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Using a combination of dimensional analysis and large deformation finite element simulations of 
indentations of power-law hardening model materials, a framework for capturing the hardness 
characteristics of transversely isotropic materials is developed. By considering 4800 combinations 
of material properties, relationships that predict the hardness of transversely isotropic materials are 
formulated for both longitudinal and transverse indentations. It is found that hardness tends to be 
higher for materials with plastic anisotropy than those that exhibit equivalent elastic anisotropy. For 
perfectly plastic materials, the hardness to the yield stress ratio (R0) can vary from 2.5 to 3.5, while for 
materials with strain hardening, R0 can be as high as 10. A tighter relationship between the hardness and 
the Tabor’s representative stress is observed with the ratio of the hardness to the Tabor’s representative 
stress (Rt) ranging from 2.2 to 4, depending on the elastic and plastic properties and the degree of 
anisotropy.

Introduction
For nearly 100 years, there has been continued interest in 
the indentation-based testing of materials in order to assess 
the hardness and tribological performance of a material and 
to obtain insights on several other aspects of the mechani-
cal behavior of materials such as their elastic, plastic, frac-
ture, and creep properties. Particularly, in recent times, with 
improvements in the technology of indentation testing and 
the expansion of the range materials that are of interest to 
the engineering community, more efforts have been made 
to understand several other properties of materials such as 
electro-mechanical, magneto-mechanical, and shape-memory 
behavior using the indentation process [e.g., 1–30]. With the 
ability to span a range of length-scales from the nano-level to 
the micro-level, the potential for the indentation method to 
provide fundamental knowledge about the deformation pro-
cesses and their impact on the mechanical behavior of materi-
als at the nano- and micro-level in small volume structures 
such as nano-pillars, nano-wires, thin films, coatings, graded 
materials, and 3-D printed structures has been well recognized 
as well [e.g., 31–37].

However, due to the complexity associated with the inter-
pretation of the experimentally observed indentation response 
of materials and correlating it with the fundamental mechanical 
properties (i.e., elastic, plastic, strain-hardening, and hardness 
properties) of the indented materials, much of the prior studies 
have focused on isotropic materials [e.g., 13, 27]. As there are 
many naturally occurring materials and engineered bulk and 
thin film materials that exhibit varying degrees of anisotropy 
in both their elastic and plastic domains [e.g., 38–44], there is a 
strong motivation for understanding the indentation behavior 
and hardness response of such anisotropic materials as well.

For example, zirconium alloys used as cladding material 
for fuel rods in nuclear reactors exhibit texture and direction-
dependent plastic and hardness properties in the as-fabricated 
state. Furthermore, with non-uniform exposure to radiation, 
the irradiated zirconium alloys also exhibit anisotropy in their 
plastic and hardness properties as well [38]. Nickel–aluminum 
coatings deposited by various spray techniques such as air 
plasma spray, high-velocity oxy-fuel, and cold spray have also 
been found to exhibit anisotropic plastic yield behavior in the 
in-plane and out-of-plane directions [39]. Nanostructured silver 
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thin films obtained by electrodeposition methods also display 
anisotropy in their yield strengths [40]. Rods of SiC whisker-
reinforced aluminum alloy A6061, upon drawing and extrusion 
also demonstrate anisotropy in their plastic properties [41]. 
Other biomaterials and naturally occurring materials such as 
cortical bone [42], tooth enamel [43], and wood [44] have also 
been investigated for their anisotropic characteristics as well. 
A partial list of engineering materials which exhibit transverse 
isotropy is presented in Table 1.

Recognizing the importance of anisotropic materials, several 
studies have analyzed the indentation behavior of anisotropic 
materials under specific conditions as described below. Vlassak 
et al. considered the case of elastically anisotropic materials and 
developed an approximate solution for the conical indentation 
and the effective indentation moduli of such materials [48]. 
Gao and Pharr developed a method for estimating the elastic 
moduli of elastically anisotropic solids under normal and tan-
gential loading conditions [49]. Jin investigated the indentation 
behavior of transversely isotropic elastic materials under fric-
tionless adhesive contact conditions and demonstrated that the 
functional forms that capture the indentation responses were 
similar to those obtained for the indentation of isotropic materi-
als [50]. In another study, also on transversely isotropic elastic 
materials, Borodich et al. determined dimensionless relation-
ships for the indentation force, displacements, and contact radii 
for frictionless adhesive contacts as well [51]. Li et al. considered 
the case of elastically anisotropic thin films on substrates and 
obtained insights on the effects of the film thickness on the effec-
tive modulus of the thin film on the substrate system [52]. Wang 
et al. focused on the case of transversely isotropic materials with 
plastic anisotropy and demonstrated that reasonably accurate 
predictions of the material properties can be obtained using 
the inverse analysis from the indentation force–depth relation-
ship and pile-up information around the indent obtained from 
single sharp indentation [53]. Wu et al. developed an inverse 
analysis for determining the plastic properties of plastically 
anisotropic materials by considering the residual indentation 
imprints obtained from spherical indentation [54]. Nakamura 
and Gu developed a dual-indentation method (i.e., a combina-
tion of spherical and sharp (Berkovich) indentations) to assess 
the elastic and plastic properties of transversely isotropic ther-
mally sprayed coating materials [55]. They found that ratios of 
the elastic moduli and yield strengths in the longitudinal and 
transverse directions could be determined more robustly com-
pared to the absolute values of the elastic moduli and the yield 
strengths. Yonezu et al. used dimensional analysis, finite element 
analysis, and representative strain concept to develop a relation-
ship between the spherical indentation response and the plastic 
anisotropy of indented materials [56]. Bhat and Venkatesh ana-
lyzed the indentation behavior of transversely isotropic materi-
als that exhibit elastic and plastic anisotropy, and developed a 

framework based on dual-sharp and triple-sharp indentation 
methods, to connect the elastic and plastic properties of trans-
versely isotropic materials, with their indentation responses, 
through the indentation forward and reverse algorithms [45]. 
Fan and Rho developed three-dimensional finite element mod-
els to assess the effects of elastic and plastic anisotropy on the 
indentation response of cortical bone and demonstrated that the 
indentation modulus is influenced by anisotropy [42].

However, a comprehensive understanding of the hardness 
characteristics of transversely isotropic materials and their rela-
tionships to their elastic and plastic properties is currently lack-
ing. Hence, the objectives of the present study are as follows:

1.	 To invoke a combination of dimensional analysis and finite 
element modeling to develop a framework for predict-
ing the hardness of transversely isotropic materials from 
a knowledge of the elastic and plastic properties of the 
indented materials.

2.	 To formulate a methodology for predicting the hardness 
of transversely isotropic materials from a knowledge of the 
indentation force–depth response of the indented materials 
without the need for explicitly measuring the indentation 
area of contact.

3.	 To develop an understanding of the dependence of the 
hardness of transversely isotropic materials on their elastic 
and plastic properties.

4.	 To identify relationships between the hardness of trans-
versely isotropic materials and the Tabor’s representative 
stress and the yield stress.

5.	 To validate the predictions for the hardness of transversely 
isotropic materials obtained from the indentation simula-
tions with experimental results for select engineering mate-
rials.

Background on transversely isotropic 
materials and indentation hardness
Transversely isotropic materials

The elastic properties of a transversely isotropic material can 
be defined with the help of five independent constants namely 
EL, ET, νT, νTL, and GL or alternatively E0, EL/ET, νT, νTL, and 
GL, where E is the elastic modulus, G is the shear modulus, 
νT and νTL are the in-plane and out-of-plane Poisson’s ratios, 
the subscript ‘L’ indicates the out-of-plane longitudinal direc-
tion, ‘T’ indicates the in-plane transverse direction, and E0 is 
the average Young’s modulus—(EL + ET)/2 (Fig. 1). The plastic 
properties can also be defined with the help of five independent 
constants namely σL, σT, τL, τT (which are the respective yield 
stresses in the longitudinal and transverse directions, e.g., νT 
is the normal yield stress and νT is the shear yield stress in the 
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transverse direction) and n is the strain-hardening exponent. 
Thus, a total of 10 independent constants are needed for captur-
ing the elastic and plastic properties of transversely isotropic 
materials (that exhibit similar strain-hardening characteristics 
(with strain-hardening exponent n) in the in-plane and out-of-
plane directions).

However, the inverse indentation analysis for identify-
ing all the 10 material constants, in the most general case of 
a transversely isotropic material that exhibits a wide variety 
of combinations of elastic and plastic properties in the in-
plane and out-of-plane directions, is very complicated. So, for 
transversely isotropic materials that exhibit moderate levels of 
anisotropy in the elastic and plastic properties in the in-plane 
and out-of-plane directions, the number of material constants 
required to describe the elastic and plastic properties of trans-
versely isotropic materials can be reasonably reduced from 10 

to 5 [Fig. 1(c)], following the approach suggested by Naka-
mura and Gu [55] as summarized below:

where σ0 is the average yield stress (σL + σT)/2. The approxima-
tion of νT and νTL as 0.3 is reasonable as the Poisson’s ratios of 
most metal and alloys are close to this value. The out-of-plane 
shear modulus – GL is also approximated in a manner similar 
to the definition of the in-plane shear modulus – GT. Finally, the 
shear yield stresses in the longitudinal and transverse directions 

(1)νT = νTL = 0.3

(2)GL =
(EL + ET )

4(1+ νTL)

(3)τT =
σ0√
3
and τL =

σ0√
3

√

σL

σT
,

(b)  

(c) 

(a) 

L

T

T

Longitudinal 
Indentation T

L

T

Transverse
Indentation

Plane of 
isotropy

(d) 

dP/dh

hres hm

P

h
Wplastic We

L T

Transverse

Longitudinal

Figure 1:   Schematic illustrating (a) longitudinal indentation and (b) transverse indentation of (c) a transversely isotropic material which has different 
elastic moduli and yield strengths along the transverse and longitudinal directions and (d) the typical load–depth Indentation response of such 
materials under longitudinal (L) and transverse (T) indentations.
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are approximated in a manner similar to the von Mises yield 
criterion for isotropic materials.

As transversely isotropic materials have physical proper-
ties symmetric about an axis normal to a plane of isotropy, two 
classes of indentations can be identified [Fig. 1(a), (b)].

	 (i)	 Longitudinal indentations, where the indentations are 
perpendicular to the plane of isotropy; and

	 (ii)	 Transverse indentations, where the indentations are 
parallel to the plane of isotropy.

Indentation hardness

Instrumented indentation involves indenting a substrate mate-
rial with a flat, sharp, or spherical indenter and observing the 
corresponding force (P)—depth (h) relationship during the 
loading and the unloading cycle [Fig. 1(d)]. The indentation 
hardness (H) of a material is defined as the ratio of load to the 
projected area of contact.

where Am is the true projected area of contact at maximum load 
Pm. The pertinent relationships observed in the force–depth sig-
natures for indentations with a sharp indenter are as follows:

where C is the loading curvature for a power-law hardening 
material, Sm is the slope of the unloading curve at maximum 
depth of indentation (hm), Pu is the unloading force, and Rw is 
the plastic work ratio. The area under the loading curve is the 
total work done (WT) and the area under the unloading curve 
(We) represents the recovered elastic work. The plastic work 
done in the indentation process is given as Wp = WT −We.

In general, the P–h response and the area of contact (i.e., 
the true projected area of contact after accounting for pile-up or 
sink-in) of a transversely isotropic material (e.g., with σL/σT = 2; 
σL = 0.28 GPa and σT = 0.14 GPa) varies considerably from its 
isotropic counterpart for which the elastic and plastic properties 
are obtained as a simple average of the properties of the trans-
versely isotropic material (e.g., σ0 = 0.21 GPa) (Fig. 2). It can be 
observed in Fig. 2 that the indentation imprints for transverse 
indentation show varying degrees of pile-up/sink-in owing to 
the lack of symmetry of material properties in the plane that 
is normal to the indentation direction. The projected area of 

(4)H =
Pm

Am
,

(5)P = Ch2

(6)Sm =
(

dPu

dh

)∣

∣

∣

∣

hm

(7)RW =
WP

WT
,

contact in this case has the shape of an ellipse and its magni-
tude—Am is also calculated as the area of this ellipse. Overall, 
the indentation hardness of transversely isotropic materials is 
expected to depend on the direction of indentation with respect 
to the plane of isotropy.

Results and discussion
In the present study, two approaches to predict the hardness of 
transversely isotropic materials have been identified.

Hardness prediction from known material properties

In the first approach, the hardness of the transversely isotropic 
materials is predicted from known elastic and plastic properties 
of the indented substrate materials for longitudinal and trans-
verse indentations. For both classes of indentation, the process 
involves two main steps:

	 i.	 Determining the material group within which the mate-
rial under consideration is bounded.

	 ii.	 Applying the corresponding dimensionless functions to 
obtain the values of the contact area and the indentation 
hardness for the two indenter orientations.

The dimensionless functions presented in the Methods and 
Appendix sections were validated by testing them on the 120 
materials that were chosen initially to create the database as well 
as 10 other materials with properties that are bounded within 
the database. The values for the contact areas and the inden-
tation hardness obtained through the relationships identified 
were then compared to the corresponding true values obtained 
from finite element modeling. An excellent match between the 
two was observed, thus proving the validity of the relationship. 
Figures 3(a) and (b) provide a comparison of the actual values of 
the indentation hardness obtained from finite element analysis 
with that predicted by the dimensionless functions formulated 
in this study.

Hardness prediction from known indentation response

In the second approach, the hardness of the transversely iso-
tropic materials is predicted from the indentation force–depth 
characteristics of the indented material. In this method, the 
inverse analysis presented in an earlier study [45] is first 
invoked to determine the elastic and plastic properties of the 
transversely isotropic indented materials from the measured 
indentation response. Subsequently, the hardness and the area 
of contact between the indenter and substrate are determined 
in a manner similar to that described in “Hardness predic-
tion from known material properties” section. Thus, from 
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the known indentation response of a transversely isotropic 
material, the hardness of the material is then predicted with-
out the need to actually measure the true area of contact. This 

is important because there is always some uncertainty as to 
whether the residual contact area (that is typically measured 
in a hardness test) represents the true area of contact under 

Figure 2:   A comparison of the vertical displacement contours displaying the pile-up/sink-in for materials with different degrees of anisotropy: (a) 
material with elastic anisotropy indented in the longitudinal direction; (b) material with plastic anisotropy indented in the longitudinal direction; (c) 
isotropic material; (d) material with elastic anisotropy indented in the transverse direction; and (e) material with plastic anisotropy indented in the 
transverse direction.



 
 J

ou
rn

al
 o

f M
at

er
ia

ls
 R

es
ea

rc
h 

 2
02

2 
 w

w
w

.m
rs

.o
rg

/jm
r

Article

© The Author(s), under exclusive licence to The Materials Research Society 2022 6

maximum indentation load as the indented material could 
exhibit pile-up or sink-in upon unloading, resulting in the 
residual contact area being different from the true contact area. 
The accuracy of the hardness predictions, as suggested in this 
method, depends on the accuracy of the reverse analysis used to 
predict the elastic and plastic properties, which has been dem-
onstrated to be very good in the earlier study [45]. Figure 3(c) 
and (d) shows that the actual hardness values obtained from 
finite element analysis compare very well with that obtained 
through the reverse analysis using dimensionless functions that 
were identified in this study.

Comparison of hardness obtained from Berkovich 
and equivalent conical indentations

Within the context of indentation of isotropic materials, it is 
well recognized that the indentation with a conical indenter 
with a half-apex angle of 70.3° is equivalent to the indentation 
with a Berkovich indenter [21]. This equivalence is useful as 
the finite element simulations of indentations with conical 
sharp indenters are computationally less expensive. In order 
to ascertain whether a similar equivalence can be established 
for the indentation of transversely isotropic materials, three-
dimensional finite element simulations were conducted to 

Figure 3:   A comparison of the true hardness and that predicted by the model developed in the present study from known elastic and plastic properties, 
for 130 materials, for (a) indentations perpendicular to the plane of isotropy; and (b) indentations parallel to the plane of isotropy. A comparison of the 
true hardness and that predicted by the model developed in the present study from known indentation response characteristics for (c) indentations 
perpendicular to the plane of isotropy; and (d) indentations parallel to the plane of isotropy.
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compare the indentation hardness obtained from the inden-
tations with a Berkovich indenter and the equivalent conical 
indenter with a half-apex angle of 70.3°, for both longitudinal 
and transverse indentations. In order to capture a wide range 
of indentation scenarios, materials representing lower and 
higher bounds in the elastic and plastic properties, i.e., elas-
tic moduli, yield strengths, strain-hardening exponents, and 
elastic and plastic anisotropy, were chosen for the analysis. As 
illustrated in Table SI, there is very good agreement between 
the indentation hardness observed in the Berkovich inden-
tations and the equivalent conical indentations. (The maxi-
mum difference in the hardness obtained from the conical 
and Berkovich indentations was observed to be less than 6%.)

Discussion
The traditional method of hardness characterization involves the 
application of a prescribed indentation load and the measure-
ment of the residual imprint left behind upon complete unload-
ing. As the residual imprint left behind after indentation is pri-
marily due to the plastic deformation of the indented material, 
initial attempts were focused on understanding the connections 
between the plastic deformation behavior (i.e., the yield strength) 
and the hardness of the substrate. For those materials that do not 
exhibit significant strain hardening, the relationship H ≈ 3 σy has 
been widely used. However, through a detailed analysis of the 
indentation hardness of a large set of isotropic materials, it has 
been demonstrated that, in general, the hardness of a material is 
influenced by a combination of its elastic and plastic properties 
(i.e., the elastic modulus, yield strength, and the strain-hardening 
characteristics) and the ratio of hardness to the yield strength 
could vary widely from 2 to 20 (i.e., H ≈ [2–20] σy) [30]. Thus, 
the interpretation that the yield strength of an indented material 
is about a third of its hardness is, in general, not accurate.

For materials that exhibit strain hardening, the relationship 
H ≈ 3 σr, has also been widely used, where σr is a representative 
stress that corresponds to the Tabor’ strain (which, for the case 
of indentations with a conical indenter with a half-apex angle of 
70.3° is about 8%) [57]. A more detailed study has indicated that 
indeed a tighter connection between the hardness and the plastic 
deformation characteristics of material can be found by relating 
the hardness to the representative stress (i.e., H ≈ [2.1–2.8] σr) 
for isotropic materials [30].

As the present study has identified functional relationships 
between the indentation hardness characteristics of transversely 
isotropic materials and the elastic and plastic properties of the 
indented materials, there is a natural opportunity to (i) discern the 
relative influence of the elastic and plastic properties and the level 
of anisotropy on the effective hardness characteristics; and (ii) 
assess the possibility of identifying simple relationships between 

the yield stress or the representative stress and the hardness, in the 
more complex case of transversely isotropic materials.

The inferences drawn in the present study are predicated 
upon two important aspects of the present study—one per-
taining to the plastic behavior of the indented material and the 
second pertaining to the depth of indentation. In the finite ele-
ment analysis conducted in this study, the plastic behavior of the 
indented materials is modeled as following a power law, which 
has been widely used before and shown to capture the strain-
hardening characteristics of many metals and alloys, reasonably 
well. Furthermore, the indentations are considered to be deep 
enough such that potential indentation size effects from shallow 
indentations are not considered.

Variation of hardness with elastic and plastic 
anisotropy

Upon validating the accuracy of the dimensionless relationships 
that capture the indentation hardness of transversely isotropic 
materials as a function of the materials’ elastic and plastic prop-
erties with finite element simulations of 130 materials, over 4800 
combinations of materials (that are bounded within the overall 
property domain considered in this study) are invoked to assess 
carefully the variation of hardness of transversely isotropic 
materials with the elastic and plastic properties of transversely 
isotropic materials, using the dimensionless relationships.

The general trends in the variation of hardness of a large 
group of transversely isotropic materials with elastic anisotropy 
and plastic anisotropy, (for materials with a constant strain-
hardening exponent, e.g., n = 0.3), are presented as three-dimen-
sional maps in Fig. 4(a) (for longitudinal indentation) and in 
Fig. 4(b) (for transverse indentation). As a reference, the vari-
ation of hardness for the corresponding isotropic materials is 
also presented in Fig. 4(a) and (b). By taking a two-dimensional 
slice that corresponds to, for example, E0/σ0 = 160 in Fig. 4(a), 
the actual variation of longitudinal hardness for a smaller set of 
materials (for which E0/σ0 = 160) with yield strength, is visual-
ized as presented in Fig. 4(c). Similarly, the variation of lon-
gitudinal hardness with yield strength for the set of materials 
for which E0/σ0 = 220 is presented in Fig. 4(d). A more detailed 
perspective of the variation of hardness for a particular mate-
rial (e.g., with elastic modulus of 150 GPa, yield stress of 0.875 
GPa and strain-hardening exponent of 0 or 0.3) as a function 
of the degree of elastic and plastic anisotropy is presented in 
Fig. 5. In Fig. 5(a) and (b), the hardness variation for longitudi-
nal indentation of materials with n = 0 and n = 0.3, respectively, 
are presented, while in Fig. 5(c) and (d), the hardness variation 
for transverse indentation of materials with n = 0 and n = 0.3, 
respectively, are presented. The observed dependence of hard-
ness of transversely isotropic materials on their elastic moduli, 
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yield strengths, strain-hardening exponents, and the degree of 
elastic and plastic anisotropy are discussed below.

As has been observed in the case of isotropic materials, the 
hardness of transversely isotropic materials increases with an 
increase in the average elastic modulus, the average yield stress, 
and the strain-hardening exponent (Fig. 4). Due to the depend-
ence of the hardness on both the elastic and plastic properties, 
it can be expected that some combination of materials which 
have low stiffness and high yield strengths may exhibit hard-
ness values that are similar to materials with high stiffness and 
low yield strengths. Indeed, the present analysis of transversely 
isotropic materials demonstrates that hardness is not a unique 
material characteristic with multiple materials with different 
combinations of elastic and plastic properties shown to exhibit 
identical hardness values.

As transversely isotropic materials could exhibit varying 
degrees of anisotropy in their elastic and plastic properties, a 
pertinent question may be posed with regards to the relative 
influence of the extent of anisotropy, in each of the elastic and 
plastic domains, on the effective hardness. The present study 
demonstrates that the hardness of a transversely isotropic mate-
rial is higher if the material exhibits a certain level of plastic 
anisotropy (e.g., EL/ET = 1 and σL/σT = 2) when compared to 
a material which exhibits the same level of elastic anisotropy 
(e.g., EL/ET = 2 and σL/ σT = 1), when both these materials have 
the same average elastic modulus and yield strengths. Further-
more, the magnitude of change observed in the hardness due to 
a certain level of change (e.g., 25%) in the plastic anisotropy is 
higher than that observed due to the same level of change (i.e., 
25%) in elastic anisotropy (Fig. 5). These observations indicate 

Figure 4:   Hardness maps of isotropic materials and materials with elastic and plastic anisotropy (with n = 0.3) for (a) longitudinal indentations and (b) 
transverse indentations. Variation of longitudinal indentation hardness with average yield stress for (c) materials with E0/σ0 = 160 and n = 0.3 and (d) for 
materials E0/σ0 = 220 and n = 0.3.
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that although the elastic modulus has an influence on the effec-
tive hardness, the effect of the plastic properties is much more 
dominant. (For example, the increase in the longitudinal yield 
strength by a factor of 2 has a greater impact on the hardness 
than the increase in the longitudinal elastic modulus by a factor 
of 2, while all other material parameters remain unchanged.)

When compared to materials that have low strain-hardening 
characteristics, the hardness of materials that have higher strain-
hardening exhibits a greater level of sensitivity to the anisotropy 
in the elastic and plastic properties. This effect can be explained 
by the fact that the materials with higher strain-hardening have a 

higher upper bound for the flow stress which results in reduced 
plastic deformation around the indent leading to a reduced 
contact area (for a fixed indentation load), thus increasing the 
indentation hardness.

Even though the state-of-stress under the indenter is multi-
axial, the indentation hardness is influenced to a greater extent 
by the effective plastic properties of the material in the loading 
direction of the indenter. Overall, a variation of up to 25% may 
be expected in the indentation hardness of transversely isotropic 
materials obtained in the in-plane and out-of-plane directions, 
for the range of materials considered in the present study.

Figure 5:   Variation of indentation hardness with varying degree of elastic and plastic transverse isotropy for a material with average yield stress of 0.875 
GPa and average elastic modulus of 150 GPa for: (a) longitudinal indentation with no strain hardening; (b) longitudinal indentation of a material with 
strain-hardening coefficient n = 0.3; (c) transverse indentation of a material with no strain hardening; and (d) transverse indentation of a material with 
strain-hardening coefficient n = 0.3.
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Relationship of hardness with yield stress 
and representative stress

In order to investigate the relationships between the hardness 
and the plastic deformation behavior (i.e., the yield strength 
and the characteristic stress) in transversely isotropic mate-
rials, the ratio of hardness to the average yield stress (i.e., 
Ro = H/σo) and ratio of the hardness to the average representa-
tive stress (i.e., Rt = H/σr) for materials with elastic anisotropy 
and plastic anisotropy are studied. The average Tabor repre-
sentative stress was calculated as the average of the longitudi-
nal and transverse stresses at 8% strain.

As transversely isotropic materials have two values each 
for the yield stress and the representative stress that corre-
spond to the longitudinal and transverse directions, a simple 
arithmetic average of these stresses are used in this analysis to 
identify trends in the dependence of the indentation hardness 
with yield stress and representative stress. Whether this simple 
arithmetic average or if some other combination of yield and 
representative stresses will have a more fundamental signifi-
cance for understanding the hardness of transversely isotropic 
materials needs to be assessed in a future study.

Figure 6 presents contour plots for the variation of the 
ratio of the hardness to the average yield stress (R0) for longi-
tudinal [Fig. 6(a), (b)] and transverse indentations [Fig. 6(d), 
(e)], for materials exhibiting elastic anisotropy [Fig. 6(a), (d)] 
and plastic anisotropy (Fig. 6(b), (e)). As a reference, the vari-
ation of Ro in isotropic materials is presented in Fig. 6(c). It 
is evident that when a wide range of materials with lower and 
higher levels of strain-hardening are considered, the ratio of 
hardness to the average yield stress (R0) can vary from 2.5 
to 3.5 for relatively lower strain-hardening materials while 
the ratio R0 can be as high as 10 for materials with higher 
strain-hardening.

Figure 7 presents contour plots for the variation of the 
ratio of the hardness to average Tabor’s representative stress 
(Rt) for longitudinal [Fig. 7(a), (b)] and transverse indenta-
tions [Fig. 7(d), (e)], for materials exhibiting elastic anisotropy 
[Fig. 7(a, (d)] and plastic anisotropy (Fig. 7b, e). As a refer-
ence, the variation of Rt in isotropic materials is presented in 
Fig. 7(c). It is evident that unlike in the case of the variation of 
the ratio of hardness to the average yield stress (R0), the ratio 
of the hardness to the average representative stress (Rt) pro-
vides a relatively tighter bound with the values ranging from 
2.2 to 4 for the set of materials considered in the present study.

Overall, this study demonstrates that the hardness of an 
important class of engineering materials that exhibit trans-
verse isotropy can be predicted well from the knowledge 
of their elastic and plastic properties. The trends that are 
observed in the variations of hardness with yield stress and 
representative stress for transversely isotropic materials are 

similar to those observed in the case of isotropic materials in 
that there is a relatively tighter relationship for the hardness 
with the Tabor’s representative stress than the yield strength 
of the material. However, while the relationship to the Tabor’s 
representative stress is tighter, it is important to note that the 
hardness of a transversely isotropic material does not cor-
respond to a (universal) constant multiple of the Tabor’s rep-
resentative stress, in a general sense. Hence, caution should 
be exercised in using hardness as an exclusive predictor of 
the plastic properties of the indented materials as hardness is 
influenced by the elastic properties of the indented materials 
as well.

Comparison of the model predictions of hardness 
with experimental results for select engineering 
materials

The model predictions for the hardness of a several materials 
that exhibit elastic and plastic anisotropy such as tool steel, 
iron castings, titanium, titanium alloy, aluminum alloy, zirco-
nium, and beryllium-copper alloy are compared to experiments 
(Table 1, Fig. 8). Where necessary, the Vickers, Brinell, or Rock-
well hardness values that have been reported have been con-
verted to the equivalent material hardness (in the units of pres-
sure). It is observed that those materials that exhibit higher yield 
strengths and higher levels of plastic anisotropy exhibit higher 
hardness, as expected from the model predictions. Overall, there 
is a reasonable agreement between the model predictions and 
experimental observations.

Conclusions
Much of the prior studies in the field of hardness have focused 
on developing an understanding of the hardness characteristics 
of isotropic materials. However, several engineering materials 
in the bulk and thin film form exhibit varying degrees of elastic 
and plastic anisotropy, and a comprehensive understanding of 
the hardness behavior of such transversely isotropic materials 
is not yet available. The present study was focused on develop-
ing a framework for predicting and understanding the hardness 
characteristics of transversely isotropic materials. The principal 
conclusions from the present study are given below.

	 (i)	 Using a combination of finite element modeling and 
dimensional analysis, explicit functional forms that cap-
ture the relationship between the indentation hardness 
of transversely isotropic materials and their elastic and 
plastic properties have been identified.

	 (ii)	 In general, hardness of transversely isotropic materials 
increases with an increase in the average elastic modu-
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Figure 6:   Variation of the ratio of hardness to average yield stress σ0, with varying strain hardening and E0/σ0 for: (a) materials with elastic anisotropy 
indented in the longitudinal direction; (b) materials with plastic anisotropy indented in the longitudinal direction; (c) isotropic materials; (d) materials 
with elastic anisotropy indented in the transverse direction; and (e) materials with plastic anisotropy indented in the transverse direction.
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Figure 7:   Variation of the ratio of hardness to the average Tabor’s representative stress with varying strain hardening and E0/σ0 for (a) materials with 
elastic anisotropy indented in the longitudinal direction; (b) materials with plastic anisotropy indented in the longitudinal direction; (c) isotropic 
materials; (d) materials with elastic anisotropy indented in the transverse direction; and (e) materials with plastic anisotropy indented in the transverse 
direction.
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lus, the average yield stress, and the strain-hardening 
exponent. However, multiple materials with different 
combinations of elastic and plastic properties may 
exhibit identical hardness values.

	 (iii)	 The hardness of a transversely isotropic material is 
higher when it exhibits a certain level of plastic anisot-
ropy when compared to a material which exhibits the 
same level of elastic anisotropy, when both these mate-
rials have the same average elastic modulus and yield 
strengths.

	 (iv)	 When compared to materials that have low strain-
hardening characteristics, the hardness of materials that 
have higher strain-hardening exhibits a greater level of 
sensitivity to the anisotropy in the elastic and plastic 
properties.

	 (v)	 For materials with no strain hardening, the ratio of the 
hardness to average yield stress (R0) can vary from 2.5 
to 3.5 depending on the materials’ average elastic and 
plastic properties and degree of anisotropy. However, 
for materials with strain hardening, R0 can be as high 
as 10.

	 (vi)	 The ratio of the hardness to the Tabor’s representative 
stress (Rt) can vary between 2.2 and 4, depending on the 
materials’ average elastic and plastic properties and the 
degree of anisotropy.

	 (vii)	 The hardness predicted for a range of real-life transversely 
isotropic materials compare well with the experimentally 
determined values obtained from the literature.

Methods
In the present study, a combination of dimensional analysis 
and finite element simulations is invoked to develop a frame-
work that establishes the relationships between the elastic and 
plastic properties of transversely isotropic materials and their 
indentation hardness along the longitudinal and transverse 
directions.

Dimensional analysis

For a sharp indenter with a half cone angle of θ, the load – P, 
required to indent a power-law hardening transversely isotropic 
material can be written as follows:

Using dimensional analysis Eq. (8) becomes

The projected area of contact – Am, can be written as follows:

and also as

Dividing Eqs. 9 by 11 we get a relationship for the indenta-
tion hardness—Hm:

for a specific θ such as 70.3°.
As the present study considers two indentations, one each 

along the longitudinal and transverse directions, the corre-
sponding areas of contact and the indentation hardness can be 
captured as follows:

where i = 1, 2 represents the direction of indentation, that corre-
sponds, respectively, to longitudinal and transverse indentations.
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Figure 8:   Comparison of hardness predicted by the model developed 
in this study with experimentally measured hardness for several 
transversely isotropic materials.
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The actual forms of these dimensionless functions and their 
formulations are discussed in the next section and summarized 
in the appendix section.

Computational modeling

Three-dimensional finite element models were developed, in 
ABAQUS, to simulate the indentation of a large number of 
transversely isotropic materials which exhibit a wide range 
of elastic and plastic anisotropy (Fig. 9). A rigid, frictionless 
conical indenter with a cone half angle of 70.3° was used for the 
simulations, which has been shown to be equivalent to indenta-
tions with a Berkovich indenter (as described in more detail in 
“Comparison of hardness obtained from Berkovich and equiva-
lent conical indentations” section).

A typical model comprised of 12,000 eight-noded hex-ele-
ments with a fine mesh near the contact region and a gradually 
coarser mesh further away from the contact region to ensure 
numerical accuracy. The fine inner meshing and the coarser 
boundary meshing were connected by 30,000 four-noded tet-
rahedral elements. It was ensured that at the maximum load, 
the minimum number of contact elements in the contact zone 
was no less than 225 in each finite element model. The mesh was 
determined to be insensitive to far-field boundary conditions 
and was well tested for convergence.

In the present study, 120 materials covering a wide range 
of possible elastic and plastic behavior were identified. For this 
purpose, the selected values of the average Young’s modulus, E0, 
ranged from 50 to 200 GPa, the average yield strength, σ0, from 
210 to 1400 MPa, and the strain-hardening exponent, n, from 0 
to 0.3. The Poisson’s ratio ν was fixed at 0.3. Also, the ratios of EL/
ET and σL/ σT were varied from 1 to 2 for each of these cases. This 
property domain covers a wide range of engineering materials 
such as steels, aluminum alloys, nickel-based alloys, titanium 
alloys, thin films, and surface coatings.

The indentation load–depth response characteristics and 
the area of contact under maximum load for both longitudinal 
and transverse indentations were obtained in the finite element 
simulations.

Careful analysis was conducted to determine the exact 
forms of the dimensionless functions that best described the 
relationships between the material’s elastic and plastic prop-
erties, the corresponding indentation response parameters, 
and the material’s hardness. It was found that, in general, no 
single function was able to accurately capture the relationship 
between the material properties and the indentation parameters 
for the whole range of materials that was chosen for the analysis. 
However, by sub-dividing the whole range of materials into six 
smaller groups (as indicated in Fig. 9), accurate dimensionless 
functions were obtained for each group of materials (Appendix 
A).

For example, the detailed form of one of the dimensionless 
functions is given as follows:

Figure 9:   A schematic illustrating the material property database 
chosen for the present analysis and the division of the database into 
six domains. Red lines and ellipses indicate the degree of transverse 
isotropy exhibited by commonly occurring engineering materials. The 
‘*’s indicate the average elastic and plastic properties of some of the 
transversely isotropic materials chosen for the study.

Table I:   A partial list of transversely 
isotropic engineering materials 
that exhibit varying degrees of 
elastic and plastic anisotropy 
[45–47].

Material E0 (GPa) EL/ET σ0 (MPa) σL/σT n ν

Annealed tool steel 192 1 610 1.4 0.1 0.3

Al Castings 242-0T21 71 1 155 1.5 0.16 0.3

Malleable Iron 210 1 285 1.54 0.01 0.3

2124 Al 15% Sic Whiskers 105 1.2 480 1.5 0.1 0.3

Ti-15 V-3Cr-3Al-3Sn 164 1.3 1200 1.35 0 0.4

Zirconium 112 1.3 230 1.4 0.1 0.35

Ductile Iron ASTM A 476–70 210 1 483 1.33 0.1 0.3

Be-Cu Alloy 50C UNS C81800 110 1 238 2 0.18 0.3

Al 6092 17.5 SiC whiskers 121 1.05 452.5 1.15 0.1 0.33

Titanium 123.82 1.37 200 1.57 0.07 0.35
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These dimensionless equations are presented as Пjkl, where 
‘j’ varies from 1 to 2 and signifies the indenter orientation—1 
for longitudinal indentation and 2 for transverse indentation; 
‘k’ varies from 4 to 5 and conveys the type of dimensionless 
function—4 for Am and 5 for Hm; and ‘l’ represents the material 
group number and varies from 1 to 6. x, y, and z represent the 
properties E0, EL/ET, and σL/σT, respectively, and n represents the 
strain-hardening exponent.

For those materials which are at the boundary of any two 
material groups (i.e., materials common to two regions), the 
dimensionless function that correspond to the lower region 
(i.e., region with the lower designation) is consistently used for 
the analysis in this study. For example, for materials common 
to both regions I and II (Fig. 9), the dimensionless functions 
pertaining to region I are used for the forward analysis (for 
predicting indentation responses from material properties). It 
has been verified that, for both isotropic and transversely iso-
tropic materials on the boundaries (e.g., between region I and 
II), the differences in the values of the dimensionless functions 
corresponding to the adjacent regions (i.e., regions I and II) are 
no more than 5%, thus ensuring good accuracy in the reverse 
analysis (for obtaining material properties from indentation 
responses) as well.
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(15)�154 =
H

σ0
=









n2(20.42+ 5.46y2−18.28yz + 6.34z2)(−229.69+ 87.4Log[x] − 8.25Log[x]2)+

n(1.9− 5y2 + 14.46yz − 3.97z2)(−107.43+ 40.91Log[x] − 3.87Log[x]2)+

(5.42− 0.12y2 + 0.14yz + 0.36z2)(12.42− 4.6Log[x] + 4.5Log[x]2)








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Appendix A
As described in “Computational modeling” section, the entire 
material property database was divided into six domains. For 
each of the material domains, dimensionless functions that 
capture the relationships between true projected contact area 
(Am), the indentation hardness (Hm) and the five elastic and 
plastic properties of transversely isotropic materials (E0, σ0, 
EL/ET, σL/σT, n) are identified. Here, of the 24 equations, a 
list of 6 dimensionless functions for longitudinal indentation 
hardness is provided. The equations are listed as Пjkl. Here, 
j varies from 1 to 2 and signifies the indenter orientation—1 
for longitudinal, and 2 for parallel indentation; k varies from 
4 to 5, and conveys the type of dimensionless function—4 for 
Am and 5 for Hm; and l represents the part number and varies 
from 1 to 6. X, Y, and Z represent the properties E0, EL/ET, and 
σL/σT, respectively.

(A.1)�151 =
H

σ0
=









n2(17.92− 3.7y2 + 0.2yz − 2.1z2)(241.1− 92.88Log[x] + 9.01Log[x]2)+

n(−0.13− 0.66y2 + 6.18yz − 0.07z2)(−35.98+ 13.65Log[x] − 1.26Log[x]2)+

(2.6− 0.13y2 + 0.17yz + 0.17z2)(16− 5.68Log[x] + 0.54Log[x]2)+









(A.2)�152 =
H

σ0
=









n2(39.6+ 13y2−34yz + 17.85z2)(255.37− 95.3Log[x] + 8.9Log[x]2)+

n(−9+ 4.27y2−9.79yz + 3.47z2)(263.75− 98Log[x] + 9.1Log[x]2)+

(3.6− 0.09y2 + 0.13yz + 0.24z2)(11.9− 4.17Log[x] + 0.4Log[x]2)









(A.3)�153 =
H

σ0
=









n2(21.5+ 16.3y−41.7yz + 19.15z2)(−334.5+ 127.6Log[x] − 12.13Log[x]2)

+n(1.2− 7.6y2 + 19.1yz − 7.27z2)(65.3− 25.3Log[x] + 2.5Log[x]2)+

(1.85+ 0.02y2−0.11yz + 0.23z2)(12.8− 4.5Log[x] + 0.45Log[x]2)








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