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Influence of non-uniform magnetization perturbation on spin-orbit 
torque measurements 

Ryan W. Greening, Xin Fan * 
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A B S T R A C T   

Measurements of spin–orbit torques in a ferromagnetic/nonmagnetic multilayer are typically based on an assumption that the entire ferromagnetic layer uniformly 
responds to the spin–orbit torque. This assumption breaks down when the thickness of the ferromagnetic layer is comparable to the dynamic exchange coupling 
length, which can be as short as a few nanometers in certain measurement geometries. The nonuniform magnetization perturbation coupled with nonuniform 
contribution of each magnetic sublayer to the magnetoresistance or the Kerr effect may impact the accuracy in the extrapolation of spin–orbit torque, particularly if a 
thick ferromagnetic layer is used. In this paper, we use numerical models to investigate such an impact in three different techniques: the magneto-optic-Kerr-effect 
method, the second-harmonic method and the spin torque ferromagnetic resonance method. We show that the second-harmonic and magneto-optic-Kerr-effect 
methods are prone to be influenced by the nonuniform magnetization reorientation, while the spin torque ferromagnetic resonance method is much less impacted.   

1. Introduction 

In recent years, research on spin–orbit interaction has unveiled 
numerous phenomena with spin charge interconversions [1–5]. Among 
these interesting phenomena, spin–orbit torque – a spin torque gener
ated in a magnetic multilayer film by an in-plane electric current via the 
spin–orbit interaction – has attracted considerable attention. Due to the 
high efficiency in switching magnetization [6,7], moving magnetic do
mains and skyrmions [8–11], the spin–orbit torque holds potential in the 
development of future magnetic random access memories [12]. Various 
measurement techniques have been developed to quantify the spin–orbit 
torque, many of which are based on the perturbation method. Typically, 
a small applied in-plane electric current generates a spin–orbit torque 
that reorients the magnetization of the magnetic layer. The magnetiza
tion perturbation is detected through measurements of the magnetore
sistance, Hall effect or the Kerr effect [13–20]. In these measurements, it 
is usually assumed that the magnetization perturbation due to the 
spin–orbit torque is uniform throughout the magnetic film. However, in 
a typical spin–orbit device consisting of a FM/NM bilayer, where the FM 
is a ferromagnetic material and the NM is a nonmagnetic material, the 
spin–orbit torque is only generated at the two surfaces of the FM due to 
strong spin dephasing [21]. If the FM thickness is comparable to its 
dynamic exchange coupling length, the magnetization tilting due to the 
spin–orbit torque is not necessarily uniform across the film thickness. On 
the other hand, the calibration procedures in these experiments are often 
conducted by applying a magnetic field that rotates the magnetization 
uniformly. It is therefore important to take into consideration the 

nonuniform magnetization perturbation when quantifying the magni
tude of the spin–orbit torque. 

2. Model 

In this paper we use a FM/NM bilayer with in-plane magnetization as 
an example. An in-plane current can generate spin–orbit torques, 
possibly from the spin Hall effect of the NM, the spin–orbit coupling at 
the FM/NM interface or the transverse spin Hall effect of the FM itself 
[22]. Regardless of the microscopic origin, due to the strong spin 
dephasing [21,23], spin torques shall arise only at the top and bottom 
surfaces of the FM layer, denoted as τT and τB, respectively [24], as 
illustrated in Fig. 1(a). While the torques should only generate effective 
fields on the FM layers near the surfaces, the resultant magnetization 
tilting propagates through the FM bulk via exchange coupling. The 
propagation length, which is referred to as the dynamic exchange 
coupling length here, depends on the exchange constant as well as the 
susceptibility of the FM. 

2.1. Dynamic exchange coupling length 

We model the ferromagnet by dividing it into many thin layers, each 
with thickness of a. The magnetization is initially uniform across the 
film. Driven by surface spin torques, the non-uniform magnetization 
tilting gives rise to an effective exchange coupling field from nearest 
neighbor layers, 
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hexc =
2Aexc

μ0Msa2 [(mi−1 − mi) + (mi+1 − mi) ] =
2Aexc

μ0Ms

d2δmi

dz2 (1) 

where Aexc is the exchange stiffness, Ms is the saturation magneti
zation, m is the unit magnetization vector with subscript as the layer 

index, δmi is the deviation of magnetization from its initial equilibrium 
direction. 

Therefore, for FM layers within the bulk, the magnetization pertur
bation is only due to the effective exchange coupling field, 

Fig. 1. Illustration of magnetization response to surface spin torques for (a) non-uniform magnetization tilting under finite exchange coupling and (b) uniform 
magnetization tilting under infinite exchange coupling. Here red arrows are magnetization vectors. Blue arrows are spin orientations, yellow arrows represent spin 
current flow directions and green arrows denote spin torques at the top and bottom interfaces. (c) Illustration of how the ferromagnetic layer is divided into sublayers 
for numerical simulations in this paper. 

Fig. 2. Simulation of magnetization tilting due to surface spin–orbit torques for 8 nm Py ((a) and (c)) and 3 nm Py ((b) and (d)) in a typical MOKE measurement. Two 
types of torques are considered: τT/τB = 0.2, where the heavy metal has a spin Hall angle like Pt for cases (a) and (b), and τT/τB = -1.3, where the heavy metal has a 
spin Hall angle like Ta for cases (c) and (d). 
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δmi =
χhexc

Ms
=

2χAexc

μ0Ms
2

d2δmi

dz2 (2) 

Here χ is the magnetic susceptibility tensor that can be generally 
expressed as (anisotropy field is neglected).   

where γ is the gyromagnetic ratio, ω is the driving frequency, Ms is 
the saturation magnetization, Hext is external magnetic field and α is the 
damping constant. For DC or AC frequency that is much lower than the 
ferromagnetic resonance frequency, the off-diagonal term in Eq. (3) 
vanishes and χ can be reduced to two scalars χxx and χyy. 

For the top surface layer, the magnetization perturbation is due to 
the combination of effective exchange coupling field as well as the 
effective field due to the spin torque. 

δm1 =
χ

Ms

[
2Aexc

μ0Msa2 (m2 − m1) +
τT × m
μ0Msa

]

(4) 

When we approximate a→0, Eq. (3) can be simplified to. 

dδm1

dz
=

τT × m
2Aexc

(5) 

Combining Eqs. (2) and (4), we can derive the magnetization 

perturbation due to surface torques τT and τB as. 

δm(z) = χ
τT × mcosh z

λ + τB × mcosh d−z
λ

μ0Ms
2λsinh d

λ

(6) 

Where d is the magnetic film thickness, and λ =
̅̅̅̅̅̅̅̅̅̅
2χAexc
μ0Ms

2

√
is the dy

namic exchange coupling length. We assumed χ as a scalar in the above 
derivation, however in the case of ferromagnetic resonance, χ should be 
expressed as a 2 × 2 matrix. The equations (2–6) are still applicable 
when χ and λ are treated as matrices, τT and τB are treated as vectors. All 
relevant matrices in Eq. (6) are commutative. 

It is worth noting that the dynamic exchange coupling length is 

different from the magnetostatic exchange length 
̅̅̅̅̅̅̅̅̅̅
2Aexc
μ0Ms

2

√
[25], which is 

mainly for describing domain walls and only depends on the exchange 
stiffness. Instead, the dynamic exchange coupling length λ in our study 
also depends on the magnetic susceptibility. This can be understood 
from Eq. (2) that the influence on magnetization from neighboring 
layers increases with susceptibility, and therefore propagates further. As 
a result, the dynamic exchange coupling length varies depending on the 
measurement geometry and even measurement technique. Taking a Py/ 
Pt bilayer with in-plane magnetization as an example, the damping-like 
torque is equivalent to an out-of-plane magnetic field that tilts the 

Fig. 3. MOKE response simulation. (a-b) Kerr angle contribution from each magnetic layer as a function of z-position for 8 nm (a) and 3 nm (b) Py. (c,e) Real part of 
the MOKE response under uniform and nonuniform magnetization tilting with τT/τB = 0.2 (c) and τT/τB = -1.3 (e) as a function of film thickness. (d,f) Percent 
difference in MOKE response (εMOKE) between the uniform and non-uniform magnetization reorientation. 

χ =

(
χxx χxy
χyx χyy

)

=

⎛

⎜
⎜
⎜
⎝

γMs(iαω + γHext + γMs)

−ω2 + (iαω + γHext)(iαω + γHext + γMs)

γiωMs

−ω2 + (iαω + γHext)(iαω + γHext + γMs)

−
γiωMs

−ω2 + (iαω + γHext)(iαf + γHext + γMs)

γ(iαf + γHext)Ms

−ω2 + (iαω + γHext)(iαω + γHext + γMs)

⎞

⎟
⎟
⎟
⎠

(3)   
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magnetization out of plane. In a DC/AC measurement, by taking the 
limit ω→0 from Eq. (3), the corresponding susceptibility is χyy =

Ms
|Hext |+Ms

,. The Ms in the denominator arises from the strong demagnet
izing field in the out-of-plane direction. Using Aexc = 10−11J • m, 
μ0Hext = 0.01T μ0Ms = 1T, we estimate χ ≈ 1 and λ ≈ 5nm. However, 
for field-like torque that rotates magnetization in the film plane, the 
relevant susceptibility is χ = Ms

|Hext |
= 100. The dynamic exchange 

coupling length for this in-plane magnetization rotation is estimated to 
be about 50 nm. In a spin-torque ferromagnetic resonance measurement, 
it is necessary to evaluate χ. Using Aexc = 10−11J • m, μ0Hext = 0.05 T,

μ0Ms = 1T andω = 6 GHz which is slightly off resonance, we calculate 

λ =

(
59.51 − 10.25i 2.10 + 11.23i
−2.10 − 11.23i 7.09 − 0.44i

)

. Even if the driving field is the 

damping-like torque, equivalent to an out-of-plane field, all suscepti
bility tensor elements play a role in the dynamic exchange coupling 
because there are significant magnetization component precessions in 
both in-plane and out-of-plane directions. Based on numerical simula
tions (details presented later), we find the magnetizations precess 
together up to over 50 nm. It seems that the dynamic exchange coupling 
length may be dominated by the largest component in the susceptibility 
tensor at resonance, but the detailed correlation is unknown to us at this 
stage. Generally speaking, when χ is much enhanced by resonance, a 
long dynamic exchange coupling length is expected. Therefore, as we 
will see in a numerical simulation later, the magnetization distribution 
in a spin-torque ferromagnetic resonance measurement is much more 
uniform than that in a DC/AC measurement. 

2.2. Simulation of spin–orbit torque measurements responses 

In this numerical study, without loss of generality, we will use Py/ 
NM bilayer as an example and compare results from two different Py 
thicknesses: 3 nm and 8 nm. The 3 nm Py thickness is shorter than the 
dynamic exchange coupling length in all measurements, while the 8 nm 
Py may be thicker than the dynamic exchange coupling length in some 
measurements. For each sample, we will assume two scenarios for the 
surfaces spin–orbit torques: (1) |τT|〈|τB| with an exemplary case of Py/Pt 
[24] (2) |τT|〉|τB| with an exemplary case of Py/Ta. The choice of these 
torques is because of the existence of the anomalous spin–orbit torque. 
In a FM/NM bilayer, it used to be considered that the spin–orbit torque 
arises solely from the NM or the FM/NM interface. This assumption is 
challenged by the observation of significant anomalous spin–orbit tor
ques in a single layer FM. Therefore, the surface spin torques in the FM/ 
NM bilayer is due to the superposition of spin–orbit torques generated 
from the NM and those generated by the anomalous spin–orbit torque in 
the FM. It happens that Py has the same sign of effective spin Hall angle. 
At a Py/Pt interface, the anomalous spin–orbit torque of Py is in an 
opposite direction as the spin torque generated from Pt. These two 
torques cancel each other, leading to a weaker surface torque at the Py/ 
Pt interface than that at the other surface of Py [24]. Conversely, in a Py/ 
Ta bilayer, the anomalous spin–orbit torque is in the same direction as 
the spin torque due to Ta. Therefore, we expect the total spin torque at 
the Py/Ta interface to be stronger than that at the other Py surface. 

The damping-like torque measurement results of these samples will 
be simulated via three different techniques: (1) the magneto-optic-Kerr- 
effect (MOKE) based spin–orbit torque measurement, (2) the second- 

Fig. 4. Simulation of magnetization perturbation due to surface spin–orbit torques for 8 nm Py ((a) and (c)) and 3 nm Py ((b) and (d)) in a typical second-harmonic 
measurement. Two types of torques are considered: τT/τB = 0.2, where the heavy metal has a spin Hall angle like Pt for cases (a) and (b), and τT/τB = -1.3, where the 
heavy metal has a spin Hall angle like Ta for cases (c) and (d). 
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harmonic measurement, and (3) the spin-torque ferromagnetic reso
nance measurement. We will first present the magnetization perturba
tion by damping-like torque in these measurements. The resultant 
MOKE and electrical signals will be simulated and compared to those 
under the assumption of uniform magnetization reorientation. 

2.2.1. Simulation of the MOKE-based measurement 
In the MOKE-based spin–orbit torque measurement [18], an in-plane 

electric current generates a damping-like torque, that tilts magnetization 
out of plane. The out-of-plane magnetization is detected via the polar 
MOKE response. The polar MOKE signal due to the damping-like torque 
is expected to resemble magnetization hysteresis. Therefore, the applied 
external magnetic field can be small, e.g. μ0Hext = 0.01 T. The dynamic 
exchange coupling length is calculated to be about 5 nm. Under the 
influence of damping-like torques τT and τB at the surfaces, we simulate 
the out-of-plane magnetization tilting mz. As a comparison, we also 
simulate an extreme case with infinite exchange stiffness Aexc→∞, 
where magnetization uniformly tilts m0

z responding to the total torque, 
τT + τB. In this case, the uniform magnetization tilting can be calculated 
as m0

z = τT+τB
μ0Ms(Ms+Hext)d. In Fig. 2, we plot the deviation of mz from m0

z , 

Δmz = mz −m0
z , normalized by m0

z , as a function of layer position z. The 
four plots correspond to combinational conditions of two different Py 
thicknesses (3 nm and 8 nm) and two different surface torque ratios 
(τT/τB = 0.2 and τT/τB = -1.3). For 3 nm Py, which is thinner than the 
dynamic exchange coupling length, the magnetization tilting is rela
tively uniform. On the other hand, the nonuniform magnetization tilting 
in the 8 nm Py is much more pronounced. The τT/τB = -1.3 case pro
motes stronger nonuniform magnetization tilting than the τT/τB = 0.2 
case, because the former has relatively weaker total spin–orbit torque 
compared to individual surface torque. 

Since light has a finite penetration depth in typical metals, the MOKE 
response of each magnetic sublayer is not a constant. To the first order 

approximation, the total polar MOKE signal can be expressed as θk =
∫ d

0 ϑ(z)mz(z)dz, where ϑ(z) is the MOKE contribution from the layer at 
height z, mz(z) is the out-of-plane magnetization rotation due to the spin 
torques. We model the MOKE response using the propagation matrix 
method [26]. Detailed simulation and parameters used are discussed in 
Appendix A1. Due to the wave nature of light, the Kerr angle is generally 
a complex number. Fig. 3(a) and (b) shows the real and imaginary part 
of ϑ(z) as a function of layer height z for 8 nm Py and 3 nm cases 
respectively. There are considerable variations of ϑ(z) as a function of z. 
The variation of ϑ(z) couples with the non-uniform magnetization tilting 
mz(z) will lead to a different overall MOKE signal from what is expected 
in a uniform magnetization tilting (assuming Aexc→∞). In Fig. 3 (c) and 
(e), we plot the real part of the MOKE signals as a function of Py 
thickness d for both the realistic non-uniform magnetization tilting and 
the assumed uniform magnetization tilting in two surface torques sce
narios (τT/τB = 0.2 and τT/τB = -1.3). Fig. 3(d) and (f) display the 
corresponding percentage difference in MOKE response between the 

uniform and non-uniform magnetization tilting cases, εMOKE =

θnon−uniform
Kerr −θuniform

Kerr
θuniform

Kerr
× 100%. The deviation is very small when Py is compa

rable to the dynamic exchange coupling length (~5 nm), but increases 
dramatically as Py gets thicker than 15 nm due to the combination of 
non-uniform magnetization tilting as well as the finite light penetration 
depth. 

Based on these simulation results, we conclude that when using 
MOKE to measure the net spin–orbit torque, the thickness of the ferro
magnetic metal should be chosen to be shorter or comparable to the 
dynamic exchange coupling length. In this case, the deviation from the 
assumed uniform magnetization tilting will be negligibly small. On the 
other hand, if only one surface spin torque is of interest, one can choose 
the ferromagnet to be considerably thicker than the dynamic exchange 
coupling length and light penetration depth to, for example, observe the 

Fig. 5. Simulation of the second-order anomalous Hall voltage response. (a-b) Current distribution within Py for 8 nm and 3 nm Py samples. Inset of Fig. (a) il
lustrates the approximation taken for this simulation. The Py/NM bilayer is treated as an extended single Py layer. Here dNM is chosen to be 3 nm. (c,e) Simulated 
anomalous Hall voltage under uniform and nonuniform magnetization tilting with τT/τB = 0.2 (c) and τT/τB = -1.3 (e) as a function of film thickness. (d,f) Percent 
difference in anomalous Hall voltage response (εAH) between the uniform and non-uniform magnetization reorientation. 
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anomalous spin–orbit torque in a single-layer ferromagnet [24]. 

2.2.2. Simulation of the second-harmonic measurement 
For the second-harmonic measurement of the damping-like torque 

on in-plane magnetized film, we adopt the protocol developed by Avci 
et al. [27]. An in-plane electric current is applied through the sample and 
a second-harmonic transverse voltage is measured. The second- 
harmonic voltage signal consists of the planar Hall voltage due to 
field-like torque, the anomalous Hall voltage due to damping-like torque 
and the anomalous Nernst effect due to Joule’s heating. The three sig
nals can be distinguished via external magnetic field dependence. To 
suppress the planar Hall voltage contribution, a large in-plane magnetic 
field shall be applied. In this simulation, we choose μ0Hext = 1 T, hence 
the relevant susceptibility χyy = Ms

|Hext |+Ms
= 0.5. The dynamic exchange 

coupling length is about 3.5 nm. The magnetization reorientations, as 
shown in Fig. 4 have very similar behavior as those in Fig. 2, but with 
larger deviation from uniform magnetization due to even shorter dy
namic exchange coupling length. 

The second-harmonic anomalous Hall voltage can be expressed as 
VAH =

∫ d
0 Rje(z)θAH(z)mz(z)dz, where R is the total resistance in the 

transverse direction, je(z) is the electric current density, and θAH(z) is the 
anomalous Hall angle. The electric current density je(z) is z-dependent 
because of interface scattering. Generally speaking the current density is 
lower near the surfaces, and higher in the center of the film. The scat
tering rate depends on the details of the interfaces. For simplicity, we 
will assume that the NM in the Py/NM multilayer has the same electric 
conductivity as Py, and ignores the scattering at the Py/NM interface. In 
the simulation of the electric current density distribution, as illustrated 
in the inset of Fig. 5(a), we treat the Py/NM as a single “extended” Py 
film with the thickness equals to the total thickness of the original het
erostructure, d̃ = d + dNM, where dNM is the NM thickness. Only the 

electric current within 0 ≤ z ≤ d contributes to the anomalous Hall 
signal. We use the Fuchs-Sondheimer method [28] and assume infinite 
scattering at both surfaces of the “extended” Py film. The thickness- 
dependent current density distribution is given as. 

j[z]∝
∫ π/2

0
sin3β

[

1 − e
−̃d/2

λmf cosβcosh

[
z − d̃/2
λmfcosβ

] ]

dβ (6) 

where λmf is the mean free path of the “extended” Py film. Using λmf =

5 nm, dNM = 3 nm, we simulate the distribution of the current density as 
in Fig. 5 (a-b), where asymmetric current distribution is observed. 
Assuming there is no distribution of the anomalous Hall angle, i.e. 
θAH(z) = constant, the second-harmonic anomalous Hall voltage can be 
simulated as a function of Py thickness d. As shown in Fig. 5 (c,e), de
viations are observed between the case of nonuniform magnetization 
tilting (the one taking into account the finite dynamic exchange length) 
and the case of uniform magnetization tilting (assuming infinite ex
change coupling). Fig. 5(d) and (f) display the corresponding percentage 
difference in the anomalous Hall response between the uniform and non- 

uniform magnetization perturbation cases, εAH =
Vnon−uniform

AH −Vuniform
AH

Vuniform
AH

× 100%. 

The deviation becomes prominent when the Py thickness is a few times 
the dynamic exchange length, suggesting the uniform magnetization 
tilting assumption may yield a large error in the extrapolation of the 
spin–orbit torque when the ferromagnetic layer is relatively thick. 

It should be emphasized that the simulation of the current density is 
oversimplified compared to a realistic situation. However, we believe it 
conveys a qualitatively accurate picture that a nonuniform current dis
tribution coupled with a nonuniform magnetization tilting will lead to 
an overall anomalous Hall voltage different from what one might expect 
under uniform magnetization tilting. In addition, the assumption of a 
constant anomalous Hall angle may also be challenged. An anomalous 
Hall-like signal can also arise from the spin Hall magnetoresistance and 

Fig. 6. Simulation of magnetization precession due to surface spin–orbit torques for 8 nm Py ((a) and (c)) and 3 nm Py ((b) and (d)) in a typical spin torque 
ferromagnetic resonance measurement. Two types of torques are considered: τT/τB = 0.2 for cases (a) and (b), and τT/τB = -1.3 for cases (c) and (d). 
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the imaginary part of the spin mixing conductance [29,30]. This 
mechanism will give rise to an additional anomalous Hall angle that only 
depends on the magnetization at the Py/NM interface. 

2.2.3. Simulation of the spin-torque ferromagnetic resonance measurement 
For the spin-torque ferromagnetic resonance measurement [13], a rf 

current is applied through the sample. The spin–orbit torque drives in- 
plane magnetization precession, resulting in an oscillation of the 
anisotropic magnetoresistance. The resistance oscillation couples with 
the rf current, giving rise to a rectifying voltage. The voltage signal that 
resembles a symmetric Lorentzian-dependence on external field is 
attributed to the damping-like torque. In this simulation, we choose the 
rf frequency to be 6 GHz, with an external magnetic field μ0Hext ≈ 0.05T, 
slightly off resonance. When other magnetic field values near resonance 
are chosen, we observe qualitatively the same results. We first simulate 
the in-plane magnetization precession as a result of damping-like tor
ques at the surfaces. Shown in Fig. 6, the non-uniformity of magneti
zation precession in both 3 nm Py and 8 nm Py sample is negligibly 
small. This can be explained by the long dynamic exchange length, 

enhanced by the large susceptibility at resonance. 
The spin-torque ferromagnetic resonance measures the rectifying 

voltage due to the anisotropic magnetoresistance, which can be 
expressed as VST−FMR =

∫ d
0 Rje(z)θAMR(z)Δmx(z)dz, where R is the total 

resistance in the transverse direction, je(z) is the electric current density, 
and θAMR(z) is the anisotropic magnetoresistance ratio, Δmx(z) is the in- 
plane magnetization perturbation due to the spin–orbit torques. We 
assume the same layer-dependent current density je(z) as that in section 
2.2.2. Fig. 7 (a,c) shows the rectified VST−FMR signals for both non- 
uniform and uniform magnetization reorientations in the two different 
spin torque configurations. Fig. 7(b) and (d) display the corresponding 
percentage difference in the rectifying voltage between the uniform and 

non-uniform magnetization perturbationcases, εST−FMR =

Vnon−uniform
ST−FMR −Vuniform

ST−FMR
Vuniform

ST−FMR
× 100%. Because there is nearly no layer-dependent 

magnetization reorientation, the deviation of VST−FMR due to nonuni
form magnetization tilting from that due to uniform magnetization 
tilting is negligibly small even for relatively thick Py films. 

Fig. 7. Simulation of the ST-FMR voltage response. (a,c) Rectified VST−FMR signals for both non-uniform and uniform magnetization reorientations tilting with τT/τB 

= 0.2 (a) and τT/τB = -1.3 (b) as a function of film thickness. (b,d) Percent difference in ST-FMR voltage response (εST−FMR) between the uniform and non-uniform 
magnetization reorientation. 

Table 1 
Material dependent exchange lengths for various ferromagnets under three different experiments.   

μ0 Ms (T) α Aexc(J • m) ωoffres. (2π GHz) λMOKE(nm) λ2ndHarm. (nm) λST−FMR(nm) 

Fe  2.24  0.02 1.9 × 10−11 8  3.1  2.6 36 
Ni  0.54  0.04 8.3 × 10−12 8  8.4  5.0 31 
Co  2.00  0.02 2.4 × 10−11 8  3.9  3.2 48  
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2.3. Ferromagnetic material dependent properties 

Different ferromagnetic materials will have different exchange con
stants and damping which will result in different dynamic exchange 
lengths. Table 1 lists these for three common ferromagnets for each of 
the experiments discussed previously. The values for Aexc were extracted 
from experimental data of exchange lengths [24]. The simulated dy
namic exchange lengths for these 3d ferromagnets are on similar order 
of magnitude. But in other ferromagnets where exchange constants are 
weaker, we may expect even shorter dynamic exchange length. 

Aexc extracted from experimental data [24]. ωoff res. is chosen to be at 
half-maximum near resonance for each material For λST−FMR, we present 
the dominant term in the susceptibility tensor. For λMOKE μ0Hext =

0.01T, λ2ndHarm. μ0Hext = 1T. For λST−FMR μ0Hext = 0.05T for Fe and Co 
and μ0Hext = 0.15T for Ni to drive resonance at 8 GHz. 

3. Discussion 

The spin–orbit torque arises from accumulations of transverse spins. 
Due to the strong dephasing of transverse spins, in a typical ferromag
netic/nonmagnetic bilayer film, the spin–orbit torques are usually ex
pected to be located at the two surfaces of the ferromagnet. The 
influence of the spin–orbit torque propagates within the ferromagnet via 
exchange coupling, but not indefinitely. The dynamic exchange 
coupling length depends not only on the exchange constant of the 
ferromagnet, but also the magnetic susceptibility of the specific mea
surement technique. When the ferromagnet is thinner than the dynamic 
exchange coupling length, it is a reasonable approximation that the 
magnetization uniformly responds to the total spin–orbit torques. 
However, when the ferromagnet thickness exceeds the dynamic ex
change coupling length, distribution of magnetization perturbation is 
nonuniform. The nonuniform magnetization tilting coupled with 
nonuniform response from different probing method may give rise to a 

signal that is different from what is commonly anticipated from a uni
form magnetization reorientation. 

Of the three techniques that we studied, the spin-torque ferromag
netic resonance generally yields the longest dynamic exchange coupling 
length, making it more suitable for measuring total spin–orbit torques in 
thick ferromagnets. The second-harmonic method with the smallest 
magnetic susceptibility tends to have the shortest dynamic exchange 
coupling length. Moreover, since the magnetic susceptibility is a func
tion of external magnetic field, the dynamic exchange coupling length 
can vary with the sweeping of the external magnetic field. When these 
techniques are applied to a ferromagnet thicker than the dynamic ex
change coupling length, special caution should be taken in the analysis 
of the spin–orbit torques. On the other hand, the short exchange 
coupling length may allow the second-harmonic method to probe 
spin–orbit torque at an individual surface, similarly to the anomalous 
spin–orbit torques observed via MOKE [24]. 
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Appendix 

Propagation matrix method to compute the MOKE response. 
The MOKE response through the heterostructure is derived using the propagation method. The linearly polarized light is decomposed into a su

perposition of a left-handed and a right-handed circularly polarized light with corresponding index of refractions in the magnetic materials as nL =

n + Qmz, and nR = n −Qmz respectively. There is no difference in index of refractions for left-handed and right-handed circularly polarized lights in 
other nonmagnetic layers. We’ll calculate the left-handed circularly polarized light as an example. 

For the i-th layer, we consider the light propagating in the + z direction having an electric field described as E+
i ejniωz/c, where ni is the index of 

refraction of the i-th layer, ω is the angular frequency, and c is the speed of light. Similarly, the electric field propagating in the -z direction is described 
as E−

i e−jniωz/c. At an interface between the i-th and (i + 1)-th layers, assuming z = 0, the Maxwell’s boundary conditions dictate that. 
⎧
⎪⎨

⎪⎩

E+
i + E−

i = E+
i+1 + E−

i+1

E+
i − E−

i

ni
=

E+
i+1 − E−

i+1

ni+1

(A1) 

which can be written as a matrix form, 

(
E+

i+1

E−
i+1

)

=

⎡

⎢
⎣

ni + ni+1

2ni

ni − ni+1

2ni

ni − ni+1

2ni

ni + ni+1

2ni

⎤

⎥
⎦

(
E+

i

E−
i

)

= Γ(i, i + 1)

(
E+

i

E−
i

)

. Here the matrix Γ(i, i +1) is a propagation 

matrix describing how the electric fields of the light change at the interface. Similarly, a propagation matrix describing how the electric fields change 

in the bulk of one uniform layer can be written as T(i) =

[
ejniωd/c 0

0 e−jniωd/c

]

. Therefore, the initial incident light and the final transmitted light after the 

Table A1 
Parameters used in the MOKE simulation.   

n Thickness (nm) Q 

Air 1 ∞ NA 
Py 2.38 + 4.36j varies 0.0036–0.011j 
Pt 2.76 + 4.84j 3 NA 
SiO2 1.45 1000 NA 
Si wafer 3.71 + 0.01j ∞ NA  
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n-th layer can be related by the multiplication of a series of these propagation matrices, 
(

E+
n+1

0

)

=

[
∏n

i=1
Γ(i, i + 1) T(i)

]

Γ(0, 1)

(
E+

0

E−
0

)

= P

(
E+

0

E−
0

)

(A2) 

where we use P =

[
P11(nL) P12(nL)

P21(nL) P22(nL)

]

to denote the total propagation matrix. It should be pointed out that each matrix element here is a function 

of nL. When right-handed circularly polarized light is used, the matrix element should be changed by replacing nL with nR. 
Since the MOKE measurement measures reflection, i.e. E−

0
E+

0
, the overall Kerr signal from the heterostructure can be derived as θkerr + jκkerr =

j
P21(nL)
P22(nL)

−
P21(nR)
P22(nR)

P21(nL)
P22(nL)

+
P21(nR)
P22(nR)

, where the real part θkerr is the Kerr rotation, and the imaginary part κkerr is the Kerr ellipticity. 

In the simulation, we use 780 nm for laser wavelength and the rest of parameters used are listed in the Table A1. 
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