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Abstract

The purpose of this work is to discuss the well-posedness theory of singular
vortex patches. Our main results are of two types: well-posedness and ill-posedness.
On the well-posedness side, we show that globally m-fold symmetric vortex patches
with corners emanating from the origin are globally well-posed in natural regularity
classes as long as m > 3. In this case, all of the angles involved solve a closed ODE
system which dictates the global-in-time dynamics of the corners and only depends
on the initial locations and sizes of the corners. Along the way we obtain a global
well-posedness result for a class of symmetric patches with boundary singular at the
origin, which includes logarithmic spirals. On the ill-posedness side, we show that
any other type of corner singularity in a vortex patch cannot evolve continuously
in time except possibly when all corners involved have precisely the angle 7 for all
time. Even in the case of vortex patches with corners of angle 7 or with corners
which are only locally m-fold symmetric, we prove that they are generically ill-
posed. We expect that in these cases of ill-posedness, the vortex patches actually
cusp immediately in a self-similar way and we derive some asymptotic models which
may be useful in giving a more precise description of the dynamics. In a companion
work from 2020 on singular vortex patches, we discuss the long-time behavior of
symmetric vortex patches with corners and use them to construct patches on R?
with interesting dynamical behavior such as cusping and spiral formation in infinite
time.
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CHAPTER 1

Introduction

1.1. The notion of vortex patches

In this memoir, we investigate the dynamics of singular vortex patches, which
are patch-like solutions to the 2D Euler equations with non-smooth boundaries.
We first recall that the 2D Euler equations on R?, in vorticity form, are given by

(1.1) Ow + (u-V)w =0,

where at each moment of time, u is determined from w by

1

(1.2) u(t,z) = - / &9 1)y
21 Jge |z —yl?

The transport nature of (1.1) suggests that if the initial vorticity wq () is given by
the characteristic function of a domain €y C R2, the solution should take the form
of the characteristic function of a domain that moves with time. We shall refer to
such a solution as a vortex patch. Indeed, the theorem of Yudovich in [96] gives
that for any wy € L' N L>°(R?), there exists a unique solution to (1.1) in the class
w(t,z) € COR; L' N L*(R?)) with w(0,z) = wp, where C? denotes that w(t,-) is
weak-star continuous in time. It turns out that this regularity is just sufficient to
make sense of the flow maps ®(t,-) as homeomorphisms of R? for all ¢+ € R: the
velocity vector field satisfies the following log-Lipschitz estimate

1
lu(t, ) —u(t,z")| < Cllwol|pesnpr |z — 2’| log (1 + W)
which gives rise to a unique solution to the following ordinary differential equation

d
E@(t,m) =u(t,®(t,x)), P(0,z)==x.

As a particular case, if the initial data is given by wo(x) = xq, for some bounded
measurable set g, the associated unique solution to (1.1) takes the form

w(t,x) = xau, QUt) =27 ()
where ®, ! is the inverse of ®(t,-). Therefore the following vortex patch problem is
well-defined:
Given a bounded measurable set €y, what can be said about the sets Q(t) for
t#07
Before we proceed further, let us point out a simple consequence of the following
Yudovich estimate:

,|ect\IwOllLocmL1 |e*ctHonLooﬁL1

|z — <|®(t,z) — ®(t,2")| < |z — '

1
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2 1. INTRODUCTION

for all z,2' € R? with |z — 2’| < 1/2 where ¢ > 0 is an absolute constant. It
guarantees that, if the boundary of ¢ is given by a Jordan curve, this property
holds for all of the domains (t). However, since the estimate deteriorates with
time, in general no uniform regularity can be obtained for all 9Q(t).

Often, a vortex patch could mean the following more general object: a solution
of the 2D Euler equations in the form

N
w(t,r) = Z filt, ) Xxa, )
i=1
where N > 1 is an integer, Q;(¢) are mutually disjoint bounded measurable sets
that move with time, and f;(¢,x) are functions describing the profiles of vorticity.
In this case, it is reasonable to require that f;(¢,-) is at least continuous on €;(t).
Moreover, the fluid domain could be a bounded domain in R2?, the 2D torus, or
some other surface. Unless otherwise stated, we shall restrict ourselves to simple
(N = 1) patches on R?, with the normalization f; = 1.

1.2. Smooth versus singular patches

Given Yudovich’s theorem, it is natural to ask the smooth version of the above
vortex problem: that is, if Qg is given by a smooth curve, does this property hold
for all 9(t)? Tt turns out that the answer is positive: precisely, if Qg is a CF
Holder continuous curve for some & > 1 and 0 < o < 1, then 9Q(¢) is C**-regular
for all ¢. In particular, the boundary remains a C*°-curve for all times if it is so
initially. This was established first by Chemin [24,25]. There are two separate
issues for this smooth vortex patch problem, namely propagation of smoothness
locally and globally in time.

Note that even local propagation is non-trivial as w(t) € L' N L>(R?) does not
give that the corresponding velocity w(t) is Lipschitz in space, which is necessary
to keep the boundary smooth.! What saves us is the following special property of
the double Riesz transforms (stated somewhat roughly):

If w is C* 1 “smooth along a C*~1:® vector field, then R;R;jw has the same
property.

Here we need £ > 1 and 0 < a < 1, and R; denote the Riesz transform
with 7,7 € {1,2}. Applying this fact to the case w = xq, we obtain that if the
boundary is C*®-smooth, then the velocity field belongs to C**(Q) and also to
C*(R2\Q). Here we have taken the closures to emphasize that the C**-regularity
is valid uniformly up to the boundary. This “frozen-time” fact alone suffices to
show local propagation of the boundary regularity. Note also that as long as the
smooth solution exists, the flow maps ®(t,-) : Qo — Q(¢) are actually C**-regular
diffeomorphisms in this case.

The issue of global regularity, which was a subject of debate ([20,39]) and then
resolved in [15,24], is much more subtle and really hinges on the vectorial nature
of the velocity field defined by the 2D Biot-Savart kernel. Still, it is relatively

I Actually, u(t) is never C'-smooth across the boundary of the patch simply because w =

Ogu? — 8yu1.
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1.3. MOTIVATIONS FOR VORTEX PATCHES 3

straightforward to obtain the following statement on the propagation of regularity:
If 990 is C**-smooth and somehow IVu(t, z)| oo (jo,1); L0 (r2)) < 00, then Q(t) is
C* up to time 7.

Of course, this is reminiscent of the classical estimate for smooth solutions to the
Euler equations:

d
Fle@llore Ska IVu)llz=llwt)llore,

which guarantees that the vorticity retains its initial Holder regularity as long as
the velocity remains Lipschitz. Indeed, in several respects, the regularity theory for
smooth patches is parallel to the one for smooth vorticities.

At this point, it is worth emphasizing that the Yudovich theory is not relevant
(probably even misleading) for the smooth vortex patch problem (both local and
global); the latter is really about the anisotropic regularity statement for certain
singular integral transforms. Hence it should not be surprising that even for systems
such as the surface quasi-geostrophic equations and the 3D Euler equations, smooth
patches can be solved locally in time. The Yudovich theorem only guarantees unique
existence of a solution after the potential blow-up time (which does not happen for
the 2D Euler equations, anyways).

The story is completely different for patches without smooth boundaries. Let
us even imagine an initial patch whose boundary is completely smooth except at
a point where it is no better than C' (e.g. a slice of pizza). Then in general
the corresponding initial velocity will fail to be Lipschitz (which is necessary to
propagate regularity), and we are in the Yudovich regime, where the velocity is
only log-Lipschitz. Here, let us clarify a theorem of Danchin ([32]) which shows
that for an initial patch with isolated singularities in the boundary (and otherwise
smooth), the patch boundary remains smooth away from the trajectories of the
singular points by the flow. However, it does not show propagation of piecewise
smoothness uniform up to each singularity, which may be valid for the initial patch
as a slice of pizza does. Indeed, one of our results here shows that any uniform
regularity strictly better than C! is instantaneously lost for such a data. Then,
of course, the right question is to ask what exactly happens, and this is what this
work makes progress on.

1.3. Motivations for vortex patches

Before we show some explicit computations on vortex patches, let us give a few
motivations towards the vortex patch problem in general, with some emphasis on
its singular version. The following items are indeed deeply related with each other.

e Vortex patches as idealized physical objects: It is reasonable to use vortex
patches to model physical situations where a strong eddy-like motion is ob-
served, e.g. a hurricane. In particular, a motivation for studying patches
with corner singularities in aerodynamics is discussed in the introduction
of [21]. For more information, one may consult classical textbooks on
vortex dynamics ([66,82]). It in particular motivates the study of vortex
patches on the 2-sphere ([40,41,78,89]).

e Long-time behavior of smooth solutions: Regarding the 2D Euler equa-
tions, one of the most important problems is to understand the asymptotic
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4 1. INTRODUCTION

behavior of smooth solutions as time goes to infinity. The strongest con-
servation law is the L°°-norm for the vorticity, and it is possible that any
higher regularity blows up for 7' = +o0 (this explicitly happens near the
so-called Bahouri-Chemin solution; see [65,94] and Section 2.2 below).
Hence L is the natural space to study the long-time behavior.

e Critical phenomena: The space L in terms of the vorticity is a critical
space, in the sense that the associated velocity field barely fails to be a
Lipschitz function in space. This leads to interesting phenomena such as
instantaneous cusp/spiral formation which is impossible with Lipschitz
velocity fields. Moreover, recently there have been significant progress
on understanding the Cauchy problem with critical initial data [17,18,
46,47,74,75]. For instance it has been shown that the incompressible
Euler equations are ill-posed in critical Sobolev and Holder spaces. The
corresponding problem for patches is a (folklore) open problem: what
happens to the initial patch whose boundary is exactly C* or C*~11 with
some k > 17 Note that, as in [47], the case k = 1 seems to be much more
difficult than the case k > 2. This is because there is much better control
on the velocity field in the latter case.

e Construction of special solutions: There has been a lot of interest in con-
structing solutions of the Euler equations with certain dynamical behavior.
In this context, the class of vortex patches provides a whole variety of in-
teresting solutions to the 2D Euler equations. Even in situations where
one needs smooth solutions, a strategy that has proven useful is to consider
patch solutions with the same dynamics and then try to “smooth out” the
patch. (See a recent work [23] where the authors constructed compactly
supported and smooth rotating solutions to the 2D Euler equations.)

— V-states: Patches which simply rotate with some constant angular
speed are called V-states ([19,22,23,34,35,52-54,83,84]). One
may bifurcate from radial profiles to obtain m-fold symmetric V-
states, and it is expected that in certain limiting regimes one obtains
V-states with either 90° corners or cusps ([77,93,95]). See [51] for
recent rigorous progress on this problem.

— Solutions with infinite norm growth: In two dimensions, Sobolev and
Holder norms of smooth Euler solutions can grow at most double
exponentially in time. This sharp rate was achieved in the presence
of a physical boundary in [65] by smoothing out the Bahouri-Chemin
solution. In terms of vortex patches, the relevant question is whether
two disjoint patches can approach each other double exponentially in
time as t — +oo (see [37]).

— Instantaneous instability: On the other hand, one may ask for initial
vorticity configurations which maximize a certain functional (such
as palenstrophy); see [5-7] and references therein. It seems that in
certain cases the maximizer takes the form of a (slightly regularized)
vortex patch; the work [46] shows this for the case of the H'-norm
in terms of the vorticity.

In the opposite direction, one may consider patches as smoother alter-
natives for even more singular constructs, such as vortex sheets or point
vortices. The study of singular vortex patches becomes relevant in this
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1.4. MAIN RESULTS AND IDEAS OF THE PROOF 5

regard; for instance, one may take the vanishing angle limit of the patch
supported on a sector, keeping the L'-norm constant. In the limit one
obtains a sheet with linearly growing intensity from the corner which was
numerically studied by Pullin [79-81].

1.4. Main results and ideas of the proof

As we have mentioned earlier, the primary goal in this paper is to understand
the dynamics of patches initially supported on either a corner or a union of corners
meeting at a point. In one sentence, our conclusion is that such a corner structure
propagates continuously in time if and only if the initial patch satisfies an appro-
priate rotational symmetry condition at the origin, namely m-fold symmetry with
some m > 3.2 We actually show that when such a symmetry condition is satisfied,
then the propagation is global in time.

Our main well-posedness result concerns rotationally symmetric patches which
have corners meeting at a point . The main result shows that the uniform regularity
of the patch boundary (up to the corner) propagates for all time. For the economy
of presentation, we give a somewhat rough statement here; detailed statements are
given in Theorem 6 and Corollary 4.6.

THEOREM A. Fiz some 0 < a < 1 and consider wy = xq,, where g is m-fold
rotationally symmetric around the origin for some m > 3, 0y is C1*-smooth away
from the origin, and can be mapped by a CY*-diffeomorphism Uy of R? to a union
of non-intersecting sectors. That is, we have

(1.3)
m—1 N

Uy(Q0) N By(rg) = U LJ{(?“7 0):0<r <ro,aio+2nk/m <6 <bo+2rk/m}
k=0 i=1

for some g > 0.

Then, the corresponding patch solution SU(t) enjoys the same properties for all
t > 0, with some CH*-diffeomorphism W(t) and r(t) > 0. To be more precise, 2(t)
is m-fold symmetric, C1“-smooth away from the origin, and

W (t)(2(t)) N Bo(r(t))
m—1 N
= U U{(r, 0):0<r<r(t),a(t)+2rk/m < 0 <b;(t) + 2nk/m}.
k=0 i=1
Moreover, the corner angles of Q(t) evolve according to a closed system of
ordinary differential equations; in the simplest case of N =1 in (1.3), the corners
rotate with a constant angular speed for all time, which is determined only by the
initial angle and m.

In the statement, “C*” can be replaced by “C*” throughout, for any integer
k > 1. In particular if the initial boundary is uniformly C'*°-smooth up to the
corner, the boundary will remain so for all time. A prototypical example of a patch
satisfying the assumption above is given by the region

{(r,0) : 0 < r <sin(mb)}
with some m > 3; see Figure 1 for the case m = 3. Since N = 1 in this case, our

2This is with the exception of special angles 0, 7/2, 7, and 37/2, which we discuss separately.

Licensed to Duke Univ. Prepared on Thu Aug 17 10:47:36 EDT 2023for download from IP 152.3.25.83.



6 1. INTRODUCTION

FIGURE 1. Symmetric corners with smooth boundary

result dictates that near the corner, the motion of the patch is given by a uniform
rotation for all time. This is completely consistent with the existence of V-states
which take a similar form as in Figure 1 reported by numerical analysts ([68,69]).3
It turns out that the angular speed of rotation is a monotonic function of the initial
angle. Therefore, if we perturb the circular patch in L' so that locally it looks as
in Figure 1, there is a discrepancy between the speeds of rotation near the corner
and at the bulk for all time, from a well-known stability result for the circular
patch. Combining this with some topological and measure-theoretic arguments, we
conclude infinite in time spiral formation in the companion work [44].

Our analysis is not limited to the case of N = 1, but also covers the case when
there are multiple corners in a fundamental domain of the m-fold rotation. For an
example, one can consider the domain obtained by the 3-fold symmetrization of

{(r,0): 0 <r <sin(66),0 < <7w/6} U{(r,0):0<r<2sin(66),7/3 <0 < m/2}.

In such cases, the corner angles satisfy an interesting system of ODEs which we
briefly study in Section 4.4. We emphasize that this system is completely closed by
itself, so that the local asymptotic shape of the patch for any ¢ > 0 is determined
from the initial corner angles.

The statement regarding the angles might be counter-intuitive; after all, strong
non-locality in the Biot-Savart kernel of the incompressible Euler equations is its
main difficulty. However, consider for instance a radial vorticity w = f(r) which
is supported away from the origin. Then the velocity near the origin is identically
zero; that is, symmetry introduces cancellations. For our purpose, which is to
localize the dynamics of the angles, it suffices to guarantee that wusq,(x) = o(|z|)
for |z| < 1 where usq, is the non-local contribution to the velocity. As we will
show in this work, it suffices to assume m-fold symmetry with m > 3.

3Interestingly such V-states can be found numerically by carefully bifurcating from a V-state
consisting of three chunks of vorticity arranged symmetrically around the origin.
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1.4. MAIN RESULTS AND IDEAS OF THE PROOF 7

scale-invariant regularity

C*-vorticity —_— Co’“—vorticity
l anisotropic regularity l
C*“-patch —_— C-patch (Theorem B)

FI1GURE 2. Global in time propagation of Holder regularity of vorticity

It turns out that the proof for the local in time statement is rather straightfor-
ward, and follows readily from the explicit computations that we shall demonstrate
in the next chapter. Let us give the main points here: For local propagation of regu-
larity, it suffices to establish that the velocity restricted onto the patch boundary is
CY*-smooth. However, for a patch given in the statement of Theorem A, the corre-
sponding velocity can be considered as a sum of main part coming from exact sectors
and remainder associated with cusp regions. The latter component of the velocity
is smooth on the boundary. On the other hand, the velocity generated by a sym-
metric union of exact sectors takes the form V+(r2H(0)), with H € W2°°([0, 27)).
The log-Lipschitz part vanishes by symmetry, and it is not hard to see using this
explicit expression that it is C1® along any C1*®-curve emanating from the origin.
Essentially, this concludes the proof for local well-posedness.

Unfortunately, the global well-posedness statement for such patches does not
seem to follow from a simple adaptation of any of the existing arguments showing
global well-posedness for smooth patches. For instance, let us explain the difficulty
with respect to the “geometric” approach of Bertozzi and Constantin (see Section
2.3 below for a brief review of their approach). In this framework, the patch bound-
ary regularity is encoded by a level set function ¢ : R? — R, characterized by the
property that ¢ > 0 exactly in the interior of the patch. Then, the C'*® norm
of ¢ is (roughly) associated with the C1*-regularity of the patch boundary, under
the condition that V¢ is non-degenerate. Note that if we want such a level set
function for the domain in Figure 1, ¢ certainly cannot be better than Lipschitz.
To encode the information that the patch boundary is uniformly piecewise C'* up
to the corner, we need to either give up that V¢ is non-degenerate, or use multiple
level set functions to characterize the boundary. None of these variations seemed
to work out well.*

Our approach was to go around this problem by first “completing the square”
(see Figure 2) and extract the global-in-time bound on the Lipschitz norm of the
velocity from it. This piece of information combined with a Beale-Kato-Majda
type argument was sufficient to conclude Theorem A. Let us now briefly explain
Figure 2; on the top left side, the classical result on the global well-posedness of
C* vorticity is placed. Then, the vertical and horizontal arrows correspond to the
properties of the Euler equations which propagate anisotropic and scale-invariant
Holder regularity of the vorticity, respectively. The latter holds only in the presence

4However, see a recent work Kiselev, Ryzhik, Yao, and Zlatos [64] where the authors overcome
a similar type of difficulty on the upper half-plane with brute force estimates.
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8 1. INTRODUCTION

of m-fold rotational symmetry with m > 3. The notation C was introduced in [45]
and encodes scale-invariant C'“-regularity; roughly, “homogeneous” derivatives 9§'w
and 7“0/ 'w should be bounded, where dy and ;' denote the a-fractional derivative
in the angle and radius, respectively. The global well-posedness of é’a—vorticity
under symmetry was established in [45], and it is natural to consider the patch
version of this result. On the other hand, one can equivalently consider the scale-
invariant version of the C'*-patch result. This is the content of the following result:

THEOREM B. Consider a patch Qg which is m-fold symmetric for some m > 3
and the piece of boundary at distance O(r) from the origin is C*“-smooth with
Lipschitz norm bounded uniformly in v and C*“-norm bounded by Cr=% for some
C >0and 0 < a < 1. Then the patch solution Q(t) retains this property for all
t>0.

It is easy to see that the patches considered in Theorem A satisfy this condi-
tion. Note that the logarithmic spirals (e.g. functions of the form X{q<gtcinr<s}
in polar coordinates for some constants a, b, ¢; see Section 2.2 and Figure 1) satisfy
this assumption as well, so that Theorem B establishes global-in-time regularity
propagation for them. The uniform Lipschitz assumption in Theorem B in par-
ticular requires that the patch domain is weakly Lipschitz, in the sense that near
every point p € 08, there is a bi-Lipschitz map of R? sending a neighborhood of
p intersected with ¢ and 0y to the upper half-plane and the boundary of the
upper half-plane, respectively. Indeed, the logarithmic spirals are well-known ex-
amples of weakly Lipschitz domains which are not strongly Lipschitz (near every
point on the boundary, the boundary of the domain is given by the graph of a
Lipschitz function); see [4,31]. Hence, this result shows that even weakly Lipschitz
domains propagate its regularity if we assume symmetry and scale-invariant Holder
condition. We shall give more details on the ideas of the proofs in the beginning of
Chapters 3 and 4.

We now state our main ill-posedness result, which states roughly that when the
symmetry condition in the above well-posedness statements are not satisfied, then
the corner structure is lost immediately.

THEOREM C. Assume that w(t) = xq 15 a patch-type solution to the 2D
Euler equation with a corner singularity whose initial angle is less than 180° and
propagates continuously in time on some interval [0,5). Then, either the corner
has angle 90° for all t € [0,0) or the vortex patch is locally m-fold symmetric with
respect to the corner for some m > 3 for allt € [0,8). Moreover, there exist initially
locally m-fold symmetric patches and patches with a single 90° corner which do not
propagate continuously in time.

In addition to this, we shall show in Theorem 10 that the exact m-fold symmetry
condition is essential even for local well-posedness: for an initial vortex patch which
is m~fold symmetric with m > 3 only locally at the origin, it is possible for the
velocity to lose Lipschitz continuity immediately.

Lastly, we discuss the important question of what is the actual dynamics of
a corner without any symmetries. In Section 2.2 below, we shall carry out some
computations for vortex patches supported on cusps and spirals, as possible candi-
dates for describing the evolution of the corner. Let us explain here why we expect
the corner to immediately cusp or spiral: To begin with, the passive transport by
the initial velocity indicates that the corner rotates 45° instantaneously and form
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1.5. HISTORICAL BACKGROUND 9

a cusp there. However, as soon as this happens, if the vorticity near the point
of singularity is “thick” enough in the angle, then the new velocity can make the
patch rotate even further, up to another 45°. Then, either this process can go on
indefinitely so that the resulting patch has formed an (infinite) spiral, or stop at
some point that the patch is just a cusp. The difficulty is that this entire process
is supposed to happen exactly at t = 0. Therefore, it makes sense to define a new
variable incorporating both time and length scales, which rescales the instantaneous
behavior of the patch to occur on a non-zero interval in this variable. It turns out
that the natural change of variables is to introduce new time variable 7 = ¢In %
With this variable, we derive a formal evolution equation (a second order system
of ordinary differential equations in terms of 7) which is supposed to describe the
boundary evolution near the corner at least for a short period of time. This pro-
cedure is comparable with introducing a self-similar variable in the study of vortex
sheets supported on algebraic spirals.

1.5. Historical background

The celebrated 1963 theorem of Yudovich [96] made it possible to pose the
vortex problem, without any regularity assumptions on the patch boundary. Later
this well-posedness result was extended in various directions (see e.g. [3,12-14,29,
30,42,45,61,76,87,88,90-92,97]). We just note that when the patch satisfies
m-fold symmetry with some m > 3, global existence and uniqueness can be proved
with just L of vorticity, which makes it possible to treat patches with non-compact
support in R? ([45]).

The dynamics of vortex patches, either numerically or theoretically, are usually
considered using the contour dynamics equation (see [98,100]), which reduce the
2D dynamics to a 1D evolution equation in terms of the boundary parametrization.
It is required that the patch boundary is at least piecewise C'. In the context
of 2D Euler patches, the corresponding CDE seems to have first appeared in the
work [98] published in 1979, in the context of providing reliable numerical scheme
for the 2D Euler equations. In the thesis of Bertozzi [16], a local well-posedness
theorem for smooth vortex patches was proved based on the CDE. At the time of
that work, the problem of global regularity was open and patches with a corner
were investigated therein as a possible candidate for the profile of the patch at the
blow-up time. In the late 80s and early 90s there have been a lot of numerical
and theoretical works investigating the possibility of finite time singularity, which
seemed highly likely ([2, 20,28, 39,40, 70]).

This issue was settled by Chemin [24,25] in 1991 who showed global well-
posedness using paradifferential calculus. Then several other proofs, based on dif-
ferent arguments, followed [10,88]. See also more recent works [8,56] as well as
textbooks [11, 26] which cover the proof of global well-posedness. The works of
Danchin [32, 33] cover global well-posedness for (regular) cusps as well as propa-
gation of patch boundary regularity away from singularities. In the case when the
physical domain has a boundary, it is more delicate to propagate regularity glob-
ally in time for smooth patches touching the boundary (see [38,64] and references
therein). In [55], it was shown that a corner supported on the boundary of the
Half-plane cusps immediately as ¢ > 0. Here, the physical boundary significantly
simplifies the analysis — we revisit this result in the section on illposedness (Chap-
ter 5). The works [21, 27] numerically investigate the dynamics of a corner; the
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10 1. INTRODUCTION

pictures suggest that initial angles smaller than 90° shrink and those larger than
90° expand for ¢ > 0.

Many interesting dynamic problems regarding vortex patches are wide open.
For patches in 3D and higher, it is certainly a challenging problem to prove whether
smooth vortex patches can become singular in finite time. Regarding 2D patches,
it is not known whether a (signed) patch can initially have finite diameter and the
diameter grows without a uniform bound as ¢ — co. Non-trivial upper bounds on
the diameter growth are known (and they are polynomial in time; see e.g. [57,58,
72]). In the case when both signs are allowed, [58] shows that the patch diameter
can grow linearly in time (which is sharp). A similar question can be asked for
the perimeter. In contrast with the diameter case, there is a possibility for a patch
with rectifiable boundary to instantaneously lose this property for ¢ > 0. However,
the result [62] which gives upper bounds on the growth of the Dirichlet eigenvalues
for the Laplacian with little assumption on the boundary regularity suggests that
such a behavior is unlikely. The study of patches with 90° corners are left out in
this work (but for an ill-posedness result, see Proposition 5.11). As we have seen
in the above, the difficulty is that the log-Lipschitz part of velocity only exists in
the direction tangent to the patch boundary. It would be interesting to rigorously
show existence of not only rotating patches with 90° corners but also translating
ones with an odd symmetry (see figures from [67] and references therein).

1.6. Outline of the paper

The rest of this paper is organized as follows. The notations that we use
throughout the paper are collected in the first subsection of Chapter 2 which is
followed by some useful explicit computations and a brief review of results that
are necessary to the proof of our well-posedness results in Chapters 3 and 4. Then
in Chapter 3, we prove Theorem B, which is global well-posedness for symmetric
patches whose boundaries are C'*-smooth in the angle. Using this result together
with a tedious local calculation, we conclude Theorem A in Chapter 4. Possible
extensions to this main result are sketched at the end of that section. Ill-posedness
results, including Theorem C, are proved in Chapter 5. Finally in Chapter 6, we
formally write down the effective system which describes the dynamics of the patch
with a single corner. The necessary local well-posedness results for symmetric
patches that we consider in Chapters 3 and 4 are proved in the Appendix for
completeness. We emphasize that the work consists of two different results whose
proofs are independent of each other: well-posedness and ill-posedness. As such,
a reader interested in the well-posedness results may focus solely on Chapters 2,
3, and 4 while a reader interested mainly in the ill-posedness results may read
Chapters 2, 5, and 6.
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CHAPTER 2

Background Material

This chapter goes through some useful background material for the benefit of
the reader. We begin by going through a few simple computations which give the
reader a sense of the difficulties associated with vortex patches in general and singu-
lar vortex patches in particular. Then we discuss two prior works which are impor-
tant to know: Chemin’s global well-posedness result for smooth vortex patches, par-
ticularly the proof of Bertozzi-Constantin and our previous result on scale-invariant
Holder regularity for m-fold symmetric solutions to 2D Euler.

2.1. Notations and definitions

Let us collect a few definitions and conventions that will be used throughout
the paper.

e For 6 € [0,27), we let Ry be the matrix of counterclockwise rotation
around the origin by the angle 6. Using this notation, we say that a scalar-
valued function f : R?> — R (e.g. vorticity, level-set function, stream
function) is m-fold symmetric if f(z) = f(Rax/m®) for any 2 € R% On
the other hand, a vector field v : R?> — R? (e.g. velocity, flow maps) is
m-fold symmetric if v(Ror/mx) = Ror/mv(z).

e Given a vector f = (f1, f2), we denote the counterclockwise 90° rotation
by f+ = (—f2, f1). Similarly, V+¢ = (—026,0,¢) for a scalar function
¢:R?2 > R.

e The classical Holder spaces are defined as follows: for 0 < a < 1,

[l ce@y = 1l @) + | fllce @)
!/
z) — f(x
= sup |f(@)] + sup LD
zeU rH#x! ‘LL' - |
We shall often use the “inf”, defined by
1 linecr) = inf [f(2)].

e We say that w is a patch if it is a characteristic function on some (open)
set Q € R2. It will be assumed that the boundary 05 is either a Jordan
curve, or a union of a few Jordan curves intersecting only at the origin.
We often identify the function w with the set 2.

e We denote the Biot-Savart kernel as

1 zt

= ol

and VK as its gradient. Convolution against VK is defined in the sense
of principal value integration.

K(z)

11
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12 2. BACKGROUND MATERIAL

e For functions depending on time and space, we write f(t,-) = fi(-). The
latter notation is not to be confused with the partial derivative in time,
which we always denote as 0.

e The flow ® is defined as a map [0,00) x R? — R2. For each fixed ¢t > 0,
®(t,-) = ; is a homeomorphism of R? whose inverse is denoted by ®; .

e A point in R? is denoted by = (x1,72) or by y = (y1,%2). Often we
slightly abuse notation and consider polar coordinates (r, §), where r = |z
and 0 = arctan(za/x1).

e Given z € R? and r > 0, we define B,(r) = {y € R? : [z —y| < r}.

e Given two angles 0 < 01 < 05 < 27, we define the sector

Soy,0, = {(r,0) : 01 < 0 < 65}

e Given f : R — R™ and g : R™ — R*  we define the composition of g
and f by go f(z) = g(f(x)) as a map R" — R .

As it is usual, we use letters C, ¢, --- to denote various positive absolute con-
stants whose values may vary from a line to another (and even within a line). More-
over, we write A < B if there is an absolute constant C' > 0 such that A < CB. We
also use A ~ B when we have A < B and A 2 B. We fix some value of 0 < o < 1
throughout the paper, and the constants C, ¢ may depend on « as well.

2.2. A few explicit computations

In this section, we perform some simple computations which already illustrate
key issues related to the vortex patch problem.

Case of the disc. Consider the patch supported on the unit disc. Then, using
the Biot-Savart law (it is much easier to use its radial version), one can explicitly
compute that the corresponding velocity is given by
tat if |zl <1,

Lo if || > 1.

2 |z|?

u(z) =

Note that in the regions {z : |z| <1} and {x : |z| > 1}, the velocity is C*°-smooth,
respectively.

This simple computation can be used as a basis for the following general result
mentioned earlier in the introduction: for a patch U bounded by a C*®-curve,
the velocity is a C*® function inside the patch. The point is that there exists a
CF-e_diffeomorphism of the plane ¥ which maps the unit disc onto U. Then after
a change of variables, each component of VKV+A~1yy has an explicit integral
representation involving derivatives of ¥ in the unit disc. Working directly with
this expression, the Holder estimate can be achieved. We leave the details of this
(tedious) computation to the interested reader.

Bahouri-Chemin solution. On the torus T?=[—1,1)?, w(z)=sgn(z1)sgn(zz)
defines a stationary patch solution, which is often called the Bahouri-Chemin solu-
tion after the work [10]. Stationarity follows since the particle trajectories cannot
cross the axes by odd symmetry. Here we consider a configuration in R? which
is odd with respect to both variables z1,x2 and given by sgn(z)sgn(zz) near the
origin, say on the unit disc for concreteness. It is well-known that the associated
velocity field is only log-Lipschitz at the origin. For a computation based on Fourier
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2.2. A FEW EXPLICIT COMPUTATIONS 13

series, see [36]. Here we present a simpler way to see it by working in polar coor-
dinates. To begin with, observe that the Bahouri-Chemin solution can be locally
written as

sin(2(2k + 1)0
k>0

where tan(f) = x3/x1 and therefore to compute u = VA~ 1w, it suffices to invert
the Laplace operator for functions sin(mf). Note that

1 1
A(r?sin(md)) = (83 + -0, + —2892> (r?sin(m@)) = (4 — m?) sin(m0).
r r
From this computation, it can be argued that for m > 3,

A= (sin(m8)) = _%47‘2 sin(mé).
—

(Strictly speaking sin(m#) on both sides needs to be appropriately truncated for
r > 1.) Therefore, from straightforward estimates one can show that

_ in(2(2k 4+ 1)0) 1 sin(2(2k + 1))
21 sin( _ 2,2
v kzx 2% + 1 v ’"’;4(2/@“)2—4 2% + 1

is summable; that is, the corresponding velocity field is Lipschitz continuous. On
the other hand, for m = 2 we have instead

A (7"2 In ! sin(29)) = —4sin(26),
T

so that
1 1
Oz, 0, A1 (sin(20)) = ~1 In |—| + bounded.
x
We conclude that 0, u1 = —0,,us are divergent logarithmically at the origin. In

particular on the separatrices {x; = 0} and {x2 = 0}, this stationary velocity
produces double exponential in time contraction and expansion, respectively.

Patches supported on sectors. Generalizing the previous computation, we
perform a similar calculation for patches that are locally supported on a union of
sectors, which are the main object of study in this work. Explicit computations
have appeared in several places (e.g. [16,21]) but again we provide a shortcut using
polar coordinates. The arguments here which might seem formal can be justified
either using directly the Biot-Savart kernel or arguments based on the uniqueness
of A™1,

We consider vorticity which takes the form w(z) = h(0) for |z| < 1, with some
bounded function h of the angle. Taking in particular h to be the characteristic
function on a union of intervals in [0, 27), we obtain a vortex patch supported on a
union of sectors meeting at the origin. The computations below go through for any
function h. In view of the above, we know that the inverse Laplacian of a bounded
function of # may involve a logarithm. This suggests us to prepare an ansatz

1
A7 h =r2H(0) +r*In ~G(6),
r

where H and G are functions to be determined. Here, we are neglecting possible
constant and linear terms on the right hand side (this can be justified for instance
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14 2. BACKGROUND MATERIAL

when h has some symmetries), which does not affect the velocity gradient in any
essential way. Then,

h=A (r2H(9) +7%In 1G(¢9)>
T
=4H + H" + (4G+G”)1n1 —4G.
T

This forces 4G + G” = 0, or G = ccos(26) + ssin(26) for some constants ¢, s, which
are determined by multiplying both sides of the above equation by cos(26) and
sin(26), respectively and integrating on [0, 27):

()= [ o (5

Then H is determined uniquely by
(I + 9o9)”"(h+4G) = H,

which is well-defined since h + 4G is orthogonal to cos(26) and sin(26) (see [45]
for a proof). An explicit kernel expression for H has been derived in [45]; see also
Section 2. Note that the velocity gradient coming from r2H is bounded. Therefore,
we conclude that

(2.1) Vu(z) = (aclul 8”"‘u1> =In ! <_25 2C> + bounded.

O s Ogyua) m 2¢  2s

Interestingly, the non-Lipschitz part of the velocity is simply a constant multiple of
the log-linear function, where the constant is determined only by the second-order
Fourier coefficients of the vorticity profile. In particular, if h has zero second-order
coeflicients, then the corresponding velocity gradient is bounded! This happens
when h is m-fold symmetric with some m > 3, but this is certainly not a necessary
condition; for example one can take h = X[_g,,6,] + X[r/2—00,7/2+6,] (5€€ [43] for a
necessary and sufficient condition).

We also compute the eigenvectors for the gradient matrix, which correspond to
the separatrices generated by the flow:

—C s+ Vs? +c?
s+vVs2+c?)’ c ’

which are orthogonal to each other.

Now, let us take the concrete case of h(0) = X[_g,,9,] for some 0 < 6y < 7/2.
Then, s =0and c = ﬁ sin(26p). The separatrices are always given by the diagonals
{1 = x2} and {z1 = —xz2}, independent of . On the other hand, if we 2-fold
symmetrize h, that is, take x[_g,,0,] + X[x—0,7+6,], then s = 0 again and c is simply
multiplied by 2. This shows that the effect of 2-fold symmetrization is just rescaling
time by 2, modulo the effect of the bounded term, which is negligible for |¢|, |z| < 1.

Note that for 0 < 6y < m/2, the log-Lipschitz part of the velocity which is
normal to the patch boundary vanishes only for 8y = 7/4, which corresponds to
the 90°-corner. It gives some possibility for a patch with 90°-corners to retain its
shape, which happens explicitly for the Bahouri-Chemin solution and conjecturally
happens for certain V-states ([77,93]).
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2.2. A FEW EXPLICIT COMPUTATIONS 15

Cusps and logarithmic spirals. Lastly, we consider vortex patches sup-
ported on cusps and logarithmic spirals. For us, a cusp (naively) refers to the
region bounded by two C! curves which meet at a point with the same tangent
vectors. By a logarithmic spiral, we mean a spiral where the distances between
the turns are related by a geometric progression. These objects are not only of
significant interest by themselves, but they are particularly relevant for our study
as main candidates which would describe the evolution of a single corner. Indeed,
instantaneous cusping or (logarithmic) spiraling of a corner is possible under the
flow by a log-Lipschitz velocity. If one consider the passive transport of the patch
supported on a corner (whose angle is between 0 and 7 /2) by the flow associated
with the initial velocity, then the corner immediately becomes a cusp tangent to
one of the separatrices. On the other hand, one may transport the corner with
the time-independent velocity v(z) = z* log ||, and this would cause the corner to
immediately become a logarithmic spiral.

An elementary but important fact regarding cusps is that the associated veloc-
ity is smooth as long as two pieces of the boundary curves meeting at the cusping
point are smooth. To see this, for concreteness we take a patch 2 whose intersection
with a small square N (—4,9)? is given by the region

{(z1,22) : 0 < &1 < d,9(x1) < 2 < f(x1)}

with some C1® functions g, f on [0,d] satisfying ¢’(0) = f/(0) = 0. Then, locally
near the origin, Q N (—6,8)? = A\B, where

A={(z1,22) : =6 <21 < 0,22 <0} U{(z1,22) : 0 < 2y < 6,22 < f(x1)}
and
B={(x1,22): =0 <1 < 0,292 <0} U{(z1,22) : 0 < 21 < 6,20 < g(z1)}-

Then, the domains A and B have C1'* boundaries on [—§, §]2, so that the velocities
associated with x4 and xp are C1'® near the origin in the interior of their respective
domains. Hence the velocity of yq is CM® in the interior of Q N [—4§/2,4/2]?,
uniformly up to the boundary.

Similarly, it follows that the velocity VX A=ty is CF<(U) near the origin if
g, f € CH for some k > 1 and 0 < a < 1. If the preceding argument is somehow
not convincing, one can compute explicitly the Biot-Savart kernel for V-A~1xy
by first integrating out the second coordinate variable and check directly that the
resulting function is C1®. Indeed, we carry out such a computation (in a more
complicated setting of a patch consisting of a corner with cusps attached to its
sides) in Chapter 4 in the course of proving our main well-posedness result.

In the meanwhile, this frozen-time argument already shows that the C'*-cusps
should be (at least) locally well-posed: in particular, there is no hope of starting
from a corner and immediately becoming a C'®-cusp. Actually such cusps are
globally well-posed, and we sketch the argument below in Chapter 2. Therefore,
while a cusp may be considered as a singularity, as long as the boundary curves are
smooth, the corresponding vortex patch will not lose any regularity in time.

We now turn to spirals. For simplicity we consider (locally) self-similar spirals
with some bounded profile h: using polar coordinates, we can write

w(r,@):h(clnl—i—H), r<l1
r
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16 2. BACKGROUND MATERIAL

for some h € L*°([0,27)) and ¢ > 0. In the particular case when h is a characteristic
function of the interval, say h = (4,5}, then note that w = xq where 9 consists of
two logarithmic curves

O:a—clnl, 9:b—clnl.
r r

See Figure 1 for the case when h is a characteristic function of three intervals. Let
us compute the velocity associated with it. We proceed formally by taking the
following ansatz for the stream function:

1
v = TQH(cln; +6).
Then the relation A¥ = w gives that
4H — 4cH' + (1 + *)H" = h.

It is not difficult to show that there exists a unique solution H € L*([0,27)) (e.g.
using Fourier series) and it actually belongs to W*°°([0,27)). Using u, :=u-e, =
—%89\11 and ug = u-eg = —9,¥, we deduce that

up(r,0) = 7"H'(cln1 +6), ug(r,0) = (2rH —crH') o (cln1 +6)
r r

near r = 0. Taking another 0, and 7~ !9y, it follows in particular that v is indeed
Lipschitz continuous. This fact could be somewhat surprising, especially since
when one takes the limit ¢ — 0T in the above, then we are back to the radially
homogeneous case where the velocity is explicitly log-Lipschitz. This transition
can be seen in terms of the Biot-Savart kernel: the cancellations introduced by the
spiral removes the logarithmic divergence of the gradient.

Moreover, using the above ansatz for ¥, we may write down a closed evolution
equation in terms of h:

Oh+2HOh =0,  4H —4cH' + (14 *)H" = h.

The conservation of ||h||p~ ensures that this is globally well-posed. Note that
in stark contrast to the radially homogeneous case, whose evolution equation for
h requires rotational symmetry, no such assumption is needed for the spiral case.
While showing global well-posedness for the logarithmic spirals rigorously may take
some work (we achieve this in the presence of rotational symmetry in Chapter 3),
this is very plausible as the above ansatz for the stream function is correct modulo
a perturbation which is C'°° near the origin. In the end, it suggests that a corner
cannot become a logarithmic spiral, and even if it spirals, the turns should be
sparser than those of a logarithmic spiral.

Note that instead of taking h to be a bounded function, we may take it as a
signed measure. Since H is two orders more regular than i, we have that H is
Lipschitz continuous, which can be used to show that there is still a local-in-time
unique measure-valued solution to

O¢h +2H0gh = 0.
In particular, one can take hy to be a finite sum of Dirac deltas, possibly with
weights. Then this corresponds to a vortex sheet supported on logarithmic spi-

rals which are famously known as Alexander spirals [1]. Hence we have obtained,
in a very simple manner, the evolution equation corresponding to multi-branched
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2.3. SMOOTH VORTEX PATCHES: APPROACH BY BERTOZZI AND CONSTANTIN 17

Alexander spirals (see Kaneda [60] and also a very recent work of Elling-Gnann
[48]).

2.3. Smooth vortex patches: approach by Bertozzi and Constantin

In this section, let us provide a brief outline of the elegant proof of Bertozzi
and Constantin [15] on global regularity of smooth vortex patches. We restrict
ourselves to domains 2 (bounded open set in R?) which has a level set ¢ : R? — R
such that:

e We have ¢(z) > 0 if and only if € Q (hence ¢ vanishes precisely on 02).
e The tangent vector field of ¢ satisfies V+-¢ € C*(R?).
e The function ¢ is non-degenerate near 0€2, i.e., |‘VL¢|‘inf(QQ)
= inf cp0 |VL¢| >c>0.
Then we say that the patch Q is C%®-regular, or a C'"®-patch. Given such a ¢, we
associate the following characteristic quantity:

1/«
r— IVl o r2y
IV+0llint00) ’
which quantifies the C1®-regularity of 2. Recall that C® denotes the homogeneous
C%-norm:

VG (4]

et T — 2|

/]

Note that it has units of inverse length, so that I'"! provides a C'®-characteristic
length scale for . An alternative way of defining C'*® patches is to require that,
for any point € 9, there exists a ball B, (r) with some radius r > 0 uniform over
x such that the intersection B,(r) N AU is given by the graph of a C1'* function,
after rotating the patch if necessary. Indeed, given I', one may take r to be 1/(10T")
and vice versa; given r > 0 for each x € 0f), one may construct a level set function
0.

Taking the initial vorticity to be the characteristic function wy = xq, we may
denote its unique solution by xq,. Since the vorticity is simply being transported
by the flow, once we define the evolution of ¢ via

(2.2) O+ (u-V)p =0,
then it follows that
¢(t,z) >0 if and only if x € Q.

To show that ; stays as a C*®-patch for all times, it suffices to establish an a
priori bound on T'y. In Bertozzi-Constantin [15], the authors have provided a proof
that I'; remains bounded for all time, based on the following two “frozen-time”
lemmas:

LEMMA 2.1 (L*°-bound on Vu). Consider the velocity u(x) = K *xq(x), where
Q is a CY%-patch with a level set ¢. Then, we have a bound

IVl we)
93 Vulpeorey <C | 1+log | 1+ o7 | |-
(2.3) V]| oo (m2) ( & ( VL9 llint(a0)
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18 2. BACKGROUND MATERIAL

LEMMA 2.2 (Directional C®-bound on Vu). We have a pointwise identity

@O Vavie) = oo [ VE@ ) (T - o) dy
Q

™

and in particular, this gives a bound
(2.5) [VuV* gl ca@e) < Cl|Vull L @2) |V 6llon g2)-

The point of (2.5) is that we do not need to take the C*-norm of the velocity
gradient.

Given these lemmas, one can finish the global well-posedness proof with a simple
Gronwall estimate (details of this argument can be found in [15]). We differentiate
(2.2) to obtain

VLo + (u-V)Vie = VuVte.

Working on the Lagrangian coordinates, and using the bound (2.5) and then the
logarithmic estimate (2.3) allows one to close the estimates in terms of ||V+¢|ca
to show the bound

V(1) || comz) < Cexp(Cexp(Ct))
as well as
V() lint00) = cexp(—ct)

with positive constants depending only on the initial data V+¢q (and 0 < o < 1).

We would like to point out that, although it was not necessary in the above
global well-posedness argument, the velocity gradient is indeed uniformly C'* inside
the patch, up to the boundary. There are a number of ways to obtain this piece of
information. One approach, due to Serfati [86], is that from the directional Hélder
regularity (V+4¢ - V)u € C that we already have, one can “invert” this using
V-u=0and V x v =1 (inside the patch) to recover Vu € C*. We exploited this
idea in our proof of local well posedness (see Lemma A.6). Alternatively, Friedman
and Velazquez [50] have shown, directly working with the Biot-Savart kernel, the
following estimate:

LEMMA 2.3 (Friedman and Velazquez [50]). Assume that a CY*-patch € is
tangent to the horizontal axis at the origin, and that near the origin, 0S) is described
as the graph of a CH-function:

00N [=0,0] = {(z1,22) s w2 = f(z1)}, [ €C¥([-4,9]), e If1 <1

Then, the velocity u = K x xq is C1® along this portion of the boundary:

1
Vo, ferlos, -s/mnana < Clflose-aatos (1+ 3 ).

With elliptic regularity, the above lemma immediately implies that for C1:*-
patches, the velocity gradient is uniformly C'* up to the boundary.

The above lemma of Friedman and Velazquez actually gives C1:*-regularity for
the velocity field coming from a C'*“-cusp: consider the domain €2 satisfying

QnN[-4, 5]2 = {(z1,22) C[0,0] x [=9,6] : g(x1) < 2 < f(z1)}
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2.4. EULER EQUATIONS IN CRITICAL SPACES UNDER SYMMETRY 19

where g < f are C1?[0, §]-functions with g(0) = f(0) = 0 and ¢’(0) = f/(0) = 0.
Then, applying the lemma first with a C1® domain obtained by taking (z1, f(z1))
and the semi-axis {(z1,0) : 21 < 0} as a portion of its boundary, and then using the
lemma another time with a domain using (z1,g(x1)) instead of f establishes that
Vu is uniformly C* in [0,/10] x [—4, 6] N 2. We essentially re-prove this estimate
in this work and use it in several places.

2.4. Euler equations in critical spaces under symmetry

In this section, let us provide a brief review of some of the results from [45].
The contents of Chapters 3 and 4 may be viewed as generalizations of the results
below to the class of vortex patch solutions.

Well-posedness of the 2D Euler equations in critical spaces. The fol-
lowing result shows that in the L' N L>°(R?)-theory of Yudovich, one can actually
drop the L! assumption under m-fold rotational symmetry for some m > 3.

THEOREM 1 ([45, Theorem 4]). Assume that wy € L°(R?) and m-fold sym-
metric for some m > 3. Then, there is a unique solution to the 2D Euler equation
w € L>([0,00); L=(R?)) and m-fold symmetric. Here, u is the unique solution to
the system

VXu=uw, V-u=0.

under the assumptions |u(z)| < Clz| and m-fold symmetric. It is well-defined
pointwise by

1 z—y)t
u(t,z) = lim — / %w(t, y)dy.
R—o0 2T ly|<R |J)—y‘
Under the assumption of the above theorem, the velocity is only log-Lipschitz,
just as in the case of Yudovich theory, but now one has the following scale-invariant
log-Lipschitz estimate, which is a key step in the proof.

LEMMA 2.4 ([45, Lemma 2.7]). Under the m-fold symmetry assumption for
m > 3, we have

/
) ) < Clllm b — g (22D

|z — 2|

In particular, under symmetry, vortex patches can have infinite mass and the
evolution is still well-defined. This allows us to treat infinite patches in the setup
of Sections 3 and 4 (assuming that the boundary regularity of the initial patch as
|z| — 400 satisfies suitable bounds), but we shall not pursue this generalization.

It turns out that under the symmetry assumption, one can prove higher regu-
larity in the angular direction. A model situation is when the vorticity takes the
form w = h(0) + @, where h(-) : S* — R defines a radially homogeneous function
on R?, and @ is smooth on R2. Then, one sees that while w cannot be better than
L*(R?) in the C*“-scale (unless h is trivial), but one can take as many angular
derivatives Jy as h allows. In this setup, one would like to say that the Euler dynam-
ics propagates this regularity. To this end, we have introduced the scale-invariant
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spaces C® (R?): for any 0 < a < 1, consider the norm
1 ey = oo ey + 1121 £
||| f (z) — [2'|* f (=")]

| — a!|*

= sup [f(z)[ + sup

T c#xz!

Note that if f is a function of the angle, f(z) = h(f), then
[fllge g2y = 17 (O)l[ca(s1)-

THEOREM 2 ([45, Theorem 11]). Assume that wy € C*(R2) is m-fold sym-
metric for some m > 3. Then, the unique solution in L> ([0, 00); L>°(R?)) actually
belongs to LSS .C* with a bound

loc
[w(t)llga < Cexp(er exp(cat)),
with constants depending only on 0 < a <1 and the initial data.
A key ingredient is the following scale-invariant bounds on the velocity gradient:

LEMMA 2.5 ([45, Lemma 2.14]). The velocity gradient satisfies

Vul|pe < Collwl|ree <1 + log (1 +ca [l >>

flol Lo

and

IVullga < Callwllga-

It is important to keep in mind the following Bahouri-Chemin [10] counterex-
ample, which is only 2-fold rotationally symmetric. Take w(xy,22) =
sign(z1)sign(z2)xr, where xg is some smooth radial cutoff. This belongs to L™
but near the origin, it can be computed that u(z1,0) =~ Cz;logxzy, so that in par-
ticular the estimate |u(x)| < C|z| fails.! Moreover, even if we smooth it our in the
angular direction, for instance by putting w(z1,z2) = cos(20)xg, then w belongs
to C® but still one has u(xy,0) = C'x1log 1.

The 1D system for radially homogeneous vorticity. The L°°-theorem
described above gives rise to a class of (infinite) vortex patch solutions to the 2D
Euler equation, by taking vorticity which is radially homogeneous.

Indeed, when the initial data is of the form wy = ho(6) with hg € L>(S?), then
the unique solution must stay radially homogeneous for all time, and therefore the
dynamics reduces to a one-dimensional equation on h(t). We have derived this
evolution equation in [45, Section 3]:

THEOREM 3 ([45, Proposition 3.5]). Consider the following transport equation
on St = [—m, )

Ah + 2Hdgh = 0,

where the initial data hg is m-fold rotationally symmetric on S* for some m > 3.
Here, H is the unique solution of
1 T
h=4H + H", — H(0) exp(+2i6)dd = 0.

2 J_,

1Here, we are using ~ to say that both sides coincide up to a smooth function vanishing at
the origin.
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Alternatively,

1 ™

H(9) = p Kgi1 (0 —0")h(0)do',

™ —T

with
6 1 1
Kgi(0) := gsin(%)l‘T| ~3 sin(26)0 — 3 cos(20).
The system is globally well-posed for either hg € L or hyg € C* for 0 < a < 1.
By taking

w(t,z) = h(t,0),
ult,z) = 2H(t,0) (‘éz) — OpH(t,0) <2> ,

we obtain the unique solution to the 2D Euler equation with initial data wo(x) =
ho(6).

Indeed, one may check with direct computations that the velocity defined in
the above formula satisfies V xu = 4H + H” = w and V-u = 0, which characterizes
the velocity.

The kernel Kg: is simply the Biot-Savart kernel, restricted to the case of radially
homogeneous vorticity. Since the vorticity has m-fold symmetry, it is more efficient
to symmetrize the kernel as well: we have

KW 9) ZKSI 0+ jm/2) = —|sin(29)|.
j =0
In general,
1 m—1
K(m) =— Kgi(0+2jm/m) = c1 )|sm(m9/2)| —|—c(m)
m

7=0
for some constants ¢; > 0 and cp. We shall use these expressions in Section 4.4.

In the special case when hg is the (m-fold symmetric) characteristic function
of a disjoint union of intervals in S', we obtain a vortex patch solution on the
plane, which is a union of sectors and whose boundary is a union of straight lines
passing through the origin. The dynamics of these lines determine the evolution of
the patch, and it takes the form of a system of ODEs, which we derive and briefly
study in Section 4.4.

Lastly, consider the situation where the initial vorticity is the sum of a radially
homogeneous function and a smooth function vanishing at the origin. Then, the
next result says that near the origin, the dynamics is determined by the 1D evolution
of the radially homogeneous part.

THEOREM 4 (cf. [45, Theorem 23]). Assume that the initial vorticity wy €
C*(R?) is m-fold symmetric for some m > 3 and satisfies

wo(z) = ho(0) + @o(z),
where hg € C*(SY) and @y € CH*(R2) with @o(0) = 0. Then, the solution satisfies
w(t,z) = h(t,0) + &(t, x)
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where h(t,-) is the unique solution to the 1D equation with initial data hg, and
a(t,-) € CH(R?) with &(t,0) = 0.

This result was stated and used (implicitly) in the work [45] without a proof.
For the proof, one can easily adapt the arguments given in the proof of [45, Theorem
23], which establishes the corresponding statement for the SQG (surface quasi-
geostrophic) equation. In particular, sup,co 7y |@(t )| < C(T)|z|*** for some
constant C'(T') depending on T and initial data, and therefore, it is negligible relative
to h(t,0) in the regime |z| < 1 (unless hg were trivial to begin with).
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CHAPTER 3

Global well-posedness for symmetric patches in an
intermediate space

In this chapter, we show that if a vortex patch admits a level set whose gradient
is, roughly speaking, C“ in the angle and non-degenerate, then the corresponding
Yudovich solution retains this property for all time. As a consequence, we shall have
that the velocity, and hence the flow map and its inverse, are Lipschitz functions
in space for all finite time. In this setup, it is necessary to impose that the patch
is m-fold rotationally symmetric for some m > 3.

DEFINITION 3.1. Let us say that a domain € is a Cw'l’o‘—patch7 if it admits a
level set ¢ : R? — R such that:
o We have ¢(z) > 0 if and only if z € Q.
e The tangent vector field of ¢ satisfies V+¢ € CO'O‘(Rz) (In particular ¢ is
Lipschitz).
e The function ¢ is non-degenerate near 99, ie., [[V¢|lintan) =
infyepn |[V4Eie| > ¢ > 0.

Let us present a practical sufficient condition for a domain 2 to satisfy Def-
inition 3.1. Observe first that the definition is invariant under composition with
bi-Lipschitz Cle maps. Indeed, assume that € is a Cle patch with correspond-
ing level set function ¢y and that W is bi-Lipchitz and VU € C%. Now consider
Q := ¥(£y). Consider the new level set function ¢ = ¢g o U~1. Observe that

{z:¢(z) >0} ={z:dgo U (z) =0} = V({x: do(z) > 0}) = Q.
Also observe that V¢ € Coe, Moreover, since ® is Bi-Lipschitz we know that:
IV linto0) = VT 0 U(2) Vo () |lint(a0y) = kco > 0,

since we know that ||[VW¥~tv|| > k|v|| for all vectors v € R? for some constant
k > 0 while ¢g is non-degenerate near 9€)y. This concludes the proof that the
definition is invariant under composition with certain bi-Lipschitz maps. A non-
smooth example of such an € is just the domain Qy = {z122 > 0} where we take
do(z1,22) = x‘lz“i?. In this case we see that Vo € CO% easily while |Vé| =1 along
0. The above then tells us that any sufficiently nice bi-Lipschitz deformation of
this domain is also a C'1:® patch.
We are ready to state our main result of this section.

THEOREM 5. Assume that the initial patch Qg is m-fold symmetric for some
m > 3 and admits a level set ¢g described in Definition 3.1. Then, the Yudovich
solution 2y continues to have this property; more specifically, by defining ¢(t) as
the solution of (2.2), we have a global-in-time bounds

(3.1) IV (0)ll g g2y < C exp(C exp(C1)),
23
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24 3. GLOBAL WELL-POSEDNESS FOR SYMMETRIC PATCHES

(3.2) [VE0() [lint00,) = cexp(—ct),
and
(3.3) [Vu(t)| o g2y < Cexp(Ct),

with constants C,c > 0 depending only on V*¢o and 0 < o < 1.

REMARK 3.2. Note that, in the above theorem, we do not require the initial
patch g to have compact support. However, we do require that the gradient V+ ¢,
to have uniformly bounded C'“-norm on all of R2.

Recall from Section 2.4 that the 2D Euler equation is globally well-posed with
wo € C° under symmetry. Therefore, the global well-posedness of the patch ad-
mitting a level set (under the same symmetry assumption) with V-t¢, € C%is a
natural analogue of the classical global well-posedness result of C1:*®-patches. As
an immediate consequence of the above theorem, we have that,

COROLLARY 3.3. Under the assumptions of Theorem 5, the flow map Py is a
Lipschitz bijection of the plane with a Lipschitz inverse for all times t > 0.

Before we proceed to the proof, let us describe a few classes of vortex patches
satisfying the requirements of Definition 3.1.

EXAMPLES AND REMARKS. Theorem 5 establishes global well-posedness for
each of the following classes of examples, under the assumption of m-fold rotational
symmetry with some m > 3.

(i) Sectors: Assume that for some ball By(r), the intersection 9N By(r) is a
union of sectors meeting at the origin (see Figures 1, 2 for symmetric ex-
amples). In addition, assume that 9 is C*“-smooth in the complement
of By(r). Then, one may take a level set locally by ¢o(z) = rho(6) in polar
coordinates with some hg(-) € C1*(S!), where hg can be appropriately
chosen that ¢, satisfies Definition 3.1. Moreover, the same holds for the
image W(£)) of such a patch Qo under a global C1:®-diffeomorphism of
the plane W satisfying |¥(z)| < C|z|[*+* for some C > 0. These facts are
proved in Lemma 4.3 of the next section, where we study in detail the
evolution of such vortex patches, under the assumption of m-fold symme-
try.

This class of vortex patches (which are locally the C'*“-diffeomorphic
image of a union of sectors meeting at the origin) are studied in great
detail in Chapter 4. Unfortunately, the fact that V1¢ stays in C for all
time is not sufficient to conclude that the evolved patch is still given by
the image of some C'1:®-diffeomorphism. Therefore, a careful local analysis
should be supplemented to recover this information (see Section 4.2).

(ii) Logarithmic spirals: Take some periodic indicator function y; where
is some interval of S! = [0,27) and consider a patch €y which is locally
given by

wo(r,8) = x7 0 (—clog(r) +6), r<1/2
where ¢ > 0 is some constant. Taking hg € C*(S!) vanishing precisely
on the endpoints of the interval I with non-zero derivatives, and then by

setting ¢g = rho(—clog(r) 4+ 6), one may check that this function satisfies
the requirements of Definition 3.1 (assuming for instance Qg is a b
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patch in the region {r > 1/2}). This boils down to checking that, for a
given function ¢ € C%(S') with 0 < & < 1, (o (—clnr + ) € C*(R?).
For simplicity, take the case a = 1, and then

Yo =1¢, o=

r r r
so that switching to rectangular coordinates, |z||V((x)| € L*>(R?), or
equivalently ¢(z) € C(R2). Similarly as in the case of (i), one can
treat patches which are given as the image of an exact spiral by a C1-
diffeomorphism of the plane fixing the origin.

In the special case when the initial vorticity is given exactly by wg =
ho(—clogr +0), then as we have seen in the introduction, a 1D evolution
equation satisfied by h(t,-) can be derived, so that w(t, z) := h(—clogr +
6,t) solves the 2D Euler equations. This remark is due to Julien Guillod
(private communication).

It is interesting question to see if one can start with a patch which
locally looks like a union of sectors (as in the case (i)) and converges to a
logarithmic spiral when t — 4o00.

The patch corresponding to the case ¢ = 5 and I = [0, 57/24], with
3-fold symmetrization, is given in Figure 1.

(iii) Cusps: Consider the (infinite) region bounded by two tangent C1:“-
functions fy, go : [0,00) = R:

Qo = {(z1,22) : go(x1) < 22 < fo(x1)},  fo(0) = gp(0) =0, go < fo on (0,00).

Here, we require that fy and go are uniformly C™® in all of R. A model
case is provided by taking fo(z1) = x17* and go(z1) = —217* (locally for
21 near 0). One may take a number of such cusps (possibly with different
boundary profiles for each of them) and rotate each of them around the
origin to make them disjoint. In particular, the resulting union of cusps
can be m-fold symmetric for any m > 3. In this setting, it is convenient to
consider the complement R?\Q, which is more-or-less a union of corners.
Then one may take some ¢g with V©t¢o € C® defined on R2\Qp. It can
be taken to be C1* smooth when one “crosses” each of the cusps (see
Figure 3). We discuss them in some detail in Section 4.5.

Danchin has shown in [32] that the cusp-like singularities in a smooth
vortex patch propagates globally in time. We are also aware of works of
Serfati in this direction. It is likely that the following alternative argument
for the global well-posedness would go through: first apply Theorem 5 to
obtain global propagation in the intermediate class CO'O‘, and supply an
additional local argument to recover C'®-regularity up to the point of
singularity.

(iv) Bubbles accumulating at the origin: Take a sequence of smooth C1:*-
patches {Up }n>0, which for simplicity are assumed to have comparable
diameters (say less than 1/2) and C1®-characteristic scales. Now rescale
the n-th patch U, by a factor of 27", denote it by U,, and place it inside
the annulus A,, = {z: 27" < |z| < 27"}, Then define 2 as the union
of rescaled patches UnZOUn- It can be easily arranged that, by placing
several disjoint patches in each annulus region, the entire set £ is m-fold
symmetric for some m > 3.
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FIGURE 1. A 3-fold symmetric logarithmic spiral.

Assuming m-fold symmetry, Theorem 5 applies to show that the evo-
lution of the (rescaled) n-th patch U, has boundary in C1® with its
characteristic satisfying

o(T)2" < T(t) < C(T)2"

for any T > 0 and t € [0,T). In particular, by rescaling each of U, back
to a patch of diameter O(1), we have that their C1®-characteristics are
uniformly bounded from above and below. Even without the symmetry,
it can be shown that the boundary of each U, stays in C1* for all time.
However, a uniform bound (after rescaling) cannot hold in general. Indeed,
such a non-uniform growth was utilized in the work of Bourgain-Li [17,
18] (see also [46,59]), after smoothing out the patches appropriately, to
produce examples of wy € H!(R?) which escapes H!(R?) instantaneously
for t > 0.

The proof of Theorem 5 is parallel to the one given in [15] and based on two
“frozen time” estimates, except that the m-fold rotational symmetry gets involved

in the current setup. We first observe that in this setting, an identity of the form
(2.4) still holds:

(3.4) VuVL(z) = /Q VE(z — ) (Vé(x) - VVe(y)) dy.

since all that was necessary to establish the above formula is to have the vector
field V+4¢ divergence free and tangent to the boundary of the patch. Given the
identity (3.4), we can prove the following estimate:

LEMMA 3.4. Assume that a domain Q admits a level set ¢ satisfying Definition
3.1. Then, we have a bound

IVuVE 6l e gy < C (L4 IVl o @2)) IV 0l o g2y
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This is just a particular case of a general estimate about the space é’a, which
works in the setting of convolution against classical Calderon-Zygmund kernels. It
is worth noting that the symmetry is not necessary for this particular lemma. Next,

LEMMA 3.5. Under the assumptions of Lemma 3.4, we have the following log-
arithmic bound:

HVJ_¢HC°‘0<(R2)
3.5 Vul 700 < Ca 1+1lo 7 .
(3.5) [Vl Lo (r2) ( g( VL 9llinta0)

The symmetry assumption is essential here; basically, the information that V+¢
belongs to C® gives an effective C1* bound on 9 only in a region of O(|z|) at a
given point x, and the procedure of “zooming out” it to a region of size O(1) will in
general bring the logarithmic loss, unless the m-fold rotational symmetry for some
m > 3 is imposed on the set €.

Given these lemmas, let us give a sketch of the proof.

PrOOF OoF THEOREM 5. We assume that the local-in-time existence in the de-
sired class is given, so that as long as the C-characteristic for V+¢; remains finite,
the solution can be extended further. (This part is deferred to the Appendix.)

It suffices to obtain a global-in-time a priori estimate for the characteristic

quantity®
1/
b IV 6tll ¢ r2)
= ——————2 .
VL@ llint 002,
As we have mentioned earlier, this proof is completely parallel to the arguments
of Bertozzi and Constantin [15]. We start with W := V1 ¢, which satisfies

OW + (u- V)W = VuW.

Then, solving this equation along the flow,

d
EW(t, O(t,x)) = Vu(t, ®(t, z))W(t, ®(t, x)).
Integrating in time and then changing variables gives

W(t,z) = Wo(®; ' (2)) +/O (VuW) (@, (), s)ds.

Using the bound on V&, Lin terms of the velocity gradient, this implies, for points
x # o' satisfying |2/ < |z| and |z — 2’| < |z|/2,

jz — '

t
W (t,2) = W', t)] < [Woll g exp <c/ ||Vus||Loods) R
0
/|O¢

' ! / | —
+/ HvuSWsHéa exp (C/ HVus/HLoods > ds - W'
0 S

Introducing Q(s) = ||Vus|| L~ and using Lemma 3.4,
t t t

Willgw < [Woll e exp (c/ Q(s)ds) +c/ Q($) Wl o exp (c/ Q(S’)ds’) ds.
0 0 s

1Note that, unlike the C1-“-characteristic quantity that appeared earlier in the case of smooth
patches, this quantity is non-dimensional. We use the notation I't to emphasize this fact from
now on.
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(For a pair of points x # 2’ and |z’| < |z| not satisfying |z — 2’| < |z|/2, we can
simply use the L>-bound 0||W¢||re < Q¢[|W|[r=.) Then, writing

610) = Wil exp (o [ QUo1ts).

we have, after a little bit of manipulation,
60 < Walleo +C [ Qs)Gs)as,
so that by Gronwall’s Lemma,
Wil < IWollew exp ((C+) [ IVl ).

On the other hand, we have trivially

t
[Willinto0) = [IWollint(a0) €xp (-/O |Vus|L°odS) .
Combining these estimates, and then applying Lemma 3.5 finishes the proof. [
PrOOF OF LEMMA 3.4. Let us set
G(z) = VuVto(x).

Then, we have trivially an L bound: |G (z)| < [|Vul| L ||V 6| L. Now the proof
of the C*-estimate for |z|*G(z) is strictly analogous to the proof of (2.5) given in
[15, Proof of Corollary 1]. To see this, fix some x, h and consider the difference

|z|“G(z) — | + h|*G(x + h).

First, in the case |h| > |z|/2, after a rewriting the above expression is bounded in
absolute value by

|lz|*(G(z) = G(z + h)) + G(z + h)(|2|* =[x+ h|*)] < ClA|*[|GllLe + [R[* G| Lo
Therefore, we may assume that |h| < |z|/2. Then, we write with f := V1¢
|2[*G(x) — & + h[*G(x + h)

e / VE(x —y)(f@) - f(y)dy — o + h]° / VE(x+h—y)(f(@) - f(y))dy
Q
= | / VE(z - y)(f(@) - f(y)dy
{lz—y|<2|h|[}NQ2
ST / VE(@+h—y)(f(z+h) — f(5)dy
{lz—y|<2|h|}NQ2
+ / VE(x — y)(|2]*f(z) — |z + B f(z + h))dy
{lz—y[>2[h]}NQ2

+ / (VK(z —y)=VE(@ +h—y)) (j+b["f(z+h) = |2| f(y))dy
{lz—y|=2[h[}NQ

— [+ [T+ IIT+1V.
Then,

2|h| pa—1
T< et [ Iflen T < Clfllene
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3. GLOBAL WELL-POSEDNESS FOR SYMMETRIC PATCHES 29

and similarly [I1| < C|/f||soh®. For I11, we note that

ITI| < |la]® f(x) — |& + B f (z+ )] - / VE(x — y)dy
{lz—y|>2|h|}NQ

< COlflleah® A+ [[Vulle),
and finally for I'V, simply rewrite
|z + h|*f(x + h) = |2[*f(y) = (|2 + h|*fz+h) = [y|*f () = F)(|2]* = |y[?)
we use the decay of VVK to bound both of them by

V] < C([1fllga + IIfIILoo)/

(lo—y[z2mne 1T — Y3~

dy < C|fllgah®

This concludes the proof. O

PrROOF OF LEMMA 3.5. Let us take a (non-dimensional) parameter

/a
. |vL¢|mf)1
0=—min 1, | -——1— .
10 { (nvwnéa
We then split the integral
@) = [ VK- vy,
Q

(assuming that = # 0) as follows:

. )
Qn{|z—y|<d|=|} Qn{é|z|<|z—y|<10]x[} Qn{10jz|<|z—yl}

The bound for I; follows from the “geometric lemma” of Bertozzi and Constantin
[15]. To see this, first note that in the region |z — y| < d|z|, V¢ is a uniformly
C*-function with norm = |z|~%. Then, we have

VK (z —y)dy

= I + I+ Is.

Geometric Lemma. For each p > 0, consider the total angle R,(z) of devia-
tion of Q N IB,(p) from being a half-circle. Formally,

R,(z) := S,(x)AX(x)
(here A denotes the symmetric deference) with
Sp(x) ={w: |w| =12+ pw e Q}, Y(z) =={w:|w| =1,Vp(Z) - w >0},

where Z is a point on 0 which achieves the minimum distance between 2 and 92.

Then,
o <. (7))

as long as we take p < d|z|. This follows from the original geometric lemma in [15]
since the C* norm in B,(z) is comparable to |z|~* if p < §|z|.

2Indeed, one may imagine that 2 € Q and hence = #, as Vu is potentially most singular
at such points.
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30 3. GLOBAL WELL-POSEDNESS FOR SYMMETRIC PATCHES

Given the above lemma, after using the fact that the averages of VK along

half-circles vanish, we bound
dlz| R
/ VK (z — y)dy| < c/ @)l < o
QO {lz—y| <[} d(z,00) P

Next, the bound on I is straightforward; just taking absolute values,

|11 =

10|z| C
| < / C4p < Clog(s71).
5 P

||
Finally, we use symmetry of the domain for I3: note that

1 m—1
|Ig| ~ —

/ VK(x — Rij/my)dy
m | Jan{|y|>10|z|} =0

(Strictly speaking, the region Q N {|z — y| > 10|z|} is not really m-fold symmetric
but the extra terms coming from the difference of the symmetrization of this set
and QN {|]y| > 10|z|} can be bounded as in I3) and then we use the fact that (see
[45, Lemma 2.17]) for |y| 2 |z,
1 x
m |VK (2 — Ronj/my)| < C|y_||3'
This gives |I5] < C, finishing the proof. O
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CHAPTER 4

Global well-posedness for symmetric C!“-patches
with corners

4.1. The geometric setup and the main statement

In this section, we show global well-posedness of C1® vortex patches with
corners meeting symmetrically at a point. Here we make this notion precise. For
the convenience of the reader, let us recall some notations:

e For a given angle 6, we denote Ry : R? — R? to be the counter-clockwise

rotation of the plane by 6 around the origin.
e We define sectors using polar coordinates:

S prc i ={(r0):B<0<pB+(}

DEFINITION 4.1 (Ct“-patches with symmetric corners). We deal with patches
Q2 enjoying the following properties:

e (Symmetry) There exists an open domain €, and some m > 3, such that
0= U;nzBlRQﬂj/er(Ql)

where the open sets R, /m(Ql) are disjoint from each other and their
closures intersect only at the origin.

e (C1® away from the origin) For any x # 0, there exists a small ball B
around z such that B N S is described by the graph of a C't“-function
(after rotating the patch if necessary).

e (CY* corner) There exists a Ch*-diffeomorphism ¥ : R? — R? of the
plane with ¥(0) = 0 and V¥|,—¢ = I, such that for some ¢ > 0, the
image ¥(£2;) is an exact sector of angle less than 27 /m:

(4.1) U (€) N Bo() = Sp(C) N Bo(9)
with some 0 < ¢ < 27/m and § € [0, 27].

In the following, let us call such a patch by a “symmetric C1*-patch with
corners”, or symmetric patch with corners for short.

EXAMPLE 4.2. For each m > 3, the domain bounded by the set {(r,8) : r =
1+ cos(mé)} (in polar coordinates) gives an explicit example satisfying Definition
4.1.

Quantifying C*“-regularity of such a patch is a simple matter; one may use
directly the C1®-norm of the diffeomorphism ¥, but we shall work with the follow-
ing alternative description. By rotating the plane if necessary, we may assume that
the boundary 0% is locally described by the graph of two C1'* functions g < f;

31
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32 4. GLOBAL WELL-POSEDNESS FOR SYMMETRIC C!''*-PATCHES

that is,
an n [—5, (5]2 = {(xl,f(xl)) :0 S Iy S 5} U {(xl,g(xl)) :0 S Iy S 5}

Then, the last condition of Definition 4.1 is equivalent to saying that f and g are
Cl-@_regular up to the boundary of the interval [0, §]. Then, the regularity of  may
be quantified with the characteristic (note that it has the unit of inverse length)

() = IV 0.5 + V050 5 + TQ\Bo(6/2)

where T'(2\By(d)) is the (usual) C1* characteristic of 9 away from By(§), where
it is uniformly C1-*.

Our main statement of this section states that if Qg is a symmetric C**-patch
with corners, then the unique Yudovich solution €(¢,-) remains so for all times
t > 0. We state it formally as follows:

THEOREM 6. Let us assume that Qg is a vortex patch satisfying Definition 4.1.
Then the Yudovich solution € associated with Qg satisfy the same properties for
all t > 0; that is, T'(2;) < +00. Moreover, the angles simply rotate with a constant
angular speed for all time which is determined only by the size of the angle. In
particular, the value of the angle does not change with time.

To be clear, part of the statement is that for any ¢ > 0, one can find 6 = §(¢) > 0
such that in the ball By(§), the boundary of ;(t) is given by two C1:®-curves f;
and g;, and in the complement of the ball By(4/2), the boundary of €; is uniformly
cte,

At this point, let us note that all the hard work necessary in establishing the
above result is to establish the last property in Definition 4.1: the first is trivial
in view of the uniqueness and non-collision of particle trajectories. The second
property is well-known; more generally, if a vortex patch is C® away from some
closed set, the solution remains smooth away from the image of the closed set under
the flow [33]. Indeed, this is an immediate consequence of Theorem 5, as soon as
we prove the following

LEMMA 4.3. Assume that Q is a CY“-patch with a symmetric corner. Then it
admits a level set ¢ : R2 — R satisfying conditions of Definition 3.1.

PrOOF. We first check the statement in the case when 2 is given by an exact
symmetric corner near the origin, that is,

Q0 Bo(6) = Ul Ry, (S5.54¢) 1 Bo(6)

for some S € [0,27) and ¢ < 27/m. In this case, one may take a function ¢ which
is C1 outside of the ball By(d) and then locally

¢(x) = |z| - g(0(x)), 0(x) = tan™" (w2/x1).

Here, one may take a smooth function g € C1*(S) so that ¢(z) strictly positive
inside the patch and negative outside, and also ¢’ is non-vanishing for angles which
correspond to 0. Then, taking the gradient one obtains for |z| < &

J)L X
VEo(z) = mg@) - —4'(0)

and note that for © € 9Q N By(9),
IVE(a) = 1g'(0)] > 0
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4.2. LOCAL CY“-ESTIMATE NEAR THE CORNER 33

by our choice of g (here § = 6(z)) and also

ol (Zeg(0) + =/ 0)
o (o0 + 75 @)

< Cligllerasy.
C*(R?)
In the general case, recall that there is a map ¥ : R? — R2 that locally maps
the path 2 to a union of exact symmetric corners. Then one just take the level set

$(x) = $oU(z), &(2) = |z|- g(6(2)).
Then taking the gradient gives
Vo= (Vp)ol -V,

and recalling that V¥ = I + M with a matrix M € C%(R?) and |M| < Cla| T,
it is direct to show that, using bounds given in Lemma A.5 in the Appendix, |V+¢|
has a lower bound on 99 as well as V+¢ € C°. a

A brief outline of the proof. The proof of Theorem 6 will be completed in
the following two subsections. In Section 4.2, we prove a frozen-time C'**®-estimate
pertaining to the boundary of the patch near the corner. After that, we conclude
the proof in Section 4.3 by combining the local estimate together with the Co-
result. In the following subsections, we explore some consequences of Theorem 6
and several possible extensions.

4.2. Local Cl®-estimate near the corner

To complete the proof of the main statement, it needs to be argued that right
at the origin, the C1** norms of the boundary curves does not blow up at any finite
time. Near the corner, it does not seem appropriate to use a level set function
which is uniformly C1*. Instead, we will show via a direct computation that the
velocity is uniformly C® on the boundary, up to the origin.

To get an idea of how such a statement could be true, one may first take the case
of exact (either infinite or localized) sectors meeting symmetrically at the origin.
While the velocity gradient associated with a single sector diverges logarithmically
at the origin, with coefficient depending on the angle, it was established in the
previous work of the first author [43, Section 6] that those logarithmic terms pre-
cisely cancel out when the sectors are arranged in an m-fold symmetric fashion.
Even after cancellations of the divergent terms, the velocity gradient has a part
which is a smooth function of the angle only (that is, a C*°-function of the variable
tan~!(z9/21)) and hence it only belongs to L> and not better. However, a key
observation we make is that a smooth function of the angle on the plane is actually
C*_smooth when restricted onto any C*“-curve passing through the origin.

Next, one can consider the case where the patch 2 is given (locally) by an
exact sector with two C'*®-cusps attached at its sides.! Then, from the above, we
know that the velocity gradient coming from the sector is C'**“-smooth along the
boundary curves of £2;. Moreover, as a consequence of the work of Friedman and
Veldzquez [50], we also have that the velocity gradient coming from a C1:®-cusp is
actually C'* along each piece of the boundary.

1Here, by a C1'*-cusp, we mean a region bounded between two C'1“-curves meeting at the
origin with the same slope.
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34 4. GLOBAL WELL-POSEDNESS FOR SYMMETRIC C!''*-PATCHES

FIGURE 1. Description of the patch near the corner.

In the general setting, though, it may happen that a boundary curve of 1 oscil-
lates infinitely often around its tangent line at the origin. Therefore, we have simply
chosen to estimate the C“-norm of Vu with brute force by directly integrating the
kernel.

Before we begin the estimate, let us recall an explicit representation formula
for the velocity gradient associated with vorticity xq [15]:

1 oz —y) 1/0 -1
= _—pu. | 2Ty =

where the characteristic function xgq is defined to be 1/2 on 9. The 2x2 symmetric

matrix o(z) is
1 (22512 25—
|2]2 22— 27 222z

In particular, note that this formula provides a decomposition of Vu into its sym-
metric and anti-symmetric parts. The anti-symmetric part is completely smooth
on the patch, so it is only necessary to deal with the symmetric part, given by a
principal value integration against a —2-homogeneous kernel.

For the convenience of the reader, let us briefly recall the geometric setup for
Q and Q;. We assume that a patch €2y is locally given by the region between two
C1* curves meeting at the origin: to be precise, there exists some v > 0, so that
the boundary of Q; in the region [—~,v]? is given by

{(y1,92) 1 9(y1) < w2 < f(y1)}

where g, f belong to C1%[0,~] with f(0) = 0 = ¢g(0) and f'(0) > 0 > ¢’(0). Then,
we consider the disjoint union 2 = U?lej where Q; = Ry (;j_1)/2(€1). Here, we
are assuming that the patch is 4-fold symmetric (m = 4) just for the simplicity of
notation. The other cases can be treated similarly, using the results of [43].

The value of 6 > 0 is chosen as follows

«_ 1 A —1 1
0% = 10 mln{(g) ) ||f‘|cl,a[oﬁ]u ||9||C1,a[o,y]} .
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4.2. LOCAL CY“-ESTIMATE NEAR THE CORNER 35

Moreover, without loss of generality it can be assumed that on the interval x € [0, d],

1
sl <If @) lg(@)l < 2fzl, 1 (0)]:19'(0)] <2
(the specific values 1/2 and 2 will not play any essential role).

LEMMA 4.4 (C%-estimate on the velocity gradient). In the above setting, we
have a bound

d
42) | fute ) < O(Ifllone + lgller) (14 V) + C5=2,

©[0,5/10]

PROOF. Let us write down explicitly the expression for Vu along a C1®-curve
(x, h(x)), which lies between two boundary curves of €;:

g(x) < h(z) < f(x), 0<z<o.
We begin with %uzz
_14 T =y
T nda Jo =) + (h(@)
1 / (@ —y1)? — (h(@) — y2)* + 20/ () (z — 1) (h(w) — w2)
2m Jo ((z —y1)? + (h(z) — y2)?)*
1 (z —y1)? = (h(x) — y2)* + 2h' (z)(z — y1) (h(x) — y2)
2m Uﬂmla,ﬂ? ! /ﬂ\[w?] (& = y1)? + (h(z) — y2)2)* “

where we have separated contribution from the bulk of the patch.? The contribu-
tion from the bulk can be trivially bounded in C'* using the decay of the kernel:

d
(b))

Y

1
|z — 2] /I 6(VK(I)—VK(I/))XQCZZJ
y|>
1 1
< C'|x—3:'|17a/ s+ zdy < Co™ .
ly|>8 |z —yl |z — |

Now, let us separately consider two integrals

z) = (x —y1)* — (h(x) —y2)?
hie): /szm[5,5]2 (x —y1)? + (h(x) — y2)2)2dy

and
e 2(z — y1)(h(z) — y2)
Iy(z):=h )/520[6,6]2 (. — y1)?2 + (h(z) — 12)2)?

We shall only consider I7, and just briefly comment on the other term Iy below.
One can further write:

where

. (2= 90)* = (h(a) — )?
HED= [ aon T ) P

2Strictly speaking the integrals are defined by the principal value. We suppress from writing
it out in the computations below.
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36 4. GLOBAL WELL-POSEDNESS FOR SYMMETRIC C!''*-PATCHES

recall that Q; := R.(;_1y,2(1)). We have, after integrating in ys,
J G-1/
— —(h
o-[ fo o )
0<y1<8 Jgy)<ya<fmn) (T —y1)? + (h(x) — y2)? )

:/{ LORSI N EF G-
o L= 22+ 0@ = JEE o= 22+ (h(2) — 9())?

(we have renamed y; by z for simplicity). Similarly,
T — — (h(z) —y2)?
/ / ( y1)2 (h(z) yz)2 Cdyrdys
0<y2<6 J —f(y2) Sy <—g(v2) (2 —91)? + (h(z) — 12)?)

:/ [t ) v+ g(2) |a
) GT e+ @ =7 Gr)r + @ =) &
CLAIM. The integral
; hx) - £(2) e ]
as | [(x—2)2+(h(w)—f(2))2+(x+f(2))2+(h(x)—z)2}d

defines a C*-function of 0 < 2 < §/10 with C*norm bounded by the right hand
side of (4.2).

Once we show the Claim (together with the upper bound stated in (4.2)) for
h = f and h = g, this concludes the proof that I;(x) belongs to C*, since each of
It + I? and I3 + I} belongs to C®, by symmetry. A similar argument can be given
for the other term I5(x): we write it as

<
Il
Jan

]
~—
-
o,

where

. 2 — 1) (h(x) — y2)
L) /m s (@ — ) + (hz) — )22 Y

Then, we can integrate each of Ig once with respect to either y; or yo, resulting in
similar expressions as above.

Let us consider the case h(z) = f(z), which is actually the most difficult case.
In this specific case, we rewrite the integrand in (4.3) as

[ f(@) - 1(2) @) 1}
@=27+ (@) - J@)? 1+ @) z-2

[ SR [T N
@+ )+ (f(z)—2)? 1+ (f'(2)? =+ [f(z)
f(x) 1 F
0w (= )
where F':= f/(0) > 0. Let us first estimate in C* the last term, which we further
rewrite as:

_|._

I &357?1»2 Kxi " fF) e +§<;>{(+) FzJ |
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4.2. LOCAL CY“-ESTIMATE NEAR THE CORNER 37

Since [’ € C?, it suffices to estimate in C* the integrals of two terms in the large
brackets. Regarding the first term, one just explicitly evaluate that

5
1 F Fé+z
dz =1
/Om—z+ac+Fzz Og<5—x>’

(defined by the principal value) which is clearly bounded in C® by the right hand
side of (4.3) for z < 1%. Note that the logarithmically divergent terms (as z — 07)
present in each of the integrals cancel each other exactly. Regarding the second
term, we first note that it is uniformly bounded:

/‘S Fz—f(z) .
o (@+f()@+F2)

dz < C r

5
z
<CF .
= /Ox2+(Fz)2 =T+ 2

To bound the C*-norm, we need to estimate for 0 < z < 2’

)
/ % Fz— £(2)]-
0

x — '™ .

1
— dz,

1
@+ )@+ Fz) (2" + f(2) (@ + Fz)
and simply using that |Fz — f(2)| < ||f]lc1.«|2|/*T®, we bound the above by
8 /Nl—a l+a /
|z — 2|17t (2 + 2 + F2)
Wler || G Fa T P 7N 779

® o —a/|tmette (z + 2’ + 2)

< C”fHCla /0 (z—|—z)2(l'/ + 2)2
e s} xl—azl-i-a T+ z

<Clfllcre - / @+2),, < C|fllcre.
0

(x + 2)222

z

dz

It remains to estimate

o o -1 fw) 1]
Tl(x)‘/o [<x—z>2+<f<x>—f<z>>2 T ( ]d

and

L 2+ f(2) GO N
o= [ oo o= o ) -

We begin with T (z). After a bit of re-arranging, we have

[ @)

B 59 - B f'(z)
Tl(x)_/o T—2 1+(f(x)ff(z))2 T+ (P | ©

r—=z

_/5 1 1 B 1 f(z) — f(=)
0 T—z 1+(f(w):f(2))2 L+ (f'(x))? T -2

x

TP (Mi 18, /(;”))} i

To begin with, we state as a lemma the C'“-estimate for the latter term (dropping
the multiplicative factor which belongs to C*):
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LEMMA 4.5. We have

[t (e )

PROOF OF LEMMA 4.5. Take two points 0 < z < 2’ < §/10, and let us further
assume that |z| > |2’ — x| (the other case is simpler). We need to take

<Ol fllere.
C[0,75]

(4.4)
1 | x)— f(z 1 ') — f(z
L[ (JEIO g) 1 (D20 ),
|z —a/|* Jo z—2 x—z ' —z ' —z
1 z—|z—a'|/2 z+|z—a'|/2 ' +|z—2'|/2 )
T iy A
|$—J)‘ 0 z—|z—z'|/2 o' —|x—a'|/2 ' +|z—a'|/2
= I+II+1IT+1V.

To begin with, we treat the second term (4.4): we simply use the bound
[f(@) = f(z) = f'(2)(z = 2)] < [[fllorale — 2['T
(and similarly for x replaced by z’) to bound
Ifllore (THENE s a1
‘H|§W [z =27t 4 (Jo = 2’| + |z = 2)* dz < C||fllere.
r—x z—|x—x'|/2

The term IIT from (4.4) can be treated in a parallel way. Turning to the first
integral, we rewrite as

g1 /z"z’”"/z (f(x) = f(2) = f'(@)(x = 2)) = (f(&') = f(z) = f'(a") (2’ = 2)

e (z—2)?

1 1 / 1o ’
o~ ) V) 10 - 16! 2

@ —z
Note that the numerator of the first term equals
(f(x) = f(@') = fi(2)(@ = 2") + (2" — 2) + (2 = 2)) (f () = f'(2)),
and simply using the bounds
[f(2) = f(a') = f'(@)(@ = a")] < Clflerale — 2|,
[f'(@) = f'@)| < Cllfllorelz — 2|7
we bound the first term by C| f||cr.«. The second one can be bounded by

z—|z—2'|/2 2 — 2|+ |z — 2
[fllerelz - l‘/|1_a/ | (1! 2)2 | |z — 2|*dz,
O p—

and after a change of variable v := (x — 2) /|2’ — x|,

e’} 1 o
<Clflerele - oo —a" [~ B2 a0 < o
1/2 v
Now the term IV from (4.4) can be treated in an analogous fashion. This gives the
lemma. ]
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To finish the estimate of T3, we still need to consider the expression

./6 1 @) - 1) 1 1 &
0o L=z T—2Z 1+(ﬂ@2@0 1 (@)

S VY CEY E
1+ (f'@)* o 2=z  x—2
(f(ﬂf) f(z) f/( )) . (f(xgz:i(z) —I—f’(x))

X . —— dz,
14 (P L1
where F' = f/(0) and f(z) = f(z) — Fz. Consider the expansion
1 B 1
1+<F+M)2 1+F2—|—(F—|—f(x) f(z)> _ 2

1 Z m 1 " P fl@) = f(2) i i :

which is convergent simply because Hf’HLW[Qﬂ < 1/10 from our choice of §. In-
specting the terms, to estimate 77, it suffices to obtain boundeness of

1 mys 1 F@) = F@\™ (f@) = F&\™ () = £(2) ’
mzzo(lJrF?) /0 x—z<2F+ T —z ) < T —z ) ( T — 2z 7f<z>)dz
and its simple variants. For any m > 1, we claim the bound (recall that || f/ | Lo<0,6) <
1/10)
(4.5)

[ () ()

We have already treated the case m = 0 in Lemma 4.5. Let us sketch the proof of
(4.5), which is completely parallel. Defining

r—z

5
oo, 5]

< O oo
Ca[()’l(s ]

we need to treat

IEf%WRAi“X{xizﬂm@””<igggggﬁ_f%”>
i) (1O I8 )

=T+ 11+ IIT+1V,

where, exactly as in the proof of Lemma 4.5, the terms I, II, 111, IV correspond to
integration over [0,z — |z —'|/2], [z — |z — 2|/2,x + |z — 2'| /2], [z + |z — 2| /2, 2" +
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|z —2'|/2], [2" + |x — 2'|/2,0], assuming 0 < x < &’ < §/10 and |z| > |2’ — x| for
simplicity. In regions I1 and I1], one can simply use

[f(2) = f(2) = f'(@) (@ = 2)| < [ fllerale — 2"+

(and for x replaced by z’) since the length of the integration domain is of order
|z — 2'|. For the term I (IV can be treated similarly), we just write

b (1D ) - g (L0218 py)]

_x[_%Hm(x’z) (@ - f/(x)) - ;/ZI_ SH (2, 2) <@ - f’(x’))}
e (A1 - pn) - o (L2210 )]

and then the first term on the right hand side is treated in the exact same way as
in Lemma 4.5, resulting in the constant 10~"* thanks to the size of H™ in L*°. For
the last term, we simply rewrite

L ({16 )

(H(z,2) — H(2', 2))(H™ Ya,2) + H" *(z,2)H(2', 2) + - - -+ H" (2, 2))

and then it can be estimates again in the same way, resulting in the constant
m10~"". With yet another parallel argument, it is not difficult to see

/05 (e f@) - f(z))m (f(a:) - f(z))m CEE R

Tr—z r—z Tr—z r—z

cef0, 5]

Cm(l + 2F)™
< T oo

This concludes the argument for Tj(z). The other term Th(x) can be treated
similarly, and it is simpler since the corresponding integral is less singular than
that of T1~

We now sketch a proof that Claim holds in the case h(z) =
the arguments are simpler since we have a gap |h(z) — g(z)| 2
show that the differences

/5 [ g(x) — f(2) B Gx — Fz } @
o Ll@—2)2+(g9(x) = f(2))? (z-2)?+(Gz—Fz)?] 7

g(x). In this case,
|z|. It suffices to

/5[ x+ f(2) B x+ Fz }dz
o L@+f(2)?+ @) -2)? (2+F2)?+(Gr—2)?] "

and

/06 {(m - z)fizGFa‘cz— F2)? * (x + Fzg)CQ—:-F(ém - 2)2} dz

Licensed to Duke Univ. Prepared on Thu Aug 17 10:47:36 EDT 2023for download from IP 152.3.25.83.



4.2. LOCAL CY“-ESTIMATE NEAR THE CORNER 41

belong to C* with appropriate bounds, where G := ¢’(0) < 0. To begin with, the
last integral can be evaluated directly:

- {tan1 (_( (CF+ G Z) + glog (1+G*2® + (1 + F?)2?)

1+ FG)z + (1 + F2)
z(1+ FG) >

(F—G)z+ (1+ F?)z

—2x2(1 + FG) + tan™! (

F )
-5 log (14 G?)2® +2(F — G)zz+ (1+ Fz)zQ)]

0

We claim that the above expression gives a C“-function of x. To see this, evaluating
the above at z = § and z = 0, and subtracting gives the following terms (up to
multiplicative constants):

tan ™! (_(1 T l(l?_GJ;;JrG()lir F?)5 ) ~ et (_E%JFFGG))

+ tan™ ((F - 2()19::]?1(2 F2)5> —tan”! (%)

and

log ((1+G*)2® + (1 + F?)6* — 226(1 + FQ))
—log (1 +G*)2® + 2(F — G)zé + (1 + F?)§?) .

Here it is crucial that the logarithmic terms evaluated at z = 0 cancel each other.
To treat the terms involving tan™!, one can directly compute that

tan~! ﬂ
Bx+6

for nonzero constants A and B. Another explicit computation gives that

< C(A,B)5™®
C=10,5/10]

| (14 G*2? + (1 + F?)§? — 226(1 + FG)
H ( (1+G2)a2 1 2(F — G)ad + (1 + F2)52 )

< C(F,G)d ™.
C=[0,5/10]

Now we return to the first integral, which equals

/5[ (z = 2)? ((Gx - g(x)) - (Fz - f(2)))

o Lz =22+ (9(z) = /(2))?) ((z = 2)? + (Gz — F=)?)

(9(x) ~ [(2))(Gz ~ F=) ((g(x) — [(2)) ~ (Gz ~ F2))| |
((z =22 + (9(@) = f(2))) ((x = 2) + (G — F2)?)

Here, the key points are:

(4.6)

+ z

e On the numerator, we gain an extra power of |x|® or |z|%, from Hoélder
continuity of f’ and g'.

e The denominator is uniformly bounded from above and below by constant
multiples of 22 + 22.
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42 4. GLOBAL WELL-POSEDNESS FOR SYMMETRIC C!''*-PATCHES

We sketch the proof of C“-continuity for the first term only, since the second one
can be treated similarly. We need to estimate

(4.7)

1 /5[ (z —2)? (Gz — g(2)) — (Fz - f(2)))
[z —a|* Jo (& —2)*+ (9(z) — f(2))?) ((z — 2)> + (Gz — Fz)?)

B (2" — 2)? (G2’ — g(a")) — (Fz — f(2))) ©s

(" = 2)2 + (9(2") = f(2))?) (&' = 2)* + (G2’ — F2)?)

and we may assume |x—2'| < |z|. Let us even further assume that the denominators
in (4.7) are the same, as they are roughly of the same size (and bounded uniformly
from below by a constant multiple of 22 + z? and x'2 + 22, respectively). Then, the
resulting difference is bounded by:

c 1 * e —a'| (Jo| + |z = a'| + |2]) (Ja|F* + 2] +)
(”fHCl*O‘ + Hchl"‘) ‘x . QC/|O‘ 0 (1'2 + 22)2

and at this point, the C*-bound simply follows from rescaling the variable z = xv.
The actual proof can be done for instance by expanding one of the denominators
in (4.7) around the other denominator in a power series as we have done earlier.

The argument for the other component %ul is completely analogous. We just
note that along a curve (x, h(x)), it has the form:

dz

d 1 d —(h(x) —y2
Zelee) = oo i [ e e S
_ 1 / —h (z) ((z = y1)* + (h(x) — y2)?) + 2(h(x) — y2) ((z — y1) + W' (=) (h(z) — yz))dy
2m Ja (@ —y1)? + (h(z) — y2)%)* .
This finishes the proof. (I

4.3. Proof of the main result

We are now in a position to complete the proof of Theorem 6. Let us recall
that as a consequence of Theorem 5, for any 7" > 0, we have L°°-bounds

(4.8) sup (V@] + |V, | + [Vl ) < O(T),
te[0,T]

and moreover, for any r > 0,

(4.9) Sap IVtellon @z < GO

As in the case of Theorem 5, the issue of local well-posedness is deferred to the
Appendix (Proposition A.2); hence, we shall assume that at least for some short
time interval [0,T}], each piece of the boundary of Q;(¢) remains uniformly C1:®
up to the origin.

PrROOF OF THEOREM 6. We shall fix some 7" > 0 and obtain a priori estimates
which guarantee that for all ¢ € [0, 7], the boundary of Q4(¢) is given by two C1<-
curves f; and g, after rotating the plane if necessary, on some interval of = € [0, 04
for §; > 0. We initially take &; = ¢ for all ¢ € [0,T] but need to shrink its value
whenever necessary (but in a way depending only on T') in the following argument.
This will be sufficient as 1" > 0 was arbitrary. Then the a priori estimates can be
justified along the proof of the local well-posedness given in the Appendix.

Since the patch in general rotates around the origin, we need to work within
subintervals of time of the form [mTp, (m + 1)Ty] for some 0 < Ty < T (to be
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4.3. PROOF OF THE MAIN RESULT 43

determined below) which depends only on T'; at the end of each subinterval, we

initialize the patch again. This is allowed as the a priori estimates we obtain will

not depend on m but only on 7. From now on, we shall assume that ¢ € [0, Tp].
At the initial time, we may assume that fy and gy satisfy

0 <co < |fo(@)l;1go(x)] < Co < +o00

on x € [0,dp] for some constants cg, Cy. Unfortunately, f; and g; themselves do
not obey a simple evolution equation. We instead work directly with the particle
trajectories

't a) =ML, (2, folw),  nP(ta) = @t (z, fo(x)))

and
it (tx) =@, (x,90())), 7Pt x) = 2(t, (2, go()))

(which are well-defined on z € [0, Jp]), and apply the inverse function theorem to
recover bounds on f; and g;. Then, since d9;n(t,z) = u(t,n(t,x)), we have upon
differentiating

(4.10) % ((,%n(t,:zr)) = Vu(t, n(t, z)) (%w,m) .

First, from (4.8) we have

sup |0, < C(T) < 400, inf |0 >c(T) > 0.
(4.11) I€[020]| 21| < C(T) me[0,60]| o] > (1)

Moreover,

inf  [9,n}] > co — C(T)t
161[137%” Ny > co— C(T)

so that by taking Ty = To(T) small, we may guarantee that |0,nf| > <. This
guarantees that the function 7} is invertible, and we denote the inverse by (n})~!,
which is well-defined on [0, cdg] for some ¢ = ¢(T) > 0. We take d; = cdp on
t € (0,Tp]. Using the chain rule and the bound (4.11), it is easy to obtain

(4.12) sup [0,(n;) " < C(T)
z€[0,6¢]

and

sup |0a ()|
(inf [0xn; [)?

We argue similarly for the other part of the boundary: denoting the inverse of 7j;

by (7})~! (which is defined on the same interval of x), it can be shown that and
(7))~ satisfies the same bounds as in (4.12)—(4.13). We now may define

(4.13)  [102(nf) Mlcag0,60 < 1028 [|coo,60) < C(D)||0xn¢ oo 0,50)-

fr=niom)™ g =mo@m) "
on [0,0;]. A straightforward computation (again using the chain rule) shows that
[ fillerao.s) < C@U0:(n) Hlea + 182 ca) < CT) (|82, o + 1027 [|o=)-

As the boundary of Q;(t) is given by the graph of two C1'® curves f; and g; on
[0, d¢], we obtain from Lemma 4.4 and (4.9) that

IV 0 nlleeioso) < CT) (Ifillonaps + 19tlorapos +00°) -
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44 4. GLOBAL WELL-POSEDNESS FOR SYMMETRIC C!''*-PATCHES

Now using the previous bounds on f;, g;, and 0,
[Vur © nllcago,se) < C(T, 60)[|02m(t) l 0,50 -

Returning to (4.10), and using the algebra property of the space C%*, we deduce an
a priori bound

Fzn(t)llcxt0.60) < IVuellLoel|8zn ()l ow10,60) + [IVer © nellcofo,5011 827 (8)] oe

< C(T,00)[|020(t) || 10,56
This shows that ||0,7||ce remains finite with an upper bound depending only on T'
and (So.
It remains to show the statement regarding the dynamics of the angles. For
this purpose, let us decompose

4
dt

w= whomog + CUsP + wfar,
where w"?™°9 is the 0-homogeneous vorticity which is the characteristic function of
the m-fold symmetrization of the infinite sector
{(xl,l'g) IO<£L’1,G7§ZE1 < X2 <Ft$1}, F, :fé(()), Gt:gi(()),

and w*P is simply X p,(s,) * (xgt — whomog). To be concrete, modulo m-fold sym-
metry,

wcusp(xh ='E2) — {

inside the ball By(d;). Then w/" is defined as w — w"*™°9 — P and one note
that it is supported outside the ball By(d;). Then, accordingly, we obtain a decom-
position of the velocity

+1 if Farp <ao < fi(zy) or  gi(x1) < o < Gian
—1 if  Fay >a0> fi(zy) or  glxy) > a0 > Gy

u = uhomog + uEusP + ufar,

and we claim that 4““*? and u/*" does not effect the dynamics of the tangent lines
to the boundary curves (z1, f:(z1)) and (21, g¢(x1)) at the origin for all times. This
clearly follows once we establish that [u¢“sP(x)]|, [uf*" (z)| < |z|'Te.

To begin with, the radially homogeneous component u°°9 induces the same
rotation speed on the tangent lines (21, Fyzq) and (a1, Gix1). However, since Vu
is bounded for all time, the angle between (x1, Fyz1) and (21, fi(z1)), and also
between (1, Gyx1) and (1, g:(z1)) stays zero. Next, we know that u/" is Ch
(indeed, C*) inside By(8;/2). Therefore, the associated stream function /%" is
C? in the ball.? Taylor expansion gives

wf‘"(xl, x9) = A+ Bxy + Cxo + D(x% + x%) + Exixo + O(|x\2+°‘).

However, A = 0 by assumption and B = C' = E = 0 is forced under the m-fold
rotational symmetry. Furthermore, At)f%" = 0 near 0 so that D = 0. In particular,

w (w1, w0) = VI (21, 29) = Oz )

as |z|] — 0. Lastly, it is known that within each connected component of the
complement of the (closure of the) support of w*P  the associated velocity u“s?

3Here, although wf%" may have non-compact support, the Poisson problem Awyfer = far
has a unique solution with /o ¢ W?2:%°(R2) under m-fold rotational symmetry with m > 3 and
»F97(0) = 0; see [45, Lemma 2.6].
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is uniformly C' up to the boundary. It follows from our computations in Section
4.2 but also directly from the arguments of Friedman and Veldzquez [50] (see the
statement of their Lemma in Section 2.3). Then, an identical argument as in the
case of u/%" shows that, this time, u®“*? is of order |z|'*® in the complement of
the support of w®*P. The proof is now complete. |

4.4. Multiple corners

In the above main result, we have only dealt with the case when there is a
single corner in a sector of angle 27 /m (which serves as a fundamental domain for
rotations by multiples of 27/m). In this case, we have seen that the angle of the
patch is preserved for all time. However, one may consider the case when there
are several corners (separated from each other by some angle; see Figure 2) in each
fundamental domain, and then some interesting dynamics for the angles can be
observed.

We just note that an essentially identical proof carries over to this case to
establish global well-posedness of such patches, and also the fact that the angles
evolve exactly as in the case of infinite sectors, up to a constant overall rotation.
In fact, we just need to apply Lemma 4.4 to each piece of the patch.

We just modify the last item from the Definition 4.1 to allow such patches:

e (multiple C*“ corners) There exists a C*® diffeomorphism ¥ : R? — R?
of the plane with ¥(0) = 0 and V¥|,—¢ = I, such that for some ¢ > 0, the
image ¥(£2;) is a union of exact sectors with total angle less than 27 /m:

k
(4.14) T(21) N Bo(6) = | 55,80 +¢. N Bo(0)

j=1
with some 0 < (; and —7 < 8; < 7 satisfying
Bj+¢ < Bj+1 and Bijt1+ 41— B <2rn/m forall j=1,--- k-1,

(the ordering is well-defined on the interval [—, 7], assuming without loss
of generality that —7 < 81 < 0).

Then as before, we define Q) = UZ’;BlRQm-/m ().
Alternatively, we may describe the patch locally as a union of approximate

sectors with angles (7, - - - , (x, in counter-clockwise order, with gaps between them
Vi41/25" s Ve—141/2 Where v/ := B;11 — B — ;. Note that given some value of
m > 3, the values (1, -+, (x together with v141/9,+,Vx—1/2 determine the local

shape of the patch, up to a rotation of the plane.

COROLLARY 4.6 (Dynamics of the angles). Assume that Qg is a symmet-
ric CY®-patch with multiple corners as defined in the above, with corner angles
€1(0), - -+, Ck(0) with separation angles ¥141/2(0),- -+, Vk—1/2(0). Then, the angles
evolve according to the following system of ordinary differential equations for all
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FIGURE 2. A 3-fold symmetric patch with multiple corners.

teR:
(4.15) _
%}Et) = Cp,sin (%Q) E_Zl sin (%Q) cos (% (2(8; — B) + (G — Cl)))
— i sin (%Q) cos (% (2085 — A1) + (¢ — Cl)))
I=j+1

and
(4.16)
dyjq1)2(t)

dt

J
. /m . (m m
= Cpp sin (Z'Yj+1/2) L_Zl sin (ZQ> cos (Z ((Bjr = B) + By = B) + (G — Cl)))
b m m
— > sin (Zc:j) cos (Z ((Bj1 = B) + (B; — B) + (¢ — Cz)))
I=j+1
with
Bi—Bi=(Vi—1j2+ - Fvg1y2) + (Gor + -+ G), Jj>1

for some constant C,,, > 0 depending only on m.

PRrROOF. Repeating the arguments given in Section 4.3, it can be shown that
the dynamics of the angles in the multiple corners case is identical to the dynamics
for the homogeneous case. It therefore suffices to obtain the 1D system describing
the evolution of 0-homogeneous vorticities. On the unit circle, we are given initial
vorticity

m—1

k
h0(9) - Z Z Sﬁj+2m/m,ﬁj+gj+2m/m-

i=0 j=1
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Moreover, given h, the corresponding angular velocity (counter-clockwise rotation)
on the circle is defined explicitly by

() = /://Z (c,ln sin (%w - 9’\) - c,2n) h(0')d6’

for some constants ¢, > 0 and ¢?, depending only on m > 3. Since the integral of
h over the circle is conserved in time, one may redefine the angular velocity to be

T/m
5(0) = c}n/ / sin (%w - 9’\) h(0')do’

up to an overall rotation. Therefore,

d

26t = 0(8; +¢;) = 0(6))

= c, Sin (%Q) sin (%Q) cos (% 208, — B1) + (¢ — Cl)))

k
. (m . [m m
= 37 cusin (¢ ) sin (Fa) cos (2085 = B) + (¢ — @)
l=j+1
(note that the contribution from the j-th sector cancels out) and the relations

Bi—Bi= (Vi +mgy2) + (Gt +Q), Jj>1

enables us to express the right hand side in terms of v’s and (’s. Similarly,

d
g7 Yi+1/2(t)
=0(Bj+1) = 0(B; + &)
i
=Y clusin (Friiase) sin (56 cos (T (B = B0 + (85 = B) + (G = )
=1
k
= > cusin (Fiaya) sin (56 ) cos (5 (B = ) + (85— B) + (G — )
I=j+1
This finishes the proof. O

4.5. Extensions

Generality of Serfati and Chemin. The results of Serfati [86, 87] and
Chemin [24-26] demonstrates that propagation of boundary regularity for smooth
patches is just a special instance — the Euler equations indeed propagates “striated”
regularity of vorticity. Here we present the version given by Bae and Kelliher [8,9].
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To formally state the general result, assume that a family of C%(R?) vector
fields {Y;*}aea is given, and satisfies the following properties:

inf (sup ’YO)‘(x)D >c¢o>0
z€R? A
and

sup (1Y e + IV - YaMloa) < +o0.

Moreover, assume that the initial vorticity satisfies

wo € L' N L™ (R?), sup ||(Y3 - V)wo||ca-1 < +00.
A

The latter condition says that wy is C*-regular in the direction of Y;*. The negative
index Holder spaces may be defined in terms of the Littlewood-Paley decomposition,
but it can be avoided as the above condition is equivalent to K * ((Yg) - V)wg) € C¢
(see [9]), where K is the usual Biot-Savart kernel.

We evolve the family of vector fields by

Y (@(t,2)) = (Y5 (2) - V)@(t, 2).

THEOREM ([9, Theorem 8.1]). In the above setting, the Yudovich solution wy
and the vector fields Y;* satisfy the global-in-time bounds

(417) 0 | (17 V)erllcons < C explexp(ct)
and
(4.18) sup (IY e + 11V - Yoo ) < C exp(exp(ct)).

The associated velocity is Lipschitz in space and indeed uniformly CY* after being
corrected by a smooth multiple of the vorticity. That is, there is a matriz Ay with
|A¢]|ce < Cexp(exp(ct)) such that

IVug||Le < Cexp(ct),
IVu; — wiAyl|ca < Cexp(exp(ct))
holds. Here, the constants C,c > 0 depend only on 0 < o < 1 and the initial data.

(4.19)

ExXAMPLE. Let us present two examples from [9, Section 10].

(i) CH* Patches with C vortex profile: Take some C'*-domain €y and C'-
function fy, and then define wy = xq, fo- Then, we can take Y := V1o,
where ¢ is a C1* level set function for Q. In addition, we may take some
vector field Y so that {Y,}, Y2} satisfy all the requirements described in
the above (most importantly, Y should be non-vanishing whenever Y
vanishes).

We recover the usual vortex patch when the profile fy is a constant
function. This results show that the vorticity can actually have a C*-
profile on the patch. This particular statement also follows directly from
the main result of Huang [56], which we discuss in the Appendix.

(ii) Vorticity smooth along leaves of a C!*foliation: Consider ¢g € CL
with [V+¢g| > ¢ > 0 on R?, such that each level curve of ¢ crosses any
vertical line exactly once. Under these assumptions, we define &, (z2) so

that ¢o(x1, &y (22)) = ¢0(0, 22).
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Take some bounded measurable function W : R — R supported on
some bounded interval [c,d]. Then, fix some L > 0 and define

wo(z1,22) = X[—1,0)(x1) W (&, (22))-

The above theorem applies to this case, simply with Yy = V<te¢o. It
follows that for all time, all the level curves of w remain (uniformly in R?)
C1%. In the words of Bae and Kelliher, “extreme lack of regularity of wp
transversal to Y does not disrupt the regularity of the flow lines.”

The generalization described in the above theorem can be easily adapted to our
setting. Let us only described the necessary modifications in the assumptions. To
begin with, we require that wy € L' N L> is m-fold symmetric for some m > 3, as
usual. We need in addition that there is a distinguished vector field in the family,
say Yy, which is m-fold symmetric and satisfies

inf |Y5(x)] > ¢o >0, for some 7o > 0,
x€Bg(ro)

and
1Yl gaey + IV Y gy + 1 5 (Y V)0) sy < 400

Then, we claim that the bounds (4.17), and (4.18) hold, with C'* instead of C*
when A = ¢. Moreover, the velocity will be Lipschitz in space for all time, and its
gradient will belong to C after being corrected by a C®-matrix multiple of the
vorticity.

Symmetric Cusps. Consider a m-fold symmetric set {2 which is a union of
Cl@_cusps for some m > 3 in some ball By(rg) and has C1'® boundary outside
Bo(ro).

It is possible to show that, using the methods of this paper (and the generaliza-
tion described in the above), the boundaries of the cusp remain as C1'® (uniformly
up to the origin) curves for all time. This can be done as a two-step procedure —
the same strategy we have utilized to prove the propagation of C1®-corners.

Note that the complementary region By(rg)\$ is a disjoint union of regions,
each of which can be given as the image of an exact sector under a C1*-diffeo-
morphism of the plane fixing the origin. Therefore, in each of these regions, we
can place a (divergence-free) vector field Y just as in the case of C1**-corners (see
Figure 3). This vector field can be extended to the interior of the cusp, so that Y{§
is non-vanishing in By(ro), Y € C°, and finally V - Y¢ € C*.4 After that, one
takes a complementary vector field Y? which is C%(R?), tangent to the boundary
of the patch, with divergence in C*(R?) and supported outside the ball By(r/2).
This construction of vector fields {Y{, Y} gives global-in-time propagation of the
Co’o‘-regularity of the patch. Moreover, the velocity is Lipschitz in space for all time.

After that, to recover the extra information that the boundary of the cusp
stays in C™®, one performs a local analysis which is parallel to the one given in 4.2.

4To see this, consider the simple case of the C1:l-cusp given by the region {7x% < x9 <
x%,xl > 0}. Then, define Y(x1,22) = (1,2z2/21) in the interior of the cusp. Then, 0;,Y =
(0,2/z1) and 8, Y = —2x2/x? so that ||z|VY (z)| € L°°, which is equivalent to saying that Y €
C'. Finally, V-Y = 2/z1 and hence V(V-Y) = (=2/22,0), and since |z2| < 22, |2||V(V-Y)| € L>®
as well.
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FIGURE 3. Vector field associated with a symmetric union of cusps

Indeed, the velocity generated by the cusps is uniformly C'*® in the interior of the
patch, up to the boundary. This finishes the argument.
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CHAPTER 5

Ill-posedness results for vortex patches with
corners

In this chapter we will give several results which show that vortex patches
with corners which do not fall in the well-posedness results cannot retain a corner
structure continuously in time. These are based on a general local expansion result
for the velocity field associated to a bounded vorticity profile. As is well known,
boundedness of the vorticity does not imply Lipschitz continuity of the velocity
field; however, it turns out to be possible to give a first-order expansion of the
velocity field near the origin (or any point) which isolates the non-Lipschitzian part
in an explicit way. This expansion is reminiscent of the Key Lemma of Kiselev and
Sverak [65] but it is without any symmetry assumptions on the vorticity and it is
valid for all x € R?. After giving this expansion, we use it to show ill-posedness
for vortex patches with corners. In the case where the vortex patch satisfies an
odd symmetry, we can actually prove immediate cusp formation. When there is
just a single corner, we just show discontinuity though we believe that there is
actually cusp formation and further investigation into this question is given in the
next section. For corners which are only locally m-fold symmetric we also show
ill-posedness by applying the results of the first author and Masmoudi [47] to show
that the Lipschitz bound on the velocity field of a locally m-fold symmetric patch
may be lost immediately. This shows that the global symmetry assumptions which
give the propagation of regularity proven in the previous two sections cannot be
replaced by local symmetry assumptions.

5.1. An expansion for the velocity field associated to a bounded
vorticity profile

We now state the first and most important lemma toward the ill-posedness
result which shows how one can expand the velocity field associated to a bounded
vorticity profile near a point (the origin) up to ”Lipschitz” error terms. In the
following, f € LS° means that f is a bounded function with compact support.

LEMMA 5.1. Assume that w € LP(R?). Then, with polar coordinates, the
corresponding velocity u = VA" w satisfies the estimate

w(r, 8) — u(0) — — (COS‘Q )rls(r)+ ! (Si”) rI9(r)

(5.1) " ox \—sind o7 \cosf

< Orfwlz=

with some absolute constant C' > 0 independent on the size of the support of w.
Here,

u(0) = <—% /000 /0% sin(@)w(r, #)dodr, % /000 /0% cos(0)w(r, 0)d9dr>T,

51
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52 5. ILL-POSEDNESS RESULTS FOR VORTEX PATCHES WITH CORNERS

I°(r) = /TOO /027r sin(29)Md9ds,

S

I°(r) = / h /0 7 cos(20) 2 g,

S

and

REMARK 5.2. The idea of the proof is to simply decompose w as

w(r,0) = Y (sin(m) f™*(r) + cos(m) f™(r)),

m>0

and compute, more or less explicitly, the velocity vector field corresponding to each
term on the right hand side.

ProoF. Using polar coordinates, we write down the following decomposition
of the vorticity:

w=w’+w +w? + ",

where

is the radial component,

27 27
w™(r,0) = sin(mﬁ)l / sin(mé)w(r,0")do" + cos(mﬁ)l / cos(mb)w(r,0")do’
T Jo T Jo

is the m-fold symmetric component for m = 1,2, and finally w® := w—w® —w! —w?.
Then, we can accordingly write
w=u"+u! +u? 4+,
where u™ := V+A~lw™ for m € {0,1,2,t}. We estimate each component of
velocity separately.
Radial part

We first solve AV = w assuming that w = w°(r), i.e. when the vorticity is a
radial function. In this case, it is well-known that the stream function is given by

T 1 S
\I'O(r):/ —/ TwO(7)drds
o 5Jo
and the velocity is then

1 /" —sin 6
0 _ 1 0
u(r,@)fr/o Sw (s)d8<c059)'

u9(r, 0
L0 < Ot < Clolen.

In particular,

(5.2)

1-fold symmetric part

Next, we assume that w = w'(r,0) = sin@f>*(r) + cos f1¢(r). In this case,
we write W(r,0) = sin 01 (r) 4 cos 3p1¢(r), and consider the equations

OVt 4 20N — Syt = 1, i=sie
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We then have
1 .
87" (8M/JLZ + ;wl,z> _ fl,z
and from r~*pbi(r), 0,914 (r) — 0 as r — oo,

L0, (ri) = 0,0 + %w“ = / " fris)ds

P (r) :——/ /f“ )drds.
From the formula

1 _ 1 —sinf) 1 1 cos
u (r,0) =90,V (r,0) ( 050 ) T@g\l’ (r,0) ( ) 9> )

sSin

and hence

taking the first component, one obtains

1,s o] 1,s
ui(r,0) = sin® 0 <¢ —|—/ fl’s(s)ds> — cos? Qw—(r)
r - r
1,c [eS]
+ sinf cos @ (2¢ +/ f17c(s)ds) .
T T
Observing the bound

2 1,2 e} )
id —|—/ fH(s)ds
r T
we rewrite u] in the form
1 o 1 L8 o]
ui(r,0) = 5/ f5(s)ds — (5 — sin? 9) (wT +/ fl’s(s)ds)
T T

2 l,c o]
—I—sin@cos@( wr —I—/ fl’c(s)ds)7

and finally arrive at the following bound:

w0y =5 [ (s

On the other hand, for the second component of velocity we obtain

u?(r,0) + / fhe(s)ds

< Crl[fpe < Crflwlpe

(5.3) < Cr||wlpe-

(5.4) < Or||w]| o

2-fold symmetric part

We now need to solve A¥ = w in the case when w(r,8) = sin(26)f>*(r) an
cos(20) f%¢(r), respectively. Setting W(r,0) = sin(20)y?*(r, ) and cos(26)y><(r, )
respectively gives the relations

1 4 L. .
(5.5) Ot 4+ ~0 P — Syt = 2, i=se

Then, one may rewrite it as

2,
o, (o> + Sur) =L,
r r
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54 5. ILL-POSEDNESS RESULTS FOR VORTEX PATCHES WITH CORNERS

and since we are looking for a solution with bounds |?(r)] < Cln(1 + r) and
|0,p%(r)] < Cr~1, we obtain

1 . 2 : o] f2,i s
— 7_77[}2, + _277[}2, — _ ( )
r r T S

and integrating once more,

b ]

Now, we compute u?* = V1 (sin(260)1)%*) as well as u*¢ = V+(cos(26)y>°). In the
case of u?*, we have

W2 (r,0) = O, (sin(20)1)>*) <‘Sin 9) - %89(8111(29)1/}2’5) (Cf)s ‘9) .

cos 6 sin 6

Taking the first component, after a bit of rearranging we get:

w2s

’U,%S(T, ) = —sin(20) sin 00,1p%° — 2 cos(26) cos @
4 o0 r2s
= sin(26) sin 6 (;wz’s + 7“/ fs ds)

oo r£2.s oo r£2.s 2
- C/ ! ds—i/ / ds + =9?% ) cosf
2/, S 2/, S r
4 2,5
‘—7,/}2’3—|—r/ s ds
T T

uniformly in r» > 0, with some absolute constant C' > 0. Hence, we obtain

o0 £2.5 2 2 _ oo £2.5
2 (1, 0) = rc;)sH f—ds sin(26) 812119 cosf ( NERI. / I ds)
™ S T S

We note that

< Crll 2 llpe

and

rcosf 2

2,5 oo r2s
uy”(r, 0 1 ,
(5.6) mD [ L <l < el
Similarly, for the second component of velocity, we obtain

(5.7) / f2sds <]

7"51119

Next, in the case of u?*°

2(1,0) = 0,cos20)02) (" 07) — Tan(eontannee) (o)

cos sin 6

Similarly as in the case of u?*, we rearrange it to obtain

4 < fRe cos(20) sin 6
2,c _ | =Z,2,c
u(r,0) = (rw + 7Q/T s ds> (— cos(20) cos

r [ f%e 2 9. T oo f2e sin
+(§/T s G _§/T 5 % ) \eoso )
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and in particular,

2,c oo £2.¢ 2,c oo r£2.¢c
up(r,0) 1 I uy“(r,0) 1/ I
5.8 Bt SRS AR d 2 4 C ds| < C 0.
(58) rsind +2/T s P rcosf +2 . S 5| = Clwle
Remainder

We shall assume that w(r, §) = w*(r, ), the point being that
2m 2
/ w"(r,0) cos(mb)dfd =0 = / w*(r, 0) sin(mo)do
0 0

for all r > 0 and m = 0,1, 2. In this case, we simply use the Biot-Savart kernel:

1 [ (z—y*
u(x) = — 2w (y)dy.
(@) =5 e o=y (y)dy
Taking the first component, we write
1 — (22 — y2) 1 — (2 — y2)
ui(x) = — ————=w"(y) — ——=2w(y)dy,
' 27 Jyj<ape |2 =yl 21 Jiysope 12—yl

and the first piece is bounded by

1 / —(552 —yz) v
— ———w" (y)dy
2 Jiyi<2pz) 2=yl

1
<l [ dy < Clal o]z
Ve

Regarding the second piece, we first use that

/| P2 ¥ (y)dy = 0
Y

|>2|z] ly|?

to rewrite it as

1 / [332 — Y2 Y2 ]
-5 + =5 | w'(y)dy,
210 Jiy 2 LIz —yI*  [yl?

and note that

Ty —Y2 Y2 _ —1(2y12) + 22 (Y7 — ¥3) + ya|a[?
lz —yl*  [y]? |z — y|?|y|?
Then, using that
2y12 y:— 3
/ W )y =0= W (y)dy,
yl>2lz) 1Yl wi>2lel 1Yl

we have that

1 —(ng - y2) T
P —— W (y)dy
27 Jiy 210 17— yl?

1 / {332 — Y2 Yo 2y1Y2 yi—us| .
- . — T9 w'(y)dy,
27 Jiysopa) LIz =912 [yl? |y|* |y|*

and the expression in the large brackets equals

yolzPlyl? + (22 (yf — y3) — 2x191y2) (22 -y — |2]?)
|z — y|?|y[*
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56 5. ILL-POSEDNESS RESULTS FOR VORTEX PATCHES WITH CORNERS

which is bounded in absolute value by C|z|?|y|~3 for some uniform constant C' > 0
in the region |y| > 2|z|. Therefore,

1 —(@2=92) oo
/|y>21| W)y

1
< Cle |z~ / 1

ly|>2]|z| |?J|3

We have shown the desired bound

(5.9) |uj ()] < Clafl|w]| Lo
A completely parallel argument establishes that
(5.10) lup(2)] < Clall|w| Lo

Combining the estimates (5.2), (5.3), (5.4), (5.6), (5.7), (5.8), (5.9), and (5.10)
finishes the proof. O

5.2. Loss of boundary regularity for odd-odd patches

In this section, we demonstrate that under the odd-odd symmetry, vortex
patches with a corner may continuously lose regularity of the boundary with time.
By the odd-odd symmetry, we mean that the vorticity satisfies w(z1, x2) = —w(—x1, z2) =
—w(x1, —w2) on R? (or on T? = [~1,1)?). Equivalently, one may consider vortic-
ities which is odd in x; on the upper half-plane R x R, with the slip boundary
condition.

In the result below, we consider an odd-odd patch with four corners meeting at
the origin and also tangent to the z;-axis (see Figure 1). It shows that the “angle”
of each corner at the origin immediately becomes /2 for ¢ > 0, and 0 for ¢ < 0.

THEOREM 7. Consider an odd-odd vortex patch supported on Qg C R2 such
that

Qo N {(x1,22) : 0 < 2y,m0 <1/2} = {(z1,22) : 0 < 2 <0 < 1/2} .

Consider the trajectories of points which initially lie on the diagonal ®(t, (z,x)) =:
2(t,x). Then, there exist constants T*, 5 > 0, such that in the ball [0,5]?, we have
bounds

1
(5.11) 221 (t,2)P®) > 2o(t, ) > §zl(t,x)“(t),

for some strictly decreasing, positive, and continuous functions defined on [0, T*]
with «(0) = 5(0) = 1. In particular, the angle of the patch at the origin becomes
immediately /2. On the other hand, if one considers the backwards in time evo-
lution, there exists some time interval [—T",0) with T' > 0, during which the angle
of the patch at the origin is zero.

One may formally define the (cosine of the) angle as follows: given a domain
U C [0,1]? (which is assumed to intersect any small square [0, §]?),
(5.12) Oy = 1i o
. cosfy = lim sup —_—
§—0+ z,2’€UN[0,6]2 ‘.’E||$/|
We may consider these data on the upper half-plane, and in this case, the
boundary of the initial patch 9 is given as the graph of a C%! and C'*°-function,
respectively, near the origin. This property is not maintained for any small time
t > 0. On the other hand, if initially one considers odd-odd patch given by the
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+1 —1 +1 —1

FI1GURE 1. Evolution of a corner with odd-odd symmetry.

—1 +1
+1 —1

FIGURE 2. A C%“-cusp with odd-odd symmetry.

region below the graph of a C''**-function whose derivative vanish at the origin (see
Figure 2), it can be shown using the ideas of previous sections that the solution
continues to satisfy these properties. See also the recent work of Kiselev, Ryzhik,
Yao, and Zlatos [64] where they show (among other things) well-posedness for cusps
touching the boundary. In this sense, these two results show that the vortex patch
problem is ill-posed, when its boundary on the upper half-plane is only C%! or C*.

REMARK 5.3. The second part of the theorem was established in an earlier
work by Hoff and Perepelitsa [55], with a similar patch initial data but having just
one odd symmetry with respect to the xj-axis. It is expected that the dynamics
in that case is equivalent to the odd-odd symmetry case, up to a translation of the
corner point. Here we offer a simplified proof using the Key Lemma.

We now recall the key lemma of Kiselev-Sverdk [65] and Zlatos [99]:
LEMMA 5.4. Let w(t,-) € L>(R?) be odd-odd. For x1,x2 € (0,1/2], we have

uj(t,x) 4 Y12
5.13 (-1 L= = —/ —Tw(t,y)dy + B;(t, )
( ) Ly ™ JQ(2z) ly|* !

where Q(2x) = [2x1, 1] X [2x2,1] and

[Bj(t,)] < Cllw(t, ) v (1 I (1 i 503_))
Ty
for j € {1,2}.

REMARK 5.5. We note that this actually follows from the more general expan-
sion given in Lemma 5.1.

For simplicity of notation, we will denote the integral in (5.13) as

4
I(t,z) = —/ yl—yfw(t,y)dy .
T JQ(2z) |yl
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58 5. ILL-POSEDNESS RESULTS FOR VORTEX PATCHES WITH CORNERS

On the other hand, we have the well-known log-Lipschitz bound for velocity: for
any x, 2’ with |z —2/| < 1/2,
1

lu(t, z) — u(t, 2')] < Cllw(t, )| Loz — 2| In o

ProorF oF THEOREM 7. We consider the case t > 0. We shall work within a
short time interval [0,7*] for some T™* > 0, and in several places, the value of T™
will be taken to be sufficiently small for the arguments to work.

We begin with a simple observation. Note that on the diagonal x = (a/, ')
with 0 < 2/, we have

ui(t,r)  I(t,x)+ Bi(t,x)
us(t,z)  I(t,x)+ Ba(t,x)
and |B;(t, z)| < C for all time. Clearly, one can find some small §; > 0 and T* > 0
such that I(t,(01,61)) > 10C for all 0 < t < T*, simply because I(t,(d1,01))
is continuous in ¢,8; and I(0,(d1,81)) — +oo as §; — 0F. Therefore, we take
01 > d2 > 0 such that the triangle {0 < 21 < x5 < 02} is contained in ®(¢, ) for
all0 <t <T™.
Consider a point on the diagonal (z,z) with 0 < x < § < &2 (the value of § > 0
will be specified later) and denote its trajectory by z(t,x) = (z1(t, z), 22(t, x)) ==
®(t, (x,x)). From the basic log-Lipschitz estimate on us,

d
Ezg(t,x) < Cz(t,x)In

22 (t7 l‘) ’

(since ua(t, (21(t,2),0)) = 0 by odd symmetry) and upon integration, we deduce
that z;(t, z) < ca®P(=CY. Proceeding analogously for z1(t), we obtain z(t,z) >
cx®™P(C) this time. Inserting these crude bounds,

1
(5.14) |B1(t, 2(t,z))| < C <1 + exp(2CT*) In ;)
for 0 <t < T*. Moreover, with §(t) := exp(—2Ct), we obtain
1
z1(t, x)ﬁ(t) 2 522 (t,z),

for 0 <t <T* by choosing T™ smaller if necessary.

A lower bound for the integral I(t, z(t,z)) comes from the fact that ®(¢, Q)
contains a triangle. We could have chosen > 0 small so that for all z < §, its tra-
jectory satisfies the bound z9(t) < d. In particular, the region Q(z(¢,z)) contains
the triangle with vertices (z2(t, ), 22(t, )), (02, 22(t, ©)), and (42, 62). Hence
/

02 > cexp(—Ct) ln(;—2

Z2 (tv LL')
and comparing this with (5.14), we could have chosen §, T* > 0 smaller so that for
O<t<T*and 0 < x <4,

I(t,z(t,x)) > cln

1
I1(t,2(t,2)) 2 15 |Ba(t, 2(t,2)]

Therefore, we may neglect the Bi-term in (5.13) at the cost of changing the multi-
plicative constant, and deduce

_Ul(t, Z(ta J))) > cln %
Zl(tvx) N
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In turn, this ensures that
21 (t,x) < dattet

with ¢ — 1 as T* — 0%. From the trivial bound 25(¢,z) > x, we obtain
1
zZ2 (ta I) > 521 (t7 x)a(t)v

with a(t) := (1 + c¢t)~1. This finishes the proof of the first part.

We now consider the backwards in time dynamics. Instead of reversing time,
we revert the sign of vorticity, so that now initially the direction of velocity is
southeast on the diagonal segment. As in the above, we set z(t,x) := ®(t, (z,x)),
and restrict our attention to 0 < x < §d and 0 < ¢ < T”, for small §,77 > 0 to be
chosen below. Similarly as before, using either the Key Lemma or the log-Lipschitz
estimate on velocity gives

2(t,x) < 21 (t, ) < 225(t, )7 < 227

forall 0 < x < 6 and 0 < t < T’ with some sufficiently small 6,77 > 0. Here
~(t) > 0 is some continuous monotonically decreasing function with v(0) = 1 and
v(t) < 1 — ct. This gives a lower bound on the integral
gn(®) _ ,n®) Set _ et
1 > C/

7(t) - ct
where n(t) = 2(1/v(t) — 1) 2 t satisfies n(0) = 0 and is monotonically increasing
with ¢. Applying the Key Lemma to each of z1 (¢, ) and z5(¢, ), we see that

i () 2 S (et —em (1565 )

or equivalently,

Sct .t
iln(l—l—zl(t’x)) >c'5 x —C’ln(l—l—zl(t’x)).
z

I(t, z(t,x)) > I(t, (z1(t, z), 21(t, ) > ¢

dt zo(t,x) ) — ct 2(t, x)
Fix some small x > 0 and consider the ODE
d Sct _ gt
—f@ )= ——— —Cf@ (¢ 0) =1In2.
SFOm =S — e, )=
It is straightforward to show that, for all sufficiently small 0 < ¢t < T, we have
()
lim f—(t) = +400.
z—0t x

Then, this implies that

t
alte) o o
=0+ 22(t, )

for all 0 < ¢ < T, which shows that the angle of the patch is zero in the same time
interval. |

REMARK 5.6. In the result above, the initial corner angle of the patch can
be an arbitrary number strictly between 0 and w/2. Moreover, a straightforward
modification of the proof shows that there is an initial patch with corner angle zero
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whose angle immediately becomes 7/2 for ¢ > 0. This can be done for instance
using a patch of the form

1\!
cl(Q0) N[0,1/2]2 = {(xl,xQ) 0<zp <y <1nln—> } n1[o,1/2)? .
ol
REMARK 5.7. We note that very recently, the key lemma was utilized to obtain
double exponential rate of growth in time for the curvature of smooth vortex patches
touching the horizontal axis — see [63].

5.3. Non-continuity of the angle in a vortex patch with a corner

In this section, we prove two non-continuity results. The first is descriptive
in that it gives a lower bound on the angular movement of particles close to the
corner. The second one asserts that if at any time a good portion of the mass of
a vortex patch (or sequence of vortex patches) asymptotically is in a sector, then
the location of that sector cannot vary continuously in time. We now state and
prove our first theorem in this direction. The reader should take note that the first
theorem is easier to prove and contains two of the ideas contained in the proof of
the second theorem.

THEOREM 8. Assume that Qo C Bi/2(0) is a 2-fold symmetric open set and
Qo N By4(0) = S_6,6, USrx_g, xt0, N B1/4(0) with 6, € (0,7/2) U (m/2,7). Then,
there exists a fixed constant ¢ > 0, a sequence of radii €, — 0, and a sequence of
times t,, — 0 so that for all n € N we have

(I)Q(tm 1‘)
(I)l(tn, 117)

for all x with €, < |z| < 2€, in S_g, 0, -

01—|—c§arctan( ) <6, + 10c

REMARK 5.8. The theorem indicates that the patch ”jumps” up at least by
the angle ¢ once t > 0.

PROOF. First, it is not difficult to show that since €9 C B1(0), we have that

forallt >0
u(z) — u(y)| < 100[z — y|[log |z — y/|

for all |z —y| < 1. To see this, we need only observe that [|w||~ < 1 and [lw||1 <1
and run a standard potential theory argument. Moreover, it suffices to consider the
case 61 € (0,7/2), since otherwise one can argue with the complement of Qg instead,
which has acute angles.

Next, we define ®(t, zg) to be the position of a particle initially at zo at time
t. Using the log-Lipschitz bound on the velocity field above and the (generalized)
Gronwall lemma we have the following bounds on a small interval of time:

2120 < o < J@(t @) < af " < J2)P 2O

Now we take 71 = min{ 4z, 35} so that if [¢| < to := m we get that
L et
27 ol T
if |z| > {5|zo| where we used that |330|'4’|101=1‘w0H = /e. Next, we claim that if

x € 9 N B1(0) N {zy, 2 > 0} is so that |z| > 25|@o| and if ¢ < m with
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v < 71 small enough we have:

(I)Q(to,l') ™
= ) <h _
(I)l(to,I)) Stite< 2

for given € > 0 small. Indeed, for all such = and ¢ we have that

lu(t, z)| < 2C1x|[log |||

01 — e < arctan (

Consequently,
|®(t, 20) — 20| < Cyl2|
from which the claim follows. The reader should notice that v depends linearly on
e. In particular, if |z| > |zg| and ¢ < U(fg;YW’ the "bulk” of the vortex patch does
not move too much.
Let Ay = Qo N {%|zo| <z < 4|zo]}. From Lemma 5.1 we now see that we have
the following bound for all ¢ € |

. S
0, Tiog fworl
|u(t, ©) — u(0, )| < 10€[z[[log|z[| + C|z| < 20€|z|| log |||
if |z is sufficiently small. However, invoking Lemma 5.1 again we see that ug(z) =
sin(26;) log ﬁ (x2,21)+C|z| for C a fixed constant. Now we notice, putting together

the preceding considerations, that
d (ég(t,x)) S sin(26;)

dt \ 4 (t, x) 2

Dy (t, )2
|log|xo\|<1— ﬁ —Ce).

[ (t,z)
D4 (t,x)

It is now easy to see that grows by a fixed constant depending only on ~

over the time interval [0, m] by rescaling time by |log|xg||. This concludes
the proof. 0O

It is possible that this proof can be strengthened to actually give cusp formation
for such an initial patch. Essentially, for points of size ¢, we can only track the
evolution of the point for time c|log(e)|~! where ¢ is a small universal constant.
(Hence the variable tln% is natural, which is used explicitly in Section 6.) Any
improvement in this time-scale would be a step forward. Our next result is slightly
more general in that we make no assumption on the initial configuration of the
patch except to say that the patch is asymptotically close to a sector as r — 0.

THEOREM 9. There exists an absolute constant M > 0 such that there are no
angles 01(t) and 02(t) which depend continuously on any time interval [0,0] with
the property that

: [(U)ASp, (1).0,(t)) N Br(0)]  62(0) — 6:1(0)
5.15 limsup sup ’ < ,
(5.15) r—0 t€[0,6] |B,-(0)] M

sz < 6‘2(0) — 6‘1(0) < g

REMARK 5.9. This theorem says that the vortex patch €2(¢) near x = 0 cannot
asymptotically be approximated by a sector even with a small (but non-zero) error
depending on the initial size of the angle. Of course, this implies that the corner
could never remain a regular corner continuously in time since that would imply that
the limit in the statement of the theorem vanishes. Note also that this theorem
also applies to the case of several (or infinitely many) vortex patches. One way
to interpret the result is to say that acute or obtuse corners cannot be formed
dynamically in time.
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REMARK 5.10. We give the statement and proof for 2-fold symmetric patches
but the proof remains the same for single corners. The only difference is that we
have to factor out translation with respect to the velocity at the corner. Otherwise,
the expansion of the velocity field and all other arguments are identical.

ProoF. Toward a contradiction, assume such 6 (t),02(t) and § > 0 exist.
By rotation invariance and continuity, we may assume that 6;(0) = —605(0) while
—m/4 < 01(t) <0 < 02(t) < w/4 for all t € [0,6]. Now let us expand the velocity
field u. It is easy to see that (see explicit computations in Section 2.2)

uo(z) = zisin(m(o))bgi (ij) +0(z))

m ||

as |z| — 0. Now define a := 5-sin(262(0)) > 0. Then we have

1 1
o) = aton 1 (72) + 0(Ce + el os 1)

|| ||

as t, |x| — 0 using 5.15 and continuity of the angles. In particular, if |z| and ¢ are
small enough (depending only on «), we can essentially neglect the second term in
regions where the sizes of x1 and x5 are comparable. To see this, by continuity of
6; there exists t; < § so that if ¢ € [0, 1],

| sin(202(¢)) — sin(2601 (t)) — 2sin(262(0))] 4 | cos(2602) — cos(201(t))| < €
for given €; > 0. Next, from the assumption 5.15, there exists 6; > 0 so that if
x € By, (0) we have that

Ca 1

[u(t, z) — ua, (1),0.(0) ()| < i log =k

Here ug, (¢),9,(+)() is the velocity associated with Sg, (1,0, () U So, ()40 ()4
Next, we claim that there exist do > 0 and t3 < ¢ so that for all g € Bs,(0)
we have that the solution to the ODE:

(1) = ult, ®(1))
D(0) = xo
satisfies that ®(t) € Bs, (0) for all ¢ € [0,¢2]. This is due to the trivial estimate:
[@(t)] < o]

which we know from the Yudovich theory. In particular, we may take 6 = 67 and
let t5 < t1 small independent of §;.

Summing up the preceding considerations, given ¢ > 0, we can find a radius
d2 > 0 and a time interval [0, t3] so that for all xy € Bs,(0) the associated trajectory
®(t,z) remains in the ball Bs, (0) for all ¢ € [0, t2] where we know:

|u(t, z) — alog 1 ( ) | < ealz|log i
|| ||

Notice that the vector field (x2,z1) is tangent to the lines zo = 27 and 25 = —2z;
and that the flow associated to this vector field is hyperbolic near 0. We now want
to observe that w is ”almost” hyperbolic: indeed, consider the region V; = {0 <
(L=mn)z1 < 22 < (14n)z1} for n = 3e < 3. We claim that a particle X (0) starting
in Bs,(0) N'Vq never escapes Bs, (0) NV; for ¢ € [0, ¢2]. Indeed, by construction, we
know that X (t) € B;,(0) for all ¢ € [0,t2]. Thus, to conclude, it suffices to show

T2
T
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that u(z) - n(z) < 0 for all z € 0V; N Bs,(0) \ {0} where n(z) is the unique outer
normal to V7 at such z. Now we compute: If zo = (1 + 1)z, we have

(L +m)? + L(u(z) - n(2)) = —a(l + n)ui(2) + ua(2)

1
+ ealz|log — < 0.

|2

1
a(—(1+n)% 4 1)z log —

|2

Similarly, if z0 = (1 —7)2;
(1=n)* +1(u(2) - n(2)) = (1 = n)u(z) — ua(2)

a((1—=n)% =1z log + ealz| log

|| ER
Thus, any particle starting in Bs, N'V; stays in V3 for all ¢ € [0,02]. Since we are
only concerned with ¢ € [0,¢2] and x € Bs,(0), V1 is an invariant region. It can be
shown similarly that

V3 = —V1
is an invariant region. Now consider Vo = {z+ : 2 € Vi} and V; = {z1 : 2z € V3}.
A similar calculation shows that u(z) - n(z) < 0 for points on 9V, N By, (0) and
0Vy N By, (0).

Now we are ready to show that 6; cannot be continuous. We will do this by
showing that most of the vortex patch is immediately pushed up close to the line
z1 = z9. This will contradict the continuity of 6;. Take X(0) € T := {|z2| <
(1 = n)z1} N Bs(0) for some § < d2. By our choice of ¢3 and the Yudovich bound,
we know that X(t) € B /5(0) for all ¢ € [0,2]. If for some t. € [0,%2], X () hits
OT, it must be that it hits the line zo = (1 —n)z; since the velocity field is pushing
into T on the lower boundary. Thereafter, X (¢) does not exit V; until after time
ta. Now let us study what happens for ¢ € [0,t.]. By using the expansion of the
velocity again, we find for ¢ € [0,1.] :

d /1 Xs 1 X2

> al -
dt( )—O‘ng((t)\( X2
Thus,

Xy L s Lo % X
| X| a  XET

d X 1 2 X
(%) zete =(1- - 53).
Letting A = %, we see:

N(t) > X0)] (1— o

Consequently, A is increasing, so long as —4/1 — % <A< 4/1— % In fact, so

1 .
long as A < 5 we see:

2e 2¢ 1
At) > —/1—— 1——+4 X0 tlog
(t) > \/ - +(\/ o T M0) expletlog =)
for ¢ = 1a. In particular, if A(0) < 0, we have that A(t) will hit 0 before the time
log( 1—%+A(0)>
clog|Xo|
Now let T' = {|z2| < sin(#1(0))z1}. It is easy to see that if X(0) € Bs(0) N
then there exists t5 < @, with C independent of € so that X»(¢) > 0 for all
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t € [ts,ts]. In particular, all particles initially in 7' N Bs(0) are transported to the
region zo > 0 by the time t5 and they never leave this region for t € [0,t5]. By the
Yudovich bound
X (0)|"P() < X (1) < |X(0)|]"P=Y

we have that at time 5, there are no trajectories in Bs(0) N {z2 < 0 < z;} which
began in T. Thus, all particles which lie in Bs(0) N {23 < 0 < 2} at time 5 must
have come from the set Bos(0) N {sin(2601(0))z; < 22 < 2z1}. By assumption, the
total area of this arbitrarily small relative to the size of |Bs(0)| as 6 — 0. Now let’s
estimate the measure of Q(t) N S_g, (0),6,(0) N Bs(0) at time t5. According to the
assumption, the measure of this set should be approximately 26, (0)|Bs(0)|. We will
show that it is bounded by (61(0) + 0(1))|Bs(0)| as § — 0, which is a contradiction.
Indeed,

Q(ts) N S—6,(0).6:(0) N B (0)| < [B5(0)]61(0) + [22(t5) NS—, (0).0 N B (0)]

c
< [B5(0)161(0) +[2(0) N Bes(0) N S_2x g, (0)| = 1B5(0)[61(0) + 771B5(0)[261(0).
This finishes the proof. O

5.4. Ill-posedness for vortex patches with corners of size 7/2
The purpose of this section is to establish the following proposition.

PROPOSITION 5.11. For generic initial vortex patches Qg with Qo N B1(0) =
S_r/am/a U S3r/a5m/4 and Qo smooth and compactly supported outside of B% (0)
we have that the associated unique vortex patch solution U(t) does not keep a pair
of regular corners of size w/2 for positive time. That is, 9(t) N By (0) cannot be
written as the intersection of two C* curves lying in C([0,8]; C1®) for any § > 0
and o > 0.

REMARK 5.12. In the above, ”generic” means that given any vortex patch Qg
with a 90-degree corner at the origin, it can be perturbed very slightly by a smooth
perturbation very far away from the origin so that the corner does not remain
regular for positive time.

REMARK 5.13. It will be apparent from the proof that we actually only need
the two curves to be uniformly C' continuously in time.

PROOF. Assume that for some §, « > 0, the boundary 9Q(¢) N Bi (o) is written
as the intersection of two C1:® curves. For such curves to exist (for any vortex patch
with a right angle at time zero), a necessary condition is that the curves intersect
at a right angle for all ¢ € [0, d]. Let a(t) and S(t) denote the tangent vectors to the
two curves. This is an immediate consequence of Theorem 9 proved in the above.
We claim that for 0 < ¢ < § the following holds:

iy e ult da(t) - alt)*
o) = Alipt[)lJr A

and

U : -
,Bl(t) — )\li)l(r)lJr (t7 Aﬁ(t))\) 6(t) 6(t)L.

To establish the claim, we just need to show that so long as £ can be locally
written as an intersection of two C curves for some a > 0, then the limits above

Licensed to Duke Univ. Prepared on Thu Aug 17 10:47:36 EDT 2023for download from IP 152.3.25.83.



5.5. LOSS OF LIPSCHITZ CONTINUITY FOR LOCALLY SYMMETRIC PATCHES 65

exist. The definition of tangent vector then implies that the tangent vector actually
evolves as claimed. The existence of the limit follows since ﬁu(t,x) -zt can be
written as a smooth function of \i_l plus a logarithmic term which vanishes when
x = a(t) and = B(t) plus a term which vanishes as |z| — 0. To see that the log
term vanishes in this case, observe that (using (2.1))

u(z) = log|z|Az + l.o.t.

x
[z]
is a constant matrix whose eigenvectors are a(t) and S(t). Consequently, we must

have that

where ”l.0.t.” is the part which is smooth in plus the vanishing term, where A

Aa(t) - a(t)t = AB(1) - B(t)= = 0.

In fact, the assumption implies that the limits are continuous in time. As a conse-
quence, if we have that

 1000(0) a0 w((0) A

A—0+ A A—0+ A
then we will have a contradiction. If equality holds for €y, we can just choose
a small perturbation (keeping the 2-fold symmetry) of the patch away from the
origin so that equality does not hold at time zero. To be more precise, for a two-
fold symmetric perturbation @ supported away from the origin, if we denote the
corresponding velocity by 4, we may arrange that locally near z =0

= (5 °,) (51 +0del)

with a # 0 since a is a constant multiple of

Y1y2 -
—rw(y)dy
42M4()

which can be made nonzero. O

5.5. Loss of Lipschitz continuity for locally symmetric patches
In this section we prove the following result:

THEOREM 10. There is a vortex patch Qo with corners which is locally four-fold
symmetric about the origin for which the velocity field satisfies:

sup [|[Vu(t)||p~ = +o0
0<t<s

for all 6 > 0 despite the initial velocity field being Lipschitz continuous.

This result shows that the global symmetry assumption in Theorem A cannot
be replaced by a local one. This is done using the framework introduced in [47].

PROOF. Let Qy be a compactly supported vortex patch which near the origin
isequal to 8 € |J[-n/8+kn/2,7/8+kn/2],k =0,1,2,3}. In particular, we assume
that € satisfies the conditions of Theorem A. Now we define Qg by Qg = QU Qp,
where 0 ¢ Q_p and €, is compactly supported and 2-fold symmetric. The index p
in Q, stands for perturbation. Note that €}y is 2-fold symmetric but need not be
4-fold symmetric. We further require that 2y be infinitely smooth away from 0.
We now claim that for some special choices of 2, we have that for all § > 0

sup ||Vu(t)||pe> = +oo.
0<t<s
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Following Section 8 of [47], to prove this, all we need to show is that the associated
velocity field wug satisfies the following estimates:

Vug € LOO,
| D?pol|ra > Cq,

for some fixed constant C' > 0 and all ¢ > 2, where py is the initial Eulerian pressure
given by:
Apg = 2det(Vuy).
Now we write ug = uop + ug,, where g = VLAAXQO while ug, = VLA_1XQP.
Note that v, is infinitely smooth in some neighborhood of 0. In particular,
uo () = Vug,(0)z + O(|z]?)
as || — 0. On the other hand,
iig(w) = G(0)z + 26/ (0)a* + O(Jaf?)

as |z| — 0, with G the unique

T _
2

4G +G" = X537

periodic solution to

Note that G is even with respect to 6. It is then easy to see that the O(|x|?) terms
in the expansions of ug , and @ are negligible and that, in a neighborhood of 0,
Apo = 2det(Vug,(0) + V(G(0)z + 2G' (0)2™)) + f,
with f € C for all @ < 1. Now let’s choose ug , so that
0 K
VUO)p(O) = |: 0 0 :|

for some large constant K. Then we see that
Apy = 2K01(G(0)xz2 — 2G'(0)x1) + F
with ||F||p~ < C for some fixed constant C' independent of K. In particular,
ID*A™H(Fx)l|ze < Cq

for all ¢ € [1,00) where x is a smooth cut-off function which is identically 1 near
zero and C' again is a fixed constant independent of K. Now let us consider
|ID2A1(0,(G(0)z2 — 2G'(0)z1)|Lq. It is easy to see that it suffices to show that
there exists a small constant ¢ > 0 so that
1
IVA™Y01(G(0) 22 — 2G"(0)21)| > cl|z|log Tl
x
As we have shown in our expansion of the velocity field in Lemma 5.1, it suffices
to show that the quantity I below is non-zero:

_[?™ ! sin(26) oo — 20 (D)
I.f/o /|w (01(G(0)z2 — 2G"(8)x1)rdrdd

= log ﬁ /27T sin(20) (=G’ (0) sin?(0) + 2G" (0) sin(#) cos(#) — 2G"())d6.
| Jo

Noting that G is m/2 periodic, we see that fOQW G'(0)sin(20) = 0. Moreover, we
note that

sin(26) sin?(9) = %sin(?@) - isin(40)
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and
sin(260) sin(0) cos(0) = %sin2(29) = i(l — cos(49)).

Now we see:
27

G'(0) sin(20) = 0,
2m 0 27

- G'(H)sin(Z@)sinz(H):i & (6) sin(46),
0 0

2/0% G" () sin(0) cos(0) sin(20) = —% /027r G"(0) cos(40).

Thus,
I ="Tlog % /27r G(6) cos(40)do # 0
as can be easily seen from the relatiogl
G"(0) +4G(0) = X[-= 7]

by multiplying by cos(40). Thus by choosing K sufficiently large, we can ensure
that
Vg || e < 00
while
I1D?pollLe > g
for all ¢ > 2. Now we may apply the arguments of Section 7 of [47] to conclude. O
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CHAPTER 6

Effective system for the boundary evolution near
the corner

In the previous chapter we established that a non-right angle in a vortex patch
does not propagate continuously in time. Then the following question may be
raised: what exactly happens to the vortex patch near the corner? The purpose of
this chapter is to propose some asymptotic models which we believe describe the
behavior of a vortex patch. The key tool is the (rigorous) expansion of the velocity
field in the previous chapter.

6.1. The formal evolution equation near the corner

From now on, we shall assume that the vorticity is two-fold symmetric around
the origin. Here, this symmetry assumption is just for simplicity and does not seem
to alter the qualitative dynamics near the origin, except for the translation of the
patch which can be fixed using the Galilean invariance. Moreover, assume that the
vorticity is supported in a small ball of radius less than 1, which is guaranteed for
some nonempty time interval if the initial vorticity has this property. Then, we
have from Lemma 5.1 that

6.1)  u(r6) = — (_C(S)lsr(jg)) I () — — (zg;((g) rI°(r) + O(r)

2 Cor
where
(6.2)
1 2 9/ 1 2 0/
Is(r):/ / sin(29/)@d9’ds7 Ic(r):/ / 005(29/)@d9/ds.
r 0 T 0

From (6.2), note that in the limit » — 0T, if for majority of s € [r,1] we have a
lower bound on the integral of w(s, -) against either sin(26) or cos(260) on the circle,
then either [I°(r)| > 1 or |I°(r)| > 1, and it is reasonable to believe that the
behavior of the vorticity at the origin is determined only by the first two terms in
the right hand side of (6.1). Moreover, the term of order r cannot account for a
sudden change of angle, such as instantaneous cusp or spiral formation. Then, we
may formally consider the following modified Euler equation:

(6.3) O + % {(fgfﬁ%) I*(r) — <2§;((§))> IC(T)] rVw = 0.

The measure % in the expression (6.2) suggests that we write the vorticity as

1

(6.4) w(t,r,0) = g(tln —, 8) + remainder,
r
69
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where we formally assume that the remainder term is negligible for some time inter-
val [0,¢*] in the limit r — 0" compared to the g-term. Using (6.4) and neglecting
the terms involving the remainder, we obtain from

.\ 1 tln% 27 ) , 1 , , 1
I’(r)= n sin(20")g(t1n —, 0")d6'd(t In ),
o 0 s s

. 1 tinl .om ) 1, , 1
I¢(r) = - cos(20")g(tIn =, 0")d0'd(t1n —)
0 o s s

that after introducing the variable 7 = ¢In %,
T 2m
In %&g + i [(—C(s)i(l?g)) /0 /0 sin(20")g(r’,0")do' dr’
sin(0) T / 1IN ap! gt
=\ cos(6) cos(20)g(r',0")do"dr
o Jo

1 — sin(0) t cos(0)\|
' [;89g ( cos(0) ) B ;&-g <sin(9) =0
Dividing by In %,

T 27
dyg — - {sm(ze)) ( / / sin(26)g (7", 0’)d0’d7’)
27T o Jo

+ cos(26) ( /0 ’ /O - cos(20")g(r, 9’)d9’d7’>} og

_ ; {cos(Q@) ( /0 ’ /0 " in(20)g(r 9’)d9’d7-’>
+ sin(20) ( /0 ’ /0 " cos(26)(r 9’)d9’dr’>} D8

For 0 <t <« 1, again formally we may drop the entire right hand side, which results
in the following transport system for g:

1 T 2m
(6.5) O.g— — [Sin(20) (/ / Sin(20’)g(7’,9’)d9’d7")
2rT o Jo
T 27
+ cos(26) (/ / cos(29’)g(7”,9')d9'd7">] g = 0.
o Jo
We now investigate the system (6.5) in a number of concrete situations.

6.2. Evolution of a corner under the odd symmetry

We now consider the simpler case of vorticity which is odd in the xz-axis.
Together with the two-fold symmetry assumption, we have that the vorticity is odd
also in the xo-axis. Then, in (6.5), the term involving integration against cos(26”)
vanishes, and we are left with

T 2m
(6.6) 0=20.g— <% / / sin(260")g(7', Hl)df)’dT’) sin(260)dyg.
o Jo
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Using the Fourier expansion

(6.7) Z gk (7) sin(2k6),
k>1
we may rewrite (6.6) in the following equivalent form:
: I
69 0= (5 [ @) (= Daa() = (64 D (7).

where we have used the convention that gy = 0. From (6.8), it is straightforward
to see that the Bahouri-Chemin solution is characterized as the unique stationary
solution to (6.6).

We now consider the case where the initial data is locally a union of corners
attached on the z;-axis: that is,

8(0,0) = = (Lo, ag)uim, Agt+7] — L= A0,0]0[— Agtr,7])
for some 0 < Ay < 7/2. Then, we have that g(7,0) = (1o, A(r)U[r, A(r)+7] —
11— A(r),0)U[=A(r)4m,7)) With A(0) = Ap from the transport nature of the system
(6.6). In the case of the negative sign (i.e. when the vorticity is negative on the
positive quadrant), we obtain from (6.6) that A( ) satisfies

A(r) = 4SIH22A // sin(260")do’ dr’
T

= sin(24(7)) / 1 — cos(2A(7"))dr’,

T 0

(6.9)

and in the opposite sign case,

(6.10) A(r) = _sin(24(7)) /T 1 — cos(2A(7"))dr’.

T 0

Note that (6.9), (6.10) can be rewritten into the form of a second order ordinary
differential equation; using a := 2A, we have

a ——COS(G(T)) a(r 2_1 a(r zsinaT — cos(a(T
011 () = S - 1 (a6 F 2 sin(a(r)(1 - cos(a(r) )
with initial data
(6.12) a(0) = 240, @(0) = i% sin(240)(1 — cos(24)).

Using (6.9), it is direct to see that for all 0 < 7, Ag < A(7) < 5. Since cos(2:) is a
decreasing function on [0, 7/2], we have that
. in(24
Ay > AT (1 og04)),
™
and this guarantees that A(7) — 7 at exponential speed as 7 — +o00. The dynamics
is more delicate in the case of (6.10); while it is not difficult to show that the solution

decays to 0 as 7 goes to infinity with bounds
c C
<AMN) < ————, 7>0,
T+r AN S p T2
obtaining the rate of decay is an interesting problem. Direct numerical simulations
show that A decays as 77!. Let us show that the integral

(6.14) /000 1 —cos(2A(r))dr

(6.13)
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is bounded by a constant depending only on Ay. Otherwise, for any large M > 0,
one can find 7" = 7*(M) > 0 such that

VT > 1, / 1 — cos(2A(7"))dr’ > M.
0

Then
Vr > max(t*,7'), A(r) < — 107T7_A(7')
where 7/ = 7/(Ap) > 0 is chosen that sin(2A(7")) > Aggl), and
c M

V7 > max(7*, 1), <A(T) < C(M)7T 10,

147

where C(M) > 0 is a constant depending only on M. Taking 7 — 400, we obtain a
contradiction. If the ansatz (6.4) were correct, the bound on the integral in (6.14)
implies that for small ¢ > 0, we have

Lo Jutt,r0)

r—0+t r

C
<_a
-t

where u(t,-) is the solution associated with initial vorticity given by wq(r,0) =
g(oa 0)1{T§%}

6.3. Evolution of a single corner
We now consider initial data of the form
g(O’ 0) = l[Ao—Bo,Ao-'rBo] + 1[A0—B0+7T,AD+BQ+7T]'

The initial corner is centered at Ag and has angle 2By, with two-fold symmetry.
Without loss of generality, we may set Ag = 0. From

g(7,0) = La_B.a4B] + L{A- Bt At Bt+7)>
we obtain, by evaluating (6.5) at A+ B and A — B, that
(A+B)(1)

_ _% [sm(M(T) 1+ 2B(r)) / " cos(2A(r) — 2B(+)) —cos(2A(+') + 2B(+'))d+’
0
+ cos(2A(7) + 2B(r)) /0 Sin(2A(+') + 2B(+)) — sin(2A(+) zB(T'))dT'] .
It follows that

TB'(1) = —% (sin(2B) cos(2A) /OT sin(2B(7")) sin(2A(7"))dr’

(6.15) )
—sin(2B) sin(24) /0 sin(2B(7")) cos(2A(7"))dr )
and
TA (1) = —% <COS(2B) sin(2A)/ sin(2B(7")) sin(2A(7"))dr’
(6.16) 0

+cos(2B) cos(2A4) /OT sin(2B(7")) COS(2A(T/))dT/> :
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We may rewrite (6.15)—(6.16) in the form
sin(2B(r

B'(1)=— WT( ) /OT sin(2B(7")) sin(2A(7) — 2A(7))dr’
and
Al(r) = _@ /0 sin(2B(r')) cos(2A(7') — 2A(7))dr’

This implies that if —7/4 < A < 0 in an interval [0,7], then A’(7) < 0, which in
turn implies B’(7) > 0.
Similarly as in the case of odd symmetry, it is possible to turn the above system

into a system of second order ordinary differential equations. Differentiating both
sides of (6.15)—(6.16) gives

7 (Z:> =~ <§:> - % <COS(QB)Osin(2B)) + MM <§:>

_ (sin(ZB) cos(24) —sin(2B) sin(2A)>
cos(2B)sin(24)  cos(2B) cos(24) ) -

with

Then

M — 9B cos(2B) cos(2A)  — cos(2B)sin(24)
o —sin(2B)sin(24) —sin(2B) cos(24)
pou (™ sin(2B) sin(24) —sin(2B) cos(24)
cos(2B) cos(2A)  —cos(2B)sin(24)
and
1 1 cos(2B) cos(2A4)  sin(2B)sin(2A4)
"~ sin(2B) cos(2B) \ —cos(2B)sin(24) sin(2B)cos(24) )
Then finally, we arrive at the system

T <§::) - (Z) - % (cos(QB)Osin(QB)>

N 27 <cos (2B)(B')? — sin®*(2B)(A’)? )
sin(2B) cos(2B) \ —sin?(2B)B'A’ + cos?>(2B)B'A’ )

The initial condition is given by

(6.17)

(6.18)  B(0) = Bo, B'(0) = 0, A(0) = 0, A'(0) — _% cos(2By) sin(2By).

Numerical simulations suggest that A — A, and B — 0 for some constant A,
depending on By, as 7 — +o0o. This suggests instantaneous cusping without spiral
formation, which is comparable with the direct numerical study on vortex patches
in [21,27].
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APPENDIX A
Appendix

A.1. Local well-posedness for symmetric patches

The local well-posedness results for smooth vortex patches is usually obtained
via an iteration scheme, using the contour dynamics equation (see for instance [16],
[71]). An alternative approach which works directly with the flow maps restricted
to the patch was described in an illuminating work of Huang [56]." This method
originates from a previous work of Friedman and Huang [49], and it seems to be
applicable for a wide variety of situations. We shall adopt this approach to show
local well-posedness (as well as continuation criteria) in the setting of Chapter 3,
i.e., patches admitting a level set function ¢ with V+¢ € ce.

The starting point of this method is to write the 2D Euler equation purely in
terms of the flow maps:

Bt) =+ [ [ K@.s) = @7 ()dvds,

(A1) .

=z+ / K(®(s,x) — ®(s,2))dzds.
0 Qo

At this point, note that we only need to know ®(t,-) on Qg to determine the
velocity of the Euler equation everywhere in R2. It is easy to show that the above
formulation is equivalent to the (usual) weak formulation of the 2D Euler equations
under w € L>® N LY, and the Yudovich theorem gives that there is a unique solution
O satisfying (A.1).

The formulation A.1 suggests one to build an iteration scheme; all that is
necessary to appropriately define the space of functions. Following [56], we consider

(A.2)
B(M,T)

=¢P(t,x)eX: &(0,2) =z,P(t,0)=0,||®|x <M, sup |VO(t,x)—1I<1/2
Q0 x[0,T]

where the space X is defined for functions ® : Qg x [0, T] — R? with det(V,®) =1

by the norm

Pllx = su Vi@l aaiay + [|0:Ploorsy ) -
|25 = sup (IV:Blnm,) +10:2l:m @)

1The main result of this work is that C1:®-patches in 3D is locally well-posed under the Euler
equations (see also an earlier work of Serfati [85]). In the three-dimensional case, the vorticity
does not remain a constant inside the patch even if initially so, and therefore the contour dynamics
approach is not available.

75
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That is, we have simply replaced the assumption in [56] that V®(,-) is uniformly
C® (up to the boundary of Qy) by C®. The extra assumption that ®(¢,0) = 0
holds will be guaranteed by symmetry. Under the assumption |V®(¢,z) — ] < 1/2,
it follows that the inverse map ®; ' : Q; — Qo is Lipschitz with |[V®; ! < 2.
Moreover, it is elementary to verify that for ® € B(M,T), V®; * belongs to C* ()
with norm depending only on M (see below Lemma A.5).

Then, we define a mapping F,

F(D)(t,z) == —|—/0 A K(®(s,x) — ®(s, z))dzds,

so that a fixed point of F' provides a solution to the 2D Euler equation on [0, T]
with initial data wo = xq,-

We need to propagate the regularity of ¢ in time, where the level set function ¢q
is given together with the initial data Qy. We observe that, as long as ® € B(M,T),

by defining
B(t,x) = ¢o(®; (), x € Qy,
we have
(A.3) sup Iy := sup HVL@(')HCQQ(Q") . < &(M)
t€[0,7] o tefo,r) \ V=6t () llinso0,) - ’

where, here and in the following, we use the notation €(M) to denote a positive
and increasing function of M > 0 depending on I'g. This function may change from
a line to another.

We are now in a position to formally state the local well-posedness results:

PROPOSITION A.1. Assume that )y is m-fold symmetric for some m > 3 admit-
ting a level set ¢y satisfying Definition 3.1. Then there exists some T > 0, depend-
ing only on f‘o, such that there is a unique local solution ® € X of (A.1). In par-
ticular, we can extend the solution beyond some T™ as long as sup,¢jo p+) I't < +00.

In the case of C1®-patch with symmetric corners, we have:

PROPOSITION A.2. Assume that Qg is a CY%-patch with symmetric corners
satisfying Definition 4.1. Then there exists some T > 0, depending only on its
initial CY“-characteristic Tg, such that supepo,r) L't < +00: that is, the associated
flow map ® € X on the time interval [0,T) provided by Proposition A.1 satisfies
. (z, fo(z)), Pi(x, go(x)) € CL[0, 6] uniformly int € [0,T]. In particular, we can
extend the solution beyond some T™ >0 as long as sup;¢(g p-) I't < +o00.

The proof is a direct consequence of the following estimates:

LEMMA A.3. For any initial data Qg satisfying Definition 3.1, there exists some
M, T > 0 depending only on 'y so that F maps the space B(M,T) to itself.

LEMMA A.4. Assume that we are in the situation where Lemma A.3 holds.
Then, there exists some 0 <11 < T, depending only on M and 'y, so that for any
o, P e B(M,T),

IF(@)(t) = F(@)(6)l] oo 3o

t
<) [ 19, =l (14108 (1410, = Bl ) ) s
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and

IVE(®)(t) = VF(®) ()] oo cay)
t
< et(M)/O IV®, — V&4 1 ) (1 +log (1 + VD, — V<I>s||Lx(§0))) ds

hold for any t € [0, T1].

Assuming the statements of Lemmas A.3 and A.4, let us just provide a sketch
of the proof, as the argument is parallel to [56, Proof of Theorem 4.1].

PROOF OF PROPOSITION A.1. Take M and T such that the map F' sends
B(M,Ty) to itself, and moreover, for any &, ® € B(M,Ty),

IF(@)(t) = F(2) ()1, 3,

<000 [/ 1906~ 6y~ (1108 (1+1006) - 2l )
for t € [0,T1]. Here, M and T} depends only on I'y. Define a sequence {®,, },>0 in
B(Ma Tl) by

Oy(t,x) = x, D, 11(t,2) = F(P,)(t,z), n>0.

It is straightforward to see that at each step of the iteration, the flow is m-fold
symmetric around the origin and therefore ®,,(¢,0) = 0 for all n > 0. Setting

Pn(t) == ([Pt (t) — (I)n(t)HWl,oc(ﬁO)v

we have

pu(0) < €O [ pus(a) (14 108 (L4 pcs () ds.

This is sufficient to deduce that, taking a smaller value of 77 depending only on M if
necessary (see [73, Chapter 2] for instance), there exists a function ® : [0, 71| x Qo —
R? such that

@5 = @l Loe (0,110 @)y — O-

At this point, it is easy to see that ® actually belongs to B(M,T}) and F(®) = .
Therefore, we have constructed a solution, which belongs to the desired class, to
the 2D Euler equation with initial data £y on the time interval [0, T1].

We briefly comment on the issue of continuing the solution past T7. (All the
details can be found in [56].) Take Qp, as the new initial data, which has associated
level set function ¢7, with its characteristic le. Going through the exact same
iteration scheme again with this new data, one obtains a unique solution on some
time interval [0, Ty], with T, = T5(I'z,) > 0. Then, by putting this solution together
with the previous one, we obtain a patch solution, admitting a Clelevel set, to
the 2D Euler equation on the time interval [0, Ty + T»] with initial data €y. This
procedure can go on as long as we have a bound on f‘t. This finishes the proof. [

PrROOF OF PROPOSITION A.2. The assumptions given in Definition 4.1 are
strictly stronger than the ones in Definition 3.1, so we may work inside the time
interval within which we have available the iterates ®,, and the limit ¢ belong-
ing to the class X, defined in the above proof of Proposition A.1. It suffices to
carry the information that, by shrinking T if necessary in a way only depending on
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[y, for some time interval [0, 7], each of ®,, satisfies following the Holder estimate
uniformly in n:

@5 (t, (2, fo(@)llor.2[0,60] + 1@n(t, (2, 90(2))) [ cr2(0,50) < C (o) < 0.

This follows directly from the a priori estimates given in the proof of Theorem 6.
It is not difficult to see that ® inherits the same Holder estimate. ]

The lemmas A.3, A.4, and the bound (A.3) are direct consequences of the
following simple lemmas. The first one provides substitutes for the usual calculus
inequalities on C'“-spaces.

LEMMA A.5. Let f and g be ce functions on some domain @ C R%2. Then we

have

(A.4) 1£9llea < C (Ifllga - llgllze + 1 fllze - lgllea)

and if we assume further that |f| > 0 on Q,

(A.5) 11/ fllee < CULS line@) 1 £ ll o

Moreover, if W is a Lipschitz diffeomorphism of R? with U(0) = 0, then
(A.6) 1f o llge < C UVl [V ne) [l

PROOF. Let us note first that for two points at comparable distance, i.e. if
x # o satisty ¢i|2’| < |z] < col’|,

(@) = f@] Al llge

e N e

with C' depending on cq, co.

We begin with (A.4). First, we have an L>°-bound || fg|lre < || fllze - [|gllL=-
Now take two points & # 2’ € Q and assume without loss of generality that |z| >
|z’|. Consider two cases, (i) |z — 2’| < |z|/2 and (ii) |z — 2’| > |z|/2. In the latter
case,

|z f(x)g(x) — |2'|*f(2")g(2")

| — a!|*

_ " (f(z)g(x) = f(a")g(a") + (J|* = ["]*) f(2")g(2")

|z — 2’|

< Clfllze - llgllze-

Next, when (i) holds, we rewrite

|2 (f(x)g(x) = f(z")g(") + (|=[* — [2"]*) f(2")g(2")

| — ']

_ 20 (@) = F(@))g() | [al*f(a)(g(x) = (=) | |al® = Ja"|”

/ !

which is bounded in absolute value by the right hand side of (A.4), noting that

[f (@) = F@)] < Cllfll e

|z — a'|*
||

whenever |x — z/| < |z|/2. The proof of (A.5) is strictly analogous, so let us omit
it.
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To show the last statement (A.6), it suffices to treat the case when |z/| < ||
and |z — 2’| < |z|/2. Moreover, it suffices to bound the quantity

2o [f(¥(z)) = FO¥ ()] _ 2o |[f(¥(2)) = f(¥ ()] [¥(z) - (')|]*

|z — @' W (2) — ()] |z — '
Note that since ¥(0) = 0,
Y(z
190 < T < v

for any z, and since we have |2/| < |z| < 2|z'|, there exists some constants c¢1,ca > 0
so that

cr|¥(2')] < [¥(2)] < 2] (a")].

This allows us to bound

olf(¥(@)) — f(¥()] [(x) - ¥(2)| o o
e e e S Mo gy (9%
This finishes the proof. O

Next, we shall need the piece of information that in the setting of Proposition
A.1, for each fixed time ¢, the velocity gradient Vu, actually belongs to C*(€,).
In the case of C1:®-patches, this is a direct consequence of velocity being C** on
the boundary, since then Au; = 0 in 2 and hence an elliptic regularity statement
applies. It is likely that such an argument could be used here, but let us adopt the
approach of Serfati [86] (see also recent papers by Bae and Kelliher [9], [8]):

LEMMA A.6. Let W be a vector field on a domain Q with components in ok Q).
Assume further that |[W| > co > 0 on Q. Then, for w = xq, the associated velocity
satisfies

||VU||c°a(§) < Clco)|[W - VUHéu(ﬁ)~
Proor. With W = (W, Ws) and u = (u1,u2), one computes that
(31u1) _ (W1 —Wg) (Wlalul + W232u1)
Oauy Wz \W2 W W10ur — Wadiuy
and note that using 01u; + dous = 0 as well as dyus — douy; = w = constant,

W182u1 — W281u1 =W VUQ — Wlw,

so that using (A.4) and (A.5), we conclude that Vu; € C. It follows that Vu, €
C® as well. g

REMARK A.7. To apply the above lemma to the setting of Proposition A.1,
taking Wy := V1 is strictly speaking not allowed since it may vanish at some
points in the interior of the initial patch Q4. This can be simply fixed as follows
(see [9, Section 10]). First, we know that for points x € Q with d(x,9Qg) < 0]z,
|VL¢o| is bounded from below with a constant uniform in |z|, where & can be taken
as 1/(100), for instance. Then it suffices to take a vector field Wy which does not
vanish for points z € Qg with d(z,9Q) > d|z|. It is easy to require in addition
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that W, vanishes on 9 and V - W, € C* (R?).2 Then, we evolve the vector field
by

W(t, ®(t, x)) := (Wo(z) - V)®(, z),

which is consistent with the evolution of vector fields having the form V+¢ for some
scalar function ¢ advected by the flow.

ProoF OF LEMMA A.3. Given an initial vortex patch Qg satisfying conditions
of Proposition A.1, we fix a vector field W, described in the remark following
Lemma A.6, as well as the level set ¢g. Then, one may fix a vector field Wy which
coincides with V1 ¢ near 9Q and with Wy in a region where V+¢, vanishes. We
have V - W, € ce.

We have

F(D)(t,z) == —l—/o u(s, ®(s,x))ds
as well as
(VFE(@)(t,z)=1 +/0 Vu(s, ®(s,x))VE(s, z)ds.

We claim that the push-forward of the vector field Wy (recall that W (¢, ®(t, x)) :=
(Wo(z) - V)O(t,x)) satisfies supieo 1) [Wellga, < €M) as well as
infyepo, 1) [[Willine @,y = (€(M))~1 > 0 (see [9], [8] for complete details of this proof
in the context of C'* vector fields — the proof can be adapted to our setting with
straightforward modifications). It then follows from Lemma A.6 that

IVullga @,y < €M)
Then, using the inequalities from A.5 we immediately obtain

IVE(®)llge < &(M)T

and also
sup |VF(®) — I| < €(M)T.
ﬁo X [O,T]
Taking T sufficiently small, we see that F'(®) € B(M,T). O

Finally, we give a sketch of the proof of Lemma A.4.

PrROOF OF LEMMA A.4. Fix some z € Qg and ¢ € [0, 73], and let us first obtain

a bound on |F(®)(t,z) — F(P)(t,z)|. We need to estimate

(A7) /Q [ ((s,2) — (s, 2)) — K(B(s,2) — B(s, 2))| dz

2To construct such a vector field, one first considers the family of annuli A, = {z € R? :
27"~ < |z| < 27" *1}. By rescaling the region A, N to a domain of size O(1), we obtain a
region with boundary in C1®. Then in this rescaled subset of the annulus one constructs easily
a vector field in C* with desired properties. Rescaling it back, and patching all the vector fields
together finishes the construction of Wj.
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for each s € [0,¢]. We split the integral: when |z — x| > ¢, we have

/QO\Be (w)

< e(M) / 1®(s) — B(s) o - —

Q0\B. () o = 22
< (M)||@(s) = D(s)[| = (1 + [log(e)]) ,

/Qol"TB6 (:E)

1
< e(M) / dz < €(M)e.
QoNB.(z) |z — 2]

K(®(s,z) — ®(s,2)) — K(D(s,2) — B(s,2))|dz

whereas

K(®(s,z) — ®(s,2)) — K(®(s,2) — (s, 2))| dz

3

We have used the following elementary inequality:

|K(a) — K(b)] < Cla—1] (L + L) .
laf? * [of?
Choosing € = ||®(s) — ®(s)||z~ establishes the desired inequality (assuming that
the latter quantity is non-zero — otherwise the result is trivial).
Turning to the next inequality, one sees that the key is to obtain a bound on
the following integral:

)

modulo the terms which are trivially bounded by €(M)||V® — V®|| .

To begin with, take some constant ¢y > 0 (depending only on ) with the
property that, for any = € 9, there is an open ball of radius 4eg|x| contained
in g and whose boundary contains . Now let us take some € < ¢y, whose value
will be determined later. We shall consider two cases: (i) d(x,0g) > 2¢l|x|, (ii)
d(x,000) < 2¢|z|.

When (i) holds, let us split the integral as

VK (®(s,z) — D(s,2)) — VEK((s,2) — (s, 2))| dz,

/ +/ ‘VK(@(S, ) — ®(s,2)) — VE(&(s,x) — B(s, 2))| dz,
Qo\Be|z|(2) QoNB.|z| ()

and in the former region, we further decompose into regions where €|z| < |z — z| <
10]z| and 10]z| < |z — z|. Then, in the case €|z| < |z — 2| < 10|z, using the mean
value theorem with the decay of VV K gives a bound

C(M)||VE — V| 1= (1 + |log(e)]).

Then, when 10|z| < |z — x| holds, one first symmetrizes the kernel to gain extra
decay and then use the mean value theorem to obtain

(M) [V - V|| .

In the latter region, the integral is bounded by

/\VK(z)dz| gc/ 2| 2dz,
) b
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where

Y= (@(S, Be|m\(x)) - @(S,I))A(‘b(s, Be\m|(x)) - (I)(S"T))
= {y = ®(s,2) : y € B(s, Bepp ()} A{y — B(s,2) : y € B(s, Bejay (@)}
For any unit vector w, define
r1(w) = min{r > 0: rw € I}, ro(w) = max{r > 0:rw € L}.

Then, the claim of Huang [56, (4.20) on p. 531] translates in our setting to give
that (after the usual scaling argument in |z|)

r(w) > (€M) ez, ro(w) < €(M)e|z| (60‘ + ||V — V<i>||Loo) )

Using these bounds, we integrate

r2(w)
/ VK (2)dz| < @(M)/ / ld?"d(,u
by 8B1(0) Jr(w) T

< (M) /@Bl(o) log <1 + %) dw

ro(w) —r(w) "
< eM) /6B1(0) 1 (w) ;

< YM)(e* + |[VE = V| 1<).
We have established the desired bound on (A.7), and it follows immediately that
[Vu(s, ®(s,2)) = Vs, B(s,x))| < €(M)(e* + V@ — V||~ (1 + [log(e)]))

when (i) holds, and with € < €.
Now, when (ii) holds for = € €, we can select (by the assumption on €) a
point y € Qo, such that d(y, 9) > 2¢|z| and |z — y| < 2¢|z|. Then,

(Vu(s, ®(s,z)) — Vi(s, ®(s,z))|
< |Vu(s, @(s,x)) — Vu(s, P(s,v))|
+[Vu(s, ®(s,y)) — Va(s, D(s,))|
+|Va(s, ®(s,y)) — Vi(s, &(s,z))|
< M) (" +[|V® = V|~ (1 + |log(e)])) + E(M)e”,
where we have used that Vu, Vu € ce:
[®(s, ) — B(s,y)|*
|©(s, z)|

|z —y|®
||

[Vu(s, ®(s, 2)) — Vu(s, ©(s,y))| < €(M)

S M)V 7o - < E(M)e,

and similarly for the other term.
At this point, observe that

d ~
o [Ve(t o) = V()| < €M),

so that
HV(I)(ta ) - v(i)(tv ')||L°° < Q(M)t7
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and therefore by taking T) sufficiently small, relative to M and €, it can be
assumed that

. 1
sup ||[V® — V| re < —ef.
t€[0,T1] 10
Now we may take €* = |[V®(-,s) — V®(-,s)||~ for each s € [0,T3] (or just a
sufficiently small constant when the latter is zero). This finishes the proof. O

In the course of the above local well-posedness proof, we needed to prove that
the flow maps having regularity V® € C'“ implies that the corresponding velocity
gradient satisfies Vu € C'*. For completeness we show that the converse also holds.

PROPOSITION A8, Let u be a wector field with reqularity Vu €
L*([0,T); C*(R?)) for some 0 < « < 1 and satisfy u(t,0) = 0 for all t € [0,T).
Then the associated flow map @ satisfies

VD)l ¢ 2y < M = M2, sup. IVu(s)ll o (g2y)-
sg|0,

PROOF. Since the velocity is Lipschitz, there is a unique solution to

d

%CI)(t, a) = u(t, ®(t,a)), ®(0,a) = a,

which defines the flow map ®(t,-) : R? — R2 for each t € [0,T). Clearly ®(t,0) = 0.
Taking two points a # b, we obtain that

1 |(I)(t> (l) — (I)(t7 b)|

dt |a — b

and therefore, by integrating in time, we obtain

¢ O(t,a) — P(t,b
exp (—/ ||VU(S7')||L00(D)dS) < |2, ) (t,0)]
0 la — bl

t
Sem3(A|VUQfHwaﬂB>-

We now proceed to obtain C-estimates for the gradient of the flow. We know
that ®(t,-) is differentiable almost everywhere, and it is straightforward to show
that the gradient (defined almost everywhere) satisfies

|(I>(t7 a) — (I)(t7 b)‘
|a — bl ’

< |IVu(t, )|l (D)

%V@(t, a) = Vu(t, ®(t,a))VO(t,a)
for almost every a € D. For two points a,b € D, we write
% (la|*VO(t,a) — |b|*VP(t, b)) = [|a]*Vu(t, P(t,a)) — |b|*Vu(t, D(t, )] VO(t, a)
— Vu(t,®(t,b)) [|a|*VO(t,a) — |b|*V (¢, )]
+ (Ja|* = |b]*) Vu(t, ®(t,0))VO(t,a).

We further write
la|*Vu(t, ®(t,a)) — |b]*Vu(t, (¢, b))

_ la] \*® P o oy
- (|<I>(t,a)) (12t a)[*Vu(t, &(t,a)) — |®(t,b)|*Vu(t, B(t,b)))

(12(t,0)[* — [ (¢, a)|*)|al
|®(t, a)|

+ ol = i + Vult, B(1.1)).
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Hence,
i ||a|av(b(t7 a) — |b|av(1)(t7 b)|
dt la — bl

< ( |al >a |D(t, a)|*Vu(t,®(t,a)) — |P(¢,b)|*Vu(t, D(t,b))]
N |(I)(t7a)| |(I)(t7a) - (I)(t7b)‘a
|al

i (1 IV )l (m) ) IV, )|
eV (t,a) — oo VB(t,b)

t,- oo
IVt )l a o
+ [Vult, )L [VE(E, )| .
Note that

|a] /t
< Moo
|®(t,a)] = &P o Vu(s, )|l L= (pyds | ,

and therefore we have the bound
d [|a|*VO(t,a) — [b|*VE(,b)|
dt |a — b|*

t
<o (€ [ 1905, oyis
0
lal*V(t,a) — BV (t,)
|a — b|® .

Integrating in time using the Gronwall inequality, the proof is complete.

~ (1 T IVult, g +

Licensed to Duke Univ. Prepared on Thu Aug 17 10:47:36 EDT 2023for download from IP 152.3.25.83.

Ve,



Bibliography

[1] R. C. Alexander. Family of similarity flows with vortex sheets. The Physics of Fluids,
14(2):231-239, 1971.

[2] S. Alinhac, Remarques sur linstabilité du probléme des poches de tourbillon (French,
with English summary), J. Funct. Anal. 98 (1991), no. 2, 361-379, DOI 10.1016/0022-
1236(91)90083-H. MR1111574

[3] D. M. Ambrose, J. P. Kelliher, M. C. Lopes Filho, and H. J. Nussenzveig Lopes, Serfat:
solutions to the 2D Euler equations on exterior domains, J. Differential Equations 259
(2015), no. 9, 4509-4560, DOI 10.1016/j.jde.2015.06.001. MR3373413

[4] A. Axelsson and A. McIntosh, Hodge decompositions on weakly Lipschitz domains, Advances
in analysis and geometry, Trends Math., Birkh&user, Basel, 2004, pp. 3-29. MR2077077

[5] D. Ayala and B. Protas, Maxzimum palinstrophy growth in 2D incompressible flows, J. Fluid
Mech. 742 (2014), 340-367, DOI 10.1017/jfm.2013.685. MR3168897

[6] D. Ayala and B. Protas, Vortices, mazimum growth and the problem of finite-time sin-
gularity formation, Fluid Dyn. Res. 46 (2014), no. 3, 031404, 14, DOI 10.1088/0169-
5983/46/3/031404. MR3224234

[71 D. Ayala and B. Protas, FEztreme wvortexr states and the growth of enstrophy in
three-dimensional incompressible flows, J. Fluid Mech. 818 (2017), 772-806, DOI
10.1017/jfm.2017.136. MR3632597

[8] Hantaek Bae and James P. Kelliher. Propagation of striated regularity of velocity for the
Euler equations. arXiv:1508.01915.

[9] Hantaek Bae and James P. Kelliher. The vortex patches of Serfati. arXiv:1409.5169.

[10] H. Bahouri and J.-Y. Chemin, Equations de transport relatives d des champs de vecteurs
non-lipschitziens et mécanique des fluides (French, with French summary), Arch. Rational
Mech. Anal. 127 (1994), no. 2, 159-181, DOI 10.1007/BF00377659. MR1288809

[11] H. Bahouri, J.-Y. Chemin, and R. Danchin, Fourier analysis and nonlinear partial differen-
tial equations, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences], vol. 343, Springer, Heidelberg, 2011, DOI 10.1007/978-3-642-16830-
7. MR2768550

[12] D. Benedetto, C. Marchioro, and M. Pulvirenti, On the Euler flow in R?, Arch. Rational
Mech. Anal. 123 (1993), no. 4, 377-386, DOI 10.1007/BF00375585. MR1233643

[13] F. Bernicot and T. Hmidi, On the global well-posedness for Euler equations with
unbounded wvorticity, Dyn. Partial Differ. Equ. 12 (2015), no. 2, 127-155, DOI
10.4310/DPDE.2015.v12.n2.a3. MR3361245

[14] F. Bernicot and S. Keraani, On the global well-posedness of the 2D Euler equations for a
large class of Yudovich type data (English, with English and French summaries), Ann. Sci.
Ec. Norm. Supér. (4) 47 (2014), no. 3, 559-576, DOI 10.24033/asens.2222. MR3239099

[15] A. L. Bertozzi and P. Constantin, Global regularity for vortex patches, Comm. Math. Phys.
152 (1993), no. 1, 19-28. MR1207667

[16] A. L. Bertozzi, Ezistence, uniqueness, and a characterization of solutions to the contour
dynamics equation, ProQuest LLC, Ann Arbor, MI, 1991. Thesis (Ph.D.)-Princeton Uni-
versity. MR2686124

[17] J. Bourgain and D. Li, Strong ill-posedness of the incompressible Euler equation in borderline
Sobolev spaces, Invent. Math. 201 (2015), no. 1, 97-157, DOI 10.1007/s00222-014-0548-6.
MR3359050

[18] J. Bourgain and D. Li, Strong illposedness of the incompressible Euler equation in integer
C™ spaces, Geom. Funct. Anal. 25 (2015), no. 1, 1-86, DOI 10.1007/s00039-015-0311-1.
MR3320889

85

Licensed to Duke Univ. Prepared on Thu Aug 17 10:47:36 EDT 2023for download from IP 152.3.25.83.



86 BIBLIOGRAPHY

[19] J. Burbea, Motions of wortex patches, Lett. Math. Phys. 6 (1982), no. 1, 1-16, DOI
10.1007/BF02281165. MR646163

[20] T. F. Buttke. The observation of singularities in the boundary of patches of constant vor-
ticity. Phys. Fluids A, 1:1283-1285, 1989.

[21] J. A. Carrillo and J. Soler, On the evolution of an angle in a vortex patch, J. Nonlinear Sci.
10 (2000), no. 1, 23-47, DOI 10.1007/s003329910002. MR1730570

[22] A. Castro, D. Cérdoba, and J. Gémez-Serrano, Ezistence and regularity of rotating global
solutions for the generalized surface quasi-geostrophic equations, Duke Math. J. 165 (2016),
no. 5, 935-984, DOI 10.1215/00127094-3449673. MR3482335

[23] A. Castro, D. Cérdoba, and J. Gémez-Serrano, Uniformly rotating analytic global patch
solutions for active scalars, Ann. PDE 2 (2016), no. 1, Art. 1, 34, DOI 10.1007/s40818-016-
0007-3. MR3462104

[24] J.-Y. Chemin, Persistance des structures géométriques liées aux poches de tourbillon
(French), Séminaire sur les Equations aux Dérivées Partielles, 1990-1991, Ecole Polytech.,
Palaiseau, 1991, pp. Exp. No. XIII, 11. MR1131586

[25] J.-Y. Chemin, Persistance de structures géométriques dans les fluides incompressibles bidi-
mensionnels (French, with English and French summaries), Ann. Sci. Ecole Norm. Sup. (4)
26 (1993), no. 4, 517-542. MR1235440

[26] J.-Y. Chemin, Perfect incompressible fluids, Oxford Lecture Series in Mathematics and its
Applications, vol. 14, The Clarendon Press, Oxford University Press, New York, 1998. Trans-
lated from the 1995 French original by Isabelle Gallagher and Dragos Iftimie. MR1688875

[27] A. Cohen and R. Danchin, Multiscale approzimation of vortex patches, SIAM J. Appl. Math.
60 (2000), no. 2, 477-502, DOI 10.1137/S0036139997319785. MR 1740256

[28] P. Constantin and E. S. Titi, On the evolution of nearly circular vortez patches, Comm.
Math. Phys. 119 (1988), no. 2, 177-198. MR968694

[29] E. Cozzi, Solutions to the 2D Euler equations with velocity unbounded at infinity, J. Math.
Anal. Appl. 423 (2015), no. 1, 144-161, DOI 10.1016/j.jmaa.2014.09.053. MR3273173

[30] E. Cozzi and J. P. Kelliher, Well-posedness of the 2D Euler equations when velocity grows at
infinity, Discrete Contin. Dyn. Syst. 39 (2019), no. 5, 2361-2392, DOI 10.3934 /dcds.2019100.
MR3927517

[31] B. Dacorogna, Introduction to the calculus of variations, 3rd ed., Imperial College Press,
London, 2015. MR3288348

[32] R. Danchin, Evolution temporelle d’une poche de tourbillon singuliére (French, with Eng-
lish summary), Comm. Partial Differential Equations 22 (1997), no. 5-6, 685-721, DOI
10.1080/03605309708821280. MR 1452164

[33] R. Danchin, Evolution d’une singularité de type cusp dans une poche de tourbillon (French,
with English and French summaries), Rev. Mat. Iberoamericana 16 (2000), no. 2, 281-329,
DOI 10.4171/RMI/276. MR1809342

[34] F. de la Hoz, Z. Hassainia, T. Hmidi, and J. Mateu, An analytical and numeri-
cal study of steady patches in the disc, Anal. PDE 9 (2016), no. 7, 1609-1670, DOI
10.2140/apde.2016.9.1609. MR3570233

[35] G.S. Deem and N. J. Zabusky. Stationary ”v-states,” interactions, recurrence, and breaking.
Phys. Rev. Lett., 40:859-862, 1978.

[36] S. A. Denisov, Double exponential growth of the vorticity gradient for the two-dimensional
Euler equation, Proc. Amer. Math. Soc. 143 (2015), no. 3, 1199-1210, DOI 10.1090/S0002-
9939-2014-12286-6. MR3293735

[37] S. A. Denisov, The sharp corner formation in 2D Euler dynamics of patches: infinite double
exponential rate of merging, Arch. Ration. Mech. Anal. 215 (2015), no. 2, 675-705, DOI
10.1007/s00205-014-0793-2. MR3294414

[38] N. Depauw, Poche de tourbillon pour Euler 2D dans un ouvert & bord (French, with Eng-
lish and French summaries), J. Math. Pures Appl. (9) 78 (1999), no. 3, 313-351, DOI
10.1016/S0021-7824(98)00003-8. MR1687165

[39] D. G. Dritschel and M. E. Mclntyre, Does contour dynamics go singular?, Phys. Fluids A
2 (1990), no. 5, 748-753, DOI 10.1063/1.857728. MR1050012

[40] D. G. Dritschel, Contour surgery: a topological reconnection scheme for extended in-
tegrations using contour dynamics, J. Comput. Phys. 77 (1988), no. 1, 240-266, DOI
10.1016/0021-9991(88)90165-9. MR954310

Licensed to Duke Univ. Prepared on Thu Aug 17 10:47:36 EDT 2023for download from IP 152.3.25.83.



BIBLIOGRAPHY 87

[41] D. G. Dritschel and L. M. Polvani, The roll-up of vorticity strips on the surface of a sphere,
J. Fluid Mech. 234 (1992), 47-69, DOI 10.1017/S0022112092000697. MR 1147514

[42] Tarek M. Elgindi. Propagation of Singularities for the 2d incompressible Euler equations. in
preparation.

[43] Tarek M. Elgindi. Remarks on functions with bounded Laplacian. arXiv:1605.05266.

[44] T. M. Elgindi and I.-J. Jeong, On singular vortex patches, II: long-time dynamics, Trans.
Amer. Math. Soc. 373 (2020), no. 9, 6757-6775, DOI 10.1090/tran/8134. MR4155190

[45] T. M. Elgindi and I.-J. Jeong, Symmetries and critical phenomena in fluids, Comm. Pure
Appl. Math. 73 (2020), no. 2, 257-316, DOI 10.1002/cpa.21829. MR4054357

[46] T. M. Elgindi and I.-J. Jeong, Ill-posedness for the incompressible Euler equations in critical
Sobolev spaces, Ann. PDE 3 (2017), no. 1, Paper No. 7, 19, DOI 10.1007/s40818-017-0027-7.
MR3625192

[47] T. M. Elgindi and N. Masmoudi, L ill-posedness for a class of equations arising in hydro-
dynamics, Arch. Ration. Mech. Anal. 235 (2020), no. 3, 1979-2025, DOI 10.1007/s00205-
019-01457-7. MR4065655

[48] V. Elling and M. V. Gnann, Variety of unsymmetric multibranched logarithmic vortex spi-
rals, European J. Appl. Math. 30 (2019), no. 1, 23-38, DOI 10.1017/S0956792517000365.
MR3893255

[49] A. Friedman and C. C. Huang, Averaged motion of charged particles under their
self-induced electric field, Indiana Univ. Math. J. 43 (1994), no. 4, 1167-1225, DOI
10.1512/ium;j.1994.43.43052. MR1322616

[50] A. Friedman and J. J. L. Veldzquez, A time-dependent free boundary problem modeling the
visual image in electrophotography, Arch. Rational Mech. Anal. 123 (1993), no. 3, 259-303,
DOI 10.1007/BF00375128. MR1225210

[561] Z. Hassainia, N. Masmoudi, and M. H. Wheeler, Global bifurcation of rotating vortex patches,
Comm. Pure Appl. Math. 73 (2020), no. 9, 1933-1980, DOI 10.1002/cpa.21855. MR4156612

[52] T. Hmidi and J. Mateu, Bifurcation of rotating patches from Kirchhoff vortices, Discrete
Contin. Dyn. Syst. 36 (2016), no. 10, 5401-5422, DOI 10.3934/dcds.2016038. MR3543554

[563] T. Hmidi and J. Mateu, Degenerate bifurcation of the rotating patches, Adv. Math. 302
(2016), 799-850, DOI 10.1016/j.aim.2016.07.022. MR3545942

[64] T. Hmidi, J. Mateu, and J. Verdera, Boundary regularity of rotating vortex patches,
Arch. Ration. Mech. Anal. 209 (2013), no. 1, 171-208, DOI 10.1007/s00205-013-0618-8.
MR3054601

[55] D. Hoff and M. Perepelitsa, Instantaneous boundary tangency and cusp formation in
two-dimensional fluid flow, SIAM J. Math. Anal. 41 (2009), no. 2, 753-780, DOI
10.1137/080733164. MR2515784

[56] C. Huang, Singular integral system approach to regularity of 8D wvortex patches, Indiana
Univ. Math. J. 50 (2001), no. 1, 509-552, DOI 10.1512/iumj.2001.50.1802. MR1857044

[57] D. Iftimie, M. C. Lopes Filho, and H. J. Nussenzveig Lopes, On the large-time behav-
ior of two-dimensional vortex dynamics, Phys. D 179 (2003), no. 3-4, 153-160, DOI
10.1016/S0167-2789(03)00028-9. MR1984383

[58] D. Iftimie, T. C. Sideris, and P. Gamblin, On the evolution of compactly supported pla-
nar vorticity, Comm. Partial Differential Equations 24 (1999), no. 9-10, 1709-1730, DOI
10.1080/03605309908821480. MR 1708106

[59] In-Jee Jeong and Tsuyoshi Yoneda. Vortex stretching on the incompressible 3D Navier-
Stokes equations. arXiv:2001.02333

[60] Y. Kaneda, A family of analytical solutions of the motions of double-branched spiral vortex
sheets, Phys. Fluids A 1 (1989), no. 2, 261-266, DOI 10.1063/1.857441. MR1021630

[61] J. P. Kelliher, A characterization at infinity of bounded vorticity, bounded velocity solu-
tions to the 2D Euler equations, Indiana Univ. Math. J. 64 (2015), no. 6, 1643-1666, DOI
10.1512/iumj.2015.64.5717. MR3436230

[62] N. Kim, Eigenvalues associated with the vortex patch in 2-D Euler equations, Math. Ann.
330 (2004), no. 4, 747-758, DOI 10.1007/s00208-004-0568-4. MR2102311

[63] A. Kiselev and C. Li, Global regularity and fast small-scale formation for Euler patch equa-
tion in a smooth domain, Comm. Partial Differential Equations 44 (2019), no. 4, 279-308,
DOI 10.1080,/03605302.2018.1546318. MR3941226

Licensed to Duke Univ. Prepared on Thu Aug 17 10:47:36 EDT 2023for download from IP 152.3.25.83.



88 BIBLIOGRAPHY

[64] A. Kiselev, L. Ryzhik, Y. Yao, and A. Zlatos, Finite time singularity for the modified
SQG patch equation, Ann. of Math. (2) 184 (2016), no. 3, 909-948, DOI 10.4007/an-
nals.2016.184.3.7. MR3549626

[65] A. Kiselev and V. Sverdk, Small scale creation for solutions of the incompressible two-
dimensional Euler equation, Ann. of Math. (2) 180 (2014), no. 3, 1205-1220, DOI
10.4007/annals.2014.180.3.9. MR3245016

[66] H. Lamb, Hydrodynamics, 6th ed., Cambridge Mathematical Library, Cambridge University
Press, Cambridge, 1993. With a foreword by R. A. Caflisch [Russel E. Caflisch]. MR1317348

[67] P. Luzzatto-Fegiz, Bifurcation structure and stability in models of opposite-signed vortex
pairs, Fluid Dyn. Res. 46 (2014), no. 3, 031408, 14, DOI 10.1088/0169-5983/46/3/031408.
MR3224238

[68] P. Luzzatto-Fegiz and C. H. K. Williamson, An efficient and general numerical method to
compute steady uniform vortices, J. Comput. Phys. 230 (2011), no. 17, 6495-6511, DOI
10.1016/j.jcp.2011.04.035. MR2818610

[69] P. Luzzatto-Fegiz and C. H. K. Williamson, Investigating stability and finding new solu-
tions in conservative fluid flows through bifurcation approaches, Nonlinear physical systems,
Mech. Eng. Solid Mech. Ser., Wiley, Hoboken, NJ, 2014, pp. 203—221. MR3330803

[70] A. Majda, Vorticity and the mathematical theory of incompressible fluid flow, Comm. Pure
Appl. Math. 39 (1986), no. S, suppl., S187-5220, DOI 10.1002/cpa.3160390711. Frontiers
of the mathematical sciences: 1985 (New York, 1985). MR861488

[71] A. J. Majda and A. L. Bertozzi, Vorticity and incompressible flow, Cambridge Texts in
Applied Mathematics, vol. 27, Cambridge University Press, Cambridge, 2002. MR1867882

[72] C. Marchioro, Bounds on the growth of the support of a vortex patch, Comm. Math. Phys.
164 (1994), no. 3, 507-524. MR1291243

[73] C. Marchioro and M. Pulvirenti, Mathematical theory of incompressible nonviscous fluids,
Applied Mathematical Sciences, vol. 96, Springer-Verlag, New York, 1994, DOI 10.1007/978-
1-4612-4284-0. MR1245492

[74] G. Misiolek and T. Yoneda, Local ill-posedness of the incompressible Euler equations in

Ct and Béo’l, Math. Ann. 364 (2016), no. 1-2, 243-268, DOI 10.1007/s00208-015-1213-0.
MR3451386

[75] G. Misiolek and T. Yoneda, Continuity of the solution map of the Euler equations in Hélder
spaces and weak norm inflation in Besov spaces, Trans. Amer. Math. Soc. 370 (2018), no. 7,
4709-4730, DOI 10.1090/tran/7101. MR3812093

[76] P. B. Mucha and W. M. Rusin, Zygmund spaces, inviscid limit and uniqueness of Euler
flows, Comm. Math. Phys. 280 (2008), no. 3, 831-841, DOI 10.1007/s00220-008-0452-2.
MR2399615

[77] E. A. Overman II, Steady-state solutions of the Euler equations in two dimensions. II
Local analysis of limiting V -states, SIAM J. Appl. Math. 46 (1986), no. 5, 765-800, DOI
10.1137/0146049. MR858995

[78] L. M. Polvani and D. G. Dritschel, Wave and vortex dynamics on the surface of a sphere,
J. Fluid Mech. 255 (1993), 35-64, DOI 10.1017/S0022112093002381. MR1244223

[79] D. 1. Pullin, The large-scale structure of unsteady self-similar rolled-up vortexr sheets, J.
Fluid Mech. 88 (1978), no. 3, 401-430, DOI 10.1017/50022112078002189. MR511480

[80] D. I. Pullin, On similarity flows containing two-branched vortex sheets, Mathematical as-
pects of vortex dynamics (Leesburg, VA, 1988), SIAM, Philadelphia, PA, 1989, pp. 97-106.
MR1001793

[81] D. I. Pullin, Vortez tubes, spirals, and large-eddy simulation of turbulence, Tubes, sheets
and singularities in fluid dynamics (Zakopane, 2001), Fluid Mech. Appl., vol. 71, Kluwer
Acad. Publ., Dordrecht, 2002, pp. 171-180, DOI 10.1007/0-306-48420-X_24. MR1989144

[82] P. G. Saffman, Vortez dynamics, Cambridge Monographs on Mechanics and Applied Math-
ematics, Cambridge University Press, New York, 1992. MR1217252

[83] P. G. Saffman and R. Szeto, Fquilibrium shapes of a pair of equal uniform vortices, Phys.
Fluids 23 (1980), no. 12, 2339-2342, DOI 10.1063/1.862935. MR594039

[84] P. G. Saffman and S. Tanveer, The touching pair of equal and opposite uniform vortices,
Phys. Fluids 25 (1982), no. 11, 1929-1930, DOI 10.1063/1.863679. MR680023

[85] P. Serfati, Régularité stratifiée et équation d’Euler 3D a temps grand (French, with English
and French summaries), C. R. Acad. Sci. Paris Sér. I Math. 318 (1994), no. 10, 925-928.
MR1278153

Licensed to Duke Univ. Prepared on Thu Aug 17 10:47:36 EDT 2023for download from IP 152.3.25.83.



BIBLIOGRAPHY 89

[86] P. Serfati, Une preuve directe d’existence globale des vortex patches 2D (French, with English
and French summaries), C. R. Acad. Sci. Paris Sér. I Math. 318 (1994), no. 6, 515-518.
MR1270072

[87] P. Serfati, Solutions C*° en temps, n-log Lipschitz bornées en espace et équation d’Euler
(French, with English and French summaries), C. R. Acad. Sci. Paris Sér. I Math. 320
(1995), no. 5, 555-558. MR1322336

[88] P. Serfati, Structures holomorphes a faible régularité spatiale en mécanique des fluides
(French), J. Math. Pures Appl. (9) 74 (1995), no. 2, 95-104. MR1325824

[89] S.-I. Sohn, T. Sakajo, and S.-C. Kim, Stability of barotropic vortezx strip on a rotating sphere,
Proc. A. 474 (2018), no. 2210, 20170883, 25, DOI 10.1098/rspa.2017.0883. MR3782787

[90] Y. Taniuchi, Uniformly local LP estimate for 2-D wvorticity equation and its application
to Euler equations with initial vorticity in bmo, Comm. Math. Phys. 248 (2004), no. 1,
169-186, DOI 10.1007/s00220-004-1095-6. MR2104609

[91] Y. Taniuchi, T. Tashiro, and T. Yoneda, On the two-dimensional Euler equations with
spatially almost periodic initial data, J. Math. Fluid Mech. 12 (2010), no. 4, 594-612, DOI
10.1007/s00021-009-0304-7. MR2749445

[92] M. Vishik, Incompressible flows of an ideal fluid with vorticity in borderline spaces of Besov
type (English, with English and French summaries), Ann. Sci. Ecole Norm. Sup. (4) 32
(1999), no. 6, 769-812, DOI 10.1016/S0012-9593(00)87718-6. MR1717576

[93] H. M. Wu, E. A. Overman II, and N. J. Zabusky, Steady-state solutions of the Euler equa-
tions in two dimensions: rotating and translating V -states with limiting cases. I. Numer-
ical algorithms and results, J. Comput. Phys. 53 (1984), no. 1, 42-71, DOI 10.1016/0021-
9991(84)90051-2. MR734586

[94] X. Xu, Fast growth of the worticity gradient in symmetric smooth domains for 2D
incompressible ideal flow, J. Math. Anal. Appl. 439 (2016), no. 2, 594-607, DOI
10.1016/j.jmaa.2016.02.066. MR3475939

[95] B. B. Xue, E. R. Johnson, and N. R. McDonald. New families of vortex patch equilibria for
the two-dimensional Euler equations. Physics of Fluids, 29(12):123602, 2017.

[96] V. 1. Judovig, Non-stationary flows of an ideal incompressible fluid (Russian), Z. Vy¢isl.
Mat i Mat. Fiz. 3 (1963), 1032-1066. MR158189

[97] V. L. Yudovich, Uniqueness theorem for the basic monstationary problem in the dy-
namics of an ideal incompressible fluid, Math. Res. Lett. 2 (1995), no. 1, 27-38, DOI
10.4310/MRL.1995.v2.n1.a4. MR1312975

[98] N. J. Zabusky, M. H. Hughes, and K. V. Roberts, Contour dynamics for the Euler equa-
tions in two dimensions, J. Comput. Phys. 30 (1979), no. 1, 96-106, DOI 10.1016,/0021-
9991(79)90089-5. MR524163

[99] A. Zlatos, Exzponential growth of the vorticity gradient for the Euler equation on the torus,
Adv. Math. 268 (2015), 396—403, DOI 10.1016/j.aim.2014.08.012. MR3276599

[100] Q. Zou, E. A. Overman, H. M. Wu, and N. J. Zabusky. Contour dynamics for the Eu-
ler equations: Curvature controlled initial node placement and accuracy. J. Comp. Phys.,
78:350-368, 1988.

Licensed to Duke Univ. Prepared on Thu Aug 17 10:47:36 EDT 2023for download from IP 152.3.25.83.



Licensed to Duke Univ. Prepared on Thu Aug 17 10:47:36 EDT 2023for download from IP 152.3.25.83.



Editorial Information

To be published in the Memoirs, a paper must be correct, new, nontrivial, and sig-
nificant. Further, it must be well written and of interest to a substantial number of
mathematicians. Piecemeal results, such as an inconclusive step toward an unproved ma-
jor theorem or a minor variation on a known result, are in general not acceptable for
publication.

Papers appearing in Memoirs are generally at least 80 and not more than 200 published
pages in length. Papers less than 80 or more than 200 published pages require the approval
of the Managing Editor of the Transactions/Memoirs Editorial Board. Published pages
are the same size as those generated in the style files provided for ApS-ETEX.

Information on the backlog for this journal can be found on the AMS website starting
from http://www.ams.org/memo.

A Consent to Publish is required before we can begin processing your paper. After
a paper is accepted for publication, the Providence office will send a Consent to Publish
and Copyright Agreement to all authors of the paper. By submitting a paper to the
Memoirs, authors certify that the results have not been submitted to nor are they un-
der consideration for publication by another journal, conference proceedings, or similar
publication.

Information for Authors

Memoirs is an author-prepared publication. Once formatted for print and on-line
publication, articles will be published as is with the addition of AMS-prepared frontmatter
and backmatter. Articles are not copyedited; however, confirmation copy will be sent to
the authors.

Initial submission. The AMS uses Centralized Manuscript Processing for initial sub-
missions. Authors should submit a PDF file using the Initial Manuscript Submission form
found at www.ams. org/submission/memo, or send one copy of the manuscript to the follow-
ing address: Centralized Manuscript Processing, MEMOIRS OF THE AMS, 201 Charles
Street, Providence, RI 02904-2294 USA. If a paper copy is being forwarded to the AMS,
indicate that it is for Memoirs and include the name of the corresponding author, contact
information such as email address or mailing address, and the name of an appropriate
Editor to review the paper (see the list of Editors below).

The paper must contain a descriptive title and an abstract that summarizes the article
in language suitable for workers in the general field (algebra, analysis, etc.). The descrip-
tive title should be short, but informative; useless or vague phrases such as “some remarks
about” or “concerning” should be avoided. The abstract should be at least one com-
plete sentence, and at most 300 words. Included with the footnotes to the paper should
be the 2020 Mathematics Subject Classification representing the primary and secondary
subjects of the article. The classifications are accessible from www.ams.org/msc/. The
Mathematics Subject Classification footnote may be followed by a list of key words and
phrases describing the subject matter of the article and taken from it. Journal abbrevi-
ations used in bibliographies are listed in the latest Mathematical Reviews annual index.
The series abbreviations are also accessible from www.ams.org/msnhtml/serials.pdf. To
help in preparing and verifying references, the AMS offers MR Lookup, a Reference Tool
for Linking, at www.ams.org/mrlookup/.

Electronically prepared manuscripts. The AMS encourages electronically pre-
pared manuscripts, with a strong preference for AA(S-ITEX. To this end, the Society
has prepared AAMS-IXTEX author packages for each AMS publication. Author packages
include instructions for preparing electronic manuscripts, samples, and a style file that
generates the particular design specifications of that publication series.

Authors may retrieve an author package for Memoirs of the AMS from www.ams.org/
journals/memo/memoauthorpac.html. The AMS Author Handbook is available in PDF
format from the author package link. The author package can also be obtained free
of charge by sending email to tech-support@ams.org or from the Publication Division,

Licensed to Duke Univ. Prepared on Thu Aug 17 10:47:36 EDT 2023for download from IP 152.3.25.83.



American Mathematical Society, 201 Charles St., Providence, RI 02904-2294, USA. When
requesting an author package, please specify the publication in which your paper will
appear. Please be sure to include your complete mailing address.

After acceptance. The source files for the final version of the electronic manuscript
should be sent to the Providence office immediately after the paper has been accepted for
publication. The author should also submit a PDF of the final version of the paper to the
editor, who will forward a copy to the Providence office.

Accepted electronically prepared files can be submitted via the web at www.ams.org/
submit-book-journal/, sent via FTP, or sent on CD to the Electronic Prepress Depart-
ment, American Mathematical Society, 201 Charles Street, Providence, RI 02904-2294
USA. TEX source files and graphic files can be transferred over the Internet by FTP to
the Internet node ftp.ams.org (130.44.1.100). When sending a manuscript electronically
via CD, please be sure to include a message indicating that the paper is for the Memoirs.

Electronic graphics. Comprehensive instructions on preparing graphics are available
at www.ams.org/authors/journals.html. A few of the major requirements are given
here.

Submit files for graphics as EPS (Encapsulated PostScript) files. This includes graphics
originated via a graphics application as well as scanned photographs or other computer-
generated images. If this is not possible, TIFF files are acceptable as long as they can be
opened in Adobe Photoshop or Illustrator.

Authors using graphics packages for the creation of electronic art should also avoid the
use of any lines thinner than 0.5 points in width. Many graphics packages allow the user
to specify a “hairline” for a very thin line. Hairlines often look acceptable when proofed
on a typical laser printer. However, when produced on a high-resolution laser imagesetter,
hairlines become nearly invisible and will be lost entirely in the final printing process.

Screens should be set to values between 15% and 85%. Screens which fall outside of this
range are too light or too dark to print correctly. Variations of screens within a graphic
should be no less than 10%.

Any graphics created in color will be rendered in grayscale for the printed version unless
color printing is authorized by the Managing Editor and the Publisher. In general, color
graphics will appear in color in the online version.

Inquiries. Any inquiries concerning a paper that has been accepted for publication
should be sent to memo-query@ams.org or directly to the Electronic Prepress Department,
American Mathematical Society, 201 Charles St., Providence, RI 02904-2294 USA.

Licensed to Duke Univ. Prepared on Thu Aug 17 10:47:36 EDT 2023for download from IP 152.3.25.83.



Editors

This journal is designed particularly for long re-
search papers, normally at least 80 pages in length,
and groups of cognate papers in pure and applied
mathematics. Papers intended for publication in
the Memoirs should be addressed to one of the
following editors. The AMS uses Centralized Man-
uscript Processing for initial submissions to AMS
journals. Authors should follow instructions listed
on the Initial Submission page found at www.ams.
org/memo/memosubmit.html.

Managing Editor: Dan Abramovich Department of
Mathematics, Brown University, Providence, RI 02912
USA; e-mail: Dan 4bramovich+TAMS@brown.edu
1. GEOMETRY, TOPOLOGY & LOGIC

Coordinating Editor: Richard Canary, Department
of Mathematics, University of Michigan, Ann Arbor,
MI 48109-1043 USA; e-mail: canary@umich.edu

Algebraic topology, Craig Westerland, School
of Mathematics, University of Minnesota, 206
Church St. SE, Minneapolis, MN 55455 USA;
e-mail: cwesterl@umn.edu

Homotopy theory, higher category theory, and
geometric applications, Clark Barwick, School
of Mathematics, University of Edinburgh, James
Clerk Maxwell Building, Peter Guthrie Tait Road,
Edinburgh, EH9 3FD, United Kingdom; e-mail:
clarkbarAMS@pm.me

Logic, Mariya Ivanova Soskova, Department of
Mathematics, University of Wisconsin—-Madison,
Madison, WI 53706 USA; e-mail: msoskova@math.wisc.
edu

Low-dimensional topology and geometric
structures, Richard Canary

Symplectic geometry, Yael Karshon, School of
Mathematical Sciences, Tel-Aviv University, Tel
Aviv, Israel; and Department of Mathematics, Uni-
versity of Toronto, Toronto, Ontario M5S 2E4,
Canada; e-mail: karshon@math.toronto.edu

2. ALGEBRA AND NUMBER THEORY
Coordinating Editor: Henri Darmon, Department of
Mathematics, McGill University, Montreal, Quebec
H3A 0G4, Canada; e-mail: darmon@math.mcgill.ca

Algebra, algebraic and arithmetic geometry,
Daniel Krashen, 3E6 David Rittenhouse Lab., Uni-
versity of Pennsylvania, Department of Mathemat-
ics, 209 South 33rd Street, Philadelphia, PA 19104
USA; e-mail: daniel.krashen@gmail.com

Algebraic geometry, Dan Abramovich, Depart-
ment of Mathematics, Brown University, Provi-
dence, RI 02912 USA; e-mail: Dan bramovich+TAMS@
brown.edu

Analytic number theory, Dimitris Koukoulopou-
los, Analytic number theory, Université de Montréal,
Pavillion André-Aisenstadt, 2920, chemin de la
Tour, H3T 1J4, Montréal, QC, Canada; e-mail:
dimitris.koukoulopoulos@umontreal.ca

Analytic number theory, Lillian B. Pierce, De-
partment of Mathematics, Duke University, 120 Sci-
ence Drive Box 90320, Durham, NC 27708 USA;
e-mail: pierce@math.duke.edu

Arithmetic algebraic geometry, Ehud de
Shalit, Institute of Mathematics, Hebrew Uni-
versity, Giv’at-Ram, Jerusalem 91904 Israel;
e-mail: deshalit@math.huji.ac.il

Commutative algebra, Irena Peeva, Department
of Mathematics, Cornell University, Ithaca, NY
14853 USA; e-mail: irena@math.cornell.edu

Number theory, Henri Darmon

Representation theory and group theory,
Radha Kessar, Department of Mathematics, The
Alan Turing Building, The University of Manch-
ester, Oxford Road, Manchester M13 9PL United
Kingdom; e-mail: radha.kessar@manchester.ac.uk

3. GEOMETRIC ANALYSIS & PDE
Coordinating Editor: Ailana M. Fraser, Department
of Mathematics, University of British Columbia,

1984 Mathematics Road, Room 121, Vancouver BC
V6T 1Z2, Canada; e-mail: afraser@math.ubc.ca

Calculus of variations, geometric measure the-
ory, elliptic PDEs, Francesco Maggi, Department
of Mathematics, The University of Texas at Austin,
2515 Speedway, Stop C1200, Austin TX 78712-1202
USA; e-mail: maggiGmath.utexas.edu

Differential geometry and geometric analysis,
Ailana M. Fraser

Elliptic and parabolic PDEs, geometric
analysis, Ben Weinkove, Mathematics Depart-
ment, Northwestern University, 2033 Sheridan Rd,
Evanston, IL 60201 USA; e-mail: weinkove@math.
northwestern.edu

Elliptic PDEs, geometric analysis, Eugenia
Malinnikova, Department of Mathematics, Stan-
ford University, Stanford, CA 94305 USA; e-mail:
eugeniam@stanford.edu

Harmonic analysis and partial differential
equations, Monica Visan, Department of Math-
ematics, University of California Los Angeles,
520 Portola Plaza, Los Angeles, CA 90095 USA;
e-mail: visan@math.ucla.edu

Nonlinear Fourier and harmonic analysis and
partial differential equations, Andrea R. Nah-
mod, Department of Mathematics and Statistics,
University of Massachusetts Amherst, 710 N. Pleas-
ant St. Lederle GRT, Amherst, MA 01003 USA;
e-mail: nahmod@umass.edu

Real analysis and partial differential
equations, Joachim  Krieger, Batiment de
Mathématiques, Ecole Polytechnique Fédérale de
Lausanne, Station 8, 1015 Lausanne Vaud, Switzer-
land; e-mail: joachim.krieger@epfl.ch

. ERGODIC THEORY, DYNAMICAL SYSTEMS &

COMBINATORICS

Coordinating Editor: Jim Haglund, Department of
Mathematics, University of Pennsylvania, Philadel-
phia, PA 19104 USA; e-mail: jhaglund@math.upenn.edu

Algebraic and enumerative combinatorics, Jim
Haglund

Analysis, probability and ergodic theory, Tim
Austin, Department of Mathematics, University of
California, Los Angeles, Los Angeles, CA 90095
USA; e-mail: tim@math.ucla.edu

Combinatorics, Jacob Fox, Department of Mathe-
matics, 450 Jane Stanford Way, Building 380, Stan-
ford, CA 94305 USA; e-mail: jacobfox@stanford.edu

Ergodic theory and dynamical systems,
Krzysztof Fraczek, Faculty of Math and Com-
puter Science, Nicolaus Copernicus University,
Ul. Chopina 12/18 87-100 Torun, Poland;
e-mail: fraczek@mat.umk.pl

Probability theory, Robin Pemantle, Department
of Mathematics, University of Pennsylvania, 209 S.
33rd Street, Philadelphia, PA 19104 USA; e-mail:
pemantle@math.upenn.edu

. ANALYSIS, LIE THEORY & PROBABILITY

Coordinating Editor: Stefaan Vaes, Department
of Mathematics, Katholieke Universiteit Leuven,
Celestijnenlaan 200B, B-3001 Leuven, Belgium,;
e-mail: stefaan.vaes@wis.kuleuven.be

Functional analysis and operator algebras, Ste-
faan Vaes

Harmonic analysis, PDEs, and geometric mea-
sure theory, Svitlana Mayboroda, School of Math-
ematics, University of Minnesota, 206 Church Street
SE, 127 Vincent Hall, Minneapolis, MN 55455 USA;
e-mail: svitlana@math.umn.edu

Operator algebras and ergodic theory, David
Kerr, Mathematisches Institut, University of
Miinster, Einsteinstrasse 62, 48149 Miinster, Ger-
many; e-mail: kerrdQuni-muenster.de

Probability theory and stochastic analysis,
Davar Khoshnevisan, Department of Mathematics,
The University of Utah, Salt Lake City, UT 84112
USA; e-mail: davar@math.utah.edu

Licensed to Duke Univ. Prepared on Thu Aug 17 10:47:36 EDT 2023for download from IP 152.3.25.83.



1391
1390

1389

1388

1387

1386

1385
1384

1383

1382

1381

1380

1379

1378

1377

1376

1375

1374

1373

1372

1371

1370

1369

1368
1367

SELECTED PUBLISHED TITLES IN THIS SERIES

Tiago J. Fonseca, Higher Ramanujan Equations and Periods of Abelian Varieties, 2023
Tomasz Downarowicz and Guohua Zhang, Symbolic Extensions of Amenable
Group Actions and the Comparison Property, 2023

Joao C. A. Barata, Christian D. Jikel, and Jens Mund, The P(¢)2 Model on de
Sitter Space, 2023

Guozhen Lu, Jiawei Shen, and Lu Zhang, Multi-Parameter Hardy Spaces Theory
and Endpoint Estimates for Multi-Parameter Singular Integrals, 2023

Francois Ledrappier and Lin Shu, The Regularity of the Linear Drift in Negatively
Curved Spaces, 2023

Zhaobing Fan, Chun-Ju Lai, Yiqiang Li, Li Luo, and Weiqgiang Wang, Affine
Hecke Algebras and Quantum Symmetric Pairs, 2023

D. Kaledin, Mackey Profunctors, 2022

Matt Bainbridge, John Smillie, and Barak Weiss, Horocycle Dynamics: New
Invariants and Eigenform Loci in the Stratum #(1, 1), 2022

Chris Kottke and Michael Singer, Partial Compactification of Monopoles and Metric
Asymptotics, 2022

Jenny Fuselier, Ling Long, Ravi Ramakrishna, Holly Swisher, and Fang-Ting
Tu, Hypergeometric Functions Over Finite Fields, 2022

Henri Berestycki and Grégoire Nadin, Asymptotic Spreading for General
Heterogeneous Fisher-KPP Type Equations, 2022

Michael Hitrik, Andrea Mantile, and Johannes Sjostrand, Adiabatic Evolution
and Shape Resonances, 2022

Jean-Francgois Chassagneux, Dan Crisan, and Francgois Delarue, A Probabilistic

Approach to Classical Solutions of the Master Equation for Large Population Equilibria,
2022

Peter M. Luthy, Hrvoje Sikié, Fernando Soria, Guido L. Weiss, and Edward
N. Wilson, One-Dimensional Dyadic Wavelets, 2022

Jacob Bedrossian, Pierre Germain, and Nader Masmoudi, Dynamics Near the
Subcritical Transition of the 3D Couette Flow II: Above Threshold Case, 2022

Lucia Di Vizio, Charlotte Hardouin, and Anne Granier, Intrinsic Approach to
Galois Theory of g-Difference Equations, 2022

Cai Heng Li and Binzhou Xia, Factorizations of Almost Simple Groups with a
Solvable Factor, and Cayley Graphs of Solvable Groups, 2022

Jan Kohlhaase, Coefficient Systems on the Bruhat-Tits Building and Pro-p
Iwahori-Hecke Modules, 2022

Yongsheng Han, Ming-Yi Lee, Ji Li, and Brett Wick, Maximal Functions,
Littlewood—Paley Theory, Riesz Transforms and Atomic Decomposition in the
Multi-Parameter Flag Setting, 2022

Francois Charest and Chris Woodward, Floer Cohomology and Flips, 2022

H. Flenner, S. Kaliman, and M. Zaidenberg, Cancellation for surfaces revisited,
2022

Michele D’Adderio, Alessandro Iraci, and Anna Vanden Wyngaerd, Decorated
Dyck Paths, Polyominoes, and the Delta Conjecture, 2022

Stefano Burzio and Joachim Krieger, Type II blow up solutions with optimal
stability properties for the critical focussing nonlinear wave equation on R3+1, 2022

Dounnu Sasaki, Subset currents on surfaces, 2022

Mark Gross, Paul Hacking, and Bernd Siebert, Theta Functions on Varieties with
Effective Anti-Canonical Class, 2022

For a complete list of titles in this series, visit the
AMS Bookstore at www.ams.org/bookstore/memoseries/.

Licensed to Duke Univ. Prepared on Thu Aug 17 10:47:36 EDT 2023for download from IP 152.3.25.83.



=
[}
8
[=]
e
=
[7/]
=]
Y
-+
-3
o
E
o
(e}
o
=
=
[
-+
=
o
g
]
-+
| d
[¢]
o
(=
»
[=]
<]
| d
[}
-+
<

2

g

:

1

-t

N

ISBN978-1-4704-5682-5 S
&

o:..:.... §‘

9"781470"456825 o AMS N
..-‘ N

MEMO/283/1400 *ee. WWW.aMS.0rg ®




	Cover
	Title page
	Chapter 1. Introduction
	1.1. The notion of vortex patches
	1.2. Smooth versus singular patches
	1.3. Motivations for vortex patches
	1.4. Main results and ideas of the proof
	1.5. Historical background
	1.6. Outline of the paper
	Acknowledgments

	Chapter 2. Background Material
	2.1. Notations and definitions
	2.2. A few explicit computations
	2.3. Smooth vortex patches: approach by Bertozzi and Constantin
	2.4. Euler equations in critical spaces under symmetry

	Chapter 3. Global well-posedness for symmetric patches in an intermediate space
	Chapter 4. Global well-posedness for symmetric 𝐶^{1,𝛼}-patches with corners
	4.1. The geometric setup and the main statement
	4.2. Local 𝐶^{1,𝛼}-estimate near the corner
	4.3. Proof of the main result
	4.4. Multiple corners
	4.5. Extensions

	Chapter 5. Ill-posedness results for vortex patches with corners
	5.1. An expansion for the velocity field associated to a bounded vorticity profile
	5.2. Loss of boundary regularity for odd-odd patches
	5.3. Non-continuity of the angle in a vortex patch with a corner
	5.4. Ill-posedness for vortex patches with corners of size 𝜋/2
	5.5. Loss of Lipschitz continuity for locally symmetric patches

	Chapter 6. Effective system for the boundary evolution near the corner
	6.1. The formal evolution equation near the corner
	6.2. Evolution of a corner under the odd symmetry
	6.3. Evolution of a single corner

	Appendix A. Appendix
	A.1. Local well-posedness for symmetric patches

	Bibliography
	Back Cover

