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1 Introduction

One of the basic features of String Theory compactifications is the ubiquity of moduli fields
— massless or light scalars that parametrize the internal compactification space and that
control the masses and couplings of the theory. The geometry of moduli fields is relevant to
the physical content of the theory and is captured by aspects of the Swampland Program
including the Distance Conjecture [1]. Given their relevance, it seems an important question
how would we probe the global geometry of moduli fields in terms of physical data at one
point in moduli space.

More concretely, suppose one has a theory with an exact or approximate moduli space,
and we live in a vacuum where the moduli ¢ take some value ¢y. One can study directly
the physics of the vacuum at ¢ = ¢y by means of scattering experiments, and even learn
about the local geometry of the moduli space by studying these couplings. However it is,
in general, very difficult to design an experiment to probe the physics at some value ¢ = ¢
which is very far away from ¢g. It is precisely in faraway regions where interesting physics
(such as decaying towers of states, emergence of perturbative string or decompactification
limits, etc.) is supposed to take place. In most string theory literature, one is satisfied
with studying the family of vacua parametrized by ¢, as well as the ¢ dependence of vari-
ous observables such as masses and couplings. Yet this approach is somewhat unphysical:
changing the vev of ¢ everywhere at once costs infinite energy, and once one starts con-
sidering configurations where ¢ only changes in a region of finite size, other challenges
can appear. One difficulty in designing setups that will probe large variations A¢ is that,
when these are transplanckian, they will have a significant gravitational backreaction of
their own, and whatever setup we consider is in danger of collapsing into a black hole.
This was studied in [2], as well as in the more recent series of papers [3, 4], where it was



pointed out that probing arbitrarily large A¢ is in principle possible in the effective field
theory, but requires resources (masses, size of the laboratory...) exponentially large in
A¢. Furthermore, the constructions described in [2] are not solving Einstein’s equations,
and so are regarded at best as interesting initial conditions, but they do not provide any
concrete way to probe the faraway regions in moduli space.

The basic goal of this short note is to explain how the attractor mechanism allows one
to overcome this challenge and do a form of “black hole spectroscopy”, where properties
of black holes at any one given point in moduli space can be used to probe the vacuum in
faraway regions of the moduli space. Indeed, in a 4d N' = 2 theory, thanks to the attractor
mechanism (first constructed in [5] and further studied in [6-10]), the properties of the
vector multiplet moduli space far away from any given vacuum can be studied reliably
and in a robust way — simply engineer a black hole such that the near-horizon values of
all scalars X }{ differ significantly from those at infinity. The resulting geometry has the
same asymptotics as the vacuum, but the near-horizon geometry constitutes a very long
AdS3 x S? geometry, where the scalars are stabilized at the attractor value. The two regions
are joined by an intermediate throat in which the fields X run. The size of the S? (or
equivalently, the curvature of the AdSy) are furthermore controlled by the total value of the
black hole charge, which may be safely rescaled to arbitrarily large values without affecting
the attractor solution. What this means is that one can, while keeping the attractor value
fixed, engineer an AdSs x S? region where the size of the S? is arbitrarily large, and in
which the physics looks locally like the vacuum solution on R* with the attractor values of
the moduli, thus achieving a concrete “laboratory” in which the asymptotic vacuum can be
probed. To make this picture concrete, we will show explicitly how the triple intersection
numbers of the infinite distance limit, as well as the first subleading correction, can be
encoded in term of mass and degeneracy of charged BPS states that can be physically
measured in the asymptotic region.

If one has access to arbitrary mass/charge states, it becomes possible to study points
in moduli space which are arbitrarily far away and with any desired precision. It is more
interesting to study how the distance in moduli space and the resolution of the probing
depend on the resources — how well can we do if we have a maximum allowed mass,
charge for the states. We study this question in a simple two-parameter family of black
holes, finding agreement with the results in [2] that an exponential field range in moduli
space are intimately related to the masses which trigger the flow. However, unlike in [2],
we have a concrete setup where transplanckian field ranges are attained in the context of a
supersymmetric solution, in a time-independent way, thanks to the attractor mechanism.

The rest of the note includes a review of 4d A/ = 2 black holes and the attractor
mechanism in section 2, followed by the main application of black hole spectroscopy in
section 3, where we obtain the triple intersection numbers of an asymptotic limit in terms
of degeneracy of states. Section 4 quantifies just how far can we go in probing the moduli
space geometry for a given mass, and section 5 explains how we quantify the resolution of
points on moduli space using physical data at far away points. Section 6 contains a few
concluding remarks.



2 Review of 4d N = 2 black hole solutions

We will start by reviewing some elements of Calabi-Yau three-fold X compactifications of
Type IIB string theory and their associated black hole solutions, which will be the core of
this paper. The reader interested in further details is encouraged to check [11, 12]; here we
will only describe the essentials of what we need. At low energies, the effective field theory
describing a Calabi-Yau compactification is a four-dimensional ' = 2 supergravity, coupled
to ny = h'? abelian vector multiplets and ngy = hb! 4+ 1 hypermultiplets, where h*J are
the Hodge numbers of the Calabi-Yau three-fold X. The vector multiplet moduli space is
a special Kahler manifold, and its scalars parametrize the complex structure of X. The
dynamics of the hypermultiplets decouples completely from that of the vectors in the black
holes we will consider, due to the 4d N/ = 2, so we will mostly ignore them in the following.

As explained e.g. in [13], the intersection pairing in the middle cohomology of the
Calabi-Yau defines a symplectic (antisymmetric) inner product. Constructing the complex
structure moduli space comes down to choosing a symplectic basis {A, Br} of 3-cycles in
Hs3(X,7) (and the corresponding basis of three forms {ar, 37} of H3(X,Z)), which we take
to be orthonormal in the following sense:

(ar, 7y = —(B7,ar) = /XOéI ABT =6

[ar==[ 8 =615 [ 8= [ ar=0.
Al By Al By

where {I,J} € {0,...,h?1}. Every Calabi-Yau manifold has a holomorphic (3,0)-form (see
e.g. [11]) that can be decomposed as follows in terms of its A- and B-periods {X?, F;}:

(2.1)

XI: Qg FJ: Qg — Q3=XICU—FJﬂJ. (22)

Al By
Performing a change Q3 — efQ3 has no impact on the complex structure of X. In terms
of the scalars X!, this amounts to an overall re-scaling X! — ef X! from which it is clear

that only h*! of these h?! + 1 scalars are independent. The Kihler potential is given by
(see. eg [14])

K=-In (1/ Q3 A Qg) = —ini(X'Fr - X'Fy) . (2.3)
X

One can now see that a rescaling of Q3 corresponds to a Kahler transformation in 4d N' = 2
language:

Q3 —efQs KoK—-f—7F. (2.4)

The fact that the complex structure of X is unchanged by a rescaling of 23 translates
to the 4d N/ = 2 Lagrangian being invariant under Kéhler transformations. One can
therefore define a Kéhler metric on the complex structure moduli space that is invariant
under rescalings of Q3 by using K as a Kéhler potential. The metric obtained in this
way on complex structure moduli space g;7 ~ 0r0;K coincides with what can be read
off of the kinetic term of the 4d Lagrangian for the complex structure moduli. One can
choose a symplectic basis such that a single holomorphic function, the so-called prepotential



F = F(X), encodes all the data of the topological theory. The B-periods can be reexpressed

in terms of the prepotential as:
OF(X)
Fy(X)= ——+.
1) = x7

One can construct black hole solutions in the 4d N = 2 effective theory by wrapping

(2.5)

D-branes on the various cycles of X (see eg. [9, 10, 15, 16]). These are generalizations of
Reissner-Nordstrém black holes, charged under the ny = hb? abelian vector multiplets.
These black holes have the remarkable property that they are attractors for the vector
multiplet moduli. This means that these moduli, in general, run along the radial direction
until they reach the black hole horizon where their value is entirely determined by the
supersymmetric equations of motion, in what is known as the attractor mechanism [5]. The
attractor equations that describe this flow relate the charges of the black hole to the values
of the moduli at the horizon. Throughout this work, we will use the attractor mechanism as
a tool to map black hole thermodynamic properties to the complex structure moduli space.

Let us now review the attractor mechanism of extremal 4d N = 2 black holes in more
detail. In type IIB language, one constructs such black holes by wrapping D3 branes on a
general 3-cycle C in X. Indeed, a black hole is identified by the decomposition of C onto the
basis {A!, B;} or equivalently by its corresponding electric and magnetic charges {p’, q;}.
Take I' to be the 3-form that is Poincaré dual of C, then the corresponding splitting of
magnetic and electric charges {p’, ¢s} is given by:

pI:/ r gq5= r. (2.6)
Al

Consider a BPS solution charged under the 3-form I'. Then, the central charge of the
black hole is given by:

Z:e’C/g/ QAT =2l Fr— g XT). (2.7)
X

The attractor mechanism acts as a potential for the moduli and drives them to minimizing
the central charge at the horizon of the black hole (note that the horizon values of the
moduli will differ significantly, in general, from their values at spatial infinity) [8]. This
minimization procedure leads to the attractor equations at the horizon, which relate the
holomorphic periods to the charges of the black hole and can be written as follows:

p' =Re |Gy X}| = CuX} + Cu X1,

o (2.8)
qr = Re[ChFp ] = ChFnr + CrhFyr,

where the “h” subscripts emphasize that these quantities are evaluated at the horizon and
where we have introduced C' = —2iZe’/2. The vector multiplet moduli, which can be
expressed in terms of the X!, have arbitrary values infinitely far from the black hole, they
vary along the radial direction and are fixed by the attractor equations at the horizon.
Solving these equations for the periods at the horizon allows one to obtain the entropy of
the black hole (equivalently, its area), which is expressed in terms of the central charge as:

S = 7| Zp)?. (2.9)



One can also compute the ADM mass of the black hole, which turns out to be
Mipan = |Zool, (2.10)

where we have introduced the subscript to emphasize that the ADM mass is obtained
by evaluating the central charge Z, viewed as a function of the charges p!, g and the
scalar values X' given in (2.7), with the scalars X I taken to have their asymptotic values,
i.e. evaluated at infinite distance from the black hole. In the particular case where the
asymptotic and near-horizon values of the scalars coincide, (2.10) and (2.8) agree: the
attractor value of the mass is just given by the near-horizon dynamics. When they do not,
the difference is due entirely to the running scalars outside of the horizon contributing to
the mass. This follows from the attractor equations, which imply [§]

0 dt! dt/
Zool? = 12,2 :/ dre Vg, i———. 2.11
| | ‘ h| . TE gIJ dr dr ( )

In this expression, t/ = X/ /X? are the physical moduli, e?Y is the time-component of the
black hole metric, and 7 is a certain parametrization of the radial coordinate in which the
horizon sits at 7 = —oo and spatial infinity is at 7 = 0. Thus, we see that the difference in
mass above the attractor value is just the backreaction of the running moduli.

Finally, we also note that the attractor equations and in particular the charges are
invariant under Kéhler transformations, which act on the periods and C' as follows:

K—-K—-f-f C—elCc, X' welX!, FoeF (2.12)

One can obtain the h%! physical, invariant, moduli ¢! by choosing special coordinates such
as X! =t X°. Throughout the next sections we will be solving the attractor equations (2.8)
by choosing a constant C}. Solving the attractor equations with different values of Cj, will
generate a set of black hole solutions with the same attractor point in moduli space but
different charges and masses.

In the next section we will exploit the attractor equations in an attempt to map topo-
logical data of the Calabi-Yau moduli space to thermodynamic properties of black holes.

3 Probing the prepotential with large black holes

Armed with the attractor mechanism described in the previous section, we will explain
how it can be used to achieve a simple form of black hole moduli space spectroscopy, where
we relate the properties of faraway points in moduli space to statistical, thermodynamic
properties of large charge BPS states in a given vacuum. As described above, the attractor
mechanism produces near-horizon AdSs x S? geometries where the value of the moduli
are controlled by the attractor mechanism and can in general be very different from the
asymptotic values of the moduli. For concreteness and simplicity, we will be interested in
black holes that take the vector multiplet moduli to near-infinite distance limits in their
moduli space. In these regions, the prepotential is constrained to take the well-known form:
XIXIxK

F(X) = _DIJKT ;

(3.1)



where Crjx = 6Dy K are integers which, in the Calabi-Yau context, receive the interpre-
tation of the triple intersection numbers of the mirror Calabi-Yau. But it is expected that
this structure follows from general quantum gravity principles, even when a Calabi-Yau
description is not present (see [17]).

With this, we see from (2.5) that the attractor equations will relate the charges of the
black hole directly to the X' at the horizon and the parameters D (we take Cj to be
a constant at the horizon). Naturally, these charges will be very large since the moduli
are reaching near-infinite values. Turning things around, solving these equations for the
moduli at the horizon would allow us to express the entropy of the black hole (2.9) in
terms of the charges {p’,q;} and Djsx. This would show that if one could measure the
entropy and charge of one of these large black holes experimentally, it would be possible
to deduce the values of the Djyjr. One would therefore recover topological data of the
underlying Calabi-Yau from measuring black hole observables at a very different point in
moduli space. Furthermore, quantities like electric and magnetic charges, or the degeneracy
of charged BPS states (i.e., entropy of the black holes), are actual observables, which one
could measure experimentally.

We will just illustrate this method in the simplest example, and assume that we have
a single vector multiplet ny = 1. Then, there are just four periods, and from the prepo-
tential (3.1) we have

X1)2 ( X1 )3

(
F1 = —3D111T and Fg = D111 (XO)Q.

(3.2)

One can set Cp = 1 at the horizon by a Ké&hler transformation, and then the attractor
equations are given by:

1,3
pO = Re [XO} qo = D111 Re [E§0;2]
p' = Re [Xl} ¢1 = —3D111 Re [();10)2] . (3.3)

Solving these equations yields the central charge at the horizon in terms of the X
fields, ~ -
Dy | X1 X0 — X0x13

7P =

(3.4)

Equivalently, one can solve (3.3) for the periods and express the entropy in terms of the
charges and D;;;. For simplicity, we will assume that one of the charges vanishes (pg = 0),
in which case we obtain the entropy as:

1 \/IQ% — 12D111p' g0
S=mlp| :
V3

The argument of the square root is always positive if we pick charges such that the attractor

(3.5)

equations have a solution. We emphasize that an expression such as (3.5) is anyway only
expected to hold for very large charges, and in a one-parameter family of solutions such that



the attractor values of the scalar are approaching the infinite distance limit in which (3.1) is
approximately valid. One example of such a family can be parametrized as follows: in terms
of the physical modulus ¢t = X'/X", take the charges that scale, in the y ~ |t| — oo limit, as

P’ =0
1 _ N
0y =17 (3.6)
9@ = —y*N
g =0

Here, N is an overall rescaling of the charges, that does not affect the attractor value,
but which will be important in a number of applications in what follows. Importantly,
we have chosen a family of black holes whose charges solve (3.3) but do not depend on
D11, explicitly. We are trying to encode Dj1; in terms of observables such as charges and
the degeneracy of BPS states, and therefore, choosing charges depending on Dj1; would
amount to assuming the answer. For the family (3.6), the entropy formula simplifies to

S = 2m\/Dy11 yN?. (3.7)

By counting the number of BPS states with such charges in a 4d N' = 2 world, one could
use this formula to obtain an experimental evaluation of the triple-intersection number
D111, and provides a direct link between moduli space properties and properties of the
prepotential. This is an interesting result since one would not expect to be able to probe
far away moduli data from measurements in the middle of moduli space, without any
knowledge of the underlying compactification. Naturally, the formula (3.7) is to be taken
as proof of concept that such a relation can be made. The exact expression will change
if we consider a large black hole with charges that scale differently, or if one considers a
different Calabi-Yau for the compactification.

A natural next step is to determine whether this framework can also be used to detect
subleading corrections in the prepotential. To this effect, we will repeat the above analysis,
now including the first correction to the prepotential as one moves slightly into the bulk
of moduli space:

XIXIxK

X0
In the Calabi-Yau case, we can relate d; to topological properties of the mirror Calabi-Yau

F(X)=—Djx +d; XTXO. (3.8)

via the formula
/ co N oy = 24djg, (3.9)
CcYy

where co and «aj are the second Chern class and the corresponding two-form of the mirror
Calabi-Yau. Again, one can write the attractor equations in the simplified case where there
is only one modulus, where they become

1)3

P = Re|X"] g0 = D111 Re [go)z +di Re | X'] (3.10)
p' = Re|X'] ¢1 = —3D111 Re l();)z +di Re [X°] . (311)




One can solve these equations for the periods at the horizon and express the entropy in
terms of the charges. For a black hole with a single vanishing charge p° = 0, one obtains:

7T
S = ﬁ’p1|\/12d1D111(p1)2 — 12D111p1qo + (q1)2 . (312)

It is easy to see that this reduces exactly to (3.5) when dj is set to zero. One can evaluate
the entropy of the large black hole with charges that scale as (3.6) in the y ~ |t| — oo limit

S =21 N?\/Dy11(y? + dy). (3.13)

Expanding this near y — oo, one obtains

and obtain:

1
S = 7N? {2\/D111y+d1\/D111y +O(y3)}. (3.14)

Having previously measured Dj11 using (3.7) with extremely large black holes, one could
measure deviations of this expression for slightly smaller black holes and obtain d
from (3.13).

An important point in all of the above is to note that we have been using the leading
behavior of the black hole entropy. This is valid for large N and one expects to receive
corrections suppressed by powers of 1/N? [18]. So for example if we want the D17 term
to be measurable, we need to ensure that

VDiny 2 O(1/N?), (3.15)

which is automatically satisfied in our case since y > 1 and Dj1; is an integer. For the
subleading term to be measurable we need to make sure

div/Dii/y 2 O(1/N?), (3.16)

which would be achievable if we pick N 2 ,/y. In addition to polynomial corrections in
prepotential, there are also exponential corrections:

F -
el — Dyttt tE 4 dpt?! + Koem it 4., (3.17)
where the coefficients K, are quantized in the primitive directions [19]. In the one modulus
example we have studied (where there is a single coefficient, a3 = 1), to get to the precision

to be able to measure K, ,, we need to measure the degeneracy of large charge states, where

VD111 N? Z O(y° e?), (3.18)

which is consistent with the intuition that measurement of exponentially small corrections
require exponentially large charged BPS states. As we will discuss in the next section y
itself is exponential in distance in moduli space, so this is a double exponential in terms of
distance.

The above procedure could be refined indefinitely, recovering more and more informa-
tion about the Calabi-Yau by measuring the sizes of smaller and smaller black holes. At



each order in y, one can solve the attractor equations with the corrected prepotential and
obtain the entropy in terms of the charges, the previously determined parameters and the
new undetermined ones. Measuring the size of an appropriate selection of black holes will
allow one to obtain the value of the undetermined parameters. The examples above describe
the case with a single vector multiplet; in general, when ny > 1, one will need a multi-
parameter family of black holes at each step. For instance, in the first step, one would need
a large black hole with charges analogous to (3.6) for each direction in moduli space in order
to recover all of the triple intersection numbers Djjg. Of course, this procedure becomes
increasingly more complicated as we go further away from the controlled corners of the
moduli space, though see [20], where a similar iterative procedure was used to find generic
solutions to the attractor equations at all orders, also incorporating instanton contributions.
At low orders, this method is equivalent to our own. Nevertheless, the fact that such a pro-
cedure can be carried out in principle suggests that there is no obstruction in recovering the
geometry of moduli space at any point, using physical measurements of charged BPS states
at other points. However, the BPS degeneracy of states is a function of the attractor point
alone, and it is not helpful in relating the asymptotic and attractor values of the moduli
in a meaningful way. In the next section we will address this question by considering the
energetics of the BPS states and relating it to asymptotic distances in moduli space.

4 Asymptotic black hole properties in moduli space

As we saw in the previous section, one can directly relate the prepotential, and thus, the
usual moduli space metric, to degeneracy of BPS states. This suggests that it might be
possible to obtain the full geometry of moduli space from other physical measurements. We
now show that the attractor flow can correctly capture the notion of asymptotic distance
near the boundaries of moduli space; namely, we will show that asymptotically in moduli
space, the entropy of large BPS states and also their masses can be directly related to the
distance in moduli space to their attractor points.

To do this, we once more consider black holes whose attractor point is near the bound-
ary of moduli space, as in the previous section. Using again the family of black holes with
charges (3.6), the corresponding periods at the horizon are given by:

Re[X°| =0, Im[X°]=-NDi{iy™",
(4.1)
Re[Xl] - N, Im[Xl] —0.

From these expressions, it is straightforward to obtain the Kéhler potential (2.3) in this
limit:

K=- IOg (8N2\/ Dllly) . (42)

The metric in moduli space is

ds® = 20,0;K|dt|* =




so that the distance in moduli space is given by:

d~ \/glog Y. (4.4)

From the formula for the entropy (3.7) obtained for this set of charges, one immediately
obtains

S~ N2eV3d, (4.5)

for this family of black hole solutions. A similar exponential relation holds asymptotically
for the ADM mass: using the general expression (2.10), one gets that

Mpps = */?|p FL — g0 X% | = NeF=/2|FL + XY, (4.6)

where the subscript o in any quantity denotes its asymptotic values. For large y, the last
term is leading, giving a dependence on the ADM mass that agrees parametrically with
the entropy, and so

MBPS ~ Ne\/gd, (47)

as well.

These expressions relate the mass of a large BPS state to the attractor point lying at
a far away distance in moduli space. In practice, it means that if one wants to probe the
moduli space at a large distance d, one needs to create a massive BPS state with energy
which is exponentially large in distance. This is reminiscent of the work by Nicolis [2]
where it was shown that, in a purely Newtonian setting, it was possible to construct
setups with scalar sources that lead to arbitrarily large field ranges, with a size that
grows exponentially on the field range. What we are finding is not only in agreement
with this, but more broadly, with the findings of [3, 4], which studied transplanckian field
displacements in a variety of setups (including 4d dilatonic black holes). As proposed
in [4], there really seems to be a universal feature of quantum gravity that arbitrarily
large field ranges can be probed at an exponential cost in physical resources. Other
instances where one can see this include the extended objects of [21, 22] which probe
infinite distances in moduli space; their tension goes exponentially with the distance. It
would be very interesting to find the physical mechanism underlying this phenomenon.

A scaling similar to (4.5) was recovered in [23] in relation to the Black Hole Entropy
Distance conjecture proposed in [24], a generalization of the ADC to black hole spacetimes.
Both [23, 24] proposed identifying the logarithm of the black hole entropy (the horizon area)
with a notion of distance, encoded in the change of the metric when the flux changes one
unit. The connection to (4.7) is precisely that, when the quantized black hole charges
change and the black hole area readjust, so do the vevs of the vector multiplet moduli, and
the notion of distance using these or directly the metric as in [23, 24] agree. In any case,
equation (4.5) shows that the black holes provide a thermodynamic interpretation for the
distance in moduli space, if only asymptotically.

Appendix A discussed the precise realization of the general discussion in this paper in
the context of a specific model, namely the mirror quintic M. The results agree with (4.5),
as they should.

~10 -



5 Resolution of the probing

As we have seen, BPS states can serve as effective probes of far away regions of moduli
space via their attractor geometry. However, when solving the attractor equations (3.3),
one needs to take into account Dirac quantization, which demands that the charges p’, qr
are quantized. In the Calabi-Yau picture, the quantization simply maps to the fact that
the D3 branes that form the black holes we study must wrap an integer homology class.
Dirac quantization implies that the picture of the moduli space provided by the black
holes is not continuous; rather, it is naturally a mesh of points in the moduli space. These
issues of quantization are however often ignored in the study of 4d N = 2 black holes,
simply because of the Kéhler transformation (2.12). This transformation tells us that a
homogeneous rescaling of the charges does not affect attractor values; as a result, one may
simply scale the charges up, to very large values, achieving an arbitrarily dense mesh. While
this is true, if one is constrained to finite resources (finite black hole mass, charge, or equiv-
alently, entropy), the mesh allowed by Dirac quantization will be finite, leading to a finite
“resolution” in the probing of moduli space. We will determine this resolution momentarily.
In more detail, consider the attractor equations near the boundary of moduli
space (3.3). The general solution with non-vanishing charges p' > 0,¢° < 0 is, asymp-

3 1
Dy X qo
X! = Xo=4/—-":D t="1 = /- ) 5.1
b1, 0 ” 111, X0 D (5.1)

We see that the attractor value of the physical modulus is insensitive to an overall rescaling

totically,

of the charges. As we make a small change in the charges, the value of ¢ in (5.5) changes,
and we probe a nearby point of moduli space. The smallest such change that can take
place, compatible with Dirac quantization, is changing p; by one unit while keeping qg
constant. Under such a change, we obtain that the infinitesimal change in moduli space
distance, dd, is given by

3ot /31

od = = 5.2
2 t 8p1 ( )

where we have used the asymptotic form of the Kéhler potential,  ~ —3logt. Using the
asymptotic relation between the moduli space distance and the change in ¢,

d~ \/glogt = teeVid (5.3)

combined with (5.1), one can rewrite (5.2) as

2D 3 DypyeV 5
5d:\/7t 111 eVt (5.4)

|qo] 8 o]

in terms of the moduli space distance traversed by the black hole. Now, close to the infinite
distance limit, [t| — oo, (5.1) tells us that p; is much smaller than gp, and so the ADM mass

Mppg = /2 ‘plFéo — qo X2, (5.5)
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can be approximated by the second term,
Mpps =~ e’COO/ZXgO|qo\. (56)

This last equation allows us to replace |gg| by the black hole mass M in (5.4), yielding an

8
3 K e\/;d
= \/ =Dy e=/2X0 — :
od \/; e TN (5.7)

and finally, defining the resolution of the moduli space probing as the inverse spacing (in

expression

analogy with optics), we get
1 Mpps _

od  \/3d S

where in the last equality we have used (4.7). This equation gives us a notion of how the res-

r

(5.8)

olution in moduli space scales with the size of a large black hole whose attractor point is at
a distance d in moduli space. Taking d to be a constant, we see that the resolution increases
with the amount of energy (black hole mass) at one’s disposal. This makes sense, as higher
masses and bigger black holes naturally mean higher charges and so the “mesh” of points
in moduli space becomes smaller. Furthermore, keeping the mass of the black hole fixed,
we see that the resolution will decrease exponentially as we try to explore farther points
in moduli space. This fits naturally with previous discussions in [25] relating the Distance
Conjecture to the Bekenstein bound and finiteness of quantum gravity amplitudes. The
number of states that quantum gravity admits in a box should be finite, and bounded by
the area of the box. This means that it should not be possible to construct distinguishable
states which probe infinite swaths of moduli space with arbitrarily large resolution in a box
of given size. The resolution of this puzzle is, precisely, that the resolution drops quickly
and makes far away points indistinguishable without increasing the size of the box.

6 Conclusions

Although the physics of moduli spaces is arguably one of the most important aspects of the
Swampland program and string compactifications, the question of how these moduli spaces
could be probed in practice, if one was found, has received comparatively little attention.
In this short note we have shown how, in 4d N' = 2 theories, asymptotic properties of
moduli spaces are encoded in black hole solutions in a possibly very far away vacuum in
moduli space, finding that quantitative features of the prepotential can be deduced from
measurements of BPS degeneracies with appropriate charges. On top of this, the 4d N' = 2
BPS states are able to reach arbitrarily large regions in moduli space, at a finite energy cost.

We also studied the quality of the moduli space picture provided by the BPS black holes
— how far in moduli space can we go, and with which resolution, given finite resources.
While this question is in general a complicated optimization problem, we studied a couple of
one-parameter families of black holes, finding that both the distance goes logarithmically
with the mass of the BPS black hole and that the resolution of the probing (which is
finite due to charge quantization) depend linearly on the size of the black hole. This is

- 12 —



in general agreement with the findings in [3, 4], and shows that studying a transplanckian
field range is possible in gravity, but takes an exponential amount of resources. It would
be interesting to explore potential connections between this finding and more information-
theoretic approaches to the Distance Conjecture recently put forth in [26, 27].

It is tantalizing that the distance conjecture is also an exponential relation between
the mass of the tower and distance in moduli space. However, that involves the mass going
exponentially down in distance, unlike the BPS mass that we need to probe such distances,
which increases exponentially with distance. It would be interesting to see if there is a
relation between these two facts.

One outstanding question is how to generalize our analysis to setups where supersym-
metry is not protecting the answer, such as non-supersymmetric string theories or even
questions involving hypermultiplets in 4d N' = 2 theories, for which the attractor mecha-
nism does not provide protection. Although it is likely that qualitative different ingredients
are needed, we suspect that the basic point — that black holes are appropriate probes of
the moduli space — is likely to apply, too.

Finally, the perspective we have taken in this manuscript is reminiscent of the moduli
space holography picture of [28, 29]. In that reference, it was proposed that the bulk of
moduli space could be reconstructed from asymptotic data; in our setup, we have done the
reverse, studying asymptotic regions from a bulk point in moduli space. And much as in the
setup of [21, 22], we have a one-to-one mapping between moduli space and physical space,
sourced by the gradients of the fields. As these gradients can in principle be studied via
ordinary holography, our perspective may help bridge the gap between these two disparate
notions of holography.
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A Asymptotic mass formulae for the mirror quintic

In this section we will particularize the general discussion in this paper to a specific model,
namely the mirror quintic M. This is a Calabi-Yau threefold with hodge numbers hl! =
101 and A*! = 1. One can define it by considering the following quotient in P*:

M = (%2 = 5¢TLi) /23 (A1)
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The four periods of the mirror quintic were famously studied in [19]. In particular, they
can be combined into a period vector with respect to an integer symplectic basis (A?, Bj)
of H3(M,Z), which in the large complex structure limit, ¢ — oo, take the form [19)]:

2 243+ 25¢
Fi | yooo <27m')3 —2¢2 L4 , 5

1= I = (= 2 2 th t = ———log(5¢)). (A.2
o | 7 Hrest 3 ) , wi s og(5¢). (A.2)
X! t

The Kahler potential at the large complex structure point is thus given by

_ 3273 log? (5

e ’C|LCSL: g ( W\) ) (AS)
75

Now, we will solve the attractor equations (2.8) in a slightly different way than in the

main text; rather than the choice of charges in (3.6), we will use the choice of charges that

exactly leads to the attractor values in (A.2), in a gauge where Cj, = N (%)_3 and writing

t = x + iy. One immediately obtains, in the limit y — co:

=N
1
p- =Nz
Qoo = 5 9 . (A4)
qo = —gNl“y
@ = 3Ny

From (A.3), one obtains the distance in moduli space as d = \/g logy. Finally, we obtain
the entropy from (2.9) which, at leading order in y, is:

S ~ NP~ N2eVod (A.5)
This agrees with (4.5), with a different exponent since we picked a different set of charges.
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