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Abstract 

We discuss general features of the time-evolving reduced density matrix (RDM) of 
multistate systems coupled to dissipative environments. We show that many important 
aspects of the dynamics are visualized effectively and transparently through coherence 
maps, i.e. snapshots of the real and imaginary components of the RDM on the square grid 
of system sites. In particular, the spread, signs, and shapes of the coherence maps 
collectively characterize the state of the system, the nature of the dynamics, as well as the 
equilibrium state. The topology of the system is readily reflected in its coherence map. 
Rows and columns show the composition of quantum superpositions and their filling 
indicates the extent of surviving coherence. Linear combinations of imaginary RDM 
elements specify instantaneous population derivatives. The main diagonal comprises the 
incoherent component of the dynamics, while the upper/lower triangular areas give rise to 
coherent contributions that increase the purity of the RDM. In open systems the coherence 
map evolves to a band surrounding the principal diagonal whose width decreases with 
increasing temperature and dissipation strength. We illustrate these behaviors with 
examples of 10-site model molecular aggregates with Frenkel exciton couplings, where the 
electronic states of each monomer are coupled to harmonic vibrational baths.  

 
 

 



2 
 

 
1.  Introduction 

 A number of major advances in experimental tools over the last two decades, in particular nonlinear 
(two-dimensional electronic1-4 and two-dimensional electronic-vibrational5) spectroscopy,6-7 have led to a 
wealth of information on the quantum dynamics of many processes, such as charge and energy transfer, in 
condensed phase and biological environments. On the theoretical side, several developments in 
methodology have enabled accurate simulation of time-dependent properties in a variety of quantum 
mechanical systems.  

The complex behaviors of time-evolving quantum mechanical systems interacting with condensed 
phase environments is encoded in the reduced density matrix8-9 (RDM) and in time correlation functions.10 
The latter are usually evaluated with respect to the equilibrium density matrix and often can infer 
nonequilibrium behaviors under certain assumptions such as the regression hypothesis of linear response.11-

13 For example, flux correlation functions yield reaction rates,14 velocity correlation functions are related to 
diffusion constants,13 and dipole moment correlation functions are used to calculate spectra.6-7 The RDM is 
useful for directly simulating processes far from equilibrium. Typically, simulations report various state 
populations which characterize the transformation of a system from a particular initial preparation to the 
final product. With the exception of spin dynamics8,15 and the magnetic resonance literature, off-diagonal 
elements of the RDM have not received as much attention in chemical dynamics simulation, although it is 
known that they carry important information related to coherence properties and nonlinear spectra; for this 
reason, the off-diagonal elements of the RDM are often referred to as “coherences”.  

Quantum coherence has been the focus of intense investigations, motivated in part by the quest for 
directing processes to desired products inaccessible to classical pathways. Depending on the context and 
the chosen basis, quantum coherence manifests itself in many different ways. For example, quantum 
coherence is intimately tied to superpositions, which characterize not only evolving quantum systems but 
also eigenstates of the Hamiltonian in a local basis. These different situations have distinct manifestations, 
and their characteristics are important for elucidating complex dynamical processes.  

In this paper we discuss and illustrate the rich information encoded in coherences. First, using 
simple quantum mechanics, we describe the relationships between coherences and various properties of 
interest. Systems comprising multiple states have many off-diagonal RDM elements. We show that 
snapshots of the coherence map (a contour plot of all real and imaginary components of the RDM on the 
square grid of system states) convey a wealth of information and many physical insights. The spread, signs, 
and shapes of the coherence maps collectively characterize the state of the system, the nature of the 
dynamics, as well as the equilibrium state.  

We begin by describing some general characteristics of the RDM of a time-evolving quantum 
superposition and discuss how instantaneous rates are related to coherences and the nature of equilibrium 
distribution obtained in the long-time limit. Next, we present the time evolution of coherence maps for 
several systems comprising 10 states, in linear and ring arrangements, with local and next-nearest-neighbor 
couplings, isolated and coupled to harmonic baths with weak or moderate strength at two temperatures, and 
with site-localized or eigenstate initial conditions. We analyze the features of these maps, highlight their 
differences, and discuss the physical insights that can be derived from these images. The chosen models 
and range of parameters are representative of excitation energy transfer in natural and artificial molecular 
aggregates, and the obtained results allow us to highlight common and contrasting patterns. These 
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illustrations help establish useful benchmarks for understanding the time evolution of complex systems and 
to correlate the features of coherence maps to important topological, structural and electronic/vibrational 
characteristics. 
 In section II we describe the features the RDM and their signatures in the coherence map. In section 
III we show snapshots of coherence maps for a variety of 10-state systems coupled to model vibrational 
baths. These results are obtained through a numerically exact implementation of the path integral 
formulation of quantum dynamics16-17 and are free of dynamical approximations or assumptions. We 
summarize in section IV with some concluding remarks. 
 

 

2. General features of coherence maps 

 We consider a discrete system with n sites i , which is described by the Hamiltonian 
 

0
1 1

ˆ
n n

ij i j
i j

H H  
= =

= .                                                             (2.1) 

 
This form is the most general tight binding Hamiltonian. In many physical situations the sites correspond 
to donor/bridge/acceptor electronic states of charge transfer systems or monomer excited states in molecular 
aggregates.  The n eigenstates of the system are obtained from the eigenvalue equation 
 

0
ˆ , 0,1, , 1k k kH E k n =  = − .                                                  (2.2) 

 
In general, the system interacts with a large environment of vibrational, phonon, solvent, or biomolecular 
medium degrees of freedom (the “bath”) at a given temperature. The RDM of the system (in the site 
representation) is given by 
 

 ( ) ( )
ˆ ˆ/ /

b ˆTr 0iHt iHt
km k mt e e   −=                                                   (2.3) 

 
where ˆ (0)  is the initial density operator and the trace is with respect to the bath. In this section we do not 
impose any restrictions on the form of the bath Hamiltonian or the initial density matrix. 

We define the coherence map as the complex-valued surface of RDM values on the square n n  
grid of system sites at a particular time. In this section we discuss various universal properties of coherence 
maps. In the next section we show the real and imaginary components side-by-side.  
 
(i)   Pure states 

 Often the system is initially uncorrelated from the bath (i.e. the full density matrix is a product of 
system and bath components), and the system is in a pure state, i.e.  
 

(0) (0) (0) =                                                                 (2.4) 
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In the absence of coupling to a bath, the evolution is unitary and thus the system remains indefinitely in a 
pure state, i.e.  
 

( ) ( ) ( )t t t =                                                                  (2.5) 
 

where ( )t  satisfies the time-dependent Schrödinger equation. Expressing the time-evolving state in the 
site basis, 
 

1
( ) ( )

n

i i
i

t c t 
=

 =                                                               (2.6) 

 
the RDM becomes  
 

*( ) ( ) ( )km k mt c t c t =                                                                (2.7) 
 
In this case the RDM describes a time-evolving superposition state and, in general, many (or all) of the 
coefficients have nonzero values at any time. Because the RDM of a pure state factorizes, its rows (and 
columns) are proportional to one another, i.e. 
 

( ) ( ) , 1, ,
( ) ( )

k m k

k m k

t c t m n
t c t





 

 

= = .                                                     (2.8) 

 
Figure 1 illustrates this relation for a 10-site system (with the parameters of Figure 3 a,b shown in the next 
section) and its breakdown in the case where the system is coupled to a bath.  
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Fig. 1.  Composition of quantum superpositions. The ratio 1/km m   is shown for all values of k for a 10-site 
chain. Top: isolated system. The lines show real and imaginary components of the ratio at two times. 
The ratios for all k values are indistinguishable. Bottom: system with sites coupled to harmonic baths 
with 0.1, 5 = = . The left panel shows the real part while the right shows the imaginary part of the 
ratio at t = 4. 

 
 

 
Thus, all rows (or columns) encode the same information in this case, and the RDM has rank equal 

to unity. Each column of such a RDM contains (apart from a multiplicative constant) the coefficients that 
describe the instantaneous quantum superposition state that has evolved from the chosen initial condition. 
If a single site is occupied initially, unitary evolution will rapidly create superpositions that span multiple 
sites and the RDM will spread.  
 
(ii)   Dissipative evolution 

 When the system is coupled to a large environment, the evolution of the RDM is no longer unitary. 
As a result, an initially pure state evolves into a mixture. In this case each row (or column) of the RDM is 
a weighted sum of multiple quantum superpositions. For example, when equilibrium is reached at a finite 
temperature, the RDM is an incoherent sum of Boltzmann-weighted eigenstates. The effect is different in 
each row, removing the linear dependence observed for pure states and increasing the rank of the RDM. 
The destructive interference that occurs destroys (to some extent or entirely) the quantum superposition and 
leads to the partial or complete localization of the RDM.  

We note that the localization need not develop monotonically with time, i.e. the RDM may initially 
localize considerably and later spread out again. Further, while dissipation destroys early-time 
superpositions, entirely new superpositions may form as time progresses. These intriguing behaviors are 
visually conveyed in a clear and insightful way in the coherence maps.  
 
(iii)   Long-time properties 

 When the system is coupled to a dissipative bath, the RDM elements eventually settle to their 
equilibrium values, which are given by the Boltzmann matrix (traced with respect to the bath):  
 

( )
ˆ1

blim Tr H
km k mt

t Z e   − −

→
=                                                      (2.9) 

 
where B1/ k T =  and Z is the partition function. The Boltzmann matrix is purely real-valued, thus the 
imaginary parts of ( )km t  always vanish at long times. In the absence of a bath, the RDM elements oscillate 
indefinitely and a long-time limit does not exist. 
 Under very weak system-bath coupling, the projections of the system-bath eigenstates on the 
subspace of the system closely resemble the eigenstates of the bare system. In this case the RDM 
equilibrates to values given (to a very good approximation) by the Boltzmann matrix of the bare system, 
i.e., 
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( ) 0
ˆ1

0
weak coupling

to bath

lim H
km k mt

t Z e   −−

→
= .                                                 (2.10) 

 
In the limit of zero temperature (  → ) only the ground state of the system is populated, thus 
 

  ( ) 0 0,
weak coupling

to bath

lim km k mt
t


  

→ →
=                                                    (2.11) 

 
In this case, the RDM spreads over the entire set of sites spanned by the system ground state. While 
populations are always positive, the signs of the coherences depend on the character of the ground state. In 
most common situations the ground state wavefunction is nodeless, but eigenvector signs can be reversed 
by changing the signs of Hamiltonian elements. Thus, coherences may retain alternating signs in the long 
time limit at low-temperatures.  
 As the temperature is increased, multiple eigenstates begin to contribute to the RDM, thus  
 

( )
1

1
0

0weak coupling
to bath

lim j
n

E
km k j j mt j

t Z e 
  

−
−−

→
=

=   .                                        (2.12) 

 
The destructive interference leads to decreased values of off-diagonal elements, erasing signs and 
effectively decreasing the spread of the coherence map. If only nearby sites are coupled in the Hamiltonian, 
the coherence map is dominated by a band centered about the main diagonal. In the infinite temperature 
limit only the main diagonal of the RDM is populated.  
 As the system-bath coupling is increased, the multidimensional eigenstates become strongly non-
factorizable and thus their projections on the subspace of the system no longer resemble the eigenstates of 
the bare system. This leads to significant deviations from the patterns discussed above. With moderate-to-
strong system-bath coupling, the effects of the bath are similar to those of temperature. Thus, the RDM 
tends to be localized on a band surrounding the main diagonal of the coherence map. The width of this band 
is associated with the quantum dispersion of the system at the given temperature.  
 
(iv) Imaginary components of coherences 

 In recent work18 we showed that the rate of population change is related to the imaginary parts of 
the coherences through the expression 
 

( )
1

2 Im ( )
n

kk jk jk
j

d t H t
dt
 

=

=  ,                                                   (2.13) 

 
where jkH  are the matrix elements of the bare system Hamiltonian, Eq. (2.1). Eq. (2.13) is exact, regardless 
of the form of the bath Hamiltonian, as long as the system-bath coupling is diagonal in the system basis. 
This relation shows that a site population can have a nonzero derivative, i.e. can be growing or decreasing, 
only if there exist at the given instant quantum superpositions between this site and other sites to which it 
couples through the system Hamiltonian. Further, superpositions must have imaginary components in order 
to drive population changes. In the absence of imaginary components in the coherences, site populations 
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remain stationary. Even in high-temperature, strong-dissipation regimes of “incoherent” population 
dynamics, time evolution is still governed by quantum superpositions. As the system dynamics approaches 
equilibrium, the imaginary terms gradually die out and population evolution ceases. Although strong 
quantum superpositions often survive even at equilibrium, they are purely real-valued.  
  Oscillatory population dynamics implies rapidly changing populations of two or more sites. Large 
time derivatives, of magnitude comparable to those during the initial part of the evolution, are sustained 
over long times. This requires the existence of persisting, intense imaginary components in the RDM at 
least on the locations of nonzero coupling elements.  
 

 
 

Fig. 2.  Illustration of the relation between population derivatives and imaginary components of coherences. The top panel 
shows the real (left) and imaginary (right) parts of the RDM for a multisite tight binding system with negative 
nearest-neighbor couplings, weakly coupled to a low-temperature bath at an early time. Blue/red and magenta/green 
indicate positive and negative regions, respectively. The time derivative of 11  (yellow square) is determined by the 
coherence in the yellow rectangle, which upon multiplication with the negative coupling gives a negative value. The 
time derivatives of 22  and 33  (gold and brown squares) are determined by the coherences in the gold and brown 
rectangles. It is seen that the time derivative of 22  is close to zero, while that of 33  is positive. This implies that 

11  is decreasing, while 22  is close to an extremum and 33  is growing. The lower panel shows the real part of 
the RDM a short time later, confirming that 11  has decreased, 22  has not changed much and 33  has increased.  

 
 
(v)  Purity and entropy 

 The purity of the RDM,  

 2( ) Tr ( )Q t t =   ,    (2.14) 

 
contains useful information which is similar to that conveyed by of von Neumann entropy19 but has a 
simpler algebraic form. Eq. (2.14) becomes 
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2 22

incoh coh
1 1 1 1 1 1

( ) ( ) ( ) ( ) ( ) 2 ( ) ( ) ( )
n n n n n n n

ij ji ij ii ij
i j i j i i j i

Q t t t t t t Q t Q t    
= = = = = = 

= = = + = +                (2.15) 

 
where 

( ) ( )

2
incoh

1

2 2 2

coh
1 1 1

( ) ( ) ,

( ) 2 ( ) 2 Re ( ) 2 Im ( )

n

ii
i

n n n n n n

ij ij ij
i j i i j i i j i

Q t t

Q t t t t



  

=

=  =  = 

=

= = +



  
                           (2.16) 

 
The incoherent component is the sum of the squared populations. If many sites are significantly populated, 
norm conservation implies that this term is small. For example, if all n sites of the system are equally 
populated, the incoherent component of purity is 1/ n .  

The spreading of populations on all sites does not necessarily imply a strongly mixed state, because 
the coherent term may increase the purity to unity.20 The coherent contribution is the sum of squared real 
and imaginary components of the coherences, i.e. (twice the) sum of squared elements in the lower triangles 
of the real and imaginary coherence maps. At equilibrium the imaginary components vanish, thus the purity 
of the RDM depends on the real-valued coherences. As the temperature and/or damping through the bath 
is increased, the spread of the RDM evolves into a band surrounding the main diagonal while the other 
corners of the coherence map have very low values. This situation corresponds to a highly mixed RDM. At 
equilibrium and under strongly incoherent conditions (high temperature, strong system-bath coupling) the 
RDM becomes diagonal with all site populations equal to 1/ n , thus only the incoherent term contributes 
and the purity takes its minimum value of 1/ n . In the case of a two-level system (TLS, 2n = ), the real 
part of the RDM element is related to the difference of eigenstate populations, while the imaginary part is 
proportional to the instantaneous transfer rate.21-22 
 
 

3. Coherence maps for Frenkel exciton molecular aggregate models coupled to harmonic baths 

 In this section we illustrate the relations and features described in section II on representative 
Frenkel exciton systems,23-24 where the Hamiltonian has a tight-binding form comprising the single 
excitation manifold of molecular aggregates and each site is coupled to a model harmonic bath that provides 
dissipative effects typical of exciton-vibration interactions. The model systems involve linear and circular 
aggregates of 10n =  degenerate sites, coupled via nearest-neighbor (nn) or nearest- plus next-nearest-
neighbor (nnn) terms according to the Hamiltonians 
 

( ) ( )

( )

( ) ( )

1 2
chain
0 nn 1 1 nnn 2 2

1 1

ring chain
0 0 nn 1 1

nnn 2 2 nnn 1 1 1 1

ˆ

ˆ ˆ

n n

i i i i i i i i
i i

N N

N N N N

H J J

H H J

J J

       

   

       

− −

+ + + +

= =

− −

= + + +

= + +

+ + + +

 

                            (3.1) 

  
where nnJ  and nnnJ  are the nearest- and next-nearest-neighbor coupling parameters with nnn 0J =  or 

1
nnn nn2J J= . The magnitude of nnJ  sets the main time scale of the system dynamics. We set nn 1J = , such 
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that the time label in the figures is in units of nn/ J  and the inverse temperature is in units of 1
nnJ − . The 

sign of the coupling term is governed by the stacking of the molecular units, and we consider both signs of 
nearest-neighbor coupling. With nn 0J  , the ground state of the system Hamiltonian is nodeless. This is 
the most common situation, encountered in the exciton coupling of J aggregates (and also in the p-orbital 
interactions of aromatic compounds). In contrast, the tight-binding Hamiltonian with nn 0J   has a ground 
state with alternating signs and is characteristic of H aggregates.25  

To mimic the singly excited subspace of a J or H aggregate,25 each site of the system is coupled to 
its own harmonic bath.26-27 The system-bath coupling term is 

 

1 0
sb

ˆ ˆˆ
i i i i

j i
H h h  



 
= + 
 

 ,                                                           (3.2) 

 
where  

 
2

0 2 2ˆ 1ˆ ˆ
2 2

ik
i k ik

k

ph m q
m


 

= + 
 

 ,  
22

1 2
2

ˆ 21ˆ ˆ
2 2

ik k
i k ik

k k

p ch m q
m m




  
 = + − 
   

                             (3.3) 

 
Here ˆikq , ˆ ikp  are the coordinate and momentum of bath mode k associated with site i. All sites are coupled 
to identical baths with frequencies k  and coupling constants kc , which are collectively characterized by 
the spectral density function28-29 

 
 c/1

2( )J e    −
=  (3.4) 

This function peaks at the frequency c , where   is the dimensionless Kondo parameter that quantifies 
the system-bath coupling strength. The reorganization energy of each monomer is given by c2  = .  
 We choose bath parameters that are representative of natural and synthetic molecular aggregates. 
However, we emphasize that real molecular systems have vibrational modes with frequencies and Huang-
Rhys factors that are unevenly distributed, and their precise forms can give rise to distinct behaviors. In the 
present work we choose c 5 =  (in units of nnJ ) and two site-bath coupling values, 0.1 =  and 0.3, 
which give rise to vibrational reorganization energies equal to 1 and 3, respectively (again, in units of nnJ
). For reference, electronic structure calculations have found the nearest-neighbor electronic couplings nnJ  
in the B850 ring of the bacterial LH2 complex to be 363 1cm− ,30 while the value 1514 cm−−  has been 
obtained31  for J aggregates of a perylene bisimide (PBI),32 a promising molecule for solar energy harvest. 
The relevant intramolecular vibrational reorganization energies are 217 1cm−  for the bacteriochlorophyll 
molecule and 879 1cm−  for PBI. Thus, the model parameter we choose are in the relevant range, with 

0.3 =  being slightly large when judged on the basis of these two molecular systems. 
In all cases the bath is initially equilibrated with respect to a common ground state 0

îi
h , as in the 

case of energy transfer following a Franck-Condon initial excitation.27 We show results for an initial density 
localized on the first site (the edge of the chain), 1 1(0)  = , and also for an eigenstate initial condition, 

(0) m m =   . These results are representative of a variety of experimental situations and the results 
provide useful insights for the dynamics of energy transfer in molecular aggregates.  
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The calculations were performed using the small matrix path integral33-35 (SMatPI) methodology, 
an exact, analytically derived decomposition of the quasi-adiabatic propagator path integral36-39  (QuAPI). 
Both algorithms use the Feynman-Vernon influence functional40 to integrate out the harmonic bath 
analytically at any temperature. These real-time path integral methods converge to numerically exact, fully 
quantum mechanical results and have been employed in many investigations of open quantum systems. In 
particular, the SMatPI decomposition circumvents the use of QuAPI tensors, storing only a few 2 2n n  
matrices. The low storage requirements of SMatPI make it ideal for application to multistate systems. 
 
(i)  Linear J aggregates with nearest-neighbor couplings, site-localized initial density  

 We begin with a linear chain of 10N =  sites coupled by nearest-neighbor couplings nn 1J = − , 
which describe J aggregates, and assume the initial density is localized on the first site, 1 1(0)  = . 
Figure 3 shows the populations of all sites as a function of time in the absence of coupling to a bath, for a 
weakly coupled bath at a low temperature ( 0.1 = , 5 = ), and for moderate system-bath coupling at an 
intermediate temperature ( 0.3 = , 1 = ). We note that even a weakly dissipative, low-temperature 
environment leads to drastic changes in the population dynamics, damping the oscillatory patterns 
characteristic of the isolated system. 

Figures 4-6 show the coherence maps, i.e. the real and imaginary parts of the RDM, at select times 
for these parameters. In the absence of dissipative interactions (Fig. 4), the RDM for the nearest-neighbor 
tight binding system has real and imaginary parts that alternate along the chain, i.e. ( )km t  is purely real-
valued if k m+  is an even number and purely imaginary if k m+  is odd. The RDM spreads in a square 
pattern that forms 45o angles with the main axes, as density spreads to nearby sites, while coherences 
between sites of growing distance are formed. These coherences reflect the creation of quantum 
superpositions on multiple sites. As discussed in section II, all rows and columns of the coherence map at 
a given time correspond to the same superposition state, scaled by different multiplicative factors. This was 
most clearly seen in Figure 1, which shows the ratio 1/km m   for all values of the site index k at a particular 
time in the absence of system-bath coupling. The population spreads over most sites very rapidly and, as 
the opposite end of the chain is reached, it accumulates there. Following reflection, the RDM fills the entire 
grid. Such spreading is one of the signatures of anharmonic systems characterized by multiple time scales.  
In this case of unitary evolution both real and imaginary parts of the RDM continue to evolve indefinitely, 
as the system cannot equilibrate. Overall, the magnitude of imaginary components does not decrease with 
time, as populations oscillate according to phases governed by the system eigenvalues. 

Different patterns are observed when the sites are coupled to dissipative baths (Figures 5 and 6). 
The mixing of superposition states produced by the bath destroys the alternating real/imaginary structure 
of the RDM, and coherences are now complex-valued on all sites. The square-shaped evolution pattern 
observed in the case of the bare system is replaced by skewed shapes, which are elongated along the 
principal diagonal line of site populations. The spread of quantum superpositions, estimated from the length 
of visible coherence density in a particular row, varies considerably across different rows of the RDM. This 
is a consequence of the row-specific cancellation (and resulting superposition length) brought about by the 
incoherent summation of coherences induced by the bath. Further, the system eventually reaches 
equilibrium, thus (in contrast to the evolution of the bare system RDM shown in Fig. 4) the real parts of all 
RDM elements stabilize and the imaginary parts approach zero at long times. Imaginary components are 
seen to gradually decrease in magnitude, as system populations enter the interval of slow decay on their 
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approach to equilibrium values. In this pre-equilibrium phase the RDM elements are positive throughout 
the coherence map and concentrated within a band surrounding the principal diagonal, whose width changes 
over time. Specifically, the row width oscillates mildly as population maxima evolve, until these oscillations 
die out when the Boltzmann distribution is reached. 
 
 

 
Fig. 3.  Site populations and purity as a function of time in linear 10-site chains with nearest-neighbor couplings 

of strength nn 1J = − , where the sites are coupled to harmonic dissipative baths described in section III. 
The first site is initially populated. (a) Bare system dynamics ( 0 = ). (b) Weak system-bath coupling 
at a low temperature ( 0.1, 5 = = ). (c) Moderate system-bath coupling at an intermediate temperature 
( 0.3, 1 = = ).  
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Fig. 4.   Coherence maps for a 10-site chain described by Eq. (3.1) with nn 1J = −  at various instants. The first site is 
initially populated. Blue and red colors correspond to positive and negative areas of the real part of the RDM, 
while magenta and green correspond to positive and negative areas of the imaginary part of the RDM.  
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Fig. 5.   Coherence maps for a 10-site chain described by Eq. (3.1) with nn 1J = − , where the sites are coupled to harmonic 

bath with 0.1 =  at an inverse temperature 5 = , at various instants. The first site is initially populated. Blue 
and red colors correspond to positive and negative areas of the real part of the RDM, while magenta and green 
correspond to positive and negative areas of the imaginary part of the RDM.  
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Fig. 6.   Coherence maps for a 10-site chain described by Eq. (3.1) with nn 1J = −  where the sites are coupled to harmonic 

baths with 0.3 =  at an inverse temperature 1 = , at various instants. The first site is initially populated. Blue 
and red colors correspond to positive and negative areas of the real part of the RDM, while magenta and green 
correspond to positive and negative areas of the imaginary part of the RDM.  
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 Also shown in Fig. 3 is the purity of the RDM for the three parameter sets. In the absence of 
dissipative interactions, the evolution is unitary and the purity is preserved. In contrast, weak site-bath 
coupling is seen to significantly affect the purity, even at a low temperature, which decreases rapidly as 
neighboring sites are populated. This rapid mixing reflects primarily the incoherent contribution, which is 
associated with population spreading, and is countered by the spreading of the RDM in the direction 
perpendicular to the main diagonal, i.e. the creation of coherences. In the case of a weakly dissipative 
environment, the competition between incoherent and coherent contributions results in a shallow minimum 
of the purity curve at an intermediate time. As evolution continues, the coherent contribution from the 
growing coherences leads to a small increase of purity. Eventually only the imaginary components vanish 
and the only coherent contribution is the real-valued band. These behaviors have been observed and 
analyzed in the case of a two-level system (TLS),20-22 where the rebound of the purity was seen to be very 
significant under low-temperature, weakly dissipative conditions. The multitude of time scales in the 
present 10-state system allow the coherence-quenching effects of the bath to be more prominent. In 
addition, the population spreading over 10 sites causes the incoherent component of purity to be 
significantly smaller than in the case of a TLS, leading to lower purity values under similar conditions.  
 With moderate site-bath coupling and at the higher temperature of Fig. 3c, the purity decreases 
monotonically and reaches a lower long-time value, which is only slightly larger than the minimum value 
for a 10-state system of 0.1.  
 

 
Fig. 7.  Site populations as a function of time for a 10-site ring and a chain. The first site is populated initially. Left: 

ring with nearest-neighbor couplings of strength nn 1J = − . Right: chain with nearest-neighbor couplings of 
strength nn 1J = −  and next-nearest neighbor couplings nn 0.5J = − . Top: isolated system. Bottom: system 
coupled to a harmonic dissipative bath with 0.1, 5 = = .  
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(ii)  Effects of electronic structure and topology: Circular J aggregates and linear H aggregates  

 Next, we examine the manifestations of circular topology, which is found in light harvesting 
complexes, and different types of electronic couplings in the system Hamiltonian. Figure 7 shows the 
population dynamics for a 10-site circular J aggregate with nearest-neighbor couplings, as well as a linear 
aggregate with nearest- and next-nearest-neighbor couplings, with the parameters given earlier, for the 
isolated system and in the presence of weakly coupled baths at low temperature. The coherence maps are 
shown in Figures 8-10.  
 With circular (ring) boundary conditions, the coherence map has the topology of a torus. The 
topological effects are clearly identified in the coherence maps, as they give rise to symmetries in the 
directions of both diagonals passing from the initially populated site. This intrinsic symmetry is unaffected 
by dissipative interactions. Further, the ring topology creates two equivalent pathways, which interfere and 
lead to population accumulation diametrically opposite to the initially populated site. While damping effects 
of the bath reduce the buildup of population on that site, symmetry relations persist and give rise to intricate 
structures in Figures 8 and 9. 
 Figure 10 shows the coherence map for a 10-site J aggregate with weakly coupled, low-temperature 
baths with parameters similar to those of Fig. 5, but for a Hamiltonian that includes next-nearest-neighbor 
couplings. The introduction of additional couplings gives rise to new time scales in the population 
evolution, which are seen more clearly in Fig. 7. The most striking feature of the coherence map is the 
larger spread of nonzero elements in the direction perpendicular to the population line. This spread indicates 
stronger coherence compared to the case of only nearest-neighbor couplings. Not only are these coherence 
features robust, but they are amplified as time progresses and prevail at equilibrium. In fact, Fig. 10 shows 
that the band in the real part fills almost the entire RDM at equilibrium. The larger spread of coherences 
helps prevent purity loss in this case. Its minimum value is somewhat larger than the corresponding value 
in the absence of next-nearest-neighbor couplings with similar parameters (Fig. 3b), but its rebound is much 
more pronounced, exceeding 0.7 at long times. 

Next, we explore the RDM evolution for a system Hamiltonian with positive site-to-site couplings. 
While not as common, such situations are encountered in certain aggregates and supramolecular structures. 
One of the most notable examples is the B850 ring of the LH2 complex, where the arrangement of the 
bacteriochlorophyll units leads to H-type nearest-neighbor coupling terms.30 Besides flipping the signs of 
the eigenstates, positive coupling values were recently found to give rise to intriguing dynamical effects in 
excitonic Hamiltonians with a dendrimer topology, which were attributed to electronic frustration.41 Here 
we examine the time evolution of coherence maps for a 10-site chain weakly coupled to a low-temperature 
bath with parameters to those in Fig. 5, but with nn 1J = + . In this frustration-free system, the population 
evolution is very similar to that shown in the middle panel of Fig. 4.  

The coherence map for the same parameters is shown in Figure 11. While the magnitude and spread 
of real and imaginary parts are very similar to those shown in Fig. 5, both real and imaginary parts now 
exhibit frequent sign changes, and the equilibrium RDM is characterized by bands of alternating signs, 
which reflect the structure of the ground state.  
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Fig. 8.   Coherence maps for a 10-site ring described by Eq. (3.1) with nn 1J = −  at various instants. The first site is 
initially populated. Blue and red colors correspond to positive and negative areas of the real part of the RDM, 
while magenta and green correspond to positive and negative areas of the imaginary part of the RDM.  
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Fig. 9.   Coherence maps for a 10-site ring described by Eq. (3.1) with nn 1J = −  where the sites are coupled to harmonic 

baths with 0.1 =  at an inverse temperature 5 = , at various instants. The first site is initially populated. Blue 
and red colors correspond to positive and negative areas of the real part of the RDM, while magenta and green 
correspond to positive and negative areas of the imaginary part of the RDM.  
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Fig. 10.   Coherence maps for a 10-site chain described by Eq. (3.1) with nn 1J = −  and nnn 0.5J = −  where the sites are 

coupled to harmonic baths with 0.1 =  at an inverse temperature 5 = , at various instants. The first site is 
initially populated. Blue and red colors correspond to positive and negative areas of the real part of the RDM, 
while magenta and green correspond to positive and negative areas of the imaginary part of the RDM.  
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Fig. 11.   Coherence maps for a 10-site chain described by Eq. (3.1) with nn 1J = +  where the sites are coupled to 
harmonic baths with 0.1 =  at an inverse temperature 5 = , at various instants. The first site is initially 
populated. Blue and red colors correspond to positive and negative areas of the real part of the RDM, while 
magenta and green correspond to positive and negative areas of the imaginary part of the RDM.  
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(iii)  Eigenstate initial condition  

 Last, we explore the coherence map obtained with an initial RDM that corresponds to an excited 
eigenstate of the system Hamiltonian. In this case there is no evolution in the absence of system-bath 
coupling. Figures 12 and 13 show the time evolution of the site populations and the coherence map for a 
10-site linear aggregate with nn 1J = − , whose sites are weakly coupled to low-temperature baths, with the 
initial excitation on the highest eigenstate of the system Hamiltonian. The long-time values of the site 
populations reflect the participation of the various sites in the eigenstates, primarily the ground state at this 
low temperature. The edge states are seen to have lower population values at equilibrium than interior sites.  
  
 
 

 
Fig. 12.  Site populations as a function of time in a 10-site chains with nearest-neighbor couplings of strength 

nn 1J = − , where the sites are coupled to harmonic dissipative baths with 0.1, 5 = = .   
 
 
 

The eigenstate initial condition leads to a coherence map which is initially spread over all sites, and 
the alternating signs of this high-energy eigenstate are reflected in the coherence map. Because the time 
evolution is much slower compared to that with a site-localized initial condition, the imaginary components 
of the coherences have considerably smaller values compared to those in the similar system shown in Fig. 
5. The symmetric nature of the eigenstate introduces a second symmetry line perpendicular to the principal 
diagonal. 

During the very early stage of the evolution, the real part of the RDM localizes primarily about the 
population line. Imaginary components appear mostly along the lines parallel to the main diagonal as well. 
As time progresses, the RDM is seen to spread again, filling lines parallel to the principal diagonal, both in 
the real and imaginary components. As the dynamics begins to approach equilibrium the real-valued band 
continues to broaden while the imaginary elements fade to zero. Eventually, the coherence map becomes 
identical to that obtained with a site initial condition (Fig. 5).  
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Fig. 13.   Coherence maps for a 10-site chain described by Eq. (3.1) with nn 1J = −  where the sites are coupled to 

harmonic baths with 0.1 =  at an inverse temperature 5 = , at various instants. The highest energy 
eigenstate of the system Hamiltonian is initially excited. Blue and red colors correspond to positive and 
negative areas of the real part of the RDM, while magenta and green correspond to positive and negative areas 
of the imaginary part of the RDM. In this figure the imaginary component was very small, so it is shown 
multiplied by 10 for clarity. 
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4. Concluding Remarks 

 The time evolution of the entire RDM, captured most transparently and effectively through 
coherence maps, encodes rich information related to the dynamics of a system and the state of equilibrium. 
The coherence map of isolated systems is highly structured and reflects the topological features and 
symmetry properties of the system’s Hamiltonian. In the case of a pure state, coherences convey the site 
amplitudes of quantum state superpositions, and all rows and columns of the RDM contain the same 
information. Thermal effects and dissipative interactions mix quantum superpositions, destroying unitary, 
decreasing purity and washing out coherences.  

The imaginary components of the coherences determine the instantaneous rates of population 
change. Such terms emerge in the very early steps of the dynamics and grow to significant values if the 
populations oscillate rapidly, eventually decaying to zero as the system reaches the real-valued Boltzmann 
distribution. The real components of the RDM display intricate patterns at short times, followed by a gradual 
localization along the principal diagonal. Fluctuations in both directions (along and perpendicular to the 
population line) are observed as the system approaches equilibrium. The real-valued RDM eventually forms 
a band whose width is governed by the interplay among dissipation strength, thermal fluctuations and site-
to-site coupling terms.  

Besides discussing the various relationships and characteristics of RDM elements, we have 
presented snapshots of coherence maps for 10-state tight binding systems with the topology of chains and 
rings, with nearest-neighbor and with additional next-nearest-neighbor couplings, for negative and positive 
coupling values, with site-localized and eigenstate initial conditions, in isolation or in contact with harmonic 
baths of weak and moderate dissipation strength as well as at low and intermediate temperatures, using 
parameters characteristic of Frenkel exciton-type molecular aggregates. Because “a picture is worth a 
thousand words”, the visual examination of these image collections for several representative models 
conveys these relations effectively and clearly, offering valuable insights for understanding the dynamics 
of complex multistate systems. 
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