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Abstract
Although interest in using videos in educational settings has surged in recent years, researchers
know little about what mathematical meanings students develop from watching these videos or
how they do so. To contribute to this gap in the research, we examined how two students
appropriated mathematical meanings from instructional videos. In contrast to typical
instructional videos, which rely heavily on an expert’s exposition, the videos in our study
featured the unscripted conversation of two high school students as they engaged with novel
mathematical problems. This allowed us to examine how other students watching the videos
coordinated meanings expressed by both the video participants and each other, including
meanings that were initially incorrect or incomplete. To analyze these data, we adopted a
Bakhtinian-inspired lens, which allowed us to conceptualize meaning as emerging from the
relationships among multiple voices. Additionally, the appropriation of meanings from the
videos was not straightforward. Instead, we found evidence of the repetition (mimicry) of words
and actions from the video participants, revision, resistance, and the invocation of previously-
appropriated voices, before the students were able to make the meanings expressed in the videos

their own.
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Students’ Development of Mathematical Meanings While Participating

Vicariously in Conversations between Other Students in Instructional Videos
I. Introduction

Interest in the use of online mathematics videos for student learning has surged in recent
years. Mathematics educators have increasingly incorporated videos into their classes, as part of
“flipped” classrooms, “blended” or “hybrid” instruction, individualized video-based instruction,
and massive open online courses (MOOCs). For example, in flipped instruction, students are
assigned a video to view at home before class, which typically consists of the expository
presentation of the mathematical content and worked examples that would normally constitute a
class lecture (de Araujo et al., 2017). As a result, class time that would be devoted to direct
instruction is freed up for students to negotiate how to apply the knowledge from the videos
through classroom activities (Lo et al., 2017). Research indicates that such an instructional
reorganization can be fruitful. A recent meta-analysis of 37 experimental studies comparing
flipped and traditional classrooms showed a statistically significant effect in favor of flipped
classrooms on student achievement (Giiler et al., 2023). However, this research has not
investigated the ways in which the videos themselves may be contributing to these positive
outcomes.

Weinberg and Thomas (2018) identified a gap in the research on the use of online
mathematics videos for student learning, calling for research that transcends the current body of
work on flipped classrooms. Specifically, there is a lack of investigation into how students
interpret, make sense of, and develop mathematical meanings from the videos themselves. This
lack could be linked to what Weinberg et al. (2018) call “an implicit empiricist epistemology,”

which assumes that “students uniformly construct the meaning the instructor believes the video



to convey” (p. 1263). When research has examined students’ experiences with the mathematical
video component of instruction, it has focused on the identification of students’ attitudes toward
the videos and some usage patterns (Attard & Holmes, 2022; Muir, 2021; Muir & Geiger, 2016).

The primary aim of this paper is to investigate how students develop meaning from
mathematics videos. We treat students’ mathematical meanings as relational and emerging from
an interplay between multiple utterances and perspectives—an approach that is aligned with
Bakhtin’s dialogical theory (which we elaborate in Section 3.3). Consequently, it would be too
limiting to examine students’ meaning development from the dominant type of mathematics
video, which focuses on the presentation of procedures without considering multiple perspectives
or unpacking mathematical relationships (Klinger & Walter, 2022). Examining how students
develop meaning exclusively from procedurally-oriented videos would not be reflective of the
full range of meanings students need to grapple with as they engage with rich mathematics.
Thus, in this study, we asked learners to view videos that focused on making sense of
mathematical concepts and ideas.

When deciding which videos to use in this study we also considered the presentation style
of the videos. Most videos use an expository approach, which essentially recreates a lecture
experience for viewers (Bowers et al., 2012). However, there is ample evidence that in classroom
settings, alternative pedagogical approaches are preferable to lecture (Freeman et al., 2014).
Researchers and educators have advocated for approaches where students are actively engaged
with the mathematical discourse of other students, meaning they are actively comparing and
contrasting ways of reasoning and extending and critiquing the reasoning of others (Boston,
2012; Hufferd-Ackles et al., 2004; National Council of Teachers of Mathematics, 2014). This

can help students reexamine their own claims, clarify their thinking, and build more



sophisticated ways of reasoning by incorporating the reasoning of others (Francisco, 2013;
McCrone, 2005).

With these considerations in mind, we turned to an alternative type of mathematics
videos that several researchers have begun to make, which feature students as they engage in
conversations to resolve mathematical struggles and develop mathematical meanings (Kolikant
& Broza, 2011; Lobato et al., 2019; Seethaler et al., 2020; Weinberg et al., 2022). These videos
hold greater potential for inviting viewers to think critically about the ideas being discussed and
engage in a process whereby they negotiate and construct mathematical meanings that go beyond
the interpretation of a procedure. Such videos often contain students’ initial misconceptions and
partially correct explanations, which are subsequently explored through discussion and
argumentation. Because viewers of these videos participate indirectly or vicariously in the
conversations of the video participants, their engagement is referred to as vicarious learning.
Consequently, we ground our study in the vicarious learning literature, which we turn to next.
2. Literature review
2.1 Vicarious learning

Bandura introduced the term vicarious learning in the 1960s, to capture the social
phenomenon of children learning by observing the behavior of others (Bandura et al., 1961,
1963). About 40 years later, the Scottish Vicarious Learning Project (SVLP) introduced
vicarious learning into educational research, in the new context of learning from video or audio
recordings of other people learning (e.g., McKendree et al., 1998). The SVLP argued that the
central role of education was not to teach students facts and procedures, but rather to teach a
process of logical reasoning, which they called derivation, where learners make their

assumptions explicit and participate in argumentation. Furthermore, the SVLP contended that the



derivation process thrives in dialogues among students and between teachers and students:
“educational discourse is full of explicit derivations because there is a continual need to check
that assumptions are indeed shared and that interpretations are aligned” (McKendree et al., 1998,
p. 115). Thus, through technology, the SVLP believed that conversations containing a derivation
could be captured and indirectly engaged with by the viewers. Subsequently, a field of
interdisciplinary research on vicarious learning in STEM education emerged.

A major emphasis of the vicarious learning studies in the sciences has been on the
comparative effectiveness of videos that feature conversations (e.g., between a tutor and a
student) versus expository videos (Chi et al., 2017; Gholson & Craig, 2006; Muldner et al., 2014;
Muller et al., 2007). For example, Muller (2008) randomly assigned undergraduate physics
students to learn from one of two videos: (a) an expository video in which an instructor conveyed
physics information and (b) a video of a conversation between a tutor and a student for the same
topic. The undergraduates reported that the expository video was clear, concise, and easy to
understand, while the video featuring a conversation was confusing. However, the latter group
had significant pre-post learning gains (on a mechanics conceptual inventory), while the
expository group did not.

Vicarious learning studies in mathematics have tended to explore the experience of
learners during engagement with the videos, rather than framing the investigation in terms of a
comparison with expository videos. For example, Lobato and Walker (2019) examined how
vicarious learners (VLs)—the students engaging with the videos that feature conversations—
orient toward the video participants. In contrast to previous conceptions of VLs as emotionally
and cognitively detached spectators (e.g., McKendree et al., 1998), the VLs acted as if they were

in a collaborative group with the video participants and made regular displays of emotion.



Weinberg et al. (2022) explored how viewing a video that features interactions between students,
along with attempting the mathematics task discussed in the video, can lead VLs to experience
an intellectual need for the targeted mathematics topic. Other research has shown that VLs can
learn to decenter (distinguish between their own reasoning and the mathematical thinking of
video participants; Walters, 2017), make mathematical connections to the ideas expressed in a
video when scaffolded by a teacher (Kolikant & Broza, 2011), and improve their mathematical
reasoning from pre- to post-interviews (Putnam, 2021).

Taken together, the research on vicarious learning in science and mathematics education
strongly suggests that the processes involved in the indirect participation in conversations are
beneficial to learners. However, research is needed to identify those particular processes and
connect them to an underlying theory of learning. We position our study, with its focus on the
particular meanings that VLs develop from engaging with unscripted videos, as an important step
in the exploration of the processes that entail vicarious learning. Our hope is that this, and future
work, leads to the development of a vicarious learning theory that captures the complexity and
fruitfulness of vicarious learning experiences.

2.2 Types of videos and types of engagement with videos in vicarious learning studies

Videos used in vicarious learning studies vary along at least three dimensions. First, the
nature of the conversation between the video participants can range from scripted (e.g., Kolikant
& Broza, 2011) to unscripted (e.g., Chi et al., 2017), with a middle ground of being loosely
scripted (i.e., main points are identified in advance but the rest of the conversation is improvised;
Weinberg et al., 2022). The videos used in our research study are unscripted, to allow for the
expression of meanings—misconceptions as well as mathematically correct conceptions—from

the perspective of real learners rather than those anticipated by researchers. Second, the video



participants have typically been either a student-tutor pair (e.g., Muller et al., 2007) or a pair of
students (e.g., Lobato et al., 2019). The videos used in our research study feature two high school
students (see Figure 1), to increase the chances that VLs of the same age will personally identify
with the video participants (Mayes, 2015). Finally, the length of the videos can vary. Most
vicarious learning research has been conducted with participants viewing one short video (e.g.,

Muller, 2008). In contrast, the videos in our study were selected from a series of videos

comprising a video unit that we developed on parabolas (available at www.mathtalk.org). We
explored longer periods of engagement with videos, because the development of productive
mathematical meanings can be complex and require more than 10-20 minutes.

Just as there has been variety in the types of videos used in vicarious learning studies, a
variety of conditions under which vicarious learners engage with videos has been explored. For
instance, Chi et al. (2008) found that collaborative pairs of VLs watching a videotape of tutor-
student interactions were more effective than individuals. Gholson and Craig (2006), in a review
of vicarious learning studies, concluded that creating explanations and posing deep questions is
important, not just for the video participants, but for the VLs as well. Weinberg et al. (2022)
explored the importance of the VLs working on the same or similar tasks as the video
participants. Consequently, in our study the VLs participated in collaborative pairs and worked

together on mathematics tasks during the research sessions.
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Figure 1. Screenshot from a video used in this study, which features the unscripted
conversation of two high school students as they explore parabolas

3. Adopting a Bakhtinian-inspired lens

The purpose of this paper is to investigate how VLs develop meanings from mathematics
videos that feature conversations between video participants. The VLs in our study had to
manage both limited and productive mathematical meanings presented in the videos, while also
coordinating ideas from each other and from their previous math experiences. Our interest in
accounting for the complex coordination of discourse and ideas from multiple sources led us to
the work of Mikhail Bakhtin, a Russian literary theorist and philosopher of language. Bakhtin
(1986) adapted the term polyphony from music theory to emphasize the “multiplicity of
independent and unmerged voices” (p. 208). In his theory of dialogism, Bakhtin (1981) posited
that meaning only emerges through dialogic relationships among multiple voices. Furthermore
from a Bakhtinian perspective, people cannot autonomously express themselves; rather the
words and forms of expression that one uses come from others (Cooren & Sandler, 2014; Lemke,
2000). Bakhtin introduced the term appropriation within linguistics to account for process by

which the words and discourse of others can be made one’s own. We were drawn to the



Bakhtinian construct of appropriation because of its emphasis on dialogic relationships, which is
useful for our investigation of the connection between the meanings expressed by the video
participants and the meanings that VLs develop. In Section 3.1 below, we elaborate the
appropriation process as conceived by Bakhtin, followed by his constructs of voice and meaning
development.

Despite the relevancy of Bakhtin’s ideas to our research, he was not an educational
researcher and did not study meaning development in the realm of mathematics. In applying
Bakhtinian ideas from the domain of literary criticism to mathematics education research,
adaptations and extensions are necessary to meet the particular needs and goals of our field.
Consequently, we draw on both Bakhtin’s translated works, as well as on the writing of
educational researchers in general, and mathematics educators in particular, who have applied
Bakhtinian constructs to various educational domains.

3.1 Appropriation

As learners coordinate a polyphony of meanings and discourses, Bakhtin claimed they
may go through a process called appropriation. Introducing this term, Bakhtin (1981) wrote:

[L]anguage, for the individual consciousness, lies on the borderline between oneself and

the other. The word in language is half someone else’s. It becomes, ‘one’s own’ only

when the speaker populates it with his own intention, his own accent, when he
appropriates the word, adapting it to his own semantic and expressive intention. Prior to
this moment of appropriation, the word does not exist in a neutral and impersonal
language (it is not, after all, out of a dictionary that the speaker gets his words!), but
rather it exists in other people’s mouths, in other people’s contexts, serving other
people’s intentions: it is from there that one must take the word, and make it one’s own.

(p.- 293)

For Bakhtin, appropriation is a process by which a word that one person uses (i.e., that one

person “owns”) is taken up and is used by another (i.e., that another person takes ownership of).

Fundamentally, this process is about taking a word and filling it with one’s own intentions,



where one’s intentions can lead to the use of the word in a novel context or even a shift in the
semantic meaning of the word in the expression of some new idea.

It is important to note that while Bakhtin’s translators, Emerson and Holquist, opted for
the use of “word” in this and subsequent quotes, Bakhtin (1981) had a broader meaning in mind
than an individual utterance. While defining discourse in their Bakhtinian glossary, Emerson and
Holquist acknowledge that “word” and “discourse” are interchangeable saying, “The Russian
word slovo covers much more territory than its English equivalent, signifying both an individual
word and a method of using words” (Bakhtin, 1981, p. 427). This suggests that the appropriation
process is not only relevant to individual words but also to discourses. For simplicity’s sake, we
will continue to make use of “word,” but keep in mind the broader Russian meaning.

Appropriation is not always a straightforward process and often involves resistance and
negotiation. According to Bakhtin (1981):

And not all words for just anyone submit equally easily to this appropriation, to this

seizure and transformation into private property: many words stubbornly resist, others

remain alien, sound foreign in the mouth of the one who appropriated them and who now
speaks them and who speaks them; they cannot be assimilated into his context and fall
out of it; it is as if they put themselves in quotation marks against the will of the speaker.

Language is not a neutral medium that passes freely and easily into the private property

of the speaker’s intentions; it is populated—overpopulated—with the intentions of others.

Expropriating it, forcing it to submit to one’s own intentions and accents, is a difficult

and complicated process. (p. 293-294)

Before speakers are able to appropriate a word from others, they may repeat or mimic the word
to try it on but feel like they are speaking a foreign language (Amhag & Jackobson, 2009). They
may also resist using a word (e.g., Taylor, 2003) or enter into a struggle with the word as they
attempt to submit it to their will. Because words are “overpopulated with the intentions” of other

users, speakers negotiate with the word and its respective history. Bakhtin (1981) referred to this

negotiation process as a “struggle” between the new word and those that are already influential



to the speaker (p. 346). This suggests that as we encounter and attempt to appropriate a new
word, the word is negotiated with those words that we have previously appropriated. Our history,
along with the history of the word being appropriated, shape our ability to make use of and fill a
word with our own intentions. It is important to note that a negotiation process is also the central
distinguishing feature between what Bakhtin called internally persuasive versus authoritative
words (Morson, 2004). However, a proper exploration of these two constructs is beyond the
scope of this paper; instead, we focus more narrowly on the negotiation process germane to
appropriation.

Central to our analysis is the question of how our students appropriated mathematical
meanings from the videos. We examine the VLs’ appropriation of words, actions, and the
associated meanings of those words/actions (which we connect to the Bakhtin’s notion of voice
in Section 3.2). Consequently, the appropriation of a voice involves the making of a voice one’s
own, that is, the speaker expresses the voice and adapts it to “his own semantic and expressive
intention” (Bakhtin, 1981, p. 293). Bakhtin did not specify the particular ways in which one fills
a word or voice with one’s own intention. In mathematics education research, Radford (2000)
articulated one way, namely expressing a word from someone else but transforming its
associated meaning. For example, in his study of a Grade 8 algebra class, a teacher informed the
students that the word “rank” can be used to express the number of circles corresponding to a
figure number. Students used the word “rank,” but supplied an additional meaning to the
teacher’s word relative to a vertical visual pattern that was salient to them.

In this study, we will show how appropriation can also happen through the integration of
a new voice with voices that have already been appropriated (which we refer to as previously-

appropriated voices). The polyphony of voices that occurs when a new voice comes in contact
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with previously-appropriated voices results in a web of meanings. Indeed, it is through this
connection with previously-appropriated voices that struggle occurs and negotiation takes place
(Bakhtin, 1981). In sum, a voice that has been transformed or integrated has been used for one’s
own intentions. It has become one’s own; it has been appropriated.

3.2 Voice

Central to Bakhtin’s writings is the idea of voice. Two meanings for voice are present in
both Bakhtin’s writings and those of his interpreters. According to Hirschkop (2021), Bakhtin
describes both one’s “distinctive speech manner” and one’s “distinctive ideological position™ as
“voice” (p. 89). The former is evident in Bakhtin’s preeminent translators’ (Emerson and
Holquist’s) definition of voice as, “the speaking personality, the speaking consciousness. A voice
always has a will or desire behind it, its own timbre and overtones (Bakhtin, 1981, p. 434).”
Voice, here, is about one’s discursive representation. Indeed, we see this meaning cited by many
of his interpreters (e.g., Silseth, 2012; Wertsch, 1991). This meaning of voice allowed Bakhtin
(1981) to differentiate poetry from prose, critically analyze the work of Dostoyevsky (Belova et
al., 2008), and more generally differentiate the novel from other genres.

Alternatively, voice as an ideological position is also expressed within Bakhtin’s and his
interpreter’s work. Emerson and Holquist comment that ideology in Russian is simply an idea
system and is not to be confused with the more politically-oriented term in English (Bakhtin,
1981). This suggests that ideas, perspectives, meanings are part of one’s voice (i.e., what one is
speaking about). Indeed, in educational research, this association of ideas or meanings with voice
has gained traction. For example, Kolikant and Pollack (2015) characterize voices as “ideas,
viewpoints, knowledge, beliefs, concerns, etc.” (p. 327), and Linell (2009) defines voice as “an

expressed opinion, view or perspective” (p. 116). Bakhtin also associated voice with meaning,
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e.g., while discussing the refraction of meaning present within multiple voices, Bakhtin (1981)
stated, “[1]n such discourse there are two voices, two meanings and two expressions (p. 324).”
Our focus will be on voices as words or actions and their associated meaning. However, we
acknowledge that Bakhtin (1981) claimed that voice as speaking personality is nonetheless
present at the level of words and utterances: “The speaking person in the novel is always, to one
degree or another, an ideologue, and his words are always ideologemes™ (p. 333). Thus, a lens
into one’s ideological position will inevitably intersect with their discursive representation.
3.3 Meaning development

From a Bakhtinian perspective, meaning only emerges when two or more voices are
brought together in such a way that allows them to illuminate each other (Bakhtin, 1981;
Koschmann, 1999). Meaning is not derived from dictionary definitions or the rules of grammar;
rather, it emerges through the relationships among voices (Barwell, 2018; Silseth, 2012). Indeed,
Bakhtin (1986) said, “understanding itself is ... the layering of meaning upon meaning, voice
upon voice” (p. 121). Kazak et al. (2015) argue that existing theories of conceptual development
derived from both Piagetian and Vygotskian perspectives fail to take into account the important
role of relationships among two or more voices in enabling moments of insight and meaning.
Furthermore, meanings depend on the context and discourse in which verbalization or writing
occurs (Amhag & Jakobson, 2009). As Bakhtin (1981) put it, “Each word tastes of the context
and contexts in which it has lived its socially charged life; all words and forms are populated by
intention” (p. 293).
4. Research question

We now restate the purpose of our study, by grounding it in Bakhtin’s dialogism and

using his construct of appropriation. Specifically, our research question for this study is: How do
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vicarious learners appropriate meanings from mathematics videos that feature unscripted
student conversations? Bakhtin’s conceptualization of appropriation differs from the variety of
neo-Vygotskian formulations of appropriation, which include, among others: (a) the uptake and
use of cultural tools (e.g., Carlsen, 2010); (b) changes in individuals because of their
involvement in mediated activities (e.g., Moschkovich, 2004), and (c) changing patterns of
cultural participation (e.g., Rogoff, 1995). Instead, a Bakhtinian perspective emphasizes
dialogical relationships and a process that is often marked by struggle, resistance, and
negotiation. We responded to this research question by applying codes developed from
Bakhtinian constructs (which we describe in Section 5.4) to analyze a pair of VL’s engagement
with unscripted videos as they came to appropriate voices (i.e., words or actions and their
associated meanings) from the videos. Responding to this research question addresses a
shortcoming in the research—a lack of investigation into the meanings that students develop by
engaging with mathematics videos.
S. Methods
5.1  Participants

We studied two VLs’ appropriation of mathematical meanings from instructional videos
that feature the unscripted mathematical conversations of two video participants. The VLs were
paired because we see their communication with each other as important to meaning
development, and because previous vicarious learning research found that students who view
videos in pairs learn more (Chi et al., 2008). Thus, we wanted to account for the VLs’
negotiation of mathematical meanings in response to those presented in the video. We focused
on one pair of VLs because the analysis of meaning development and the VLs’ management of

multiple voices requires complex (and time-consuming) qualitative analysis.
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The two VLs, Desiree and Belinda, were recruited from a previous study in which 26
students interacted with just one of our video-based lessons (Lobato et al., 2019). During that
study, Desiree and Belinda were able to make mathematical progress in the lesson. As such, they
were well positioned to continue with the remaining video lessons in the unit, which is the focus
of the current study. Desiree and Belinda were in Grade 9 and were earning grades in the B-to-D
range in their regular Algebra 1 class. The VLs attended an ethnically diverse, low-income high
school in a southwestern city in the United States. Both were fluent in Spanish and English.

5.2 Data collection

The VLs participated in 9 research sessions, each lasting 75-90 minutes. The research
sessions occurred in a classroom at the VLs’ school, after school hours. During the research
sessions, Belinda and Desiree viewed instructional videos and worked together on mathematics
tasks. They had access to the videos on a laptop before, during, and after working on
mathematics tasks.

Two researchers also participated in the research sessions. One researcher operated two
camcorders. One camcorder captured the VLs’ interactions with each other; the other captured
the VLs’ inscriptions as they worked on the mathematics tasks. The VLs’ written artifacts were
also collected at the end of each research session. The other researcher interacted with the VLs.
To help ensure that the videos served as the primary source of instruction for the VLs, the
researcher’s actions were limited. She sat across the room while the VLs watched videos and
worked on mathematics tasks. After the VLs had completed viewing a video, the researcher sat
across the table from the VLs and asked what they noticed in the video. After the VLs completed
work on a task, they explained their thinking to the researcher. Because the researcher’s actions

were purposely constrained, she left many areas of confusion for the VLs unresolved.
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5.3 Mathematics videos and paired tasks

The videos the VLs viewed feature the conversations of two Grade 9-10 students named
Sasha and Keoni (as shown in Figure 1). In the videos, Sasha and Keoni engaged with
mathematics problems they found challenging. During the problem-solving process, the video
participants built upon each other’s ideas and negotiated meanings. Because the problems were
challenging, Sasha and Keoni’s initial ideas were often mathematically incomplete or incorrect.
However, they actively worked together to resolve struggles.

The videos show a simultaneous view of the video participants and their work (see Figure
1). A teacher, who remained off-screen, in order to keep the focus on the students, can be heard
guiding the problem solving of the video participants. The videos also contain two forms of post-
production: voice-overs and annotations. Voice-overs appear at the beginning to introduce each
video and at the end of each video to summarize what the video participants have just done.
Annotations highlight specific features of the video participants’ work (e.g., labels for the focus
and directrix of a parabola, as shown in Figure 1).The videos shown to the VLs in this study are

part of a video unit on parabolas (available at www.mathtalk.org). The overarching goal of the

video unit is to derive and develop meaning for the vertex form of an equation for a parabola,

_ (x-n)?

prs + k, where (A, k) is the vertex and p is the distance between the vertex and the focus.
The desired meaning making includes being able to interpret the parameters and variables in the
equation as quantities. A quantity is one’s conception of a measurable attribute of an object
(Thompson, 2011). In this case, the goal was for the VLs to interpret the parameters and
variables as distances.

In the previous study (from which the VLs were recruited), the VLs had developed

meaning for the geometric definition of parabola, which is the set of points that are equal
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distance from a point called the focus and a line called the directrix. This meaning development
had occurred as the VLs created a parabola by measuring distances from a point and line using a
ruler and string, in a similar manner to the video participants. In the current study, the VLs
continued to follow the trajectory of the video participants as they watched the videos and
completed mathematics tasks that mirrored those given to Sasha and Keoni. If the video
participants’ mathematical task was complex, then the VLs worked on the same task. Other
times, paired tasks were used (e.g., numerical values were changed for some component of the
task), to ensure a high level of problem solving for the VLs.

Over the course of the nine research sessions, the VLs were able to use the geometric
definition of a parabola to develop equations for parabolas. They began by using the Pythagorean
theorem to find the coordinates for specific points on particular parabolas. They then generalized
their process, yielding equations for several parabolas that had the origin as their vertex but

whose distance from the vertex to the focus varied. They then generalized this process, allowing

2
them to write the general equation for a parabola whose vertex is at the origin, y = z—p, where

the parameter p represents the distance from the vertex of a parabola to its focus. Finally, they

(x-h)?
4p

derived an equation for a parabola where the vertex, (4, k), is not at the origin: y = + k.

5.4  Data reduction and analysis

Preliminary analysis of the research sessions started with the creation of descriptive
accounts for all 12 hours of videotaped data (Miles & Huberman, 1994). To reduce the data to a
tractable amount, we initially identified 9 candidate topics in which the VLs demonstrated the
development of a mathematical meaning. From these candidates, we selected the development of
the meaning of p as a distance because of its importance mathematically and its complexity for
the VLs. From the introduction of p to the VLs’ development of the meaning of p as a distance

16



was 2.5 hours (Sessions 5 and 6). While Bakhtin emphasized the importance of history in
meaning development, we believe that we can sensibly put boundaries on Sessions 5 and 6,
because p was not introduced until Session 5 and the meanings for p that emerged in the videos
did so in Sessions 5 and 6.

Within these two sessions, we identified key episodes in which some meaning for p could
be inferred from the VLs’ talk, gestures, or written inscriptions. We then analyzed those episodes
by applying codes that we initially developed from the Bakhtinian constructs presented in
Section 3. When these codes were insufficient, we created new codes induced from our data
(following Miles & Huberman, 1994). When coding, two principles guided our inferences. First,
we applied the principle of fit from Glaser and Strauss (1967). This means that inferences are
consistent with the data and do not distort the data. It does not imply that our inference is the
only one that fits the data; rather the inference is plausible and can be supported with evidence
from the data. Second, we kept codes semantically close to what they represent; that is, we used
a low level of inference rather than a high level (Miles & Huberman, 1994).

We first coded and named voices. As presented in Section 3.2, two meanings for voice
are present in the Bakhtinian literature. For the purposes of our analysis, we focused on voice as
words or actions and their associated meanings. However, because of the relationship between
this meaning for voice and voice as speaking personality, we note that the meanings associated
with words/actions are a speaker’s meanings (more accurately, our inference of a speaker’s
meanings). Consequently, we named the speaker when coding voices (whenever we knew the
origin of the voice). We inferred the speaker’s meaning according to the two principles that we

described previously. We identified several voices present in the videos, as well as a number of
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the voices that the VLs seemed to bring from their previous experiences (e.g., previous research
sessions or their regular Algebra 1 class).

We then coded the episodes using the following five codes: (a) repetition, (b) resistance,
(c) revision, (d) appropriation, and (e) invoking a previously-appropriated voice. Four of these
codes were inspired by the Bakhtinian literature (repetition, resistance, appropriation, and
invoking a previously-appropriated voice). The other code (revision) was induced from our data.
We briefly describe how we used ideas from the literature to arrive at these codes. The code
definitions, and the type of evidence we looked for when applying the codes, are summarized in
Table 1.

The codes of repetition and resistance are inspired by Bakhtin’s (1981) passage about
how difficult appropriation can be, namely that “many words stubbornly resist, others remain
alien, sound foreign in the mouth [of the speaker]...it is as if they put themselves in quotation
marks against the will of the speaker” (p. 293). We interpret this passage, in the context of our
study, to mean that VLs might reproduce a word from the video participants or even recite a
meaning they hear from the video (such as “p is a distance”) but be mimicking the voice without
providing evidence that they have made it their own. This is what we take to be repetition. We
define resistance to entail rejecting a voice or simply setting a voice aside (for a time). For
example, Taylor (2003) illustrated one way that resistance can be coded from data collected in a
mathematics class for preservice elementary teachers. One student’s sarcastic demeanor and
facial expressions indicated resistance to the practice and meaning of “proving.” The student
spoke the teacher’s word of “proving” but the “word sounded so foreign in her [the student’s]

mouth, she appeared to roll it around and spit it back at me” (Taylor, 2003, p. 341). This suggests
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an initial rejection of proving. In the data for our study, resistance appeared in the form of
finding a voice from a video too confusing and temporarily setting it aside.

The code of revision emerged inductively from our data to capture when the VLs altered
actions from the video participants (e.g., revising their location of a parabola’s focus) or used
somewhat different words than the video participants but without evidence from which we could
infer their associated meaning. As a result, for the code of revision, there is insufficient evidence
of the VLs making a voice their own.

In contrast to repetition, revision and resistance, appropriation occurs when a voice
becomes one’s own, i.e., “when the speaker populates it with his own intention, his own
accent...adapting it to his own semantic and expressive intention” (Bakhtin, 1981, p. 293).
However, Bakhtin did not specify the particular ways in which one fills a word or voice with
one’s own intention (see Section 3.1). Consequently, we first looked for evidence of the VLs
using words from the video participants but transforming their associated meanings (following
Radford, 2000). However, in our data, appropriation instantiated itself through the process of the
VLs’ integrating a voice with other previously-appropriated voices. The specific words used by
the VLs may be identical to those from the original utterance of the voice, or they could be
slightly different (i.e., the words have been adapted to the VLs’ expressive intention). Finally
invoking a previously-appropriated voice means that one brings to bear a voice that one has
already appropriated to reason about a new situation. These are voices the VLs appear to be
comfortable with already. For example, the smooth execution of the actions associated with a

voice is an indicator that a voice had been previously-appropriated.

Code Definition Nature of Evidence Sought
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voice Words or actions and the | A speaker expresses words or performs an action
speaker’s associated from which we can infer a meaning.
meanings
repetition Reproduction of words or | The VLs re-utter a voice that has been expressed
actions, or reproduction of | in a video but do not provide evidence of making
meanings it their own.
resistance Rejection or setting aside | An important voice is presented within the video,
of a voice but the VLs do not substantively engage with it at
that time. The VLs verbally express rejection of
the voice or confusion.
revision Alteration to the words or | The VLs use somewhat different words or actions
actions of a voice but than those from the original voice, but do not
apparently not a revision | provide enough evidence from which we can infer
to the associated meaning | the associated meaning. This could be the start of
appropriation, but the VLs have not yet verbalized
the associated meaning or provided sufficient
evidence of making the voice their own.
appropriation | Expressing a voice and The VLs express the same words or actions from
adapting it to one’s own a voice but with a transformed meaning, or they
expressive or semantic express the same meaning but integrate the voice
intention (i.e., they make | with other previously-appropriated voices. In the
the voice their own) latter case, the specific words used by the VLs
may be identical to those from the original
utterance of the voice, or they could be slightly
different (i.e., the words have been adapted to the
VLs’ expressive intention).
invoking a Bringing to bear a voice The VLs express a voice, or smoothly execute the
previously- that has already been actions associated with a voice, from a previous
appropriated | appropriated to reason experience (e.g., from a previous research session
voice about a new situation or a school mathematics experience).

Table 1. Analytic codes

6. Background: Relevant voices from the previous research sessions

The results (presented in Section 7) will provide evidence that the VLs appropriated the

voice “p is a distance” from the video during Session 6 of the research study. However, during

Session 6, the VLs also drew upon several voices that they had previously appropriated. Of

particular relevance are voices from Session 5, where p was first explored. Presenting an

evidentiary case for the appropriation of all these voices is beyond the scope of this paper.
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Consequently, we simply identify the voices here that will be instrumental in the VLs’ eventual
appropriation of the voice of p as a distance during Session 6.

In Session 5, the VLs derived the general equation of a parabola with vertex at the origin
2
(ie,y = z—p) after generalizing a pattern when working with a set of parabolas, all with vertices

at the origin but with different foci. Although we had intended for p to be conceived as the
distance between the vertex and the focus, this is not the meaning the VLs developed in Session
5. Instead, they managed various voices representing different meanings for p, such as: (a) the
number on the y-axis next to the focus in the graph of the parabola, (b) the number you multiply
by 4 in the denominator of the equation for the parabola, and (c) the number you add to or
subtract from y when deriving the equation for a parabola. In each case, p was a number rather
than a distance for the VLs. In Session 5, the VLs also drew on two voices that had emerged in
previous sessions: (a) a point on the parabola is equidistant from the parabola’s focus and
directrix (from the geometric definition of a parabola), and (b) the Pythagorean theorem relates
the horizontal distance, the vertical distance, and the actual distance between the focus and a
point. The VLs also spoke about mathematical ideas they had learned in school. One such voice
that is particularly relevant for their work in Session 6 is that the graph of a parabola can be
created by using point substitution with an equation.
7. Results

In what follows, we present two instances of the VLs’ development of mathematical
meanings by appropriating voices from the videos. Section 7.1 is devoted to the VLs’
appropriation of the video participants’ voice of placing the focus in a location that looks right.
The use of this voice resulted in both the video participants and the VLs making incorrect

placements of the focus of a parabola. Section 7.2 presents the VLs’ appropriation of the voice
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from the video of p as a distance—the meaning we hoped students would develop from
engaging with our videos. We include both occurrences of appropriation, rather than focusing
only on the one that resulted in the development of the desired mathematical meaning, for three
reasons. First, we wish to honor the complexity and challenge that this mathematics presented for
the VLs. Second, the nature of the videos used in this study is such that the conceptual struggles
of the video participants are visible. Consequently, we want to understand how the VLs
coordinated various voices from the videos, rather than just examine the appropriation of correct
mathematical meanings. Finally, in the two instances of appropriation, the ways in which the
VLs developed their mathematical meanings differed, illustrating different possible pathways to
appropriation.
7.1  Appropriation of Keoni’s voice of placing the focus in a location that looks right

In this section, we present evidence to support the claim that the VLs appropriated a
voice from Keoni, namely placing the focus in a location that looks right. This section is split
into six subsections. First, we briefly describe the paired mathematics tasks given to the video
participants and the VLs. Second, we turn to the video episode in which Keoni expressed the
voice. The remaining four subsections are devoted to data from the VLs, along with our analysis.
These four subsections were coded as containing (a) repetition, (b) revision, (c¢) invoking
previously-appropriated voices, and (d) appropriation. In each subsection, we first present an
episode without interpretation. Then we present our analysis in a separate paragraph or two. We
follow these conventions: (a) new voices are italicized, (b) the VLs’ previously-appropriated

voices are identified but not italicized, and (c) codes are bolded.
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7.1.1 Mathematical task and initial work

The VLs and the video participants worked on paired tasks in which a p-value was given,
and they were asked to label the focus, directrix, and p on the graph. They were also asked to
state the equation and graph the parabola. The video participants were given p = Y4 and p = '%.
The VLs were given p = 1.5 and p = 2.5. If students used the meaning of p as the distance from
the vertex to the focus, then the focus would be (0, 1/4) for the video participants’ first parabola
and (0, 1.5) for the VL’s first parabola, because the vertex is given as (0, 0).

Determining the focus proved challenging, as the data presented below will demonstrate.
However, finding the equations and plotting points on the graph was more straightforward,

which is where both the VLs and the video participants began. Specifically, the VLs substituted

2
the given p-values into the general equation y = z—p to obtain the equations for the video

2 2 2 2
participants’ version of the task (y = xT andy = x?), as well as their own (y = % and y = ’16—0 ).

The video participants used the same approach to arrive at the equation y = x?, when p = Va.
The video participants also substituted values for x into their equation y = x2, to obtain two
points, (1, 1) and (2, 4), which they plotted on the graph (as shown in Figure 2). The VLs plotted
additional points for the video participants’ equation y = x2. When the VLs resumed the video
to check their work, they viewed a conversation between Sasha and Keoni about where to place
the focus.
7.1.2  Keoni places the focus by “look” in the video

After the video participants had placed (1, 1) and (2, 4) using the equation, the teacher
(who can be heard but not seen in the video) asked if they could also find a point using what they
know about the geometry of parabolas. Keoni quickly plotted a point at (0, 0), reasoning, “It’s
equal distance from our focus and our directrix” (apparently recalling the geometric definition of
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a parabola from a previous lesson). The teacher responded by asking, “Where is the focus?”
Keoni paused, quietly laughed, and exclaimed, “Yikes!” Eventually, Keoni asked Sasha if they
wanted their focus to be 1, and she agreed. Then Keoni (incorrectly) plotted the focus at (0, 1)
and began to draw the directrix at y = -1 (see Figure 2). The teacher asked why the focus was

located at (0, 1). Keoni shared his reason that “It’s just like a general place to put it.”

Figure 2. The video participants plot three points on the parabola, along with
an incorrect placement of its focus

In this video, Keoni expressed the voice of what we are calling, placing the focus in a
location that looks right. He engaged in the action of placing the focus at (0, 1). From this action
and his words, “It’s just like a general place to put it,” we inferred the associated meaning that a
focus is a point that can be determined by intuition (i.e., it can be placed anywhere that looks
right). We acknowledge that other reasonable inferences could be made. For example, perhaps
his action of placing the focus above the x-axis suggests that, for Keoni, any point above the x-
axis is a legitimate location for the focus. However, because Keoni did not mention spatial

placement, we inferred a meaning using a lower level of inference. Regardless of the specific
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criteria that makes a location look right to Keoni, it seems his meaning is disconnected from the
meaning of p as the distance between the vertex and the focus.
7.1.3  Vicarious learners repeat video participants’ placement of the focus

While the VLs watched the video, and just after Keoni expressed his reason for placing
the focus at (0,1) [“it’s just like a general place to put it”’], Belinda picked up a pen and drew a
point at (0,1) on the graph that she and Desiree had made of the video participants’ parabola
(Figure 3). Belinda then stopped the video before the VLs could see the video participants

resolve their struggle.

Figure 3. Belinda repeats Keoni’s (incorrect) placement of the focus at (0, 1).

We coded this brief episode as the repetition of Keoni’s action of placing the focus at (0,
1). From a Bakhtinian perspective, students may try on the words of others before fully
appropriating them by adapting the words to their own intention. In a similar fashion, Belinda
appeared to be trying on the action of placing the focus in the same location as the video

participants.
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7.1.4  Vicarious learners revise the focus after invoking previously-appropriated voices
Immediately after placing the focus at (0, 1), Belinda drew a horizontal line segment from
the focus to the point (1, 1) on the parabola. Then she drew a vertical line segment from (1, 1) to

the x-axis (as shown in Figure 4) and exclaimed, “Whoa!”

Figure 4. Belinda draws segments from a point on the parabola to the focus and the x-axis.

Desiree responded by arguing that the focus is too close to the point (1, 1):

Desiree: His [Keoni’s] focus is too close to the point that he picked. The directrix is
like two units away...

Belinda: So... screw that [draws squiggles over the focus at (0, 1) and her two line
segments, apparently to erase them, as shown in Figure 5].

Desiree: He [Keoni] put his directrix down here [sweeps pen horizontally from left

to right over where the line y = -1 would be], and from here [places a
finger at (1, -1)] to here [sweeps vertically up to (1, 1)] would be two.

Desiree then suggested they try the focus at 0.5 on the y-axis:

Desiree: So I'm thinking the focus would be like right here, point five [plots a point
at (0, 0.5) as shown in Figure 5].
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Figure 5. The VLs revise the placement of the focus to (0, 0.5).

We coded this episode as containing revision, since the VLs’ action of moving the focus
to (0, 0.5) seemed to be an alteration of Keoni’s initial action of placing the focus at (0, 1). This
revised placement came after the VLs worked together to negotiate that (0, 1) could not be the
correct focus. Specifically, the VLs invoked their previously-appropriated voice of the
geometric definition of a parabola, with the goal of testing whether or not (0, 1) could work as
the focus. Belinda drew two line segments of equal length. The first segment was from the focus
to (1, 1), a point on the parabola. The second segment started at (1, 1) and dropped vertically
down, mirroring their work from previous research sessions when they would determine the
distance from a point on the parabola to the directrix. Desiree seemed to pick up on the fact that
Belinda’s vertical line segment was not long enough, indicating gesturally that Keoni put the
directrix at y = -1, and verbalizing that the distance from (1, 1) to the directrix should be 2. In
other words, when the focus is at (0, 1), then the distance from a point on the parabola is not the
same distance to the focus as it is to the directrix, which means that the conditions of the
geometric definition of a parabola are not met. Consequently, Desiree suggested moving the

focus to 0.5, saying, “I’m thinking the focus would be like right here, point five.”
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In sum, Desiree and Belinda’s use of Keoni’s voice has undergone a revision through
their changing of the location of the focus from (0,1) to the point (0, 0.5). However, there is
insufficient evidence of the VLs’ appropriation of Keoni’s voice. While the VLs seem to be
testing and negotiating with Keoni’s focus of (0, 1) by invoking a previously-appropriated voice,
they have not verbalized the meaning associated with their revised placement of the focus. As a
result, their semantic intention is unclear, and we cannot be certain appropriation has occurred
from a Bakhtinian perspective.

7.1.5 Vicarious learners test the focus using previously-appropriated voices
The VLs immediately tested their focus at (0, 0.5):
Desiree: Then we can do the little triangle [draws lines segments from (0, 0.5) to

(1, 1), (0, 0.5) to (0, 1), and (0, 1) to (1, 1), forming a right triangle, as
shown in Figure 6].

Belinda: But the directrix, where’s the directrix?

Desiree: It would be like right here [draws a mark at (0, -0.5), as shown in Figure
6], wouldn’t it?

Belinda: Do you think it’s the same distance? Here [places finger at (1, 1)] down

[sweeps finger vertically down to the point (1, -0.5)] as here [places finger
at (1, 1)] here [sweeps finger to the point (0, 0.5)]?
Desiree: I mean we can test it out.

Figure 6. The VLs form a right triangle connecting the focus,
a point on the parabola, and (0, 1).
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They used the Pythagorean theorem to determine that the distance from the focus to the point (1,
1) is approximately 1.1, as shown in Figure 7. With this information, they returned to their graph.
Belinda argued that “this distance [places one finger at the focus and another finger at (1, 1)] is
not the same as this distance [leaves one finger at (1, 1) but moves the other finger to their
imagined directrix].” As a result, they seemed to reject (0, 0.5) as the focus. Desiree put her
finger on the y-axis above (0, 1) and wondered, “The focus can’t be all the way up here, can it?”

They decided to return to the video and “see what they [the video participants] do.”
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Figure 7. The VLs’ calculations to compute the distance from the
focus to (1, 1) using the Pythagorean theorem.

We analyzed this episode as another instance of invoking previously-appropriated
voices. In this episode, the VLs worked together with the apparent goal of testing their revised
focus of (0, 0.5). They drew upon the voice of the geometric definition of a parabola, which told
them that the distance from the point (1, 1) to the focus needs to be the same as the distance from
that point to the directrix. The VLs also appealed to the previously-appropriated voice of the
Pythagorean theorem to help them identify the distance from (0, 0.5) to (1, 1). After (0, 0.5)
failed their test, Desiree wondered if the focus could be “up here,” which suggests that she was

considering another revision of Keoni’s focus.
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7.1.6  Vicarious learners provide evidence of the appropriation of Keoni’s voice

When the VLs resumed the video, they watched a segment in which the video
participants corrected the placement of the focus from (0, 1) to (0, ) and began to connect the
focus with the given p-value [details about the video to be presented later in Section 7.2.1]. The
VLs groaned, stopped the video and exclaimed, “We were way off!” Then they placed two red
dots on the graph to indicate the focus and the directrix (as shown in Figure 8), and said they
think that % is correct. When the researcher asked what they noticed in the video, Desiree said it
was “too confusing.” She recounted how she and Belinda had used 0.5 as the focus and directrix.
When the researcher asked why they used 0.5, Desiree said that it felt right to her:

Desiree: We plugged in point five because we were thinking it’s probably point

five of the focus and directrix and from this...

Researcher: ~ Ahh, why did you think the focus was point five away from the origin?
Desiree: It felt right to me! [laughter]

Figure 8. The VLs place a dot at (0, '4) for the focus and a dot at (0, -1/4), which is where
the directrix intersects the y-axis.

We coded this episode as evidence that the VLs had appropriated Keoni’s voice of
placing the focus by look. A voice has been appropriated when speakers express the voice and
adapt it to their own semantic and expressive intention. One way appropriation can occur is when
a speaker expresses the same meaning as another person’s voice and integrates the voice with

their own previously-appropriated voices. For the first time, one of the VLs provided a reason for
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the placement of their focus at (0, 0.5). Desiree used different words from Keoni (“It felt right to
me!” instead of “It’s a general place to put it”’), suggesting an adaptation of the voice to her
expressive intention. However, Desiree’s words seemed to carry the same meaning as Keoni’s.
Furthermore, the VLs seemed to have imposed their own semantic intention on the voice, as
evidenced by their two cycles of testing, negotiating with, and revising the focus. During this
process the VLs appeared to integrate Keoni’s voice with their own previously-appropriated
voices. Specifically, Keoni’s voice was expressed by Desiree in response to a query by the
researcher about why the VLs had placed the focus at (0, 0.5). Their revised focus of (0, 0.5) had
been the result of a negotiation process of testing and revising Keoni’s focus of (0, 1) that
entailed invoking two previously-appropriated voices—the geometric definition of a parabola
and the Pythagorean theorem. Consequently, the voice of placing the focus by look appears to be
connected now with voices that the VLs had previously appropriated. However, we don’t know
the precise moment of appropriation. Because the VLs didn’t verbally state a reason for their
focus placements until later, we don’t know if appropriation occurred while they were testing
and revising the focus, or if that happened later upon reflection.

A critical reader may wonder if the VL’s words and associated meaning for the focus
could be an original construction rather than an instance of appropriation. However, for Bakhtin
(1981), words are always “half someone else’s” (p. 293). As Cooren and Sandler (2014) put it,
“A person cannot autonomously express himself or herself, because any form of expression that
he or she uses (forms of language, genres of speaking and writing) comes from others” (p. 227).
That said, the words and meanings one uses from others may have occurred historically rather
than contemporaneously. We can never know for sure. However, the VLs were clearly engaged

with the videos, as evidenced by: (a) Belinda picking up her pen to mimic the placement of the
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focus by Keoni, (b) Desiree resuming the video after exchanges of negotiation with Belinda and
then verbally responding to the ideas of the video participants, and (c¢) Desiree using similar
phrasing as Keoni in her utterance of the voice. Consequently, our inference of the appropriation
of Keoni’s voice from the video is one plausible interpretation of the events.
7.1.7 Summary

The four episodes from the VLs, taken together, describe the process by which the VLs
developed a meaning for the location of the focus of a parabola (albeit an incorrect mathematical
meaning), as they appropriated Keoni’s voice. The VLs initially watched Sasha and Keoni
perform an action—placing the focus at (0, 1)—and heard Keoni’s justification that (0, 1) is a
“general place to put it.” They then repeated Keoni’s action of placing the focus at (0, 1) and
began negotiating with his voice by testing his location against the previously-appropriated voice
of the geometric definition of a parabola, revising the location, and testing again. Finally, the
VLs provided evidence they had appropriated Keoni’s voice of placing the focus in a location
that looks right, with Desiree’s justification of their placement of the focus, “It felt right to me!”
Desiree’s justification provides evidence that the VLs have developed the same meaning for the
location of a focus of a parabola as expressed by Keoni—that the focus lies in a location that
intuitively makes sense. However, the VLs indicated that they went beyond simply repeating
Keoni’s voice with two forms of evidence that they made his voice their own. First, while
Desiree’s words seem to carry the same meaning as Keoni’s voice, she went beyond the
reproduction of his words by adapting them to her expressive intention. Second, the VLs

integrated Keoni’s voice with their own previously-appropriated voices.
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7.2 Appropriation of the video participants’ voice of p as a distance

In this section, we present evidence to support the claim that the VLs developed meaning
for the p-value of a parabola as a distance, through appropriation. This section is split into four
subsections. First, we turn to the video episode in which Sasha and Keoni’s voice of p as a
distance was expressed. The VLs viewed this video twice—once as recounted previously in
Section 7.1.6 and again right after the VLs expressed their reason for placing the focus by what
looks right. The remaining subsections are devoted to data from the VLs, along with our
analysis. These subsections were coded as containing: (a) resistance, (b) repetition, (c¢) invoking
previously-appropriated voices, and (d) appropriation. We continue with the convention of
italicizing new voices, identifying the VLs’ previously-appropriated voices but not italicizing
them, and used bolded font for the codes.
7.2.1 Video participants express the voice of p as a distance

As mentioned previously, the video participants were able to correct their placement of
the focus from (0, 1) to (0, ¥4) and connect the focus with the given p-value. We provide details
in this section regarding how this occurred. Right after Keoni had justified the placement of the
focus at (0, 1) as being a “general place to put it,” the teacher asked the video participants what
the p-value would be if the focus were at (0, 1), which set in motion a conversation that ended

with Sasha and Keoni suggesting a revised focus at (0, '4):

Teacher: If the focus were there [referring to the point at (0, 1)], what would the p-
value be?
Keoni: One? One. [Annotation “p = 1" with brackets indicating the distance

between the origin and the focus, as shown in Figure 9, appears for future
VLs; the video participants cannot see the annotation. ]

Teacher: And what p-value were we working with for this particular parabola?
Participants: [In unison] One-fourth.

Teacher: Can you adjust your focus then?

Keoni: Yes... so like right here [points to (0, ¥4)], right? No? No.

Sasha: Well our p is one-fourth, so yeah. I agree with you buddy!
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Figure 9. Annotation of “p = 17 appears on the video to indicate the
distance between the vertex and the focus.
Continuing, Sasha and Keoni plotted and labeled a new focus at (0, ’4). They drew a directrix by
first placing a dot at (0, -1/4) and then drawing a horizontal line that passed through the dot.
When the teacher asked how they knew where to place the directrix, the video participants

responded with an explanation based on the distances from the origin to the focus and to the

directrix:
Teacher: Why is that?
Keoni: Because our point has to be equal distance from our focus and our

directrix, and if this is one of our points [points to origin] it has to be equal
distance from both of them.

The video episode concluded with a voice-over describing what Sasha and Keoni discovered:

Sasha and Keoni figured out something important! When p equals one-fourth, then the
focus is one-fourth of one unit from the vertex [annotation “’ unit” appears with brackets
indicating the distance from the vertex to the focus, as shown in Figure 10], and the
directrix is one-fourth of one unit from the vertex [a second annotation of “Y4 unit”
appears indicating the distance from the vertex to the directrix].
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Figure 10. Annotation of “1/4 unit” appears on the video to indicate the
distance between the vertex and the focus.

During this video episode, several voices emerged. First, Keoni expressed the voice you
know the location of the focus, you know the p-value. He stated that a given focus of 1 would
have a corresponding p-value of 1. These words were in response to the teacher’s probe about
the respective p-value for a focus at (0, 1), which suggests that his voice has an associated
meaning that given any focus in the form of (0, y), y would represent the p-value. Second, Sasha
and Keoni expressed a related voice of once you know the p-value, you know the location of the
focus. This voice is particularly relevant to the task at hand and emerged when Keoni pointed to
(0, “4) and suggested it could be the location of the focus. The associated meaning is then
evidenced by Sasha’s supporting statement, “our p is one-fourth.” Third, Keoni leveraged a
familiar voice when he justified the placement of the directrix at y = -%, the voice of the
geometric definition of the parabola. The final voice that will become relevant for the VLs is
Sasha and Keoni’s voice of p as a distance. When Keoni uttered, “If this is one of our points
[gestures to the vertex at the origin] it has to be equal distance from both of them [referring to the

focus and directrix],” he was evidencing an associated meaning of p as a distance. Specifically,
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Keoni attended to the space between the vertex and the focus and between the vertex and the
directrix. This attention to distance was reinforced by the annotations presented during the voice-
over (Figure 10), which explicitly connected these distances to their measurement (%4 of one unit)

and to the given p-value of V..

7.2.2  Vicarious learners resist the voice of p as a distance and invoke previously-appropriated
voices

After the VLs had watched the video twice (in which p as a distance was expressed), the
researcher asked what they noticed about p, the focus, and the directrix. Desiree immediately
responded, “It’s getting harder, intense.” The researcher asked if they knew where to put the
focus, directrix and p-value for one of the parabolas. Instead of answering the researcher’s

question, they shifted their attention to graphing a parabola using point substitution. Working

2
with y = % (which they had previously identified as the equation for the parabola when p = 1.5),

the VLs substituted different x-values into the equation, calculated the associated y-values
(Figure 11a), and organized the values in a table (Figure 11b). Then they plotted the points to
create a parabola (Figure 12). This systematic process was a somewhat lengthy detour from the

task of locating p, the focus and the directrix, taking about 6 minutes to complete.
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Figure 11. The VLs (a) calculate coordinate pairs using the equation y = % and

(b) record them in a table.
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Figure 12. The VLs’ graph of the parabola.

We coded the apparent setting aside of the video that the VLs had just viewed twice as a
type of resistance. Despite being asked twice about p, the focus and the directrix, the VLs
ignored these questions. Desiree’s utterance about the video being “harder, intense” suggests that
they found the new voices expressed in the video as too confusing or difficult to engage with at
that moment. Instead, they invoked a previously-appropriated voice, namely the familiar voice
of graphing a parabola using point substitution with an equation.

7.2.3  Vicarious learners repeat one of Sasha and Keoni’s voices related to p

Having graphed the parabola using point substitution, the VLs returned to the original
task statement and reread the prompt to find p, the focus, and the directrix:

Desiree: [Reads the instructions aloud], “Where is p, the focus, and directrix?”

Wouldn’t the directrix [misspeaking] be up here [places index finger from

right hand at the point (0, 1.5), pauses, and then places index finger from
left hand at the point (0, -1.5)]?

Belinda: Oh. The focus?

Desiree: Yeah. This is the focus right here [plots a point at (0, 1.5), as shown in
Figure 13]. And directrix right here [draws line y = -1.5, as shown in
Figure 13].

Belinda: Oh, because it’s [p] one point five?

Desiree: Yep. So, focus [adds the label “focus” to the graph; Figure 13] and

directrix [adds the label “directrix” to the graph; Figure 13].
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When the researcher asked the VLs to tell her about their work, they started by describing their

point-substitution method. The researcher acknowledged that they had graphed the parabola and

then asked where p is on their graph:

Researcher:

Belinda:

Researcher:

Belinda:

Researcher:

Desiree:
Belinda:

Where is p on the graph?

This [sweeps finger from the origin down vertically to the directrix] and
this [sweeps finger from the origin up vertically to the focus].

Can you label those [p-values]?

This is p [draws a line segment from the origin to the directrix and labels it
“p 7; see Figure 13], and this is p [draws a line segment from the origin to
the focus and labels it “p”’].

And what is the value of p for this parabola?

One point five.

[Adds “=1.5” to the label of “p” for the segment from the origin to the
directrix, as shown in Figure 13].

||
| 1)
S

Figure 13. The VLs label p, the focus and the directrix.

Following the inclusion of p on their graph, the VLs were asked to reflect on connections

between the p-value, focus, and directrix. In response, Belinda claimed, “When you’re given p,

you know the focus and directrix.”

Within this episode, we coded Belinda and Desiree as having repeated one of the new

voices related to p that was expressed in the video, namely once you know the p-value, you know

38



the location of the focus. Recall that in the video, Sasha had explicitly connected the p-value to
the location when she stated, “Well our p is one fourth, so yeah. I agree with you buddy!” in
response to Keoni’s suggested placement of the focus at (0, 4). Similarly, Belinda asked if
Desiree’s placement of the focus at (0, 1.5) was ““...because it’s [p] one point five?” Showing a
repetition of both the words and the associated meaning of Sasha and Keoni’s voice. A bit later,
Belinda expressed the voice explicitly, “When you’re given p, you know the focus and
directrix.” This voice is significant, because it is very different from their previous voice of
placing the focus by look. Applying their new voice allowed the VLs to use the given p-value.
Once the VLs were able to use the given p-value, then the voice from the video that they had
been setting aside—p as a distance—began to emerge.

Sasha and Keoni’s voice of p as a distance was initially indicated in Belinda’s sweeping
gestures when asked where p is. Compared with Desiree’s deictic gestures for her proposed
locations of the focus and directrix (i.e., pointing to (0, 1.5) and (0, -1.5)), Belinda’s gestures are
metaphoric (Solomon et al., 2018). These metaphoric gestures embody a view that p is the space
between the focus or directrix and the vertex, which is suggestive of Sasha and Keoni’s voice of
p as a distance. Furthermore, the voice of p as a distance is evidenced in the VLs’ inscriptions
for p. Comparing the annotations from the video (Figures 9 and 10) to the VLs’ inscriptions
(Figure 13) suggests that the VLs were seeing p in a similar way. Although the voice of p as a
distance appeared to be in the process of being appropriated, the VLs were still struggling to
articulate verbally that p is a distance.

7.2.4  Vicarious learners appropriate the voice of p as a distance
After completing the task where p is given as 1.5, the VLs went on to the task where p =

7. In contrast to the previous episodes, Belinda immediately drew the directrix at y = -0.5,
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created a line segment from the directrix to the vertex, and labeled the segment as p (as shown in
Figure 14). She then drew a point at (0, 0.5) and labeled the segment from focus to vertex as p

(see Figure 14). Meanwhile, Desiree started using the substitution method with the equation y =

2
x? to locate coordinate pairs, and then Belinda joined in. Together they created a table of x- and

y-values, and Desiree plotted the points to create a graph of the parabola (Figure 14). After they

were done, Belinda succinctly summarized their thinking to the researcher:

Belinda: Since we know that p is the distance between the focus [and vertex] and
directrix [and vertex] we put point five [gestures to the “p” next to the line
segment between the vertex and the focus], because one half equals point

five [gestures to the “p” next to the line segment between the vertex and
the directrix]. Then we solved for the points.

-
o)
e

Figure 14. The VLs label the distances between the vertex and the focus,
and between the vertex and the directrix, as p.
We coded this episode as evidence that the VLs had appropriated Sasha and Keoni’s
voice of p as a distance. A voice has been appropriated when speakers express the voice and
adapt it to their own semantic intention. One way appropriation can occur is when a speaker

expresses the same words and meaning, and they integrate the voice with their previously-
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appropriated voices. Belinda expressed the same words and meaning of Sasha and Keoni’s voice
with her inscriptions of two line segments on the graph labeled as “p” and by verbally
articulating that “p is a distance.” Integration of this voice with the VLs’ previously-appropriated
voice is evidenced by the temporal relationship between previously-appropriated voices and the
emergence of Sasha and Keoni’s voice. For the previous task with p = 1.5, the VLs relied on
their previously-appropriated voices to graph the parabola using point substitution. Only at the
end of their work, after being asked by the researcher where p, the focus and directrix were on
the graph, did p begin to emerge as a distance, as evidenced non-verbally by the VLs’ gestures
and inscriptions. In contrast, for the task with p = 4, Sasha and Keoni’s voice of p as a distance
had primacy. Specifically, the VLs immediately engaged with p, marking it on the graph and
using it to locate the focus and directrix. However, the new voice of p as a distance did not
displace the previously-appropriated voice of graphing a parabola using point substitution.
Rather, these voices were integrated together as the VLs used both to engage in the task,
suggesting the voice of p as a distance had been filled with the VLs’ own semantic intentions.
7.2.5 Summary

The episodes presented in Section 7.2, taken together, reveal a process of meaning
development through appropriation. Fittingly, the appropriation of p as a distance started with
resistance. As Bakhtin (1981) states, “not all words for just anyone submit equally to this
appropriation ... many words stubbornly resist (p. 293).” Initially when the VLs viewed a video
twice in which p as a distance was expressed, they set it aside as too confusing and hard.
Furthermore, they ignored repeated queries to place p on the graph. Instead, they turned to their
previously-appropriated voices to graph the parabola by using point substitution and creating a

table of values. Reflecting on their graph, the VLs were able to connect another voice from the
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video, namely once you know the p-value, you know the location of the focus, which resulted in
correct placements of the focus and directrix. Once these different voices were able to meet, a
web of connections formed. What surfaced for the VLs was the emergence of Sasha and Keoni’s
voice of p as a distance—first expressed nonverbally through gestures and inscriptions and later
expressed verbally and integrated with a set of their previously-appropriated voices.
8.0  Discussion
8.1 Contributions

This paper offers a response to a gap in mathematics education research—a need to
investigate how students develop meanings by engaging with mathematics videos. The findings
presented from this research make three contributions. First, we identified particular meanings
that VLs developed and showed how those meanings could have developed through the
appropriation of voices from the videos. Initially the VLs appropriated the video participant’s
(Keoni’s) meaning that a focus of a parabola is a point that can be determined by intuition (i.e., it
can be placed anywhere that looks right). Correspondingly, the VLs made two incorrect
placements of the focus. Eventually, the VLs appropriated the more productive meaning from the
video of p as a distance. The appropriation of these two voices occurred in different ways.
Specifically, the VL’s appropriation of Keoni’s voice of placing the focus by what looks right
began with the VLs immediately repeating Keoni’s action; in contrast, the VL’s appropriation of
p as a distance began with resistance (setting aside the video for a time). Additionally, the first
instance of appropriation included revision (e.g., the VLs revised Keoni’s focus), whereas the
second instance of appropriation preserved the words and associated meaning of p as a distance

expressed in the video. However, a throughline across both instances was the VLs’ invocation of
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previously-appropriated voices and the integration of voices from the videos with those
previously-appropriated voices.

Second, this paper points to the important role that previously-appropriated voices can
play. The VLs’ moment of insight, when p as a distance emerged through the VLs’ gestures and
inscriptions (and later verbally), came after a lengthy episode in which the VLs invoked
previously-appropriated voices to create a table using substitution and to graph the parabola.
Once the parabola was realized in graphical form, the VLs were able to use a voice from the
video participants expressing a numeric connection between the given p-value and the location
of the focus (i.e., for a p-value of 7, look for %4 on the y-axis, and place the focus there). Once
the focus was placed, it created one endpoint, and the vertex from their graphing exercise created
the other endpoint. This made it possible for the VLs to gesture over the space between the
vertex and focus and make an inscription representing the distance between the two points. Soon
after, one of the VLs verbally expressed p as the distance between vertex and focus. In other
words, the VLs were able to make meaning of the new idea of p as a distance by hearing the
voice in relation to their previously-appropriated voices.

Finally, this paper offers one account of how VLs can engage with and coordinate the
misconceptions expressed by video participants in unscripted conversations. Previous research
indicated that the inclusion of common misconceptions in videos that feature conversations
seems to be productive for VLs, as evidenced by results in improvements in learning outcomes
(Boesdorfer et al., 2011; Muller et al., 2008). However, such research had not explored the
particular ways in which VLs made sense of and managed such misconceptions. In our study, we
were interested in how the VLs dealt with Keoni’s misconception that it is okay to place the

focus by what looks right (and not attend to the value of p). Initially, the VLs repeated Keoni’s
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initial incorrect placement of the focus at (0, 1). However, the VLs immediately entered into a
negotiation process by leveraging previously-appropriated voices (e.g., the geometric
definition of a parabola). Keoni’s idea of where to place the focus was adhered to by the VLs but
was also treated as being open for negotiation. This suggests that the video participants were
seen as providing crucial information, but such information did not go unquestioned. Having
experienced this negotiation process may have given the VLs a set of tools (namely, invoking
previously-appropriated voices and drawing on those voices to negotiate with the voices in the
video) that they could use to come to a more productive meaning. Indeed, after initially resisting
the voice from a video of p as a distance as too confusing, the VLs turned to their previously-
appropriated voices, in a manner that echoed their negotiation process with Keoni’s
misconception. Bringing the previously-appropriated voice of graphing via point substitution to
the foreground gave the voice of p as a distance something to interact with. Through this
interaction and negotiation, the VLs came to develop the meaning of p as a distance.
8.2 Value of a Bakhtinian-Inspired Lens

We found a Bakhtinian-inspired lens useful for the analysis of our data for two main
reasons. First, Bakhtin’s emphasis on the words of others as a source for our own words provided
a productive orientation for investigating meaning making from mathematics videos. According
to Solomon (2012), Bakhtin resisted the two extremes of an individual creating meaning alone
and of individuals being determined by social context. Instead, words are partly one’s own and
partly from other speakers, and each word or expression comes with a history of its use by other
speakers or in other texts (Lemke, 2000). Furthermore, from a Bakhtinian perspective, meaning
only emerges in the relationship of two or more voices (Kazak et al., 2015). According to

Bakhtin (1981):
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The word, breaking through its own meaning and its own expression across an
environment full of alien words ... harmonizing with some of the elements of this
environment and striking a dissonance with others, is able in the dialogized process, to

shape its own stylistic profile and tone. (p. 277)

Nikitina’s (2005) interpretation of this passage is that in an educational context, one’s own voice
is not lost but rather joins in with other voices (some in harmony, others in dissonance) to
metaphorically create a musical chord, where different voices are still heard but something new
is created. Consequently, our analysis focused on how new meanings for the VLs emerged from
the interplay of multiple voices.

Second, Bakhtin’s conceptualization of appropriation shines a light on the struggle and
complexity that we saw in our data. According to Bakhtin (1981), “Language is not a neutral
medium that passes freely and easily” (p. 294). Appropriation is not just the reproduction or
uptake of the words or discourses of others but involves the making of words/discourses one’s
own. A person may try on words from others but fail to transform them into one’s own voice.
For Bakhtin, resistance and struggle are an essential part of meaning construction, rather than
something to be avoided. This helped us better understand the episode in which the VLs viewed
a video twice but set aside the new voice as too confusing. One might think the VLs did not
engage with the video, but their resistance resulted in an episode in which they invoked
previously-appropriated voices in order to tackle the part of the task that they could make
progress on. After creating a table of values and graphing the parabola, the VLs were able to
make use of a voice from the video: if you know the p-value, you know the location of the focus.
This suggests that the VLs had, in fact, engaged with the video and recalled the video
participants’ voices later, after which point they were able to appropriate the voice of p as a

distance.

8.3  Implications
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Our discovery of the importance of the VLs invoking previously-appropriated voices and
our analysis of how the VLs engaged with misconceptions has implications for classroom or
online use. Basic models for the use of mathematics videos have typically envisioned individuals
viewing videos independently, whether that be as part of flipped instruction, online courses, or
working through individualized video-based online mathematics programs (Evergreen Education
Group, 2016; Murphy et al., 2014). However, as Lohr (2009) advises, we need to imagine
models of video use that go beyond current structures, including the future development of
online student learning communities that could support collaborative viewing and discussion of
alternative videos that feature student conversations.

The results from this study suggest that VLs need opportunities to invoke previously-
appropriated voices and explore their relationships with voices from the videos. One support for
the VLs in this study seemed to be the opportunity to explain one’s thinking to a partner. For
example, suppose that videos featuring student conversations are assigned to be viewed before
class time (as an alternative to viewing procedural, expository videos) in flipped instruction.
Then a discussion of both the misconceptions and productive meanings developed in the videos
could be an important part of the classroom activities. We suggest that students be given
opportunities to discuss with each other their reasoning on tasks related to those from the videos
and to explore connections with the ideas presented in the videos.

If videos that feature conversations will be used by students in non-school settings, then
online environments are needed that support discussion and collaborative problem solving.
Technology to support such collaborative viewing of dialogic online videos is well under way.
Existing video annotation platforms (e.g., Edthena.com or Thinglink.com) can be used to add

notes to videos that highlight salient utterances or points of confusion in the video participants’
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work. There are also tools currently available to make mathematics videos more interactive (e.g.,
PlayPosit.com or EdPuzzle.com) by having teachers tag places where the video should stop and
an assessment question appear (in the form of multiple choice, fill in the blank, or free response).
While these tools seem to work best with expository, procedural mathematics videos, they also
have the capacity for threaded discussions, which could be used with conceptually-oriented
mathematics videos that feature student-student interactions. Further development of
technological tools to support mathematical problem solving (e.g., affording users to make
multiple representations such as tables, graphs, and equations) could unlock the power of VLs to
be in conversation with other users of the videos and support the invocation of their previously-

appropriated voices.
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