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We investigate the nonlinear planar effects (NPEs) in Weyl semimetals (WSMs) starting from the semiclassical
regime to the ultraquantum limit within the framework of Boltzmann transport theory incorporating Landau
quantization. Based on our results, we propose quantum oscillations in the NPEs as a robust signature of the
celebrated chiral anomaly (CA) in WSMs. By obtaining analytical expressions, we show that the quantum
oscillations in the nonlinear regime exhibit two different periods in B! (B is the magnetic field) compared to the
linear response regime with only one period in the inverse magnetic field. In addition, we obtain characteristic
angular dependence of the CA-induced NPEs. We conclude that in light of the inconclusive sign of the CA-driven
longitudinal magnetoconductance in WSMs as has been illustrated in recent theoretical work, the proposed
behaviors of quantum oscillations in the nonlinear planar effects uniquely identify the existence of chiral anomaly

in WSMs.
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Introduction. Weyl semimetals (WSMs) have attracted
great interest theoretically and experimentally in recent years
for offering a plethora of intriguing physical phenomena. Be-
sides the spectroscopic observations of the characteristic Weyl
nodes and Fermi arc states, detecting various quantum effects
intrinsic to Weyl fermions has also been vastly employed
in the identification of the WSMs. Chiral anomaly (CA) or
Adler-Bell-Jackiw anomaly is one such intrinsic effect unique
to WSMs [1]. In the presence of a nonorthogonal electric
and magnetic field, i.e., E - B # 0, CA pumps charge be-
tween Weyl nodes of opposite chirality. This internode flow
of charge, balanced with internode scattering with charac-
teristic time t,, creates a finite steady-state chiral chemical
potential (CCP) u€ proportional to 7,E - B, leading to fas-
cinating transport effects. Typical examples are the positive
longitudinal magnetoconductivity (LMC) [2,3] along with the
planar Hall effect (PHE) [4,5]. Either in the semiclassical
regime for small magnetic fields or in the quantum limit
with large magnetic fields involving Landau levels, it has
been found that the CA-induced longitudinal magnetocon-
ductivity in WSMs is positive and increases with magnetic
field B quadratically and linearly, respectively. This renders
the measurements of longitudinal magnetoconductivity (i.e.,
B||J, with J the current density), typically small in regular
metals because of the absence of Lorentz forces, an important
signature of chiral anomaly in WSMs [6-21].
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Interestingly, it has recently been reported that not only
the LMC and PHE in WSMs can enhance through various
extrinsic mechanisms [11,15,22-25] other than CA, but also
they can acquire a negative sign as well, either in the semiclas-
sical [26-29] or quantum regime [30-32]. References [33—45]
show that the positive LMC and PHE can even appear in ma-
terials without any Weyl nodes. As a result, the positive LMC
and PHE can no longer be considered sufficient transport
signatures for CA, and alternative approaches to identifying
the existence of CA in WSMs are highly required [46].

Recent work proposed that a periodic-in-B~! quantum
oscillation in the transport coefficients, crossing the semiclas-
sical and ultraquantum limits in the linear response regime, is
a unique fingerprint of CA [47-49]. By contrast, in the non-
linear response regime, it has been shown that the transport
signatures can be understood as a combined effect of CA and
Berry curvature-induced anomalous velocity [50-52] or even
purely as a Berry curvature effect [52] within the semiclassical
framework. Therefore, a convincing and unambiguous con-
nection between magnetotransport and CA in the nonlinear
regime for WSMs is still lacking. In this Letter, we propose
a new way to detect CA in WSMs under the action of a
moderate magnetic field, via the quantum oscillation in the
nonlinear response of LMC and PHE, namely the nonlinear
planar effects (NPEs). Using Boltzmann transport theory that
incorporates Landau quantization, we find that a unique fea-
ture of the quantum oscillations of the NPEs is the existence
of two different oscillation periods in B~!, one of which re-
mains constant while the other decreases with increasing B~
We show that these NPE responses rely on the deviations of
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FIG. 1. The phenomenological magnetic field dependence of the
linear and nonlinear magneto planar conductivity induced by CA in
WSMs are shown in (a) and (b), respectively, for three transport
regimes. Panel (cl) presents the geometry of a crossed fields lying
in the x — z plane, and the schematic setup for experimental probing
(top right, inset) along with the possible coordinate systems (top left,
inset). (d) The CA-induced chiral chemical potential (purple, ;Lf) and
its deviation (green, §u€) for a single Weyl cone.

chiral chemical potential, i.e., § 1€, and are directly linked to
CA. The quantum oscillation behavior of the NPEs can be
contrasted with the CA-driven linear planar effects, which
oscillate with only one period in B~!. We also obtain the
B-dependent NPE responses in the weak-B limit, consistent
with previous semiclassical results [50]. Interestingly, going
beyond the semiclassical regime, we find that the NPEs at the
ultraquantum limit are magnetic field independent. The com-
parison of the magnetic field dependencies of CA-induced
magnetotransport between the linear [1,2,2,3,47,53-55] and
the nonlinear regime is illustrated in Fig. 1. Based on these
calculations, we conclude that, in light of the inconclusive
sign of the CA-driven longitudinal magnetoconductance in
WSMs [26-32], and the existence of such behavior even in the
absence of chiral anomaly [33-45], the proposed behaviors
of quantum oscillations in the nonlinear planar effects cou-
pled with similar oscillations in the linear response regime,
uniquely identify the existence of chiral anomaly in WSMs.

Landau levels of tilted WSMs. The low-energy effective
Hamiltonian describing a pair of tilted Weyl nodes can gen-
erally be written as

Hk) =) svplk-o +s(hw -k+Qooo, (1)

where oy and o = (oy, 0y, 0;) represent Pauli matrices, s =
+1 is the chirality for each node, vr denotes the isotropic
Fermi velocity in the absence of tilt, and vector w tilts the

Weyl node along axis i with strength w; (i = x,y, z). Without
loss of generality, a band tilt lying within the yz plane, i.e.,
w = (0, wy, w;) is considered for our discussion hereinafter
[56]. A finite energy Qp, which has been shown earlier [50,51]
to be important in generating the nonlinear Hall response
induced by CA is also included here.

We proceed by introducing the electromagnetic fields
represented by A = (¢, A) with the vector potential in Lan-
dau gauge A = (0, xB, —E;t) and the scalar potential ¢ =
—xE,, whichyield B=V xA =BZandE = —V¢ — 9,A =
(E, 0, E,) [57], respectively. Such a configuration is shown
in Fig. 1(c1). Following the standard Peierls substitution k —
q =k + eA/h, Eq. (1) can be rewritten as

H(q)=) svrhq o+ s(hw-q+ Qo)og + exE,.  (2)

It is clear from the Eq. (2) that the band tilt generates an ef-
fective electric field E.+X = sw,BX in addition to the external
field E,.x. Now to obtain the Landau levels (LLs), we consider
a Lorentz boost along the y axis (perpendicular to E and B) in
terms of the relativistic parameter S with

B=8B"+Br ©)

where g’ = sw,/vr and BE = E,/vrB. Applying this boost
transformation and its inverse operation successively, the LLs
for Eq. (2) can be obtained as ¢ (k,, k;) = s(Q{) + w,hik,) +
soty/ (v lik;)? + 2a|n|(hoo.)?, with so = sgn(n) = £1 indi-
cating the nth positive or negative LLs for |n| > 1. Here o, =
vr /lp with I = \/h/eB is defined as the cyclotron frequency,
characterizing the LL spacing. Factor @ = /1 — 2 indicates
the squeezing effect on the LLs as well as the cyclotron fre-
quency. The finite energy Qy is now modulated as Qj = Qo —
spE hiky, which incorporates a k,-dependent band shift brought
about by the Lorentz transformation. The zeroth-LL (n =
0), similarly, is found as & (ky, k;) = s(Qj + w;k, — avphk,).
With the band dispersion in hand, the longitudinal group ve-
locity v}, for the LLs can be obtained straightforwardly [58].
The LL dispersion for both the tilted and nontilted Weyl node
with s = +1 is depicted in Fig. 2(a). Obviously, the zeroth-LL
dispersing to the right is chiral (in red) while the higher ones
are achiral (in blue).

It is important to note that, the motion of the electrons
governed by Eq. (2) can be arranged into quantized LLs only
within the so-called magnetic regime [59,60], as revealed in
previous works either merely when B < 1 [47,61-64] or
By < 1[56,05,66]. In contrast, here || = |8}’ + BE| < 1is
expected to support the quantization. This also implies a more
general collapse/breakdown of LLs, which, in our case, is no
longer restricted to type-II WSMs [56,65]. As it now depends
on the joint effects of the external electric field and band tilt,
and hence the LL-collapse can appear even for type-1 WSMs.

Boltzmann formalism decorated with Landau quant-
ization. For a single Weyl node with chirality s, the phe-
nomenological Boltzmann transport equation is given by
(& +7 Vo +k - Vif, = Ta(fi,), where f  repre-
sents the nonequilibrium Fermi-Dirac distribution function
for electrons with energy & ,. We consider the relaxation
time approximation for the collision integral Zq( fks’n) that
involves both the intranode (t,) and internode (t,) scattering
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FIG. 2. (a) Landau levels (LLs) projected in the k, = 0 plane for
Weyl node s = +1, where the solid (dashed) lines represent the LLs
of a tilted (nontilted) Weyl node. Panel (b) presents the oscillating
DOSs ®~! as function of Fermi energy. The dashed (solid) curves
imply for the case with Bs # 0, i.e., B£ = 0.1, By =0.1(Bs=0,
ie., ﬁf = B = 0). To better reveal the modification, here a finite
w. = 0.3 is taken for the case with 8, # 0. Panel (c) plots BO~! as
function of B, where the inset shows the quadratic-in-B dependence
in the weak-B limit. (d) The linear dependency of §®~! on £ at
various magnetic field strengths (indicated by the color scale). The
inset shows §@~! o B in the weak-B limit.

processes in WSMs. Specifically, the scattering time t, re-
laxes the electron from f;, to a local equilibrium state /7,
while 7, indicates the relaxation to a global equilibrium state
J&- It is worthy to note that we have (ff,)s = f&,, with ()
averaging over all the possible electron states [47,52].
Solving the Boltzmann equation in the current setup [58],
the energy deviation de; , perturbed by fields can be obtained

asdey , = —1.¢E - vy, + (1 — 7,/ Ty )€, with € given as

pny =y — = —1elE vy )., )
exactly the CA-induced CCP for the Weyl node with chirality
s. In the geometry of E - B # 0 lying in the x — z plane,
the longitudinal (]| with B) charge current is found to be
J. = jZC + j?’ , 1.e., composed of the CA-induced response jzc
and the normal drift response jéV , respectively written as
E.B
Fo'
with ¢y = 2¢/h*. The auxiliary function F, here is defined
as Fr = [de[—0.fo(e)lx(e), with x = O(g), A(e) (see the
details in the Supplementary Material [58]). In the zero-

temperature limit where the quantized LLs are not smeared
from temperature broadening effect [58], we have —9, fy(¢) =

J$ = covr(ty — 1) JY = covr T FAE:B  (5)

8(e — €r), such that functions Fg, F, are respectively re-
duced to Fo = O(er), Fa = A(er).

We want to mention that ®(¢), as plotted in Fig. 2(b), is in
effect the density of states (DOSs) for a single Weyl cone at
energy ¢, which can be modulated by the presence of different
fields. While A(¢g) (i.e., F) presents evident oscillations even
with much bigger amplitudes than that of ®(¢) [58], the man-
ifested oscillations of j, will be mainly determined by ®(¢).
This is because of the large ratio of scattering timescales 7, /7,
in WSMs. For instance, based on 7, /7, ~ (2ko/kr)* with 2k
the Weyl node separation and kr the Fermi wave vector [67],
this ratio can be estimated as 1,/t, ~ 10* in WSM Na;Bi
[68].

After some algebra with Eqgs. (4) and (5), the CA-
induced response can be found to be j$ o« BuS, where u =
styeE,vp /O is the CCP, chirality dependent as expected for
each Weyl node. Straightforwardly, a charge current linear
in E, is obtainable. The magnetic field dependency of jzc
is revealed by Fig. 2(c), where a quadratic-in-B (inset) and
linear-in-B signature is observed in the weak and strong field
limits, respectively. This directly recovers the conventional
result as discussed for the linear magnetotransports in earlier
studies [2—4], and more relevant discussions can be found in
the Supplementary Material [58]. Next, we will investigate the
CA-induced NPEs.

Chiral anomaly-induced nonlinear transports. As shown
in Figs. 2(b) and 2(c), the DOSs © (or ©®~!) get modified
when BE # 0 or/and By’ # 0 compared to the nonperturbed
case. Such modification turns out to be responsible for the
nonlinear CA-related responses. In effect, the transverse com-
ponent E,& (as BE # 0) can bring in additional E dependence
for the generated CCP in WSMs besides the longitudinal
E.Z, making the CA-induced nonlinear responses possible.
Considering this, we can formulate the charge current j, as
J. =02E, + X EE, + - - -, where o, and ., are the linear
and second-order nonlinear conductivity tensors, respectively.
Based on Eq. (5), it is clear that o,, and yx,;, are fully deter-
mined by ®(¢), A(e).

Irrespective of the particular magnetic field regime, it is
allowed to expand ®~! in terms of BE perturbatively to study
the effect of ﬂXE , which can be given as

0 () = ;' () + BEO (&) + O[(BE)']. (6

The above expansion is valid as long as BE « 1 is satisfied
(similarly, for A(e) we have Ag, A, [58]). As such, O, ©;1
are E, independent. The modifications denoted as 60~ =
0! — O, ! (similarly 6A), as expected from Eq. (6), are
found to be roughly linear in BZ under various magnetic fields
at the limit of ﬂf <« 1, which now are given in Fig. 2(d). Ad-
ditionally, a linear dependency of §®~! in B is also observed
in the weak field regime (black solid line, inset).
Recapping u¢ o« E,;©7" and j, o« BE,®~', one obtains

1S (&) = puSo(e) + Sus (e). ™

Here ugo(s) x E.Of I denotes the conventional CCP that
governs the linear magneto transports in WSMs, i.e., o,,
1Sy o ©5'. On the other hand, we also have §u€(e) o
E,BE®;! for the the deviation of CCP, which exactly gives
rise to the second-order nonlinear responses. A comparison
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between u& and §uS is schematically shown in Fig. 1(c2).
Based on the above analysis, the nonlinear conductivity x_.,
can be obtained as

Xeor = co[(Ty — )0 (€) + T A, (8)]- ®)

Hereafter, ) is omitted for simplicity. Note that all the field
dependencies of the conductivity will be solely revealed by
functions ®-!, A,, and ®;! explicitly appears in §u¢, con-
necting with the CA in WSMs unambiguously.

Moving to the semiclassical regime with er > ho, (i.e.,
weak magnetic field regime) where the LL description is
not valid, the CA-induced and the normal-drift-contributed
nonlinear conductivity can be obtained based on Eq. (8)
as [58]

xS, o« w;rvB/éf, xN, o w;raéf/B, )
respectively. Here &, = (¢ — sQy)/vrh, w; = sw,/vp, and
approximations |BE >« 1, 1By |> < 1 have been applied in
the derivations. Note that the different parameter dependen-
cies between x<, and x[, are helpful to distinguish their
contribution to the nonlinear response, though typically the
former, i.e., CA, will be the leading contributor in WSMs
due to 7,/7, > 1. It is also interesting to notice that the
CA-induced nonlinear conductivity tensor in the semiclassical
regime is linear in magnetic field, in contrast to that of the
linear transports. This also makes the CA-induced nonlinear
response easily distinguished from other possible plaguing
effects [15,22-24].

Similarly, the conductivity tensor in the ultraquantum
regime with /iw. 3> er can be obtained as

C ~ C
Xzox X WyTus  Xzox & Xgpye (10)

In this regime, only the chiral zeroth-LL is occupied due to
the large LL spacing under the strong magnetic field. Inter-
estingly, x... is magnetic field-independent as well as Fermi
energy-independent in this regime, different from that in the
semiclassical limit. As a result, the CA-induced nonlinear
responses can survive under the strong magnetic field only for
the pair of achirally tilted Weyl nodes (w;" # —w;").

Note that the nonlinear conductivity discussed above ex-
plicitly depends on the band tilt, thus clearly implying a joint
effect of the transverse electric field and the band tilt. Specif-
ically, the nonlinear current is given by j, o t,wjE.E.B,
which can be effectively provided by (E - B)(E x w), exactly
the configuration employed for the CA-induced nonlinear
transport effects in recent works [50-52].

Signatures for experimental probing. It is now known that
quantum oscillation effects origin from the successive cross-
ing of the Fermi energy by LLs, which manifests as the
periodic change in the electron or hole DOSs [69]. As shown
in Fig. 2(b), the amplitudes of ®~'(¢) drops down to zero
periodically, attributing to the Van Hove singularities in ®(¢)
at e = /2|nfa(1 — B2)(hw.)* (ie., infinitely large DOSs,
see in Ref. [58]). This feature is also present in CCP as well as
the magneto conductivity in WSMs, for which the oscillating
period can be obtained as

AB™Y = 2a(1 — B?)(vph/ep)*e/h. (11)

Ap

0 5
B! 0/m

FIG. 3. Periodic oscillations in B~! of the linear (o.,) and nonlin-
ear conductivity (x..,) in panels (a) and (b), respectively. Note that
the additional BF does not make big difference on the magnitudes of
o.. The constant periods Ay, Aj and the magnetic field dependent
Ap are compared in panel (c). Here Ep = vpeh(= 1hw.|p_;) is
taken. Panel (d) presents the angular dependencies of the longitudinal
(x))) and transverse (x,) components of the magneto conductivity
tensor, here 6§ = (E, B) as shown in Fig. 1.

Here ' = /B + (BY)* with B = sw_/vp accounting the
band tilt along z direction. As the value of w, only changes
the relative magnitudes of the oscillating quantities, here for
simplicity we consider the case of w, # 0, w, = 0. Thus, the
period is simply given as A(B~') = 2a®(vphi/er)?e/h, which
obtains modification from factor o>.

As shown in Fig. 3(a), 0,.B~? is plotted as a function of
B!, showing that a finite BZ leads to a decreasing oscillating
period (dashed line), in contrast to the case of ﬂf = 0 with
the period being a constant (gray solid, Ag). Interestingly,
since the second-order nonlinear transports link with (msc,
which as discussed earlier is proportional to (@~ — O, 1), the
corresponding conductivity x...B~> can reveal two different
oscillating periods simultaneously. As shown in Fig. 3(b), one
period remains as a constant A{ due to ©;"', while the other
one Ay corresponding to ®~! exhibits an evident magnetic
field dependency. The above-mentioned oscillation periods
are shown in Fig. 3(c) for comparison. Note that the differ-
ence between Ag and Aj depends on the exact value of ,3;”,
and the decreasing period appears as long as the transverse
electric field (BE # 0) is present. We want to point out that
such a remarkable oscillating feature, different from all the
known quantum oscillation effects, is characteristic of the
CA-induced second-order nonlinear transports.

Besides the oscillation periods, angular dependence is
another probable signature that is important in studying
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the CA-related transports in WSMs. Though the longitudi-
nal charge currents (and conductivity tensors) are written
to be locked to B = Bz, it naturally gives rise to the pla-
nar transport components when expressed in terms of the
crystal axes or the orthogonal directions with respect to E
((E, B) = 0, see Fig. 1). As has been discussed for the lin-
ear transports [55,57], one can obtain o) = o, cos?f,0, =
0,,cosfsinf as the LMC and PHE conductivity tensor,
respectively.

In the nonlinear transports, we have x| = Xz« cos® 0 sin 6
and x| = x..x sin” 6 cos @, which can be taken as CA-induced
nonlinear LMC and PHE tensors, respectively. The angular
dependencies for x|, x. are now plotted in Fig. 3(d). Inter-
estingly, all the NPE conductivity tensors switch signs when
changing the angle 6, and the nonlinear LMC is odd while the
PHE is even in 0. These features of NPEs are fundamentally
different from that in the linear transport regime and hence
are helpful for the probing of the CA-induced NPEs in ex-
periments. The angular dependencies of the NPEs are also
expected to be free of any squeezing effects and thus robust
for experimental probing, in contrast to the linear case where a
closer angular dependency cos* 6 [9,46,70] or cos® 6 [57] was
found for LMC instead of the predicted cos? 8. Additionally,
the CA-induced NPEs discussed in this work are measurable
through frequency lock-in measurement using AC current,
as has been conducted successfully in experiments for other
nonlinear effects [71-73].

Conclusion. By considering the configuration with non-
collinear electric and magnetic field and simultaneously
involving a band tilt, we show that, besides the fascinat-
ing angular dependence, the CA-induced NPEs for WSMs
display unique quantum oscillation features in the interme-
diate magnetic field regime. Specifically, in striking contrast
to the oscillations with a single period in B~! obtained for
the positive LMC and PHE in the linear transport regime
[47,55,57,64,66], the CA-induced NPEs exhibit quantum os-
cillations with two different period scales, one remaining
constant while the other decreasing with increasing B~'.
We show that such behaviors are directly connected to chi-
ral anomaly through the deviation in the chiral chemical
potential, thereby making the characteristic quantum oscilla-
tion signatures in the nonlinear and linear response regimes
uniquely suitable for identifying CA in WSMs.
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