B Bagers —ge) | ()
and a Phillips curve,
Yo [ -
T, = y@'x, — I_—Z[bF[er + b bqet] + B]E;JTH_l. (2)

Lowercase variables with a ¢ subscript denote log devia-
tions about the nonstochastic steady state. 1, is inflation, and
X, =y; —y; denotes the output gap, where y; is the equi-
librium level of output consistent with price flexibility and
no credit shocks.! We refer to this level of output as poten-
tial output. Similarly, r; denotes the natural rate of interest,
that is, the real interest rate consistent with output equaling
potential. It follows an exogenous process. 6, captures credit
conditions in the financial market; positive values correspond
to more favorable conditions. This variable is described fur-
ther in section IIB. We take it to be exogenous and henceforth
refer to it as a credit shock. ge, denotes the real market value
of the central bank’s long-term bond portfolio. 7} is the short-
term nominal interest.

Letters without ¢ subscripts are parameters or steady-state
values. o, B, and y are standard parameters: ¢ measures the in-
verse intertemporal elasticity of substitution, f is a subjective
discount factor, and vy is the elasticity of inflation with respect
to real marginal cost.? b7/ and 5“8 are parameters measuring
the steady-state long-term bond holdings of financial inter-
mediaries and the central bank, respectively, relative to total
outstanding long-term bonds. These coefficients sum to 1:
BFI + BCB — 1.

As described in section IIB, there are two kinds of house-
holds in our model. We refer to these types of households as
“parent” and “child,” respectively. The parent is the standard
household in a textbook New Keynesian model: it consumes,
borrows, or saves via one-period bonds, supplies labor, and
owns firms. The child does not supply labor and does not have
an equity interest in production firms. It is less patient than
the parent and finances its consumption by issuing long-term
bonds. It pays the servicing cost of these long-term bonds
with a transfer from the parent each period. The parameter

ITraditionally in New Keynesian models, potential output is defined as the
hypothetical level of output consistent with price flexibility and is denoted
y',/ . As described below, in our model, both price stickiness and financial
frictions distort the competitive equilibrium. It is therefore natural to define
potential output as a concept wherein both frictions are neutralized rather
than just price rigidity. See further details in online appendix D.

’In particular, y = U=9)U=6B) i5 the standard expression in the three-
equation model, where ¢ € [0, 1) measures the probability of nonprice ad-
justment.

z € [0, 1) represents the share of children in the total popula-
tion. ¢ is the elasticity of real marginal cost with respect to the
output gap; it is conceptually similar to the corresponding pa-
rameter in the standard three-equation model but augmented
to account for two types of households.? Our model collapses
to the standard three-equation NK model when z = 0. In this
case, credit shocks and the central bank’s long bond portfo-
lio are irrelevant for the equilibrium dynamics of output and
inflation.

Our four-equation New Keyneian model consists of equa-
tions (1) and (2), together with policy rules for the short-term
interest rate r; and the central bank’s long bond portfolio
ge;. Simple rule-based policies are specified in section IIC
for positive analyses, whereas we discuss optimal policies in
section III.

B.  Derivation of the Four-Equation Model

In this section, we present, from first principles, the
economic environment giving rise to the linearized four-
equation model laid out in section IIA. The economy is popu-
lated by the following agents: two types of households (parent
and child), arepresentative financial intermediary, production
firms, and a central bank. We discuss the problems of each
below.

Note that we make several simplifying assumptions in this
section in order to get the system to reduce to just four equa-
tions. This is intentional and for tractability. Nevertheless, the
quantitative implications of our small-scale model are simi-
lar to more complicated models. For example, the dynamics
of the child’s consumption in our model are in line with the
behavior of investment in Sims and Wu (2021). In online ap-
pendix F, we show some quantitative results when we relax
a few of the assumptions that allow the system to reduce to
four equations.

Parent. A representative parent receives utility from con-
sumption, C; and disutility from labor, L,. It discounts future
utility flows by B € (0, 1). Its lifetime utility is

i [clo-1 Lt
Vi=max E ) p/| ——— —Y—"|. 3)
= l1—o 1+ x

o > 0 is the inverse elasticity of intertemporal substitution,
¥ > 0 is the inverse Frisch elasticity, and {y > 0 is a scaling
parameter.

The nominal price of consumption is F;. The parent earns
nominal income from labor, with a wage of W;; receives div-
idends from ownership in firms and financial intermediaries,
D, and Df| respectively; and receives a lump sum trans-
fer from the fiscal authority, 7;. It can save via one-period

3Tn our model, ¢ = M where Y is the inverse Frisch labor supply

elasticity for the parent. If;: 0, ¢ would be identical to the textbook three-
equation model.
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934 THE REVIEW OF ECONOMICS AND STATISTICS

nominal bonds, S;, that pay gross nominal interest rate R;.
In addition, it makes a transfer, th , to the child each period,
as well as a transfer, X/, to financial intermediaries; though
time varying, these are not choice variables. The parent’s
budget constraint is

PC +S, <WL, +R_,S,_ +PD, + PD"

+ AT - RX) — PX/. “

The objective is to pick a sequence of consumption, labor,
and one-period bonds to maximize equation (3) subject to
the sequence of equation (4). The optimality conditions are

standard:

WL =CCw, (5)
C —0

A1, =B ( Ct;) : (6)

1= R E 1A H—IHH_] (7)

In equation (5), w, = W; /P, is the real wage, and in equa-
tion (7), I1, = P,/P,_; is gross inflation. A,_; , is the parent’s
stochastic discount factor.

Child. 'The child gets utility from consumption, Cp; and
does not supply labor. Its flow utility function is the same as
the parent, but it discounts future utility flows by f, < p; that
is, it is less patient than the parent. Its lifetime utility is

16 1
vbt—lE,ZS,,[ 1’1’*_’0 } ®)

The child can borrow and save through long-term bonds,
the new issuance of which is denoted by N B;. These bonds are
structured as perpetuities with decaying coupon payments.
Coupon payments decay at rate k € [0, 1]. Issuing one unit
of bonds in period ¢ obligates the issuer to a coupon payment
of one dollar in 7 + 1, k dollars in ¢ 4 2, k2 dollars in 7 + 3,
and so on. The total coupon liability due in ¢ + 1 from past
issuances is therefore

B, = NB, +kNB,_| +K°NB, >+ .... 9)

The attractive feature of these decaying coupon bonds is
that one only needs to keep track of the total outstanding
bonds, B, rather than individual issues. In particular,

NBt == Bt - KBt—l' (10)

New issuances in period ¢ trade at market price Q, dollars.
Because of the structure of coupon payments, the prices of
bonds issued at previous dates are proportional to the price
of new issues: bonds issued in t — j trade at k/Q, in t. The
total value of the bond portfolio can therefore conveniently
be written as Q,B;.

The nominal value of consumption plus coupon payments
on outstanding debt cannot exceed the value of new bond is-
suances plus the nominal value of the transfer from the parent.
The flow budget constraint facing the child is therefore

PCps +Bi—1 < Q; (B — kB;—1) + PX/. (11)
Define the gross return on the long bond as

1
LY (12)
O
The optimality condition for the child is a Euler equa-
tion for long-term bonds, where Ay, , denotes its stochastic
discount factor:

C —0
Ab,,l.,=ﬁb( 1’”) : (13)

Cpi-1

U=E,Apr iR T (14)

t+1

Financial intermediaries. A representative financial inter-
mediary (FI) is born each period and exits the industry in the
subsequent period. This is a special case of Gertler and Karadi
(2011, 2013) and Sims and Wu (2021), who allow financial
intermediaries to live for multiple periods and exit randomly.
We make this simplifying assumption because it allows us
to reduce the system into four equations. The FI receives an
exogenous amount of net worth from the parent household,
P,X!. This equity transfer comprises two components: new
real equity that is fixed at X/, along with the stock of out-
standing long bonds held by previous intermediaries, which
are valued at kQ;:

PxM" =pPX" +«Q,B,. (15)

The intermediary also attracts deposits, S7/, from the par-
ent household. It can hold long bonds issued by the child,
BF!, or reserves on account with the central bank, RE/”. The
FI is structured as a special case of intermediaries in Sims
and Wu (2021) and Gertler and Karadi (2011, 2013), with
intermediaries exiting after each period with probability 1.
Because the probability of exit after each period is unity, we
can think of there being a (newly born) representative FI each
period.

The balance sheet condition of the FI is

OB + REF! = s 4+ pxI!. (16)

The FI pays interest, R}, on short-term debt; earns interest,
R7*,onreserves; and earns areturn on long-term bonds carried
fromt into 7 + 1, R?,,. Note that these are all nominal rates.
Upon exiting after period 7, the FI therefore returns a dividend
to the parent household that satisfies

P Dff = (R0, — R) OB + (R
+RPX. (17)

- Rts) REIFI
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THE FOUR-EQUATION NEW KEYNESIAN MODEL 935

The FI is subject to a risk-weighted leverage constraint.
Long-term bonds receive arisk weight of unity, while reserves
on account with the central bank have a risk weight of 0. The
leverage constraint is

0,Bf" < e,pX". (18)

In other words, equation (18) says that the value of long
bonds held by the FI cannot exceed a time-varying multiple,
®,, of the new equity transferred from the parent, P,X*’. We
assume that ®, obeys a known stochastic process and refer
to changes in ®, as credit shocks.

The objective of the FI is to maximize the expected
one-period-ahead value of equation (17), discounted by the
nominal stochastic discount factor of the parent household,
Ag et T +11, subject to equation (18). The intermediary can
choose the quantity of long bonds and reserves that it holds.
In doing so, it does not take into account that its choice of
long bonds to hold today influences the total equity transfer
future intermediaries will receive. In other words, although
the payouts are discounted because the household owner re-
ceives them in the future, the intermediary’s problem is effec-
tively static. Letting €2, denote the multiplier on the leverage
constraint, the first-order conditions are

]E,A,,,HI"II_JI (Rf+1 - st) =, (19)
E AT (R —R)) =0, (20)

Equation (20) says that the FI will hold an indeterminate
amount of reserves so long as the return on reserves, R/°,
equals the cost of funds, R. Absent a leverage constraint,
the FI would buy long bonds up until the point at which the
expected return on long bonds equals the cost of funds. The
constraint being binding, €2, > 0, generates excess returns.

Production. The production side of the economy is split
into three sectors: final output, retail output, and wholesale
output. There is a representative final good firm and represen-
tative wholesale producer. There is a continuum of retailers,
indexed by f € [0, 1].

The final output good, Y;, is a CES aggregate of retail out-
puts, with ¢ > 1 the elasticity of substitution. This gives rise
to a standard demand function for each variety of retail output
and an aggregate price index:

P —€
n<f>=( ;,f)) Y, @1
1 -
E=[ / Pt(f)l‘fdf] . 22)
0

Retailers purchase wholesale output at price P, and
repackage it for sale at P,(f). P, has the interpretation as
nominal marginal cost. Retailers are subject to a Calvo (1983)
pricing friction: each period, there is a probability 1 — ¢ that

aretailer may adjustits price, with ¢ € [0, 1]. When given the
opportunity to adjust, retailers pick a price to maximize the
present discounted value of expected profits, where discount-
ing is by the stochastic discount factor of the parent house-
hold. Optimization results in an optimal reset price, P, ,, that
is common across updating retailers. Letting p,,, = Py, /P
denote real marginal cost, the optimal reset price satisfies

€ X],[

* = E) 23
! € — 1X2,t ( )
X1t =P pmYs + OE A 11 X1 141, (24)
Xoy =P+ OB, A1 X g1 (25)

The wholesale firm produces output, Y, ,, according to a
linear technology in labor:

Ym,t = AtLt' (26)

A; is an exogenous productivity disturbance obeying a
known stochastic process. Letting w, = W, /P; denote the real
wage, the optimality condition is standard:

W = P iA;. 27

Central bank and fiscal authority. The central bank can
hold a portfolio of long bonds, B;Cb . It finances this portfolio
via the creation of reserves, RE;. Its balance sheet condition
is

0,B = RE,. (28)

We will refer to the real value of the central bank’s bond
portfolio as QF, = Q,b?, where b* = B’ /P,, and shall as-
sume that the central bank may freely choose this (equiva-
lently, it can freely choose reserves). The central bank po-
tentially earns an operating surplus and then remits it to the
fiscal authority. The fiscal authority then returns this revenue
to the parent household via a lump sum transfer. When the
surplus is negative, the transfer becomes a lump sum tax. This
transfer satisfies

PT, =R)Q,_1B| — R \RE,_;. (29)

In our model, we abstract from government bonds. As
shown in Sims and Wu (2021), the effect of purchasing
government bonds via QE would be qualitatively the same
as private bonds, but quantitatively smaller by a constant
fraction.

Aggregation and equilibrium. Market clearing requires
that RE, = REF! and S, = S’/ (i.e., the FI holds all reserves
issued by the central bank and all one-period bonds issued
by the parent household), while B, = B! + B (i.e., the to-
tal stock of long-term bonds issued by the child must be held
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936 THE REVIEW OF ECONOMICS AND STATISTICS

by the FI or the central bank). Some algebraic substitutions
give rise to a standard aggregate resource constraint:

Y, =C + Cb,t- (30)

Aggregating across retailers gives rise to the aggregate pro-
duction function, where v? is a measure of price dispersion:

Yol = AL (31)

We assume that the transfer from parent to child, th , 1S
time varying in a way that represents a complete payoff of
outstanding debt obligations each period:

PX) = (14 k0B . (32)

Neither the parent nor the child behaves as though it can in-
fluence the value of Xth . The particular assumption embodied
in equation (32) implies that even though the child solves a
dynamic problem and has a forward-looking Euler equation,
equation (14), its consumption is effectively static:

Pth,t = QtBt- (33)

This assumption on the parent-child transfer allows us to
eliminate a state variable and simplifies the system to four
equations, although itis not crucial for the qualitative or quan-
titative properties of the model. We refer to this assumption
as a “full bailout” because, each period, the parent pays off
the child’s debt. We show in online appendix F that drop-
ping the full bailout assumption, and instead considering a
fixed transfer each period between parent and child, does not
fundamentally alter the behavior of the model in response to
shocks.

A, and ®, obey conventional AR(1) processes in the log.
We define potential output, ¥;*, as the equilibrium level of out-
put consistent with price flexibility (i.e., ¢ = 0) and where
the credit shock is constant (i.e., ®, = ©®). The natural rate of
interest, Ry, is the gross real short-term interest rate consistent
with this level of output. X; =Y, /Y,* is the gross output gap.
The full set of equilibrium conditions is contained in online
appendix A. The system can be greatly simplified, and the
equilibrium conditions log-linearized about a zero inflation
steady state can be reduced to the four-equation system pre-
sented at the beginning of this section, that is, equations (1)
and (2), along with rules for the short-term policy rate and the
central bank’s long bond portfolio. Details of the linearization
are in online appendix B.

C. The Four- versus the Three-Equation Model

Before turning to normative optimal policy analysis in sec-
tion III, we first explore the positive properties of the lin-
earized model as described in section IIA.

For the purpose of studying positive properties of the
model, we suppose that the short-term rate follows a Taylor-
type rule while the long bond portfolio obeys an exogenous

TABLE 1.—PARAMETER VALUES OF LINEARIZED MODEL

Parameter ~ Value Description (Target)

B 0.995  Discount factor

z 0.33 Consumption share of child

o 1 Inverse elasticity of substitution

b1 0.70 Weight on credit in IS/PC curves

beb 0.30 Weight on QE in IS/PC curves

Y 0.086  Elasticity of inflation with regard to marginal cost
¢ 2.49 Elasticity of marginal cost with regard to gap
or 0.8 Taylor rule smoothing

br 1.5 Taylor rule inflation

by 0 Taylor rule gap

or 0.8 AR natural rate

0o 0.8 AR credit

0g 0.8 AR QE

This table lists the values of calibrated parameters of the linearized four-equation model.

process:
rfs = prrfs_l + (1 - pr)[q)nnt + (I)xxl] + 5,€1, (34)
qe: = pgqer—1 + Sq€qt- (35)

r} and 6,, the natural rate of interest and credit shock, re-
spectively, obey stationary AR(1) processes:

rt= gyt spep, (36)
0; = pebr—1 + So€o- 37)

When we assume that the central bank’s long bond portfo-
lio is exogenous, as in equation (35), and close the model
with a conventional Taylor rule for the policy rate, as in
equation (34), the requirements for a unique rational expec-
tations equilibrium are the same as in the standard three-
equation model. We show this formally in online appendix C.

A full description and justification of the underlying pa-
rameter values of the nonlinear model is provided in online
appendix E. Here, we focus only on the parameter values
necessary for solving the linearized model. These parameter
values are listed in table 1. The discount factor and elasticity
of substitution take on standard values. The child share of
total consumption, z, is set to one-third. This is loosely cali-
brated to match the share of durable consumption and private
investment in aggregate private nongovernment domestic ex-
penditure.* The dynamics of the child’s consumption in our
model are roughly in line with the behavior of investment in a
larger model with physical capital accumulation (Sims & Wu,
2021). In online appendix F, we present impulse responses
with different values of z. Given our calibrations of other
steady-state parameters, we have b*/ = 0.7 and b’ = 0.3.
The elasticity of inflation with respect to real marginal cost
is y = 0.086, and the elasticity of the output gap with re-
spect to real marginal cost is ¢ = 2.49, implying a slope of
the Phillips curve of 0.21. The parameters of the Taylor rule

“In 2020Q3, the latest period for which we have data, these two categories
composed 30% of nongovernment private domestic expenditure.
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FIGURE 1.—IRFs IN FOUR- VERSUS THE THREE-EQUATION MODEL
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(a) IRFs to a I percentage point shock to potential output. (b) IRFs to a monetary policy shock. (¢) IRFs to a credit/QE shock. Responses of output and the output gap are expressed in percentage points. Responses of
inflation and the interest rate are expressed in annualized percentage points. Solid lines shows responses in our four-equation model. Dashed lines are responses in the textbook three-equation model.

are standard. The autoregressive parameters in the exogenous
processes are all set to 0.8.

Figure 1 displays impulse responses to shocks in our
model. Panel a considers a 1% positive shock to potential
output.> The solid lines are responses in our baseline four

5 As written, the linearized model presented in section IIA writes the ex-
ogenous process in terms of the natural rate of interest. As shown in online
appendix B, there is a mapping between the natural rate of interest and poten-
tial output. When comparing the four-equation to the three-equation model,
the mapping between the natural rate of interest and potential output is not

equation model, whereas the dashed lines depict responses
in the conventional three-equation model (i.e., our model im-
posing z = 0). These responses are familiar and do not differ
much in our model compared to the more standard three-
equation model. Output increases but by less than potential,
resulting in a negative output gap. This puts downward pres-
sure on inflation, which is met with policy accommodation

identical due to the presence of z in the four-equation model. The compari-
son is more natural for an equal-sized shock to potential output rather than
the natural rate of interest.
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938 THE REVIEW OF ECONOMICS AND STATISTICS

with the short-term interest rate declining. Relative to three-
equation model, output reacts slightly less on impact in our
model, though this difference is not large.

Figure 1b plots impulse responses to a conventional mon-
etary policy shock. The size and sign of the shock are chosen
to generate the same impact response of output to the po-
tential output shock in the four-equation model. Output (and
hence the output gap) rises on impact before reverting to
its preshock value. Inflation rises and follows a similar dy-
namic path as output. As in the case of the potential output
shock, there is little meaningful difference in the responses of
variables in our four-equation model relative to the baseline
three-equation model.

Panel c plots impulse responses to a credit (6;) or QE (ge;)
shock. Because these differ only according to scale in the lin-
ear system (b*! # b’), because we have assumed equal AR
parameters (0.8), and because the shock sizes are normalized
to produce the same impact response of output, the IRFs of
endogenous variables to a credit or QE shock are identical.
We therefore show only one set of impulse responses.

Unlike responses to the other shocks, in panel c, there
is a meaningful difference between the four-equation model
and the three-equation model. In the three-equation model,
both shocks are irrelevant for the dynamics of endogenous
variables. In our four-equation model, an increase in lever-
age (equivalently a central bank purchase of long bonds) is
expansionary for output. In the current calibration, such an
expansion also results in an increase in inflation and a re-
sulting increase in the short-term interest rate. That financial
shocks have economic effects in line with the traditional un-
derstanding of an aggregate demand shock and the fact that
there is scope for QE policies represents a key advancement
in our four-equation model relative to the standard three-
equation model. These properties are critical for understand-
ing the post-crisis economy.

D. Discussion

It is fairly standard in macromodels to include reduced-
form credit shocks as residuals in the IS equation (Smets
& Wouters, 2007). Our structural four-equation model has
this feature as well. But in our model, QE and credit shocks
also appear as residuals in the Phillips curve, which leads to a
breakdown in the divine coincidence and results in potentially
important policy trade-offs.

Why do credit shocks appear as an endogenous cost-push
wedge in the Phillips curve? Our model’s Phillips curve writ-
ten in terms of marginal cost is the same as in the standard
three-equation model,

T = yﬁm,t + BEz 1, (38)

where p,,, is real marginal cost linearized about the steady
state, which is in turn equal to the log difference between
the real wage and the marginal product of labor. (See the
derivations in online appendix B.)

Holding the aggregate level of output fixed, favorable
credit conditions reallocate resources from the parent (the
saver) to the child (the borrower). In our model, the par-
ent supplies labor, similar to many other models of financial
frictions where workers save and supply variable labor while
entrepreneurs borrow and either do not supply labor or do
so inelastically (Carlstrom & Fuerst, 1997). The reallocation
of resources when credit conditions are favorable therefore
induces a negative wealth effect for the parent that puts down-
ward pressure on the wage, and hence real marginal cost, for
a given level of output. This manifests itself as the endoge-
nous cost-push term in the Phillips curve relation written in
terms of the output gap.

The credit/QE shocks appearing as an endogenous cost-
push wedge in the Phillips curve gives rise to an important
implication of our model. In our model, a QE shock is less in-
flationary than a conventional monetary policy rate cut. This
finding is in line with the results in the richer model of Sims
and Wu (2021, 2020b) and empirically consistent with the
lack of inflationary pressures from the expansive QE opera-
tions in the United States and other parts of the world in the
wake of the Great Recession. The ge, term enters in both the
IS, equation (1), and Phillips curves, equation (2). In particu-
lar, ge; enters with a positive sign in the IS relationship, and
hence serves as a positive demand shock, but with a negative
sign in the Phillips curve. Both of these channels make QE ex-
pansionary for output but have competing effects on inflation.
As parameterized, an expansionary QE shock in our model
is nevertheless inflationary, albeit less so than a conventional
monetary policy shock. There also exist parameterizations in
which an expansionary QE shock can be deflationary.

Another important difference between a QE shock and a
conventional policy shock in our model concerns how each
affects the yield curve. Though a long-term interest rate does
not appear in the baseline four-equation model in section IIA,
one is operating in the background in an alternative represen-
tation of the IS curve (see online appendix B):

1
3o =B = = (1 = Eimin) - § (Bt — ). (39)

IEI,rthrl is the expected return on the long bond in the model.
Hence, the last term in equation (39) can be interpreted as an
excess return of the long bond over the short-term rate.

A conventional expansionary monetary policy shock re-
sults in a steepening of the yield curve (i.e., an increase in the
long rate relative to the short rate). In contrast, a stimulative
QE shock results in a flattening of the yield curve. QE works
by freeing up space on the FI's balance sheet to purchase long
bonds, thereby pushing the price of these bonds higher and
the yield lower. There is no direct effect on the short-term
rate except through the policy rule. As calibrated, the short
rate actually rises modestly (due to the slightly inflationary
nature of a QE shock under the current calibration). Impulse
responses of the long-short spread to both a conventional pol-
icy shock and a QE shock are depicted in figure 2.
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FIGURE 2.—RESPONSE OF EXCESS RETURN OF LONG BOND TO MONETARY AND QE SHOCKS
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This figures plots the responses of the annualized excess return, [E; Tl

50 as to generate the same impact increase in output as in figure 1.

III. Optimal Monetary Policy

In this section, we explore the design of optimal mone-
tary policy in the context of our four-equation NK model.
Credit shocks generate an endogenous cost-push term in the
Phillips curve, so they lead to a nontrivial trade-off for a cen-
tral bank wishing to solely implement policy via adjustment
of the short-term interest rate. As such, heretofore unconven-
tional policies like quantitative easing ought to be used even
when the short rate is unconstrained by the ZLB. Further,
quantitative easing policies can be a useful (albeit imperfect)
substitute for conventional policy when the short-term rate is
constrained by the ZLB.

Given policymakers’ emphasis on the so-called dual man-
date, we focus on a policy-relevant quadratic loss function in
inflation and the output gap:

L = px? + w7 (40)

i > 0 is the relative weight attached to fluctuations in the
output gap. An expression like equation (40) can be mo-
tivated as the microfounded welfare criterion for a central
bank in the standard three-equation NK model under cer-
tain assumptions.® The central bank’s welfare objective is a

SIn particular, in the benchmark three-equation model equation (40) would
be the microfounded loss function when a Pigouvian tax is in place to undo
the steady-state distortion associated with monopolistic competition (see

— 1, inferred from equation (39), to a conventional monetary policy shock (solid line), and a QE shock (dashed line). The shocks are normalized

present discounted value of the period loss function given in
equation (40). For the remainder of this section, we consider
optimal policy under discretion, and so focus only on the
period loss function.

A.  Unconstrained Optimal Discretionary Policy

We begin by studying optimal monetary policy when both
policy instruments are available. We start with an impossi-
bility result spelled out formally in theorem 1:

Theorem 1. It is not possible to completely stabilize both
inflation and the output gap with the adjustment of a single
policy instrument when both credit and natural rate shocks
are present.

Proof. See online appendix G.1.

Woodford (2003). The optimal weight on the output gap would satisfy

w= % where y¢ is the slope of the Phillips curve and € is the elasticity of
substitution across varieties of retail goods. For conventional calibrations,
this weight would be quite low.

In our four-equation model, a fully microfounded loss function would be
more complicated due to the two types of households and would depend on
arbitrary welfare weights on each. We instead choose to focus on a policy-
relevant loss function like equation (40) and consider a variety of different
values of . One can motivate targeting y; as the appropriate output level
in a version of a social planner’s problem where the planner wishes to
completely smooth the consumption of the child household. See online
appendix D.
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This result can be viewed as a straightforward application
of Tinbergen (1952). But the result is particularly interesting
and useful in our setting because the credit shock breaks the
divine coincidence (Blanchard & Gali, 2007), in which case,
one policy instrument is sufficient to hit both targets. In our
model, it is not possible to simultaneously stabilize inflation
and the output gap with only the short-term policy rate.

Given the impossibility result of theorem 1, the central
bank should use both the short-term rate and its long bond
portfolio as policy instruments. Each period, the central bank
minimizes its loss function in equation (40) with respect to
the two policy instruments (r; and ge,) subject to the IS and
Phillips curves in equations (1) and (2). As shown formally
in online appendix G.1, the optimal solution features m, =
x; = 0 (i.e., the central bank hits both of its targets).

In equilibrium, simultaneously hitting both targets leads to
the following optimal paths of the central bank’s instruments:

Proposition 1. With both instruments available, the central

bank achieves 1, = x; = 0, and the equilibrium paths for the
policy instruments are r; = r}" and qe; = —%6,.

The proof of proposition 1 is simple. From the Phillips
curve, inflation and the output gap always equaling zero im-
plies that ge, = — g—g@t. Then, from the IS equation, we must
have r] = r}. The novel implication of proposition 1 is that
QE-type policies in principle ought to always be used as long
as there are credit shocks, not only when the short-term policy
rate is constrained by the ZLB.

B.  Optimal QF at the ZLB

Although QE-type policies should always be used to offset
credit market disturbances in our model, they became popular
only when short-term interest rates were pushed to the ZLB in
the wake of the financial crisis and ensuing Great Recession.
In this section, we study how QE policies might be used to
mitigate the consequences of a binding ZLB.

We approximate the effects of a binding ZLB in our lin-
earized model following Eggertsson and Woodford (2003)
and Christiano, Eichenbaum, and Rebelo (2011). Suppose
that a central bank has been following the jointly optimal
policy described in proposition 1. But then in period ¢, sup-
pose the natural rate of interest falls below 0, so that r} = 0.
Suppose that it will stay there in each subsequent period
with probability o € [0, 1), where this probability is invari-
ant over time. The expected duration of the ZLB is therefore
1/(1 — a). This means that interest rate policy can be char-
acterized as follows:

» =0, (41)
E,r;,, = 0 with probability a. (42)

Faced with a ZLB, the central bank will pick ge; to mini-
mize its loss function, but it is unable to pick the policy rate.

The optimal choice of ge, leads to the following lean-against-
the-wind-condition,

n —2)

—— ¥ 43
vs“(l—z)—vax 9

T[[—

Proposition 2 describes the evolution of targets and instru-
ments while the ZLB is binding.

Proposition 2. When the short rate is constrained by the
ZLB, which will continue to bind in the next period with prob-
ability a, with QF being the only viable policy instrument, the
optimal targeting rule is characterized by equation (43). In
equilibrium, the paths for inflation, output gap, and QE are

T =1, (44)
X = wjmr), (45)
Bl
qe; = ) — ﬁet, (46)
where
o = vl —2) @
yo(l —apploy —ayps(l —z)
+ (1 =21 —app)(1 —yiwr —aPpy)
y§(l —z) —yo
SR CAS 48
2 ni-2 @
_ (= yLwy — (ilﬁpf)(l - Z)w1- 49)
qubcb

Proof. See online appendix G.2.

An important and novel implication of proposition 2 is that
the ZLB need not pose a problem for credit shocks; inflation
and the gap can be completely stabilized when only QE is
available, with the QE portfolio adjusting to credit shocks
exactly as it would absent the ZLB.

More important, we use the results from proposition 2 to
investigate the extent to which QE can serve as an effective
substitute for conventional monetary policy during periods
in which the short-term interest rate is constrained by 0. This
was the original motivation for the use of QE in countries like
Japan and the United States when policy rates moved to the
ZLB.

We restrict attention to values of o where w; > 0, so that
reductions in the natural rate of interest cause inflation and
the gap to decline when the ZLB binds.” In this region, T < 0,

7As noted in Carlstrom, Fuerst, and Paustian (2014), that for sufficiently
large a, the sign of w; can flip from positive to negative. Where this per-
verse sign flip occurs depends on the values of other parameters, such as the
slope of the Phillips curve, y¢. We restrict attention to values of o consis-
tent with w; being positive. For our parameterization, the sign flip occurs
at an o consistent with an expected ZLB duration of thirteen or more quar-
ters. An alternative experiment would be to make the duration of the ZLB
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FiGURE 3.—IRFs TO NATURAL RATE SHOCK AT THE ZLB, OPTIMAL QE, DIFFERENT L
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Solid lines: IRFs to a 100 basis point shock to the natural rate of interest in the four-equation model when the short-term interest rate is constrained by the ZLB for 1/(1 — o) periods in expectation, where o = 3/4, and

there is no endogenous QE to the natural rate shock. The dashed lines plot responses with the optimally chosen t for different welfare weights on the output gap, . The output gap is expressed in percentage points,

while the responses of inflation and the short-term interest rate are in annualized percentage points.

which means that the central bank provides a positive stim-
ulus in the form of bond purchases when the natural rate of
interest declines. We show in online appendix H that t is in-
creasing in o in this region. In other words, QE optimally
reacts more aggressively to a natural rate shock the longer is
the expected duration of the ZLB.

Figure 3 shows responses to a contractionary natural rate
shock when the ZLB binds. Solid lines depict responses when
QE is unavailable. The ZLB binds for four quarters in expec-
tation, with o = 3/4. With neither QE nor the policy rate
available, the output gap and inflation both decline signifi-
cantly in response to a negative natural rate shock. A binding
ZLB entails significant welfare losses.

The colored nonsolid lines in figure 3 plot responses when
the ZLB binds but QE is optimally implemented. We con-
sider different values of ., the relative weight on fluctuations
in the output gap. When the central bank places no weight
on the output gap (i.e., . — 0), inflation is completely sta-
bilized, the output gap increases (rather than decreases), and
the central bank increases the size of its long bond portfolio
by a sizable amount. When virtually all weight is placed on
the gap (n = 100), in contrast, inflation declines, although

deterministic rather than stochastic. There would be no sign flip at some
sufficiently long duration, but the analytic expression for w; would be sig-
nificantly more complicated.

much less than the no-QE benchmark, the gap is completely
stabilized, and the increase in the value of the long bond port-
folio is much more modest compared to the p — 0O case. The
case of equal weight on inflation and the gap is virtually in-
distinguishable from the case of nearly all weight being on
the gap in the loss function.

The results described in figure 3 suggest that quantitative
easing can be an effective, albeit imperfect, substitute for
conventional policy in response to natural rate shocks at the
ZLB. For example, in the case of equal relative weights (. =
1), the output gap essentially does not react to the natural
rate shock and inflation falls by about two-thirds of a percent
given optimal QE policy. In comparison, with no endogenous
QE at the ZLB, the output gap would decline by nearly a full
percentage point, and inflation would fall by about three times
as much. Endogenous QE therefore entails a sizable welfare
improvement over doing nothing at the ZLB. This will be
true regardless of the value of .

The response of the central bank’s bond portfolio to a natu-
ral rate shock is always opposite the shock, but the magnitude
depends on the relative weight the central bank places on the
output gap in its loss function, . For a central bank con-
cerned solely with stabilizing inflation, it is optimal to adjust
the long bond portfolio quite strongly in response to natu-
ral rate shocks. For a central bank more concerned with gap
stabilization, the optimal QE response remains sizable but is
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FIGURE 4.—IRFs 1O CREDIT SHOCK, OPTIMAL POLICY RATE, AND DIFFERENT L
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This figure plots IRFs to a 1 percentage point credit shock in the four-equation model. ge; = 0, and the interest rate is set according to the optimality condition described in proposition 3. The output gap is expressed
in percentage points, while the responses of inflation and the short-term interest rate are in annualized percentage points.

nevertheless quite a bit smaller than for values of p close to
zero. See online appendix H for a figure plotting the optimal
T as a function of L.

C.  Optimal Policy without QE

Next, consider an operating framework similar to the one
prevailing in the United States prior to the Great Recession
in which the central bank uses the short-term interest rate
as its sole policy instrument. The ZLB does not bind. This
section studies the optimal adjustment of the short-term rate
in this scenario.

As shown in online appendix G.3, the optimal choice of
the policy rate satisfies

I
T[[ = ——x,.

50
144 G0

Note that equation (50) is the same as the lean-against-the-
wind-condition for the policy rate for optimal policy under
discretion as in the canonical three-equation model. With
equation (50) characterizing optimal policy, the equilibrium
paths of endogenous variables are given by:

Proposition 3. With the short rate being the only policy in-

strument, the optimal targeting rule is characterized by equa-
tion (50). In equilibrium, the paths for inflation, the output

gap, and the policy rate are

= ¢b;, (51)
3 =208, (52)
I
r; =1’ +n6, (53)
where
B YO zF1
¢ =— (54)
Y202+ (1 —PBpe) 1 —z
o(l — pg) (1 — pg)ozd™!
n= g+ POV, LT ROT ss)

11—z Mcp 1 -z

Proof. See online appendix G.3.

The optimal policy described in proposition 3 completely
stabilizes the output gap and inflation in response to natural
rate shocks. This is not true conditional on credit shocks.
Figure 4 plots the responses of the output gap and inflation to
a credit shock for different values of |1, taking our baseline
calibration of other parameters.

When there is no weight placed on the output gap, shown
with the dashed lines corresponding to i — 0, the central
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bank raises the short-term interest rate in response to a posi-
tive credit shock (i.e., 1 > 0). This completely stabilizes in-
flation but results in a sizable increase in the output gap.
In contrast, if the relative weight on the output gap is large
(w = 100, shown in the dotted lines), the central bank op-
timally cuts the policy rate in response to the credit shock
(i.e., n < 0). This stabilizes the output gap but results in a
significant decline in inflation. For equal weights on the out-
put gap and inflation (i = 1, depicted via dash-dotted lines),
the policy rate decreases slightly, but the output gap rises and
the inflation rate falls.

An interesting result from figure 4 is that the sign of the
optimal policy rate response to a credit shock depends on
the relative weight placed on the output gap. A central bank
mostly concerned with stabilizing output ought to cut the
policy rate in the face of a positive credit shock, whereas it
should raise the policy rate if it is mostly concerned with
stabilizing inflation. In online appendix H, we plot n as a
function of p. Consistent with what is observed in figure 4,
is positive when p is very small and turns negative as p gets
bigger, crossing 0 at around v = 1. For central banks facing
a dual mandate, this trade-off between stabilizing inflation or
the output gap can be eliminated if they can deploy QE.

IV. Implementable Policy Rules

In section III, we explored optimal monetary policy un-
der discretion. We derived first-order conditions for a central
bank facing a standard welfare function. These first-order
conditions are optimal targeting rules that imply paths of the
short-term policy rate and the central bank’s long bond port-
folio. With both instruments available, it is possible to com-
pletely stabilize both inflation and the gap. In equilibrium,
the policy rate moves one-for-one with the natural rate of
interest, and the long bond portfolio moves opposite credit
shocks.

While optimal targeting rules have a long tradition in the
monetary policy literature, there is also significant interest in
the design of instrument rules where instruments react to fluc-
tuations in endogenous variables. In this section, we there-
fore consider the optimal design of simple and implementable
rules for both the short-term policy rate and the central bank’s
long bond holdings (Schmitt-Grohe & Uribe, 2007). We as-
sume that the short-term policy rate obeys a standard Taylor
rule, equation (34). We further allow for the central bank’s
long bond portfolio to obey a similar Taylor-type rule that
reacts to inflation and the output gap:

qer = pgqer—1 — (1 — pg) [hxm + Nexe ] + 5485, (56)

In postulating equation (56), which we refer to as a “QE
rule,” we assume that A,; > 0 and X, > 0. The negative sign
in front reflects the fact that, a priori, we think that the central
bank would want to move its bond holdings opposite the
direction of how it would adjust the policy rate in reaction to
movements in both inflation and the output gap.

A. Determinacy

An important requirement for instrument rules is that they
deliver a determinate rational expectations equilibrium. As
shown in online appendix C, if there is no endogenous com-
ponent to the QE rule (i.e., Ay = A, = 0), then the restric-
tions necessary for determinacy on the coefficients of the
Taylor rule for the policy rate are the same as in the standard
three-equation New Keynesian model. This will not neces-
sarily be the case when the central bank’s bond holdings react
to inflation and the output gap. In this section, we consider
how endogenous reactions in the QE rule affect equilibrium
determinacy.

Let z, = [n, X qe,_l]/ be the vector of linearized
endogenous variables.® The system evolves according to

E.z. = Az. (57)

With two predetermined states, a unique rational expecta-
tions equilibrium requires that there be exactly two unstable
eigenvalues in A.

Because of the additional complexity of a fourth endoge-
nous variable, we only numerically characterize the portion of
the parameter space necessary for determinacy. We fix most
parameter values at those listed in table 1. We then consider
different values of A and A, and search for the minimum
combination of ¢, and ¢, needed to generate determinacy,
conditional on those values of A, and \,.°

Consider first the different values of ', fixing A, = 0. We
consider values of A of 0, 1.5, 5, and 15. Results are shown
graphically in figure 5a. When h, = %, = 0, we have the
familiar result (shown in the solid line) that when ¢, = 0, the
central bank must respond at least one-to-one with inflation
in the interest rate rule. As ¢, rises, the required value of ¢
falls, but determinacy is mostly governed by the response to
inflation. When N > 0, so long as ¢, = 0, it remains the
case that the interest rate rule must react more than one-to-
one to inflation for determinacy. There is an interaction effect
between ., and ¢,, however. For modestly positive values of
A, as ¢, gets bigger, the requisite coefficient on inflation in
the interest rate rule for equilibrium determinacy gets larger
instead of smaller. This effect is more noticeable the bigger is
A, and seems quantitatively relevant. In particular, suppose
that ¢, = 1. When h; = A, = 0, the requisite value of ¢ is
slightly less than 1. But when A, = 5, the required coefficient
on inflation in the interest rate rule is about 1.3. When A, =
15, the necessary value of ¢ jumps to more than 2.

Our intuition for the above results is as follows. For a de-
terminate equilibrium, the policy rate must react more than
one-for-one to a permanent change in the inflation rate. If the
Taylor rule for the policy rate does not react to the output gap,
we have the standard Taylor principal condition that ¢ > 1,
regardless of whether the central bank’s long bond portfolio

8See online appendix C for more details.
9For these exercises, we set p, = pg = 0.8. Results are very similar for
different values of these smoothing parameters.
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FIGURE 5.—PoLICY COEFFICIENTS FOR DETERMINACY
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(a) The minimum values of ¢ and ¢ (the reactions to inflation and the output gap, respectively, in the interest rate rule) necessary for equilibrium determinacy, conditional on different values of hy (the reaction to

inflation in the QE rule). hy = 0. The solid line considers the case of Ay = 0, the dashed line the case of hyx = 1.5, the dotted line in the case of Ay = 5, and the dash-dotted line the case of hy; = 15. Values of ¢
above each line generate a unique rational expectations equilibrium. (b) Plots of the minimum values of ¢ and ¢, (the reactions to inflation and the output gap, respectively, in the interest rate rule) necessary for
equilibrium determinacy, conditional on different values of A, (the reaction to the output gap in the QE rule). A; = 0. The solid line considers the case of hy = 0, the dashed line the case of iy = 1.5, the dotted line
the case of hy = 5, and the dash-dotted line the case of hy = 15. Values of ¢ above each line generate a unique rational expectations equilibrium.

reacts to inflation. When ¢, > 0 and QE reacts to inflation,
in contrast, the cutoff value of ¢ is bigger than 1. When QE
reacts negatively to inflation, there exists downward pressure
on the output gap, other factors held constant. When the pol-
icy rate also reacts positively to the output gap, taken together,
an active QE rule reduces the overall sensitivity of the policy
rate to inflation for a given ¢ . The bigger the reaction of QE
to inflation and the larger the reaction of the policy rate to
the gap, the more aggressive must be the direct response to
inflation in the Taylor rule.

Consider next different values of \,, fixing A, = 0. We
again consider values of A, of 0, 1.5, 5, and 15. Results are
depicted graphically in figure 5b. Here the determinacy re-
sults are more in line with the standard three-equation model.
In particular, responding more strongly to the output gap in
the interest rate rule permits a smaller reaction to inflation
for any value of ). The required coefficient on inflation in
the interest rate rule, ¢, is larger for each value of ¢, the
bigger is the reaction to the gap in the QE rule, \,. But the
differences in the necessary values of ¢, for each ¢, when
A\, gets larger are quite small.

There are two noteworthy conclusions from these exer-
cises. First, a QE rule that reacts aggressively to endogenous
variables like inflation and the output gap does not make
equilibrium determinacy more likely in our model. In fact, it
makes it less likely: larger values of A, or A, reduce, rather
than increase, the set of coefficients in the interest rate rule
that yield a unique rational expectations equilibrium. Second,
for the purposes of guaranteeing a determinate equilibrium,

reacting to inflation in the QE rule seems more problematic
than reacting to the output gap. QE responding to the out-
put gap, but not inflation, hardly has any effect on the set
of coefficients in the interest rate rule that result in deter-
minacy. The QE rule reacting to inflation, in contrast, both
introduces a trade-off between reacting to the output gap and
inflation in the interest rate rule, and significantly increases
the required coefficient on inflation in that rule.'” In practice,
central banks have implemented QE during episodes of low
interest rates and inflation and have primarily used it to target
real variables. In this case, indeterminacy is less likely to be
an issue.

B.  Optimal Implementable Rules

In this section, we consider optimal implementable policy
rules, of the forms (34) for the interest rate rule and (56)
for the QE rule. There are six policy parameters: p,, ¢,
and ¢, for the interest rate rule, and p,, Ay, and L, for the
QE rule. The assumed objective function of a central bank,
equation (40), features two targets (inflation and the output
gap). Our model structure features two instruments (the short-
term interest rate and the central bank’s bond portfolio). With
this many parameters and only two targets (inflation and the

19T be clear, by trade-off we mean that conditional on reacting to inflation
in the QE rule, the central bank must react more to inflation in the interest
rate rule the more it reacts to the output gap. In contrast, in the three-
equation model, no such trade-off exists: responding more to the gap in the
interest rate rule necessitates reacting less to inflation.
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output gap), there may in principle be many configurations
of these policy parameters that give rise to desirable out-
comes. We focus on one particularly simple and transparent
specification: the interest rate rule ought to react strongly to
inflation, while the QE rule should react aggressively to the
output gap. This both ensures equilibrium determinacy given
our results above and also seems to be the relevant case in
practice.

For the purposes of the exercises that follow, we set both
autoregressive parameters (p, and p,) equal to 0. Results are
qualitatively similar for positive values of the smoothing pa-
rameters. We set the coefficient on the output gap in the in-
terest rate rule, ¢, and the coefficient on inflation in the QE
rule, A, equal to 0. We then show how both targets and in-
struments react to exogenous shocks for different values of
the coefficient on inflation in the interest rate rule, ¢, and
the coefficient on the output gap in the QE rule, .

Figure 6a shows impulse responses to a shock to potential
output. Solid lines show the optimal responses discussed in
section III. Under the optimal policy, inflation and the output
gap are completely stabilized, with the interest rate reacting
one-for-one with the natural rate and the central bank’s bond
portfolio unaffected. The dashed lines show the situation in
which the interest rate rule reacts to inflation, with ¢, = 1.5,
but bond holdings are constant. Relative to the optimal out-
come, the interest rate overreacts, with both inflation and
the output gap increasing. The dotted lines consider the case
where ¢, = 1.5, but the QE rule reacts to the output gap,
with A, = 1.5. The central bank’s bond holdings fall, with
the output gap and inflation both increasing less than the
case where ¢, = 1.5 and N\, = 0. The dashed dash-dotted
lines consider the case where ¢, = %, = 5. This represents
a more noticeable improvement, with both inflation and the
output gap reacting less to the shock. Lines with plus mark-
ers consider the case where ¢, = '\, = 15. The output gap
and inflation both increase but only slightly. Furthermore, the
paths of the interest rate and central bank bond holdings are
closer to the optimal paths. As ¢, = A, — 00, the responses
of all variables, both targets and instruments, approach their
optimal paths.

Figure 6b is structured similarly but considers responses
to the credit shock, 6,. With the optimal policy, inflation and
the output gap are constant, with the central bank’s bond
holdings falling and the interest rate being constant. When the
central bank only reacts using the interest rate, with ¢, = 1.5,
and A, = 0, both inflation and the output gap increase, with
the interest rate increasing as a result. As the central bank
adjusts its bond portfolio more aggressively to the output gap,
these movements are smaller. As in the case of the natural
rate shock, as ¢, = h, — o0, the responses of all variables
approach their optimal paths.

In our four-equation model, in equilibrium the optimal dis-
cretionary policy results in the interest rate moving one-for-
one with changes in the exogenous natural rate of interest and
the central bank’s bond portfolio moving opposite the credit
shock. A central bank can closely replicate these paths via

Taylor-type instrument rules for both the interest rate and its
bond portfolio. Doing so requires aggressively responding to
inflation in the interest rate rule and reacting strongly to the
output gap in the QE rule.

C. Implementable Rules and the ZLB

In practice, quantitative easing and other forms of uncon-
ventional monetary policy have been deployed primarily as
antidotes to conventional policy paralysis at the ZLB. In sec-
tion III, in the context of optimal targeting rules, we examined
how QE could be deployed as a useful albeit imperfect sub-
stitute for conventional policy at the ZLB. In this section,
we proceed similarly, but instead focus on an implementable
rule for the central bank’s long bond portfolio of the form
(56).

We solve the linearized four-equation model using a piece-
wise linear approximation subject to the constraint that the
policy rate be nonnegative. In implementing the ZLB, we fol-
low Guerrieri and Iacoviello (2015). As long as this constraint
is not binding, the policy rate obeys equation (34). To imple-
ment a binding ZLB, we subject the economy to a sequence
of natural rate shocks that force the nonnegativity constraint
to bind, in expectation for two years (eight quarters). To com-
pute impulse responses, in the first period that the ZLLB binds,
we also subject the economy to a small shock to either the
natural rate or the credit variable, where the shock is small
enough so as to not change the expected length of time the
ZLB is binding. We compare how the economy reacts to these
shocks when QE is fixed versus when it obeys equation (56).

Figure 6¢ plots impulse responses to a potential output
shock under three scenarios. The solid lines depict responses
when there is no ZLB and the policy rate follows a simple
Taylor rule with ¢, — 00; QE is held fixed. As discussed
above, a very large reaction to the inflation rate in the Taylor
rule for the policy rate replicates the optimal allocations under
discretion. The dashed lines depict responses when the ZLB
binds for eight quarters and QE is still unavailable. During the
period of the ZLB, r; = 0; when the ZLB lifts, it follows the
simple rule with a very large reaction to inflation. The binding
ZLB results in both the output gap and inflation declining
substantially while the ZLB binds; once the ZLB lifts, both
return to 0. The dotted lines consider the case where QE is not
fixed; rather, it follows a rule in which it reacts very strongly
to the output gap, with A, — oo. This results in complete
stabilization of the gap, even during the ZLB. Inflation still
falls, although not as markedly as when the ZLB binds and
QE is unavailable. The central bank’s long bond portfolio
must react aggressively to the natural rate shock, as depicted
in the lower right corner of the figure. Note that the responses
in figure 6¢ with implementable rules are qualitatively similar
to what is shown in figure 3 for optimal targeting rules.!!

"Note in this exercise that the ZLB lasts for eight periods with certainty,
whereas in section III, the ZLB only lasted for four quarters in expectation.
Hence, the scales in the two sets of figures are not directly comparable.
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FIGURE 6.—IRFs WITH IMPLEMENTABLE RULES

(a) Potential Output Shock
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Panels a and b plot impulse responses to a potential output and credit shock, respectively, with different configurations of the rule for the short-term interest rate and QE portfolio, respectively. Panels ¢ and d do so
when the ZLB on the policy rate is binding. For panels ¢ and d, solid lines show responses when the policy rate obeys a Taylor rule with ¢ — oo and p, = ¢, = 0, while QE is constant. Dashed lines depict responses
when the ZLB binds for eight quarters, after which time the policy rate reverts to the simple rule; QE remains constant. Dotted lines depict responses when the ZLB binds for eight quarters, but QE follows a simple

implementable rule with hy — 00, py = 0, and hy = 0.

Panel d is constructed similarly to panel c, but considers a
contractionary credit shock. The solid line shows responses
with no ZLB where the policy rate reacts very strongly to
inflation while the central bank’s long bond portfolio is fixed.
Inflation is stabilized, but the output gap falls. The dashed
lines depict responses where QE is again assumed to be held
constant, but the ZLB on the policy rate is in place for eight
quarters. This results in inflation falling and the gap declining

by more than it would absent the ZLB. The dotted lines depict
responses when the ZLB on the policy rate binds for eight
quarters, but QE follows a rule in which it reacts strongly
to the output gap. This necessitates an increase in the central
bank’s long bond portfolio to offset the credit shock, as shown
in the lower-right portion of the figure, but results in both
inflation and the gap being completely stabilized. Similar to
our result from section III, the ZLB on the policy rate poses
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no issues for the central bank with regard to credit shocks if
QE is optimally implemented.

Our analysis in this section using implementable instru-
ment rules reinforces our results from section III. In partic-
ular, QE can be used as an effective albeit imperfect substi-
tute for the short-term policy rate conditional on natural rate
shocks. Regardless of the relative weight the central bank at-
taches on the gap versus inflation, an instrument rule for QE
that aggressively targets the output gap results in welfare im-
provements. Furthermore, a binding ZLB on the policy rate
need not pose a problem for the central bank conditional on
a credit shock; the same aggressive QE rule can completely
stabilize both output and inflation.

V. Conclusion

In this paper, we developed a four-equation New Key-
nesian model with credit shocks, financial intermediation,
short- and long-term debt, and a channel for central bank
long bond holdings to be economically relevant. The model
inherits the tractability and elegance of the benchmark three-
equation New Keynesian model. It mainly differs in that
credit shocks appear as wedges in both the IS and Phillips
curves. In addition to a rule for the short-term policy rate, the
fourth equation in the model is a rule for QE.

The model allows us to address the consequences of credit
market disturbances as well as the effects of large-scale asset
purchases. We produce several analytical results concerning
monetary policy design. The presence of credit market fric-
tions breaks the divine coincidence, meaning it is not possi-
ble to completely stabilize inflation and the output gap with
just one policy instrument. Optimal monetary policy entails
adjusting the short-term interest rate to match fluctuations
in the natural rate of interest, but manipulating the central
bank’s long bond portfolio so as to neutralize credit shocks.
When it is not possible to adjust the short-term interest (e.g.,
because of a binding ZLB), credit market shocks need not
result in amplified fluctuations if the central bank adjusts its
long bond portfolio as it would in normal times. In response
to natural rate shocks, adjustment of the central bank’s long
bond portfolio can serve as a highly effective, albeit imper-
fect, substitute for conventional policy.
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