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Abstract: Network interference, where the outcome of an individual is affected by the treatment assignment of
those in their social network, is pervasive in real-world settings. However, it poses a challenge to estimating
causal effects. We consider the task of estimating the total treatment effect (TTE), or the difference between the
average outcomes of the population when everyone is treated versus when no one is, under network inter-
ference. Under a Bernoulli randomized design, we provide an unbiased estimator for the TTE when network
interference effects are constrained to low-order interactions among neighbors of an individual. We make no
assumptions on the graph other than bounded degree, allowing for well-connected networks that may not be
easily clustered. We derive a bound on the variance of our estimator and show in simulated experiments that
it performs well compared with standard estimators for the TTE. We also derive a minimax lower bound on
the mean squared error of our estimator, which suggests that the difficulty of estimation can be characterized
by the degree of interactions in the potential outcomes model. We also prove that our estimator is asympto-
tically normal under boundedness conditions on the network degree and potential outcomes model. Central to
our contribution is a new framework for balancing model flexibility and statistical complexity as captured by
this low-order interactions structure.
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1 Introduction

Accurately estimating causal effects is relevant in numerous applications, from pharmaceutical companies
researching the efficacy of a new medication, to policy makers understanding the impact of social welfare
programs, to social media companies evaluating the impact of different recommendation algorithms on user
engagement across their platforms. Often, the entity interested in understanding a causal effect will design an
experiment where they randomly assign subsets of the population to treatment (e.g., new medication) and to
control (e.g., a placebo) and draw conclusions based on the observed outcomes of the participants (e.g., health
outcomes). Other times, the entity may need to determine causal effects from observational data accrued in a
previous study where they did not have full control over the treatment assignment mechanism.
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Our work focuses on estimating the total treatment effect (TTE), or the difference between the average
outcomes of the population when everyone is treated versus when no one is treated, given data collected from
a randomized experiment. This estimand is sometimes referred to as the global average treatment effect, as in
ref. [1]. The TTE is a quantity of interest in scenarios where the decision maker must choose between adopting
the proposed treatment or sticking with the status quo. For example, a social media company may develop a
new recommendation algorithm for suggesting content to their users, and they want to decide whether to roll
out this new algorithm across their platform. As another example, suppose that a pharmaceutical company
develops a vaccine for some infectious disease. Then, public health experts and officials must decide whether
the vaccine is safe and efficacious enough to warrant its recommendation to the general population. As the
side effects of the new treatment are unknown, the goal is to determine the efficacy of the treatment relative to
the status quo baseline by running a budgeted randomized trial, where the number of treated individuals in
the trial is limited for safety reasons.

The techniques and guarantees for estimating causal effects in classical causal inference heavily rely upon
the stable unit treatment value assumption (SUTVA), which posits that the outcome of each individual
is independent of the treatment assignment of all other individuals [2]. Unfortunately, SUTVA is violated
in all the aforementioned applications because people influence and are impacted by their peers. In the
presence of this network interference, an individual’s outcome is affected by the treatment assignment of
others in their social network, and SUTVA no longer holds. Distinguishing between the direct effect of treat-
ment on an individual and the network effect of others’ treatment on the individual can be challenging. This
has resulted in a growing literature on causal inference in the presence of network (interference) effects,
sometimes referred to as spillover or peer influence effects. In this work, we consider the task of estimating the
TTE from unit randomized trials under neighborhood interference, when an individual is affected by the
treatment of its direct neighbors but is otherwise unaffected by the treatment of the individuals outside their
neighborhood. Furthermore, we focus on unit randomized designs (RDs), wherein individuals are indepen-
dently assigned to either treatment or control in a randomized experiment. This is in contrast to cluster RDs,
which have been proposed as an approach to address network interference for randomized experimental
design but which may not be feasible in practice due to an incompatibility with existing experimental
platforms.

Estimating a causal effect from randomized experiments involves two decisions. First, we must decide
what kind of experiment to run, i.e., how we choose the individuals to participate in the study, and how we
determine which individuals are assigned to receive the new treatment. In this article, we focus on rando-
mization inference, in which we assume the entire population participates in the study, and the randomness
arises from the assignment of treatment or control. Second, after the experiment is conducted, we must decide
how to analyze the data and construct an estimate from the measured observations. The literature addressing
network interference can largely be categorized as either constructing clever RDs to exploit clustering struc-
ture in the network, or designing new estimators that exploit structure in the potential outcomes model.
Without making assumptions on either the network or the potential outcomes model, it is impossible to
estimate the TTE under arbitrary interference [3-5].

Table 1 summarizes how different assumptions on the potential outcomes model or network structure
lead to different types of solutions, with a focus on unbiased estimators and neighborhood interference models
where the network is known. The columns correspond to assumptions on the network structure (in order of
increasing generality from left to right), while the rows correspond to assumptions on the structure in
the potential outcomes model (in order of increasing generality from top to bottom). The body of the graph
lists proposed solutions for estimating the TTE under the corresponding assumptions on the network/model
structure. For example, under a fully general network structure and a linear potential outcomes model, refs
[6-11] propose using an ordinary least squares (OLS) estimator with a Bernoulli RD. Since we focus on
solutions proposing unbiased estimators, we also list bounds on the variance of the estimators in the table,
as a point of comparison. As Table 1 indicates, the literature has either focused on analyzing the Hor-
vitz-Thompson estimator under new RDs that exploit network structure by increasing the correlation between
neighbors’ treatment assignments or alternatively using regression-style estimators with Bernoulli RD,
exploiting strong functional assumptions on the potential outcomes model. Without assuming any structure
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Table 1: Literature Summary. Each row corresponds to an assumption on the structure of the potential outcomes model, and each
column corresponds to an assumption on the structure of network. We list a proposed solution under the corresponding model/
network assumptions in the following order: an unbiased estimator for the TTE, the RD, a bound on the variance (if available), and
citations to related work. In the variance bounds, ¥,.x is @ bound on the effects on any individual, d is the maximum neighborhood size,
C is the number of subcommunities or clusters, p is the treatment probability that is assumed to be small, k is the restricted growth
parameter, and 8 is the polynomial degree of the potential outcomes model. Our result proposes an estimator for the TTE under a
B-order interactions (equivalently, f-degree polynomial) structure, a fully general graph, and Bernoulli design. All the solutions in the
table rely on full knowledge of the network under neighborhood interference, and we focus on unbiased estimators.

Model structure Network structure

C disconnected k-restricted growth Fully general
subcommunities

Linear Directions for future work OLS, Bernoulli RD; [6-11]
Generalized linear Regression/machine learning,
Bernoulli RD; [11]
-order interactions p+2
Frorderi ' SNIPE, Bernoulli RD; ol%]
Arbitrary neighborhood  Horvitz-Thompson, Cluster RD;  Horvitz-Thompson, Randomized Horvitz-Thompson, Bernoulli RD;

interference Yiaxkd

[Y‘“”] [12-15] Cluster RD; 0[ ] [17,16,17] [Y‘““d] 3]

beyond neighborhood interference, the baseline solution of using the Horvitz—Thompson estimator under the

Bernoulli RD is an unbiased estimator whose variance scales exponentially in the degree of the network.

In our work, we propose a hierarchy of model classes that extrapolates between simple linear models and
complex general models, such that a practitioner can choose the strength of the model assumptions they are
willing to impose. Naturally, assuming a more limited model simplifies the causal inference task. We char-
acterize the complexity of a potential outcomes model with the order of interactions 8, which also corresponds
to the polynomial degree of the potential outcomes function when viewed as a polynomial of the treatment
vector. A S-order interactions model is one in which each neighborhood set of size at most 8 can have a unique
additive network effect on the potential outcome. Our model allows for heterogeneity in the influence of
different sets of treated neighbors, strictly generalizing beyond the typical parametric model classes used in
the literature, which oftentimes assumes anonymous interference. We make no assumptions on the graph
beyond bounded degree, so the graph may be well connected and not easily clustered. We summarize our
contributions and results below:

(1) Assuming a fB-order interactions model, under a nonuniform Bernoulli RD with treatment probabilities
{p}-, for p, € [p,1 - p], we present the structured neighborhood interference polynomial estimator
(SNIPE), a simple unbiased estimator for the TTE.

(2) We derive a bound on the variance of our estimator, which scales polynomially in the degree d of the
network and exponentially in the degree f of the potential outcomes model. We also show that our
estimator is asymptotically normal.

(3) For a d-regular graph and uniform treatment probabilities p, = p with pf < 0.16 and B < d, we prove that

the minimax optimal mean squared error for estimating the TTE is lower bounded by Q[ﬁ], implying that

the exponential dependence on f is necessary.

(4) We provide experimental results to illustrate that using regression models that do not allow for hetero-
geneity among the network effects can lead to considerable bias when the anonymous interference
assumption is violated. The experiments validate that our estimator is unbiased for S-order interaction
models, and obtains a lower mean squared error than existing alternatives.

To interpret the upper bound on the variance of our proposed estimator for the TTE, we note that our
variance scales as O(poly(d)/np#), compared to the variance of the Horvitz-Thompson estimator under
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Bernoulli RD which scales as O(1/np?), where S is always bounded above by d. For smaller values of §, the
B-order interactions model imposes stronger structural assumptions on the potential outcomes model than
required by the Horvitz—Thompson estimator. In turn, our estimator has significantly lower variance, scaling
only polynomially in the network degree d yet exponential in 3, as opposed to exponential in d. In addition, the
minimax lower bound shows that the exponential dependence on f§ is also minimax optimal amongst S-order
interaction models, implying that the order of interactions, or polynomial degree, of the potential outcomes
model is a meaningful property that expresses the complexity of estimating the TTE.

2 Related literature

While there has been a flurry of recent activity in addressing the challenges that arise from network inter-
ference, every proposed solution concept fundamentally hinges upon making key assumptions on the form of
network interference. Without any assumptions, the vector of observed outcomes under a particular treat-
ment vector z € {0, 1}" may have no relationship to the potential outcomes under any other treatment vector.
We should naturally expect that if we are willing to assume stronger assumptions, then we may be able to
obtain stronger results conditioned on those assumptions being satisfied. As such, the literature ranges
between results that impose fewer assumptions on the model and graph, resulting in unbiased estimators
with high variance, or results that impose strong assumptions on the model and graph, resulting in simple,
unbiased estimators with low variance.

Early works propose framing assumptions via exposure functions, or constant treatment response [3,4].
This assumes that there is some known exposure mapping, f(z, 6;) € A, which maps the treatment vector z,
along with unit-specific traits 6;, to a discrete space A of exposures, or effective treatments. The potential
outcomes function for unit i is then assumed to only be a function of its exposure, or effective treatment, such
that if f(z, 6)) = f(z, 6;), then Yi(z) = Y(z"). If |A] is as large as 2", then this assumption places no effective
restriction on the potential outcomes function; thus, this assumption is only meaningful when |A| is relatively
small. One commonly used exposure mapping expresses the neighborhood interference assumption [17-20], in
which each unit i is associated to a neighborhood A; € [n], and unit i’s potential outcome is only a function of
the treatments of units within A;. We could use an exposure mapping to formulate this assumption, where
|A] = 24 for d denoting the maximum neighborhood size, and f(z, N = f(z, N;) if the treatments assigned to
individuals in N; are the same between z and z’. Another commonly used exposure mapping expresses the
anonymous interference assumption [14,21-23], in which the potential outcomes are only a function of the
treatments through the number of treated neighbors, ie., f(z, N}) = f(z’, Ny, if the number of treated indi-
viduals in A; via z and z’ is the same. While the exposure mapping framework provides a highly generalizable
and abstract framework for assumptions, it is fundamentally discrete in nature and the complexity of estima-
tion is characterized by the number of possible exposures |A|, which could still be large. As a result, ref. [4]
suggests a collection of additional assumptions that can be imposed on top of anonymous neighborhood
interference, including distributional or functional form assumptions, or additivity assumptions as suggested
in ref. [18].

The majority of works in the literature (along with our work) assume neighborhood interference with
respect to a known graph. Notable exceptions include ref. [24], which considers a highly structured spatial
interference setting with network effects decaying with distance, and [25], which provides methods for testing
hypotheses about interference effects including higher order spillovers. Without imposing any additional
assumptions on the potential outcomes besides neighborhood interference, a natural solution is to use the
Horvitz-Thompson estimator to estimate the average outcomes under full neighborhood treatment and full
neighborhood control [3]. While the estimator is unbiased, the variance of the estimator scales inversely with
the probability that a unit’s full neighborhood is in either treatment or control. Under a Bernoulli(p) RD, where
each individual is treated independently with probability p, the variance scales as O(1/np?), as indicated in the
bottom right cell of Table 1. The exponential dependence on d renders the estimator impractical for realistic
networks.
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One approach in response to the aforementioned challenge is to consider cleverly constructing RDs that
increase overlap, i.e., the probability that a unit’s entire neighborhood is assigned to treatment or control.
The earliest literature in this line of work additionally assumes partial interference, also referred to as the
multiple networks setting, in which the population can be partitioned into disjoint groups, and network
interference only occurs within groups and not across groups [12,14,15,20,21,26,27]. This assumption makes
sense in contexts where interference is only expected between naturally clustered groups of individuals, such
as households, cities, or countries. Given knowledge of the groups, we can then randomly assign groups to
different treatment saturation levels, e.g., jointly assigning groups to either treatment or control, increasing
the correlation of treatments within neighborhoods. Then, a difference in means estimator or a Hor-
vitz-Thompson estimator can be used to estimate the TTE. The asymptotic consistency of these estimators
relies on the number of groups going to infinity, with a variance scaling inversely with the fraction of treated
clusters, i.e., O(1/Cp) as indicated in the bottom left cell of Table 1. In practice, even networks that are clearly
clustered into separate groups may not have a sufficiently large number of groups to result in accurate
estimates.

For general connected graphs, one can still implement a cluster-based RD on constructed clusters, where
the clusters are constructed to minimize the number of edges between clusters [1,7,16,17]. References [1,17]
provide guarantees for graphs exhibiting a restricted growth property, which limits the rate at which local
neighborhoods of the graph can grow in size, and ref. [1] proves that using randomized cluster RD along with
the Horvitz-Thompson estimator achieves a variance of O(1/np) for restricted growth networks, which is a
significant gain from the exponential dependence on d under Bernoulli design. A limitation of these solutions
is that the cluster RD can be difficult to implement due to incompatibility with existing experimentation
platforms or to ethical concerns. When the existing experimentation platform is already set up for a unit
RD, the experimenter may have the desire to avoid overhauling the platform to work with cluster RD due to
time or resource constraints [11]. In addition, refs [28-31] detail some ethical issues that arise in cluster RDs
including, but not limited to, problems with informed consent (e.g., it may be infeasible to gain informed
consent from every unit in a cluster) and concerns about distributional justice (e.g., with regards to how
clusters are selected and assigned to treatment). Furthermore, both refs [28,30] comment that many of the
existing, formal research ethics guidelines were designed with unit RD in mind and thus, offer little guidance
for considerations that arise in cluster RDs. The work we present here focuses on scenarios with unit RDs,
when cluster RDs may not be feasible or may be undesirable due to any of the aforementioned concerns.

The alternate approach that has gained traction empirically is to impose additional functional assump-
tions on the potential outcomes in addition to anonymous neighborhood interference. The most common
assumption is that the potential outcomes are linear with respect to a particular statistic of the treatment
vector, where the linear function is shared across units [6-11]. Under this assumption, estimating the entire
potential outcomes function reduces to linear regression, which one could solve using OLS, as indicated in the
upper right most cell of Table 1. After recovering the linear model, one could estimate any desired causal
estimand. The results rely on correctly choosing the statistic that governs the linearity, or more generally
reduces the task to heuristic feature engineering for generalized linear models [11]. One could plausibly extend
the function class beyond linear and instead apply machine learning techniques to estimate the function that
generalizes beyond linear regression. While we do not state a variance bound in Table 1, one would expect that
when p is sufficiently large, the variance would scale with O(1/n), with some dependence on the complexity of
the model class; when p is very small, the variance may scale with O(1/pn), as the regression still requires
sufficient variance of covariates represented in the data, i.e., a sufficient spread of number of neighbors
treated. Reference [22] considers nonparametric models yet focuses on estimating a locally linearized
estimand. A drawback of these approaches is that they assume anonymous interference, which imposes a
symmetry in the potential outcomes such that the causal network effect of treating any of an individual’s
neighbors is equal regardless of which neighbor is chosen. In addition, they assume that the function that we
are learning is shared across units, or at least units of the same known covariate type, which can be limiting.

While we have primarily focused on summarizing the literature for unbiased estimators, there has also
been some work considering how structure in the potential outcomes model can be exploited to reduce bias of
standard estimators. References [32-34] use application domain-specific structure in two-sided marketplaces
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and network routing to compare the bias of the difference in means estimators under different experimental
designs. Reference [35] uses structure in ridesharing platforms to propose a new estimator with reduced bias.
In addition, there has been some limited empirical work studying bias under model misspecification [16].

Complementary to the literature on randomized experiments, there has been a growing literature con-
sidering causal inference over observational studies in the presence of network interference. However, the
limitations similarly mirror the aforementioned concerns. A majority of the literature assumes partial inter-
ference [15,36-39], i.e., the multiple networks setting, which then enables causal inference of a variety of
different estimands. In particular, it is commonly assumed that the different groups in the network are
sampled from some underlying distribution, and the statistical guarantees are given with respect to the
number of groups going to infinity. Alternately, other works assume that the potential outcomes only depend
on a simple and known statistic of the neighborhood treatment, most commonly the number or fraction of
treated [11,40,41]. Either the neighborhood statistic only takes finite values, or assumptions are imposed on the
functional form of the potential outcomes, which imply anonymous interference and reduce inference to a
regression task or maximum likelihood calculation. Reference [42] considers a general exposure mapping
model alongside an inverse propensity weighted estimator, but the estimator has high variance when the
exposure mapping is complex.

In contrast to the majority of the mentioned literature, we neither rely on cluster RDs nor anonymous
interference assumptions. We instead propose a potential outcomes model with low-order interactions struc-
ture, where the degree of interactions §§ characterizes the difficulty of inference, also studied in ref. [43]. For
B =1, this model is equivalent to heterogeneous additive network effects in ref. [44], which can be derived
from the joint assumptions of additivity of main effects and interference in ref. [18]. When f is larger than the
network degree, then this assumption is equivalent to an arbitrary neighborhood interference, providing a
nested hierarchy of models that encompass the simple linear model class, the fully general model class, as well
as model classes of varying complexity in between. References [43,44], which consider similar models as we
do, focus on the setting when the underlying network is fully unknown, and yet there is richer available
information either in the form of historical data [44] or multiple measurements over the course of a multi-
stage experiment [43], neither of which we assume in this work. Our estimator also has close connections to
the pseudoinverse estimator in ref. [45], the Riesz estimator in ref. [46], and the estimator in ref. [22], which is
discussed in Section 4.

3 Model

3.1 Causal network

Let [n] = {1, ...,n} denote the underlying population of n individuals. We model the network effects in the
population as a directed graph over the individuals with edge set E C [n] x [n]. An edge (j, i) € E signifies that
the treatment assignment of individual j affects the outcome of individual i. As an individual’s own treatment
is likely to affect their outcome, we expect self-loops in this graph. In much of the article, we are concerned
with neighborhood interference effects, and we use N; = {j € [n] : (j, i) € E} to denote the in-neighborhood
of an individual i. Note that this definition allows i € A;. Many of our variance bounds reference the network
degree. We let di, denote the maximum in-degree of any individual, dq,; denote the maximum out-degree,
and d = max{din, dout}-

3.2 Potential outcomes model

To each individual i, we associate a treatment assignment z; € {0, 1}, where we interpret z; = 1 as an assign-
ment to the treatment group and z; = 0 as an assignment to the control group. We collect all treatment
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assignments into the vector z. We use ¥; to denote the outcome of individual i. As our setting assumes network
interference, the classical SUTVA assumption is violated. That is, ¥ is not a function only of z;. Rather,
Y;: {0, 1}" - R may be a function of z, the treatment assignments of the entire population. Since each treat-
ment variable z; is binary, we can indicate an exact treatment assignment as a product of z; (for treated
individuals) and (1 - z;) (for untreated individuals) factors. As such, we can express a general potential
outcome function ¥; as a polynomial in z,
Y@= ) ar[lz [l -2,
7C[n] JET  ke[n)\T
where a; - is individual i’s outcome when their set of treated neighbors is exactly 7. Via a change of basis, we
can equivalently express Yi(z) as a polynomial in the “treated subsets”:
Y@= ) as [z 3.1)
ScClnl  jEes’
where ¢; s- represents the additive effect on individual i’s outcome that they receive when the entirety of
subset S’ (perhaps among other individuals) is treated. Note that ¢; represents the baseline effect, the
component of i’s outcome that is independent of the treatment assignments.

So far, the potential outcomes model described in (3.1) is completely general. However, it is parameterized
by 2" coefficients {c; s-}, which makes it untenable in most settings. To combat this, we impose some structural
assumptions on these coefficients. First, we observe that the populations of interest can be quite large (e.g., the
population of an entire country), and their influence networks may have high diameter. Throughout most of
the article, we assume that individuals’ outcomes are influenced only by their immediate in-neighborhood.

Assumption 1. (Neighborhood interference) Y;(z) only depends on the treatment of individuals in ;. Equivalently,
Yi(z) = Yi(z) for any z and z’ such that z; = z’ for all j € NV;. In our notation, ¢; s- = 0 for any S’ Z N

Next, we note that the degree of each Y;(z) can (under the neighborhood interference assumption) be as
large as dj,. In such a model, one’s outcome may be differently influenced by a treated coalition of any size in
their neighborhood. Contrast this with a simpler linear potential outcomes model, wherein an individual’s
outcome receives only an independent additive effect from each of their treated neighbors. This illustrates that
the degree of the polynomial may serve as a proxy for its complexity. In this work, we consider the scenario
where the polynomial degree may be significantly smaller than djj.

Assumption 2. (Low polynomial degree) Each potential outcome function ¥(z) has degree at most §. In our
notation, ¢; s- = 0 whenever [S’| > B. Along with Assumption 1, it follows that the potential outcomes function
Yi(z) from (3.1) can be expressed in the following form,

Y@= Y as []z 3.2)

sesf  jes

where we define ng ={S C N;: S| =B}

We remark that while we use the formal mathematical term of “low polynomial degree,” since this
describes a function over a vector of binary variables, a low polynomial degree constraint is equivalent to
a constraint on the order of interactions amongst the treatments of neighbors. In the simplest setting when
B =1, this is equivalent to a model in which the networks effects are additive across treated neighbors, strictly
generalizing beyond all linear models that have been widely used in applied settings.

We use the notation in (3.2) to express the potential outcomes model for the remainder of the article. If
B = di,, note that B could be completely removed from the definition of ¥; in equation (3.2), reducing to the
arbitrary neighborhood interference setting. However, we turn our attention to settings where S might be
much smaller than the degree of the graph (8 < diy), and we can assume that only low-order interactions
within neighborhoods have an effect on an individual. As noted earlier, taking § =1 corresponds to the
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heterogeneous linear outcomes model in ref. [44]. We include further examples to help in understanding this
low polynomial degree assumption in Section 3.2.1.

Many of our variance bounds utilize an upper bound on the treatment effects for each individual. We
define Yyax such that

Yinax = max G sl
max Pt Sgslﬁl [ | (3.3)

It follows that |Y(z)| < Ynax for any treatment vector z.

Remark 1. We emphasize that the model in (3.2) captures fully general neighborhood interference when g = d.
Even when f < d, the number of parameters in the model grows with n. This results in the total number of
observations always being smaller than the number of parameters in the model, so using simple regression-
style estimators to identify the model is impossible.

Remark 2. We can consider the order of interactions or polynomial degree S as a way to measure the
complexity of the model class. Our subsequent results suggest that S is meaningful as it also captures a notion
of statistical complexity or difficulty of estimation. This is evidenced by the variance upper bound and
minimax lower bound results in Section 5, where we see that the smaller f is relative to the degree of the
graph, the smaller the variance incurred and the larger  is with respect to the graph degree, the higher
the variance incurred. In some sense, the “lower” the degree of the model, i.e., the more structure imposed, the
“easier” it is to estimate the TTE. On the flip side, the “higher” the degree of the model, i.e., the closer it is to
being fully general, the “harder” it is to estimate.

Remark 3. Assumption 2 implies that the model exhibits a particular type of sparsity in the coefficients with
respect to the monomial basis, in which the coefficients corresponding to sets larger than size § are zero. In
our setting when the treatments are budgeted, i.e., p is small, these coefficients precisely correspond to effects
that are observable in a Bernoulli RD, i.e., the probability for observing or measuring the coefficient corre-
sponding to set S is p!S. As such, there is an direct connection between this hierarchy of models as para-
meterized by  and the ability to measure and estimate the TTE, which is formalized by our subsequent
analysis.

3.2.1 Examples of low-degree interaction models

We provide a few examples to illustrate when the polynomial degree of the potential outcomes model may
naturally be smaller than the total neighborhood size (i.e., 8 < d).

Example 1. Consider a potential outcomes model that exhibits the joint assumptions of additivity of main
effects and interference effects as defined in ref. [18]. This imposes that the potential outcomes satisfy

Yi(z) = %(0) + (Yi(zie) - %i(0)) + D (Y(zvex) - %(0)),
k€[n]
where 0 € R" is a vector of all zeros and e; € {0, 1}" is a standard basis vector. As discussed in ref. [44], this
assumption implies a low-degree interaction model with § = 1, which they refer to as heterogeneous additive
network effects.

Example 2. Consider a hypothesized setting where each individual’s neighborhood can be divided into smaller
sub-communities. For example, one’s close contacts may include their immediate family, their close friends,
their work colleagues, etc. Within each of these sub-communities, there may be nontrivial (higher order)
interactions between the treatments of its members. However, it is reasonable to assume that the cumulative
effects of each sub-community have an additive effect on the individual’s outcome. That is, there are no
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nontrivial interactions resulting from the treatment of individuals across different sub-communities. In this
case, a natural choice for S is the size of the largest sub-community, which could be significantly smaller than
the size of the largest neighborhood.

Example 3. Suppose a social networking platform is testing a new “hangout room” feature where groups of up
to five people can interact in a novel environment on the platform. One can posit that a natural choice for § in
this setting is 5, as the change in any individual’s usage on the platform can be attributed to how they utilize
this new feature, which in turn is a function of it being introduced to various subsets of up to five users in that
individual’s neighborhood.

Example 4. Consider a setting where an individual’s outcome is a low-degree polynomial in some auxiliary
quantity, which is itself linear in the treatment assignments of their neighborhood. For example, we
might have

2 B

2 Cizj| +eo+

JEN;

2 Gz

JEN;

Yi(z) = cp+ ) cjzi+
JEN:

A similar setting is explored in our simulated experiments in Section 6.

Example 5. Consider an example in which network effects only arise from pairwise edge interactions and
triangular interactions, i.e., individual i’s outcome consists of a sum of its baseline outcome, its own direct
effect ¢; ;, pairwise edge effects ¢;; for j € N;, and triangle effects ¢;(; j, for j,j* € N; such that there is also an
edge between j and j’, indicating that the three individuals are mutual connections. For such a model, f would
be 2 due to the triangular interactions.

Remark 4. We emphasize that any potential outcomes model that takes a binary treatment vector z as its input
can be written as a polynomial in z, taking the form in equation (3.2) for general 5. However, the low-degree
assumption, i.e., that B < d, will not generally admit high-degree models. For example, both threshold models
and saturation models generally require the degree of Y(z) to be | V. In a threshold potential outcomes model,
an individual experiences network effects once a particular threshold of their neighbors are treated [7]. An
example of this type of model is given by

Y(z) =1

ZZ]'ZQ

JEN

: Z Cis ﬂ Zj,

SCN;  jES

where 0 < 6 < |Nj|. Saturation models allow for network or peer effects to increase up to a particular satura-
tion level, such as

Yi(z) = min

0, Z Cis |-| zj|,
SCN;  jes
where 6 is some maximum saturation threshold. In this model, an individual receives additive effects from
each subset of treated neighbors until a certain threshold effect is reached, after which the networks effects
have “saturated” and the treatment of additional neighbors contributes no additional effect.

3.3 Causal estimand and RD

Throughout most of the article, we concern ourselves with estimating the TTE. This quantifies the difference
between the average of individual’s outcomes when the entire population is treated versus the average of
individual’s outcomes when the entire population is untreated:
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1 n
TTE = —2 ((1) = %(0), (3.4)
i=1
where 1 represents the all ones vector and 0 represents the zero vector. Plugging in our parameterization from
equation (3.2), we may re-express the TTE as follows:

n
TTE = 12 Y s
NS et (3.5
570

Since exposing individuals to treatment can have a deleterious and irreversible effect on their outcomes, we
wish to estimate the TTE after treating a small random subset of the population. We focus on a nonuniform
Bernoulli design, wherein each individual i is independently assigned treatment with probability p;, € [p, 1 - p]
for p > 0. That is, each z; ~ Bernoulli(p;). Such a RD is both straightforward to implement and to understand.
Furthermore, many existing experimentation platforms are already designed for Bernoulli randomization, making
it easy to collect new data or to re-analyze existing data and adjust for network interference, rather than requiring a
complete overhaul of the existing experimentation platform to allow for more complex randomization schemes.

4 Estimator

In this section, we introduce the estimator that will serve as our central focus through the rest of the article:
the SNIPE. While we restrict our attention to nonuniform Bernoulli design, the techniques to derive this
estimator can be generalized to a wide variety of causal estimands and experimental designs. In fact, our
estimator is connected to the Horvitz-Thompson estimator and turns out to be a special case of both the
pseudoinverse estimator first introduced by Swaminathan et al. [45] and more recently the Riesz estimator of
Harshaw et al. [46]. We discuss these connections in Section 4.3.

To provide intuition, we first derive the estimator in the 8 = 1 case with the linear heterogenous potential
outcomes model [44] via a connection to OLS. Then, we show how it can be extended to the more general
polynomial setting. Our main result (Section 5) establishes both the unbiasedness of this family of estimators
and a bound on its variance under Bernoulli design.

Recalling that Slﬁ =1{8 € N;: |S] £ B}, the vector ¢; collects the parameters {¢; s} P in some canonical
ordering. We will assume throughout that & € Sf is always first in this ordering and otherwise index the
entries of these vectors by their corresponding set S. As an example, when 8 = 1and N; = {j,, ... ,jdl.}, we may have
¢ = [CipCiyg ik e Cidj di}]T, where d; is the in-degree of unit i. In a similar manner, the treated subsets vector Z;
collects the indicators {[l;c sz} ge s¢ in the same ordering. In our f =1 example, Z; = [1z;, ... z fa,-]T~ By using this
notation, we may express

1 n
Yi(2) = (¢, 2), TIE = ) (s = e0), €0), (40
i=1

where the inner product argument in the second equation is the |Sj-length vector with first entry 0 and
remaining entries 1.

4.1 Building intuition in the linear setting (8 = 1)

To motivate our estimator, we consider the linear heterogeneous potential outcomes model (8 = 1) under
nonuniform Bernoulli RD. By using the TTE expression from (4.1), we can recast the problem of estimating the
TTE into the problem of estimating the parameter vector ¢;: by linearity of expectation, an unbiased estimator
of ¢; will give rise to an unbiased estimator of TTE.
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As a thought experiment toward estimating c;, imagine that we can perform M independent replications
of our randomized experiment. In each replication m € [M], we observe the treated subsets vector (Z;)™,
obtained from our Bernoulli RD, and the outcome (¥;)™. We visualize,

1 1
Zj Z;
e Z)
9% X ‘[ e
2 2
(Yl)z 1 Z]l Z/di Cl]l
M M M| | G,
(Y) 1 z*4 ..z 4
h Jo | =
YeRM GER@HD
X;€RM*(d+D)

To minimize the sum of squared deviations from the true coefficients, we use OLS, computing
& = (XX XY,

Wepconsider the limit of this estimate as M — . The consistency of the least squares estimator ensures that
¢; — c;. By the law of large numbers, we have

m m m

1 zZj zj . z]dl_

mo(pmy2 gm,m mym

u |20 (z/1 2z 22,

a.s.

X/X; = mogmym.ogpmy2 . gmym| S M- E[ZZ]].
i Xi mZﬂ 2]t 2]z (2] -z [ZiZ;]

m.ogmym ,m,m my2

Zj, 2325, 252, (Zla,-

Similarly, the vector X]Y; EM- E[Z; - Yi(z)]. Assuming the invertibility of the matrix E[Z:Z]] (We show this
explicitly for Bernoulli design below), we obtain in the limit,
¢ = (M- E[2Z])'M - E[Z - Yi(2)] = E[ZZ]]"E[Z: - Y(2)].
Now, we return from our thought experiment to the actual experimental setting wherein a single instantiation
(Z;, Y;) is realized. We consider the estimator
¢ =E[ZZ]]" % Y. (4.2)
Note that the matrix E[ZZ]]" depends only on our experimental design and thus can be utilized by our

estimator. The unbiasedness of this estimator follows from our aforementioned computation; by applying
linearity,

E[¢] = E[ZZ{]E[Z; Y] = c;.
By applying linearity once more, we may obtain the unbiased estimator for the TTE,
1 1c
TTE = 3 ((lysp; =~ €0, &) =~ YCE[Z2]] " (1ygp - e, 2). 4.3)
i=1 i=1
For the specific setting of nonuniform Bernoulli design with B = 1, one can use the fact that E[z jk] =
E[z}] = p; and Elz;z;] = p; p,, for k # k' to compute,
1 ph pjZ pjdi
ph pjl pflpjz pjlpjd,-
~ ~T - ..
El2;] = Pj, PPj, Pj ’ pjzpfdi ’

pjdi pjlpjd,' p/zpjd,- pjdi

which we can invert to obtain
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p .
1 + Z }k _ 1 cee “ee 1
k1_p/‘k 1_pj1 1—dei
1-p;  p1-p)
[E[ZiZiT]‘l = 0 1 0
W1-py)
: : 0 0
1 . S S
1- pjdi pl}zi(l - pjd,')
We calculate
1 1 1 T

7.771-1 - = |-
FEaT (1t - ) jezNil -5 pt-p) -

By plugging into equation (4.3), we obtain the explicit form for our estimator:

ﬁSNIPE(l) = Z z
nis JEszJ(l P;)

where SNIPE(1) refers to the fact that this is the SNIPE estimator with 8 = 1.

4.2 SNIPE in the general polynomial setting

For larger B, we can use the same least squares approach to obtain an unbiased estimate of the coefficient
vector ¢;, and then plug this into equation (4.1) to obtain TTE. The outcomes Yi(z) remain linear functions in Z;

| = ymints |Nl|)[| Nl

— albeit for a significantly longer Z; containing |S{3 entries — so the same convergence results

apply. Suppose we index the entries of E[ZZ[] by the sets S and 7 corresponding to the matrix row and
column. By the independence and marginal treatment probabilities of nonuniform Bernoulli design, we see
that
€zzDsr = [] b
JESUT
Working with this matrix is significantly more tedious, so we relegate the details to Appendix A. There, we

show that E[ZZ]] is invertible by giving an explicit formula for the entries of its inverse. Then, we plug these
entries into equation (4.3) to derive the following explicit formula for the estimator:

TTE swieep) = ZY 2 &S ﬂ

4.4
nig sesf j€es p] P])

where we define the coefficient function g : 2"l - R such that

g =Tla-p - [1Cp
SES SES
for each S C [n] and g(&) = 0. When it is clear from context that TIE refers to the SNIPE estimator, we
suppress the subscript for cleaner notation.

Remark 5. We pause here to again emphasize that our technique gives us an unbiased estimate of the
coefficient vector c; for each individual i. From here, we leverage the linearity of expectation to obtain an
unbiased estimator for the TTE, which is a linear function of these ¢; coefficients. This same strategy can be
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applied to develop estimators for any causal effect that is linear in the ¢; s coefficients. We highlight some
other potential estimands and the explicit form of their estimators in Appendix E. The techniques that we
discuss in Section 5 can be used to establish further properties of these estimators.

This estimator can be evaluated in O(ndiﬁ) time and only utilizes structural information about the graph
(not any influence coefficients ¢; s). Structurally, the estimator takes the form of a weighted average of the
outcomes ¥; of each individual i, where the weights themselves are functions of the treatment assignments of
all members j of the in-neighborhood A;. To make use of the low-order interference assumption, the estimator
separately scales the effect of treatment of each sufficiently small subset of A; using the scaling function g(S).
The definition of this g(S) ensures the unbiasedness of the estimator.

In the special case of a uniform treatment probability p, = p across all nodes, we can simplify this
estimator to show that it is only a function of the number of treated individuals in i’s neighborhood and
not the identities. Let 7= {j : z; = 1} denote the set of treated units. We can rewrite the estimator as follows:

— Zi — p
TTE = Y, 57P_nZ
lzl sezsf3 ]DS p jle_l.S p-1
1 n min(B,|MNT]) p]k [ p ]lBl
- T (-8Bl = (=1)k
n g kgo ﬂgg,m' Bg%i\(]— D D -p (4.5

MIEK 1 81<p-k

min(ﬁiNiﬂf]’])[lM N 7]) M- I INATT) |N\‘T] .
( 1) +£

1Yl
"2t

P 1-p p
Thus, while our estimation guarantees allow for heterogeneity in the potential outcomes model, when treat-
ment probabilities are uniform, computing the estimator does not depend on the identity of the treated
individuals, but only the number of treated neighbors. As a result, the estimator can be evaluated in O(nB?)

time, which is a significant improvement compared to the O(ndiﬁ) computational complexity when the treat-
ment probabilities are nonuniform.

=0

4.3 Connection to other estimator classes
Our estimator takes the form of a linear weighted estimator

TIE = ZY wi(z),
11

under specifically constructed weight functions w; : {0, 1}" - R. From this perspective, we can draw connec-
tions between our estimator and others appearing in the literature.

4.3.1 Horvitz-Thompson estimator

First, we show that in the special case where |Nj| < 8, our estimator is identical to the classical Horvitz—

Thompson estimator. In this case, the restriction |S| < f is satisfied for every S C N, so that S{g includes all
subsets of A;. By using this, we may simplify
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Z - p;
w@= Y g8 [] —=—

scn jes KA D)

Zj - p; -z - p)
=y N—2-3y nN—= (by definition of g(S))
scnvjes b scnjes A= D)
Zi = D; Zi - p;
=[]+ A - 7 T (distributivity)
JEN b ) jenl 178

1—Zj

=|‘|ﬁ_|'|

jen B jenl B
_ I(z treatsallof Ay)  [1(z treats none of N;)
Pr(z treatsallof N;) Pr(z treatsnone of \;)’

Thus,

n

— 1 I(z treats all of ;) 0(z treats none of N;)
TTE snipe = — 9 Y; -
n/; \Pr(z treatsallof A;) Pr(z treats none of N

= ﬁHT)

so we exactly recover the Horvitz-Thompson estimator. As a result, when f is sufficiently large relative to the
degree of the nodes in the graph, our estimator is very similar to the Horvitz-Thompson estimator, only differing
for the nodes that have graph degrees larger than S. In this sense, under Bernoulli randomization, our estimator
can be thought of as a generalization of Horvitz-Thompson to additionally account for low polynomial degree
structure, which is most relevant for simplifying the potential outcomes associated with high-degree vertices.

4.3.2 Pseudoinverse estimator

The key technical steps of deriving our estimator can be described as constructing unbiased estimators for
each unit i’s contribution to the TTE using a connection to OLS for linear models, and subsequently averaging the
unbiased estimates due to the fact that the causal estimand is a linear function of these individual contributions.
This overall technique has also appeared in the previous literature in semiparametric estimation, with one clear
example described by Swaminathan et al. [45] in a seemingly different context of off-policy evaluation for online
recommendation systems. In their model, a context x € X arrives, at which point the principal selects a tuple (or
slate) of actions s = (sy, ...,S¢) and observes a random reward r based on the interaction between the context and
the slate. The authors make a linearity assumption that posits that V(x, s) = E,[r|x, s] = 15¢,, where 1] indicates
the choice of a particular action in each entry of the tuple, and 6, is a context-specific reward weight vector
associated to context x. In our setting, the context x is an individual i, the reward weights 8, are their effect
coefficients c;, and the slate indicator vector 1] is our treated subsets vector Z;.

A primary goal of ref. [45] is to estimate ¢,, which can be used to inform a good slate selection policy. The
mean squared error of an estimate w for r is E,[(15w - r)?], where u encodes the random selection of the
context, slate, and reward. In this framing, the least squares estimator

Oy = (E (115 IXDE[r15|x]

is the minimizer of the mean squared error (MSE) with the minimum norm. As the reward distribution is
unknown, it is replaced with an empirical estimate of r given past data. We can perform the substitutions as

described in the previous paragraph, noting that Bernoulli design ensures that E[Z;Z; ] is invertible (Appendix
A), to recover our estimator ¢; from (4.2).

4.3.3 Riesz estimator

In their recent work, Harshaw et al. [46] consider a very general causal inference framework wherein a
treatment z is drawn from an underlying experimental design distribution over an intervention set Z. We
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observe an outcome Y;(z) for each uniti € [n], where we assume that ¥; belongs to a model space M, which is a
subspace of Y containing all measurable and square-integrable (with respect to the distribution over Z)
functions Z — R. Each individual is additionally endowed with a linear effect functional §; : ¥ — R, and the
goal is to estimate the average individual treatment effect T = %ZLBI-(YI-).

In our setting, Z = {0, 1}" with the nonuniform Bernoulli design distribution (i.e., Pr(z; = 1) = p,, with {z;}
mutually independent). Y consists of all linear functions over the basis {ﬂ;e sz . S € [n],|S| < B}, and each

M; restricts to the linear functions over {I'IjE sz S € Slﬁ }. Finally, each unit i has effect functional
0:(Y) = Y1) - Yi(0), so that 7 = TTE.

Under two assumptions — correct model specification (needed in our work as well) and positivity (always
satisfied in our setting since Bernoulli design ensures each treatment in Z occurs with positive probability) —
the Riesz representation theorem guarantees the existence of an unbiased estimator for 7, referred to as a
Riesz estimator, of the form

. 1g
= —) Y@,
=
where ¥, € M, is a Riesz representor for 6; with the property that

6:(Y) = E[¢y(2Y(@)] ()

for each Y € M;. As each model space M; has dimension ISlﬁl, we can identify ¢, by solving the linear system
that verifies that (*) holds for each function in some basis for M;. A canonical choice is the standard basis,
giving rise to equations

=1(S" # @) = Efv(@) [] z

jes

>

91“ [z

jes

for each S’ € Sf . The choice ¥(z) = 2 5528 (S)Mic S% is a solution to this system (Appendix B) and gives
rise to our estimator.

5 Properties of estimator under Bernoulli design
The following theorem summarizes the key properties of our estimator.

Theorem 1. Under a potential outcomes model satisfying the neighborhood interference assumption with poly-
nomial degree at most B, the estimator defined in (4.4) is unbiased with variance upper bounded by

[

Notably, a sequence of networks with n = « and d = o(logn) has variance asymptotically approaching 0.
We defer the proof of this theorem to Appendix B. Rather than appealing to the convergence properties of the
pseudoinverse estimator to establish unbiasedness, we present an alternate combinatorial proof. To bound the
variance, we carefully consider different possible overlapping subsets of individuals to separately bound
many covariance terms that make up the overall variance expression.

To understand the variance bounds for our estimator, we can compare against the variance of
Horvitz-Thompson under a Bernoulli design. In the simple setting of a d-regular graph and uniform
Bernoulli(p) randomization, ref. [17] showed that the Horvitz—-Thompson estimator has a variance that is
lower bounded by Q(1/np?). In contrast, the variance of our estimator only scales polynomially in the degree d,
but exponentially in the polynomial degree 8, which is achieved by simply changing the estimator, without

1

din dout Ymax2 .
p(l - p)

n

edm

B

. max[4ﬁz,

where each p; € [p,1 - pland p > 0.
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requiring any additional clustering structure of the graph and without utilizing complex RDs. This is a
significant gain when the polynomial degree f§ is significantly lower than the graph degree d. The simplest
setting of B = 1 already expresses all potential outcomes models that satisfy additivity of main effects and
additivity of interference, as defined in ref. [18]; this subsumes all linear models that are commonly used in the
practical literature, yet which require additional homogeneity assumptions.

We also remark that when = d, both the Horvitz-Thompson estimator and our estimator are unbiased,
for the same class of functions. When f < d, the Horvitz-Thompson estimator is unbiased for a strictly larger
class of functions than our estimator, precisely those characterized by f = d. In this way, if the practitioner can
use domain knowledge to argue that the true potential outcomes model belongs to the class of functions
parametrized by S from equation (3.2) for B < d, then our estimator provides an advantage over the Hortvitz-
Thompson estimator. This is because both estimators are unbiased but the variance of our estimator does not
have exponential dependence on the graph degree. However, depending on the flexibility that the practitioner
desires or needs to express in the potential outcomes, there is no clear winner. For example, if one desires a
fully nonparametric potential outcomes to capture the most general neighborhood interference settings, they
might set B = d. Then, both our estimator and the Horvitz-Thompson estimator are unbiased, and both have
variance scaling exponentially in d. On the other hand, suppose anonymous interference was satisfied for a
particular application and the potential outcomes could be modeled:

2 7

JEN

Y(2)=c+azi+ ¢

Then, using an OLS estimator would give an unbiased estimate with lower variance than our estimator. Thus,
our model and estimator can be viewed as simply “adding to the toolbox” that practitioners may use
depending on how expressive they need their potential outcomes models to be.

In the special setting of uniform Bernoulli design and = 1, our estimator as stated in (4.5) is the same as
an estimator presented in ref. [22]. They consider a fully nonparametric setting under anonymous interfer-
ence, in which the goal is to estimate the derivative of the total outcomes under changes of the population-wide
treatment probability. As the derivative can be estimated by locally linearizing the outcomes function, they
derive the special case of the estimator in (4.5) under § = 1 by taking the derivative of the expected population
outcomes under a Bernoulli randomization, constructed by inverse propensity weights. This suggests that
under a fully nonparametric setting, our estimator may be used for estimating an appropriately defined local
estimand. There may also be opportunities to perform variance reduction on our estimator given knowledge
of the graph structure, as proposed in ref. [22]; however, their solution requires anonymous interference, and
it is not clear how to extend their solution concept beyond S = 1, anonymous interference, and uniform
treatment probabilities.

5.1 Minimax lower bound on mean squared error

To understand the optimality of our estimator, we construct a lower bound on the minimax optimal mean
squared error rate. In particular, we show that for a setting with a d-regular graph and sufficiently-small

uniform treatment probabilities p, the best achievable mean squared error is lower bounded by Q nlﬁ
Theorem 2. (Minimax lower bound) For any n, d, B, p with pﬁ < 0.16, and any estimator ”l/"ﬁa, there exists a
causal network on n nodes with maximum degree d and effect coefficients {C; s}ic[n),ses; for which the minimax
squared error under uniform treatment probabilities p; = p is bounded below by
E[(TTE - TTE)?] = @ L
npf |

For a p-order interactions model, estimating the TTE requires being able to measure the network effect of

the size § subsets of a unit’s neighborhood. The probability that a set of size f is jointly assigned to treatment is

pP. As a result, the scaling of # is somewhat intuitive.
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The proof of Theorem 2 (given in Appendix C) uses a generalized variation of LeCam’s method for fuzzy
hypothesis testing [47], [48, Sec. 2.7.4]. We reduce the problem of TTE estimation to the creation of a hypothesis
test to distinguish between two priors. We consider a setting with a d-regular graph, uniform treatment
probabilities p, = p, and two Gaussian priors Iy, I; over the effect coefficients. The priors have the same
variances but with shifted means such that |[Ey[TTE] - E[TTE]| = 28 for some carefully tuned parameter

6. The failure of hypothesis tests that rely on TTE is attributable to one of two factors: (1) a significant shift in
TTE brought about by the variability of the coefficients, or (2) inaccuracy of the estimator. We bound the
probability of the former with a Gaussian tail bound. We bound the latter in terms of the Kullback-Leibler
(KL)-divergence between the distributions over (Y, z) induced by I and I3. The rest of the argument involves a
calculation of this KL-divergence and a selection of § to ensure a nonvanishing error probability.

While our lower bound clearly indicates that the exponential dependence on f as exhibited by p~# is
necessary, a notable difference between our lower and upper bounds is the dependence on the graph degree d.
Recall that the upper bound on the variance of our SNIPE estimator in Section 1 scales roughly as df*?;
however, our lower bound result has no dependence on d. We attribute this gap to a weakness in the analyses
and believe that it can be tightened with more careful calculation. In the upper bound, the d? arises as a bound

for k < B. While this bound is precise asymptotically for a

on the sum of binomial coefficients of the form [:

regime, where f is a small constant and d is large, it is loose in the most general case where 8 = d, where we
know 2¢ is sufficient. On the other hand, our lower bound argument considers a setting with a d-regular graph,
but it only uses the degree of the graph to normalize the parameters on the prior distributions, such that we
see no dependence on d in the final lower bound.

5.2 Central limit theorem

In this section, we show TTE gy is asymptotically normal using Stein’s method, a common approach to
proving central limit theorems [3,49-52]. In particular, we use Theorem 3.6 from Ross [53], which we restate
below for convenience.

[53, Theorem 3.6]. Let Xi,..., X;; be random variables such that [E[Xi‘*] < oo, E[X;] = 0, v? = Var(2;X;), and
define W = 2 X;/v. Let collection (X, ...,X;) have dependency neighborhoods D; for i € [n], and also define
D = maXy<i<y|D;|]. Then, for Z a standard normal random variable,

DR \/EDEI/Z n
dw(W,Z) < = YE|XiP + ——— .| D E[X], 5.1
wW,2) s X EIE + =~ [ D EIX] (GR)

where dyw(W, Z) is the Wasserstein distance between W and Z.

Our estimator can be written in the form of TTE = %Zie[n]Yi wi(z), where Y; and w;(z) depend only on the
treatment assignments of individuals j € N;. We apply Theorem 3.6 from ref. [53], to the random variables

X; = %(Yiwi(z) ~ E[Ywy(2)]), such that by construction W = ¥.X;/v = (TTE-TTE)/v and TTE = vW¥ + TTE. An

application of Theorem 3.6 from ref. [53] implies that TTE is asymptotically normal as long as the bound in (5.1)
converges to 0 as n approaches infinity. As the size of the dependency neighborhoods D, the moments of X;,
and the scaling of the variance v all depend on the network parameters, for simplicity, we additionally assume
in the conditions of Theorem 3 that d, Y,,x, and B are bounded above by a constant, and we also assume the
treatment probability p is also lower bounded as a function of n.

Assumption 3. For some constant ¢ > 0, we have n - Var [ﬁ] - cash— o,
This is a typical assumption made in the literature [3,51,54] that rules out degenerate cases, such as all the

potential outcomes being 0, that would result in the estimator having an unnaturally low variance scaling
smaller than 1/n.
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Theorem 3. (Central limit theorem) Under Assumptions 1-3, and assuming that d, Ynax, and B are all O(1) with
respectton,p = w(n" Y4, and p < % for alli, the normalized error (ﬁf— TTE)/v converges in distribution to a

standard normal random variable as n — o, for v? = Var [ﬁ].

Theorem 3 states that our estimator is asymptotically normal, assuming the boundedness of the magnitude
of the potential outcomes, the polynomial degree, and the network degree. For the complete proof, refer to
Appendix D. The proof follows from a straightforward application of Theorem 3.6 from ref. [53] with appro-
priate bounds for the moments E |X;|* and E[X*], the dependency neighborhood size D, and the variance v. The
dependency neighborhood for variable X; is the set {j € [n]s.t. N; N N # &}, i.e, the set of individuals j that
share in-neighbors with individual i. This follows from the observation that both X; and X; are a function of the
treatment variables z, for shared in-neighbors k € A; N N;. The size of the largest dependency neighborhood
is thus bounded by D < dj,dyy. The moments E |X;°, E[X;*] will be bounded as a function of Y,y as defined in
(3.3) along with the network degree d, treatment probability p, and the polynomial degree 8. The boundedness
assumptions are used to argue that these moments do not grow too quickly in n, so that the Wasserstein
distance in (5.1) converges to 0. The details of these calculations are deferred to Appendix D. We remark that
the strict boundedness assumption can be relaxed so that d, Y,ax, and f are polylogarithmic with respect to n,
so long as we tighten the lower bound on the growth of p by a corresponding logarithmic factor.

5.3 Variance estimator

The central limit theorem result in Theorem 3 implies that we can construct asymptotically valid confidence
intervals by [TTE - v&I(1 - a), TIE + v& (1 - a)] if we knew v, where & indicates the cdf of a standard
normal. Since the practitioner typically does not know v, we construct a conservative estimator for v by
applying the approach from Aronow and Samii [3,55]. We begin by rewriting the SNIPE estimator as a sum
over possible exposures x:

T = F v@w@ =1 Y 3 M= OXEw),

i€[n] i€[n]xefo, M

Note that both ¥;(x) and w;(x) are deterministic, and the only randomness is expressed in the indicator
function 1(zx, = X). Overloading notation, we let ¥; and w; be expressed only as a function of z,;, where we
assume the order f is clearly specified. Then, the variance of our estimator is given by

Var[TTE] = Z > Y Hew®) YEwWE) Cov(i(zy, = X),1(zy, = X)).
l]E[n]XE{O Wil x efo, 3!

IfP({zy, = X} N {zn; = X'}) > 0, an unbiased estimate for the corresponding term in the variance expression is
given by
I(zy, = x)[l(zN]. =x’)
P{zn, = X} N {zp,; = X

Y(@)wi(X)Y;(x)wi(x) Cov(Il(zp; = X), 1(zy; = X).

Otherwise, if P({zy, = X} N {zy; = x}) = 0, by the same technique as given in ref. [55], using the observation
that Cov(l(zy; = X),1(zy; = X)) = P(zy, = X)P(zy; = X'), the corresponding term in the variance expression
can be approximated by the inflated estimate

%(ﬂ (zn, = Pz, = DFEWAX) + 1(zy; = X)P(zy; = XY EOW]X)).

The expectation of this estimate will be higher than the true term in the variance via Cauchy-Schwarz
inequality. Therefore, a conservative variance estimator V&F(ﬁfgmpg) is given by
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I](Z ] j= X)
O VWXV, (W(X) CovllZ, = X, 1z, = Xn,)

2P

7 jemxefo, ivun lP(ZNiUNj =X)

1
5 Y Y M@= D@y = DFEWX) ) @M - 2MW,
7 xeqo i JEM;

where

Cov(l(zy; = X)), 1(zn; = Xp))) = [ pxa-po>1- [] p¥xa-p)™%|
KENUN; K'ENINN;
In the Section 6, we compare the empirical variance of the SNIPE estimator TTE with this conservative
variance estimate Var(TTE) in simulations. We also compare against the worst-case variance bound from
Theorem 1. Most notable is that both the conservative variance estimate and the worst-case variance bound
are orders of magnitude larger than the empirical variance, suggesting that there is significant work needed to
develop tighter variance estimates.

6 Experimental results

Using computational experiments on simulated data, we compare the performance of our estimator with
existing estimators. By using an Erd6s—-Rényi model, we generate random directed graphs of n nodes for a
population of n individuals. Figure 1 shows results from networks made using the Erdés—Rényi model with n
nodes and probability p,q,, = 10/n of an edge existing between any two nodes. Hence, the expected in-degree

and out-degree of each node is 10. For degree 5, we construct the same potential outcomes model as in ref. [43]:
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Figure 1: Plots visualizing the performance of various TTE estimators under Bernoulli design on Erdds-Rényi networks for both linear
and quadratic potential outcomes models. The height of each line on a plot depicts the experimental relative bias of the estimator and
the shaded width depicts the experimental standard deviation. The SNIPE estimator is parametrized by S, the degree of the potential
outcomes model. (a) Varying population size, (b) varying direct:indirect effects, and (c) varying treatment budget.
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where ¢; g ~ U[0,1], & ~ U[0,1], and for i #j, ¢; = vj|M|/Zk:(k’j)EE|Nk| for v; ~ U[0, r], where r denotes a
hyperparameter that governs the magnitude of the network effects relative to the direct effects. We represent
the magnitude of individual j’s influence by the parameter v;. This influence is shared among individual j’s
out-neighbors proportional to their in-degrees.

6.1 Other estimators

We compare the performance of SNIPE with the performance of least-squares regression and difference-in-
means estimators, also as in ref. [43]. Although the Horvitz—Thompson estimator is unbiased in this setting,
under unit Bernoulli RD its variance is very high in practice. Thus, we omit this estimator from our experi-
mental results and comparison. Another related estimator is the Hajek estimator, which is only approximately
unbiased but with lower variance than the Horvitz—Thompson estimator. However, under our RD, its variance
is still very high in practice. In addition, as we implemented a Bernoulli RD on a graph with expected network
degree of 10, both the H4jek and Horvitz-Thompson estimators consistently took a value of 0, giving us no
meaningful results to consider. For these reasons, we chose to omit these two estimators from our experi-
mental results and comparison. The simplest difference-in-means estimator is the difference between the
average outcome of individuals assigned to treatment and the average outcome of individuals assigned to
control, given by
2iemZi%  Ziep(d - 2)Y

TTE py = - . (6.2)
oM Zie[n]zi Zie[n](l - z)

This estimator does not take into account any information about each individual’s neighborhood and is biased
under network interference. We also consider a modified version of this estimator that uses information about
the number of treated neighbors of each individual. Let U; denote the number of individuals in Ni\{i} assigned
to treatment, and let J; denote the number of neighbors individuals in M\{i} assigned to control. Then, the
estimator is given by

2iemzd (U; 2 V)Y; B Yiem( = 20T 2 DY,
YiemEd Uiz ) Y- 200z A’

ﬁDM(A) = (6-3)
for some user-defined tolerance A € [0, 1]. We set A = 0.75 for our experiments. Note that ﬁDM@) counts an
individual i’s outcome only when at least A of their neighborhood is assigned to the same treatment as them.

We also compare with least-squares regression models of degree f, which assume that the potential
outcomes model is given by

B B-1
Y(z) = g(zi, z;) = [P + ZVkXik’ + Zi[ﬁ 3 kaik’, (6.4)
k=1 k=1

for some covariate X;. We consider two variations. In the first, we set X; equal to the number of treated
neighbors. In the second, we let X; equal the proportion of treated neighbors. In both cases, we do not include
tin its neighborhood. The two sets of coefficients (p, y;, ... ¥3) and (9, J, ... ¥3) allow for the model to be different
wheni is treated vs not treated, and since we only allow up to degree  interactions, the second summation stops
at f - 1. Overall, there are 28 + 1 coefficients in the model. By using least-squares regression, we determine the
set of coefficients minimizing the least-squares predictive error on the data set {z;, X;, Yi(2)}ic[n). These coeffi-
cients define an estimate for the function g in Equation 6.4. When X; = Uj, the number of treated neighbors, the
estimate is given by

_ 1& . .
TTE L5-Num = ;Z(g(l, [N - 1) - £(0, 0)). (6.5)
i=1

When we set X; = Uj/(|NVi| — 1), the proportion of treated neighbors, we have
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Figure 2: Plots visualizing the MSE of various TTE estimators under Bernoulli design on Erd8s-Rényi networks for both linear and
quadratic potential outcomes models. The height of each line on a plot depicts the mean squared error when the model is normalized so
that the true TTE is effectively equal to 1. Alternatively, we can think of this as the variance of the normalized estimates. Our estimator
under a -order potential outcomes model is denoted SNIPE(B) in the figure. (a) Varying population size, (b) varying direct:indirect
effects, and (c) varying treatment budget.

_— I, . A
TTE 15-prop = 7+ 2. (1, 1) = £(0, 0)). (6.6)
i=1

6.2 Results and discussion

For each population size n, we sample G networks from the Erdés—Rényi model described previously. For
every configuration of parameters in the experiment, we sample N treatment assignment vectors zj,..., Zy
from a uniform Bernoulli distribution with treatment probability p to compute the TTE using each estimator.
Each plot we include also shows the relative bias of the TTE estimates, averaged over the results from these GN
samples and normalized by the magnitude, for each estimator. The width of the shading around each line in
the plots shows the standard deviation across the GN estimates. For our experiments,’ we chose G = 10
and N = 500.

Figures 1 and 2 visualize the effects of various network or estimator parameters on the performance of
each of the four TTE estimators described in Section 6.1 and ﬁiSNIPE(ﬁ), all under Bernoulli RD. In particular,
we consider the effects of the population size (n), the treatment budget (p), the ratio between the network and
direct effects (1), and the degree of the potential outcomes model (). We list specific values for the parameters
above each plot. Figure 1 shows the bias and empirical standard deviation of each estimator, where the values
are all normalized by the magnitude of the true TTE. Figure 2 plots the empirical MSE of each estimator, also
normalized by the magnitude of the true TTE. The normalization can alternately be viewed as standardizing
all models so that the ground truth TTE is 1.

The top row of plots in Figure 1 features results for a linear (f = 1) potential outcomes model while the
bottom row shows results for a quadratic (8 = 2) potential outcomes model. As expected, the SNIPE estimator,

1 The Python scripts for the experiments and the data used in our results are available at: https://github.com/mayscortez/low-
order-unitRD.
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Table 2: Table presenting the empirical variance of the SNIPE(S) estimator for the TTE under Bernoulli(p) design on Erdés-Rényi
networks with § =1, 2

Experimental variance Variance estimate Variance bound
Results for SNIPE(1)
np=02r=2)
1,000 17.63 16327.43 488300.11
2,500 8.19 3724.33 245279.16
5,000 3.34 2270.81 140688.10
7,500 2.33 1408.50 106981.33
10,000 1.95 1437.32 105354.62
p (n=5,000, r=2)
0.1 2.93 5439.83 272939.86
0.2 3.7 2375.13 174599.20
0.3 433 1259.70 106516.48
0.4 6.10 1660.36 122405.92
0.5 8.06 2197.06 93585.34
r (n =5,000, p = 0.2)
0.5 1.06 1480.23 19410.59
1.0 1.69 1793.46 44527.96
1.5 2.50 3802.44 112805.72
2.0 3.91 2080.84 142140.47
Results for SNIPE(2)
np=02r=2)
1,000 255.59 11046.03 470718.02
2,500 92.21 3873.10 231156.58
5,000 46.36 2962.08 147815.75
7,500 29.80 1495.31 95530.25
10,000 21.28 1463.03 81113.89
p (n=5,000,r=2)
0.1 114.95 8635.44 147108.70
0.2 43.94 2142.06 133774.85
0.3 24.36 1373.10 129746.07
0.4 13.24 1115.97 128101.61
0.5 9.19 2435.29 133271.42
r (n = 5,000, p =0.2)
0.5 12.99 1627.89 126414.68
1.0 20.32 1731.70 129161.00
1.5 30.94 2054.55 134921.48
2.0 44.50 2494.29 144292.22

The variance bound is computed using the bound in Theorem 1 and the variance estimate is computed using the Aronow-Samii
estimator described in section 5.3. The parameters n, p, and r refer to the population size, the treatment probability, and the ratio of
direct to indirect effects, respectively.

shown in blue, has no relative bias and its variance decreases as n increases. With the exception of the
modified difference-in-means estimator ﬁDM(OJS) in green, the variances of the other estimators are lower
than ours. However, the biases of the other estimators are larger than the standard deviation of our unbiased
estimator overall. Moreover, as r increases, the networks effects are more significant than the direct effects
and we see the biases of the other estimators grow larger. Note that the variance of our estimator remains
relatively constant as r varies. When r is close to 0, there are essentially no network effects, SUTVA holds, and
as expected, all the estimators are unbiased. Figure 2 shows that for many parameter combinations, the MSE of
our estimator is lower than the other estimators; this is particularly the case for sufficiently large population
sizes (large n) and sufficiently significant relative network effects (large r). In the top row of plots, corre-
sponding to B = 1, the difference in means estimators perform poorly relative to the other estimators so that
they are beyond the upper limit of the displayed plot. While the performance of the least squares estimators
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and our estimator is comparable for f = 1, the MSE of our estimator is solely due to variance, which will
decrease with large n, yet the MSE of the least squares estimators is largely due to its bias, which will not
decrease with large n, highlighting that they are not consistent estimators for our heterogeneous model.

6.3 Variance estimator experiments

We compare the empirical variance of SNIPE with the variance bound from Theorem 1 and the variance
estimator constructed from Aronow-Samii’s method described in Section 5.3. As mentioned earlier, for each
population size n, we sample G networks from the Erdés—Rényi model described previously. For every config-
uration of parameters in the experiment, we sample N treatment assignment vectors z,..., Zy from a uniform
Bernoulli distribution with treatment probability p to compute the TTE using each estimator. For the variance
experiments, we chose G = 10 and N = 100. Table 2 displays the effects of various network or estimator para-
meters on the experimental variance of SNIPE(S) as well as the variance estimate and the theoretical variance
bound, all under Bernoulli RD, and all averaged over GN samples of treatment vectors. As in previous experi-
ments, we consider the effects of the population size (n), the treatment budget (p), the ratio between the network
and direct effects (), and the degree of the potential outcomes model (). We list fixed values for the parameters
in parentheses. The main observation we wish to draw attention to is the differences in the orders of magnitude
among the empirical variance, the variance estimate, and the variance bound. It is clear from these results that
obtaining a tighter variance estimator would be a valuable direction for the future work.

7 Conclusions and future work

We propose an estimator for the TTE under neighborhood interference and Bernoulli design when the graph is
known. Our approach considers a potential outcomes model that is polynomial in the treatment vector z with
degree parameterized by B, which we assume to be much smaller than the maximum neighborhood size. This
assumption is equivalent to constraining the order of interactions amongst treated neighbors to sets of size at
most . We derive theoretical bounds on the variance of our estimator under Bernoulli RD and show that we
improve upon the variance of the Horvitz-Thompson estimator when f is significantly lower than the max-
imum degree of the graph. We provide minimax lower bounds on the mean squared error of our estimator
when the graph is d-regular and the treatment probabilities are the same for each individual. Furthermore,
under additional boundedness conditions, we prove a central limit theorem for our estimator, allowing for
conservative, asymptotically valid confidence intervals using our proposed variance estimator. Through com-
putational experiments, we illustrate that our estimator has lower MSE than the MSE of standard difference in
means and least-squares estimators for the TTE. Our work uniquely complements the literature in that we
consider how to incorporate and exploit structure in the potential outcomes model in a way that allows for a
richer model class than the typical parametric model classes and does not reduce the effective treatment to a
low-dimensional statistic.

Our work presents many interesting and likely fruitful directions for future work. We summarize a few of
these in the following section.

7.1 Optimized experimental designs

In this work, we studied the relationship between the complexity of the potential outcomes model (parameter-
ized by ) and the difficulty of estimation. In this analysis, we made no structural assumptions on the network
and restricted focus to independent Bernoulli experimental design. It is easy to conceive that a more careful
selection of the experimental design, motivated by structural information of the causal network, could lead to
improved performance of the estimator. For example, in graphs that are well clustered, correlating the
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treatments within each cluster could allow some individuals to have more of their neighborhood treated, giving a
better estimate of the magnitude of their treatment effect. The design philosophy of our estimator, as motivated
in Section 4.1 through the lens of experiment replication, is not particular to Bernoulli design. As such, an enticing
direction of future study would be to explore this estimator for other experimental designs and better under-
stand the interplay between performance gains due to the network structure and the model structure.

7.2 Implications to observational studies

While our stated theoretical results only hold for nonuniform Bernoulli designs, there are natural implications
to the analysis of observational studies under appropriate unconfoundedness assumptions. In particular, if
treatments across individuals are independent from each other conditioned on observed covariates, and if the
conditional treatment probabilities could be estimated, then one could plausibly consider a plugin approach to
modify our estimator for such observational data. Formalizing how to extend our results to observational
settings would be a fruitful and interesting direction for the future work.

7.3 Dealing with model misspecification

Another interesting direction for future work centers around how to use our proposed class of estimators
when the model parameter f is unknown. In settings such as online social networks, it is reasonable to posit a
low-degree interactions assumption on the network interference, which corresponds to adopting a potential
outcomes model parameterized by a ground-truth value B°T. To estimate the TTE, a researcher will select a
value BE*P to use in defining their estimator. Without knowledge of the ground truth model, it is possible that
BCT # BEXP, As this phenomenon of model misspecification is pervasive through causal inference and more
general machine learning domains, it would be useful to quantify the relationship between the degree of
B-misspecification and any additional accrual of bias or variance. Another related question is whether a
statistical test can be developed to aid in the correct choice of BE*P or to validate the low-degree polynomial
structure of the model.
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Appendix

A The explicit TTE estimator for general

Here, we derive an explicit formula for the TTE estimator under non-uniform Bernoulli design for general j5.
Recall (Equation (4.3)) that the estimator has the following form:

— 1< I 5
TIE = ) Yi2)(E[22]] (g - €0, ),
i=1
where each Slﬁ collects all subsets of A; with cardinality at most § and each Z; is the vector of length |S;| with
entries (Z))s = I'IjE sZj, indicating whether the entire subset S has been assigned to treatment. Here, we index
vectors and matrix entries by their corresponding sets (rather than numerical indices) for notational conve-
nience. To begin, we focus our attention on the first argument vectors of these inner products. Entries of the

matrix E[Z;Z;] have the form

(E[22] s = E

[ Zj i Zjr

jes jer

=E

[z

jesSuT

= |_|P,~

jeSuT

Here, the second equality uses the fact that each z; € {0, 1}, and the third equality uses the independence of the
treatment assignments. The following lemma establishes the invertibility of this matrix by giving an explicit
expression for its inverse.

Lemma 1. The matrix E[ZZ]] is invertible, with entries of its inverse A; given by the formula

(Ai)s,¢=|_|__1|_|__1 > b

jes Pj ket P qesf eeu 1-p
(Suncu

Proof. We will argue that E[ZZ]]A; = Lt entrywise. Note that both E[ZZ]] and 4; are symmetric matrices, so
their product will be as well. First, we consider the diagonal entries of this matrix. Given any S € Slﬁ ,

Ezz{14)ss= 2 [ pAdrs

Teshjesur
-1

= Z (-)suT |‘| - Z |‘| %

Test kesnn Pr qest eeut T P

(Suncu
Pe ISuTl -1

= > ] > (-1 [T — (reverse sum)

wesk esu 1= cu kesn) Pk

Scu

ey Ny 2 oy V=Tn8W=7\S)

wesh eeu 1= D yeskey Px awcai\s)

seu IUECS)
-1
=(-DISI] P > [1— (only non-zero termis U = S)
ces 1 Pe yeskev P
1
=(-DISI] —fe_ []1- —] (distributivity)
res1 =P res|  Pr

=1.

Next, we consider the off-diagonal entries. By the symmetry of E[ZZ/]A,, it suffices to consider entries
(', S) for which S\S # @. We have,
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MA)ss= 2 [l b Adrs
Tesfjesur

p — R—
TEZSBJ E~|9_|UT 1|€_|S p] kle_lT Pk (uggﬂ eerlw 1- 124
(SuncuU

|_|_ Z |_| Z |_| Py |_|— (reverse sum)

jes by «uesﬁeeu pe Tcu jesur ket Pk
7

Nty M= Mp 2 Nt 5 cv@=rns,w=7\s)
jes b wesﬁéeu pé’ jes' wveskev Pk awcu\s
scu

I(UCS")
=0.

Here, the last line follows because any non-zero term in the outer sum must correspond to some ¢/ such that
SCUCS = SC&. Our earlier assumption that S’\S # @ ensures there is no such U. O
By using this lemma, we consider the entries in the first argument vector of each inner product. We have,

Ailgy - e))s= 2 sy - (Adso
Test

N 2N ¥ Nee-3 N2

jes Pj|restker Pk qest eeful Pg (uesﬁeeful Pg

(Suncu scu
|_| - Z |_| z |_| — - 1] (reverse sum and factor)
jes b ruesﬂeeru - pe reuker Pk

scu

-1

N2y nAnk—- 1] (distributivity)
jes b ﬂesﬁee'ul pe keu Pk

scu
M~ 3 s 11
jes Pi qest ceul =D

scu

where we define g(S) = [lyes( - p,) — [Nses(-D,). By substituting back into the inner product, we calculate

<Ai(1|3f\ -e),Z)= z |_| z g(U) |_|

sestjes p] ues? ceul =D
scu
- Yewl— ¥ -
«ues/’ eeuU Py scu jes p]
Z
=2 gan [l — Mp--
11635 ceul "D jew p;
g(U)
wgsﬂ ]eﬂw p(1- P])

Finally, we replace 2/ with S to conform to earlier notation and obtain the explicit form for our estimator

TTE = — ZY > e N—"%

nig sesﬂ jes p](l p])
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B Proof of Theorem 1

B.1 Unbiasedness
The key insight that we use in our unbiasedness calculations comes from the following lemma.

Lemma 2. If {z}jc[n) are mutually independent with z; ~ Bernoulli(p)), then for any S, S’ < [n],

MN——=12%

E
JES p](l p] JES’

=1Scs) [ b
jes\s

Proof. By the mutual independence of the {z;}, we can rewrite this expectations as a product, separating the
variables into three groups.

242y - )
pj"(l - Pj”) .

i~ P i~ D
E L = _
l_l l_l g pj(l - pj)

jes L =P jes

]

jeS\S'

[ Elz] []

jes\s j esns’

Note that the expectations in the first product each simplify to 0, so this expectation is non-zero only when
§ € §’. The expectations in the second product simplify to p;,, and those in the third product each simplify to 1.
These observations imply the lemma. O

The critical feature of this lemma is that this indicator function simplifies sums over arbitrary sets to sums
over subsets S C S’. This additional structure permits simplifications using the distributive property
2 [lai=[la+a.
SCS’jeS jES’

We leverage this fact in the following calculation. Given any S’ € Slﬁ , we may simplify

E[l 2 ¢Sl ——= 17

sesf j€S pl(l p] jes’

=2 SSIE

.SES

= Z 2(S) ﬂ % (Lemma 2)

scs’ j€s\s

= [1p Zg(S)ﬂ—

jes  scs’ jes by

=Mwpl 2N Lo 3 ﬂ(—l)J(definitionof g(S)

jes' ' |scsjes P Scs’jes

=[lp| M+

jes | jes’
=1-1(8'=9)
=1(S’ = D).

(linearity)

ﬂ (1_ |_|Z]

JES b J ‘€es’

p.
=18 =) (distributivity)

J

By applying the linearity of expectation and the previous result, we calculate

E[TTE] = Z[E
i=1

=—Z 2 GsE

llses

ZZQS

i=1gesf
S'*@
= TTE.

Y; S)
28 ]Ds b - Pﬂ

2 s[5 (1- ) [1 7

sesf jes B j'es’
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B.2 Variance bound

To bound the variance of this estimator, we make use of the following lemma to bound the magnitude of each
Z(8) coefficient.

Lemma 3. For any S C [n], |g(S)| < 1.

Proof. First, note that |g(<)| = 0 < 1. Now, for any non-empty set S, leti € S. Then,

|_| a1- ps) - I_l (_ps)

SES SES

lg(S)I =

=la-p) [l a-p)+p [] ¢p)

ses\{i} ses\{i}

s@-p) [l a-p)+p [] p (triangle inequality)
ses\{i} ses\{i}

<1-p+p

=1.

This next lemma is used to bound the covariance terms that appear in our final calculation.

Lemma 4. Suppose that {zj}jcy are mutually independent, with z; ~ Bernoulli(p;). Then, for any
S,8,7,7 < [n],

z - p; % 1SN
o0sCov| || ——= 1] z», —_— Zy <ﬂ(SA7'CS’U7")[ ,
,L_L p1-p) ,L_'S, ’ kDT (1 - pk>k” p( - p)
where SAT = (S U ‘T)\(S N 7) indicates the symmetric difference of S and 7.
Proof. We reason separately about the two terms in the covariance expansion. By Lemma 2,
Zj ~ D Zx — Dy Scs,
E[ [T——2 1 z[e| [ =22 ] 2| =1 Mo M » (A1)
jes p(1-p) jes’ ! xer Pl = D) e TCT jes\s 7 KeT\T -

Next, we reason about the expectation of the product term. Since the z; are Bernoulli random variables, we can
combine the products over S’ and 77, giving

j ~ D Zx — P
[ ] <~ [ z|

(A2)
jes DL = B ker Pl = D) jresur

E

We partition the elements of S U 8’ U 7 U 77 based on which of the products they are present in:

. . . -2ufp+gp;|
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AP

_pj_

L
pa-p? | pa-p)

' -zp;
— =1
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2 jesSn '7'\(8 U 77): j contributes a factor of [E[Z

B)jesSn(S U T)\T Jj contributes a factor of [E

@ jeTN(S U ‘m\S J contributes a factor of [El z; ;p’] 1.

J

-
=Py

6) j € S\7\(S" U 7): j contributes a factor of E ;]
Zj—pj _
pj-pf] =0.

(7) jE(S'U T)\S\T : j contributes a factor of E[z] = p;.

®6) je 'T\S\(S’ U 77): j contributes a factor of [E
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Cases 5 and 6 ensure that (A2) is non-zero only when S € (77U S’U 7)) and 7 € (S U 8" U 77), or equiva-
lently when SA7 € S’ U 77. This condition is necessary for (A1) to be non-zero. In addition, note that each j
from case 7 contributing a factor of p; to (A2) also contributes at least one factor of p; to (Al). The remaining j
from other cases contribute a factor of at least 1. Notably, both (A2) and (A1) are non-negative, with (A2)
dominating (A1), so that the covariance is always bounded below by zero, and upper bounded by (A2). In (A2),
we can upper bound the contribution of each j € S N 7 by (p(1 - p))™; note that our definition of p ensures
that p,(1 - p;) 2 p(1 - p) for each j. We upper bound the contribution of each other j by 1, which establishes
the stated bound on the covariance. O

We are ready to bound the variance. If N; N Ny = &, then Y(z)wi(z) and Y;(z)w;(z) are functions of
disjoint sets of independent variables. Thus, Cov|[Y(z)wi(z), ¥-(z)w;(z)] = 0. We let M; denote the set of
individuals i such that A; N Ay # &, i.e, all individuals i’ that share an in-neighbor with individual i. Note
that IM;| < dindoue- By applying the bilinearity of covariance and the triangle inequality, we have

Var[TTE] <—z Y oY lasl Y larl Y 1S Y gD

i=1'EM; S’ es TES SES TES

Zj—p Zx = P
Py P e P

x| Cov
jes BA=D) jes ™ rer Pk~ Pi) ey

By plugging in our bounds from Lemmas 3 and 4, we can simplify this bound:

SNT1

p-p)

1 n
Var[TTE] —ZZ Y Y lasl 2 lerrl XY (SATC S’UT)~[
=li'eM;sest Test sesbrest

Via the change of variables ¢/ =S N7 ,8” = S\‘LI T = 7'\'LI , We may rewrite this

lZ > 2 lasl X ey > [

]
{(8” TES UTH:

S"'NT"=Q ]

1'eEM; S” GSﬁ TES ’ZIES p(l p) |S”| |7-”| < B - |(L[|

12 U
< —ZZ 2 2 lasl 2 leerl 2 - (2B)-2ul

i=1 EM!SES/; TES WES p(
1 [u|
< —(zmzrsz Y 3 lasl 3 larl 3 [
lllEMlses l 7"63 : fues 4sz(1 p)

<

dlndoutYmaX 28 [ ][ ]
Y 2k \apa =)
dm .

1 B
2
i ax[4ﬁ ’p(l-p)]l '

B
Here, the final inequality makes use of the bound Z£=0[Z] < [%] . Note that when S = 1, this bound simplifies to

< dmdout Ymax
a n

e dii dout Ymax®
np(1 - p)

C Proof of Theorem 2

We use a variation of LeCam’s method, which allows us to recast the hardness of TTE estimation through the
lens of hypothesis testing. We consider the following setting.
— The causal network is a d-regular directed graph (so di, = doy: = d for all nodes) on n nodes.
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— The coefficients {¢; s} are drawn from one of two possible Gaussian distributions, Iy and I3. The coefficients
are mutually independent under both distributions with marginal probabilities

0 IS < B, 0 S| < B,

lal o] Al (3]

where § is a parameter that we will fix later.
— All units have a uniform treatment probability p.

Ih:cs~ L: ¢s~
ve isi=g N SI1=8

By using the mutual independence assumption, we see that under Ij, each ¥(1) ~ N(6,1) and TTE ~ N [6, %]

Under Ty, each ¥(1) ~ N(-6, 1) and TTE ~ N[—6, 2

We wish to compute a lower bound on the mean squared error of any estimator for TTE in this setting. To
begin this calculation, we have

inf supE, [(TTE TTE)?| ¢ ] = inf mf sup —Pr[lTTE TTE| 2 — | c]
TIE .

5 (AD)

>—inf max E
100 TTE re{rn ¢ ~

Pr[|TTE TTE| > i | c”

Here, the first 1nequa11ty lower bounds the conditional expectation by % \henever [ TTE - TTE| = - and by 0
whenever |TTE TTE| < 5 . The second inequality replaces the supremum over all possible ¢ w1th a max-
imum over two possible dlstributions over c.

Now, consider designing a hypothesis test ¥ to distinguish these models, i.e., a test for 1(E[TTE] > 0).
Each estimator TTE gives rise to a decision rule ¥ = I(TTE > 0). If ¥ is incorrect, then one of the following two
scenarios must have occurred:

(1) |TTE - E[TTE]

-81né6? ]

by a Gaussian tail bound this has probability < exp|—-

I_lO

@) |TTE - TTE| = E

When neither of these conditions is true, then |ﬁ - ETTE]| < 6, so TTE and E[TTE] have the same sign.
By applying a union bound, we have

52
]+Pr

Pr(P # 1(E[TTE] > 0)) < exp|—

— §
TTE - TTE| 2 —|.
| | 10]

By rearranging this inequality and plugging into (A1), we may continue the simplification

> %,}%Ef rgggﬁ}c[g [Pr(P # I(E[TTE] > 0) | ©)] - %exp[—itrggzl
> %lgf rg{lra;)rco}c[g [Pr(¥ # I(E[TTE] > 0) | ©)] - %exp[—itrggzl
%mf (CIEFO[Pr(lP #0)] + c[NE [Pr(¥ # 1)]) - % exp —z;tr:)gz
i %(1 = 1IP = Pily) - 1‘220 ex [‘i{)’(’f]
m(l = V1~ exp(-Dia(Pol|Py) ) - % exp itr(l)az
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Here, the second line follows because we have expanded the support of the infimum to all hypothesis tests, not
just those that make use of an estimator TTE. The third line lower bounds the maximum over the distributions
by an average. The P; in the fourth line represent the joint distribution over (z, ¢) when ¢ is drawn from I;. The
last line is an application of the Bretagnolle-Huber inequality.

Next, we derive an upper bound for this KL-divergence. By applying the definition, we have

P()(Y, Z)
Pl(Y, Z)

Py(Y|z)
P(Y|2) )|

Dy (Po||P1) = E py = [E p,| log

log[

Here, the second equality uses the fact that the treatment assignments are independent from the random
model coefficients. Now, conditioned on the treatment assignment z, the outcomes Y are distributed according
to a Gaussian with independent coordinates. If we let 7(z) = {i € [n] : z; = 1} denote the set of treated indi-
viduals under z, then the marginal distribution of ¥;(z) conditioned on z is

INi N T(2)| d]'l(s [d B
Bl B) |

where the positive expectation comes from P; and the negative expectation comes from P;. By plugging in the
density of the Gaussian into our KL-divergence formula, we find that

INi N 7]

Yi(z) ~ N[i

INi N 7‘(z)|’ INi O ﬂz)|][ ] INi N WZ)I"dr r
Dxi(Pol|lPy) = E )4 Y 5
ku(Po||P1) = Py 2 B], - (z) - B B i(z) + B B

=28 ) E p|Yi(2)]

i=1
) IN: N ﬂz)l
B 2621 1[B] ]l
=262 [ ] E,[1(S € 7(2))]

i=1 B

S=ﬂ

= 2né%pf

By plugging into our earlier results, we find that

e &2
inf sup E,[(TTE-TTE)?|c] = ——|1 - /1 — exp(-2n&%pPf) - 2exp
TTE ¢ 200

By taking 6 = 3,%, we obtain the upper bound
=27
25p8 ||

-81né?
200

-16
—| -2
3 ] exp

1-,1-
75npP [ exp

This is Q[ as long as pf < 0.16.

D Proof of Theorem 3

Proof of Theorem 3. We apply Theorem 3.6 from ref. [53] to the following defined random variables,

, and W==l > X

i€[n]

Xo = - fw@ - ElYw@), v = Var

2 X

i€[n]

where wy(z) = ZSCMg(S)I'I]es

1
== —] By construction, it follows that
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- L5 (@ - ElYm@)) = S(TTE-TTE),
ie[n] v
such that TTE = Wv + TTE. The proof follows from verifying the conditions used in Theorem 3.6 of [53],
computing appropriate bounds for the moments of X;, and using the fact that v> = Q(1/n) by Assumption 3 and
the variance bound in Theorem 1.
First, we note that E[X;] = 0 by construction. To upper bound E[X;*], note that that for all i, we have

1 a)f
wi(z)| = S — | <[—]. (A1)
@l = | 3 s ),DS T pj Pl [p]
ISI<p SI<p

The second inequality in (A1) follows from Lemma 3, which upper bounds |g(S)| < 1. Furthermore, we use the
assumption that for alli, p; € [p,1 - p], and hence, |(z/p; - (1 - 2))/(1 - p))| < 1/p. The final inequality in (A1)
follows from the fact that |S| < B, and the number of subsets of A; for any i is bounded above by d?.

B
By recognizing that E[Yw(z)] = % Sl C/lvtBC i s < Yimax, We obtain a bound |X;| < - YmaX[Z] + Yiax | using the
triangle inequality and the bound on |wy(z)| from (A1). From this, we can bound
B 4 B
1 d Y d
[E[Xi4] S —E|| Ymax| —[ * Ymax = —| +1f. (A2)
n p P
Since d/p > 1 and B = 1, we can then bound
48
1(d
E[X']1=0 2l Yinax (A3)
In the same way, we can bound
B 3 3B 2B B
1 d Y, d d
[E[|Xi|3] S _3[E Ymax[_ + Ymax = mng _] 3[_] + 3[ ] +1
n p nop p p
Since d/p > 1 and B = 1, we obtain the bound
3p
1|d
[E“XilS] =0 F[; Yriax (Ad)

Let M; denote the set of individuals i’ such that N; N Ny # &, i.e, all individuals i" that share an in-
neighbors with individual i. The set M; characterizes the dependency neighborhood of i, as X; and X; are

dependent if and only if there is a shared neighbor k such that X; and X; both depend on z. It follows that the
maximum size of any dependency neighborhood D = maxiepm|Mi| < dindow < d%. Then, by plugging in the
bounds for D, E[|X;]*] and E[X;}] into Theorem 3.6 of ref. [53] results in the following bound

d4 Yiad? Y;;axd‘*ﬂ
n2p3/3 Vz n3p4ﬁ

where recall that Z is a standard normal random variable. Since Assumption 3 implies that v? > O(1/n), it
follows that

dw(W,Z) < 0

(A5)

dw(W,2) =0

VP Vo
nl/2p3 nl/2p28
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By boundedness of Yi.x, d, B, and as p = w(n™"/4), the Wasserstein distance between W and Z ~ N(0, 1) goes to
0asn - ®. As TTE = Wv + TTE, it follows that the distribution of TTE converges to a normal with mean TTE
and variance v, O

E Other estimands
E.1 Average treatment effect

The average treatment effect (ATE) measures the average effect that one’s own treatment has on their outcome
(assuming no one else is treated).

1 e 1<
ATE = = (Yi(ep) - %(0)) = = ci.
= L=
The estimator for ATE takes the form

ATE = = ZY(Z) 2 Asu (]2

L= sest IEN

where 4; is the inverse of E[ZZ]] as defined in Section 1. By plugging in the explicit form of these matrix
entries, we have:

AFp e c
ATE=— ) Y(z) —
nl=zl SEZSﬂ p; ]|€_|S p] ’LIESB €E|-I’111 12
(Sutipcu
n .
1 Y Yz z [ > |_| —  (reverse inner sums)
nia i qesecu 1 pe scu jes b

€U

i (ugsﬁeerlful b, lle-l(u p;
ieu
Y(z) —
p; rugsﬂjel_lﬂ 1- p]
=

pi- 7

I
S|
M=

1l
[N

—Z]

1
n!

||Mz

E.2 Conditional average treatment effect

Given any subdemographic of the population O C [n], the conditional average treatment effects (CATE) of D is
the average effect to an individual of the demographic that is treated in isolation

CATE(D) = Iz)|IEZD<Y(eI> Y(0)) = lDllEZDclm

By the same calculation as mentioned earlier, we estimate the conditional average treatment effect:

|@|IZ (z)— >Ny

€D P 'uesﬂJE'H - p]
ieu

CATE(D) = |Z)| 1{1}
€D
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E.3 Size-dependent treatment effects

Although not standard in the literature, as its significance is largely brought about by the low-degree poly-
nomial structure of our potential outcomes model, another family of causal estimands can be used to under-
stand the magnitude of the treatment effects that individuals experience as a result of different sized subsets of
their neighborhood being treated. We define the a-treatment effect,

n
TE@ =3 3 G,
N sCn
1S'I=a
for some parameter a < f. That is, the a-treatment effect measures only those effects that subsets S’ of size a
have on the outcome of each individual and averages the cumulative effect over the individuals. For example,
even though the polynomial degree of a model could be large, the causal effects associated to higher order
interactions could be small such that the potential outcomes could be well approximated with a linear model
(8 = 1). In such an event, one would expect that TE(1) would be close to TTE, and TE(a) would be significantly
smaller in magnitude for a > 1. As TE(a) is again a linear combination of the model parameters, we can obtain
an unbiased estimate using the same framework as mentioned earlier. In this case, the estimator takes the
following form:

T/E(Tl)- ZY(Z) 2 2 @Msr[lz
i=1 SeSs! B TCN; j€S
[T1=a
1« -z
Sy y YNENE v -
=1 sesfTNijes Pj ker Pk qesf ceu 1 pg
71=a (SUNCU

Yz Y [1— Z [1— X |_| (reorder sums)

=1 T<NikeT Pk qesfeeu 1 pe Scu jes pj
[T1=a U

iY(z) > |_| — z |_| il (distributivity).

7Niker Pk qespjeu 17 Pj
|T1=a TcU

:

:IH
M=

:IH
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