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An Online Feedback-Based Linearized Power Flow
Model for Unbalanced Distribution Networks
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Abstract—The nonlinear and nonconvex nature of ac power
flow challenges the analysis and optimization of unbalanced dis-
tribution networks. To tackle this issue, this paper proposes an
online feedback-based linearized power flow model for unbal-
anced distribution networks with both wye-connected and delta-
connected loads. The online feedback-based linearized model is
grounded on the first-order Taylor expansion of the branch flow
model (BFM), and updates the model parameters via online feed-
back by leveraging the instantaneous measurements of voltages
and load consumption. Exploiting the connection structure of un-
balanced radial distribution networks, we also provide a unified
matrix-vector compact form of the model. The numerical tests on
the IEEE 123-bus test system validate its accuracy and superior-
ity compared with other offline BFM methods. Additionally, we
apply the proposed model to the optimal power flow for voltage
regulation, which further demonstrates its effectiveness.

Index Terms—Linearized power flow model, online feedback,
branch flow model, unbalanced distribution networks.

NOMENCLATURE

A. Acronyms and Parameters

Ā = [A0,A
T ]T Incidence matrix for the unbalanced

radial network;
BFM Bus flow model;
BIM Bus injection model;
bp(j) Bus immediately preceding bus j

along radial network;
DistFlow Distribution flow;
FOT First-order Taylor;
FPL Fixed-point linearization;
Gp
ij(t),G

q
ij(t),u

p
ij(t) Time-varying parameters for the

real power equation in the online
model;

Hp
ij(t),H

q
ij(t),u

q
ij(t) Time-varying parameters for the re-

active power equation in the online
model;

iφ Phase φ node of bus i and φ ∈ Φi;
Ki(t) Time-varying parameter associated

with delta-connected load at bus i
in the online model;

`j = (i, j) Line segment connecting buses i
and j with i = bp(j) and j ∈ N ;

`φj Phase φ circuit of `j and φ ∈ Φij ;
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LinDistFlow Linearized distribution flow;
Mp

ij(t),M
q
ij(t),u

v
ij(t) Time-varying parameters for the

voltage equation in the online
model;

MAPE Mean Absolute Percentage Error;
ni Number of phases for bus i;
n`j Number of phases for line segment

`j ;
nφφ

′

∆,i Number of phase-to-phase connec-
tions in ΦΦ′i;

OPF Optimal power flow;
pg Real power vector of PV generators

for all buses in N ;
qming , qmaxg Lower and upper bounds for reac-

tive power of PV generators;
sY,i = pY,i + jqY,i Net complex power consumption of

wye-connected load at bus i;
sY = pY + jqY Net complex power consumption of

wye-connected load for all buses in
N ;

sΦΦ′

∆,i = pΦΦ′

∆,i + jqΦΦ′

∆,i Phase-to-phase net complex power
consumption of delta-connected
load at bus i;

sΦΦ′

∆ = pΦΦ′

∆ + jqΦΦ′

∆ Phase-to-phase net complex power
consumption of delta-connected
load for all buses in N ;

VVC Volt-VAr control;
zij = rij + jxij Impedance matrix for line segment

`j = (i, j);

B. Sets

L Edge set of line segments;
N Index set for all non-head buses of

the radial network;
Nj Index set for all buses that follow

bus j but exclude bus j;
Φi ⊆ {a, b, c} Phase set of bus i;
Φij ⊆ {a, b, c} Phase set of line segment `j =

(i, j);
ΦΦ′i ⊆ {ab, bc, ca} Set of phase-to-phase connections

for the delta-connected load at bus
i;

C. Variables

dvij ,d
p
ij ,d

q
ij Nonlinear voltage drop term, real

and reactive power loss terms;
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inv(V
Φij
i ) Column vector consisting of 1

V φi
for

φ ∈ Φij ;
Iφij Phase φ current from bus i to bus j

and φ ∈ Φij ;
Iij Current vector from bus i to bus j;
P ,Q Real & Reactive power flow vectors

over all line segments;
qg Reactive power vector of PV gener-

ators for all buses;
T∆,i Transformation matrix for the delta-

connected load at bus i;
s∆,i = p∆,i + jq∆,i Power flow vector from bus i to the

delta-connected load;
si = pi + jqi Net complex power consumption

for bus i;
s = p + jq Net complex power consumption

vector for all buses;
Sij = Pij + jQij Power flow vector from bus i to j;
vi Squared voltage magnitude vector

of bus i;
v

Φij
i Sub-vector of vi consisting of en-

tries associated with Φij ;
v Squared voltage magnitude vector

of all buses in N ;
Vi Complex voltage vector of bus i;
V

Φij
i Sub-vector of Vi consisting of en-

tries associated with Φij ;
V Complex voltage vector for all

buses in N ;

D. Operator

blkdiag(U1, ...,UN ) A block diagonal matrix created
by aligning the matrices U1, ...,UN

along its diagonal.
diag(u) A square matrix with the entries of

u in its diagonal
imag[u] Imaginary part of u
real[u] Real part of u
� Element-wise division
� Element-wise multiplication
| · | Element-wise magnitude operation
| · |2 Element-wise square operation
(·)∗ Element-wise complex-conjugate op-

eration
(·)T Transposition operation
(·)H Complex-conjugate transposition op-

eration

I. INTRODUCTION

POWER flow modeling is the fundamental in power system
analysis, optimization, and control. However, the nonlin-

ear and nonconvex nature of power flow poses great challenges
for high-efficiency computation and optimization. In particu-
lar, power flow models in distribution networks are even more
complex due to the unbalanced operation.

To address the challenges, convex relaxation and lineariza-
tion approaches have been proposed and investigated in re-
cent years. In general, convex relaxation approaches can be
classified into second-order cone program relaxations [1]-[2],
semidefinite relaxations [3]-[5], chordal relaxations [6]-[7].
See [8] for a tutorial of convex relaxation methods for bal-
anced networks.

Compared to convex relaxation approaches, linerization ap-
proaches have lower complexity and higher computational ef-
ficiency, which have attracted increasing attentions. DC power
flow is one of the popular linerization approaches for analy-
sis and operation of electric power systems [9]. However, DC
power flow is not applicable to distribution networks since the
resistive and reactive parts of the line impedance in distribu-
tion networks are comparable. In [10], linearization of nonlin-
ear power flow equations, based on the bus injection model
(BIM) with voltages expressed in rectangular coordinates, is
studied. The classical distribution flow (DistFlow), based on
the branch flow model (BFM), is proposed in [11], which is
regarded as a well-established method for recursively solving
the power flow in single-phase distribution networks. How-
ever, the non-linear power loss term in DistFlow leads to an
non-convex formulation. To solve this problem, the linearized
distribution flow (LinDistFlow) is developed by neglecting the
non-linear power loss term in [12]-[13], which could be a good
approximation when the power loss is much smaller than the
branch power flow. The compact LinDistFlow representation
using graph-based matrices for single-phase radial distribu-
tion networks is proposed in [14]-[15]. Nevertheless, the above
works [9]-[15] can only be applied to single-phase distribu-
tion networks without taking into account the phase coupling
in unbalanced distribution networks.

For unbalanced distribution networks, linearized power flow
models have been proposed in [16]-[18]. A linear power flow
model for three-phase distribution systems, based on a rectan-
gular formulation of BIM, is proposed in [16]. But this model
is not suitable for applications of optimal power flow (OPF)
since it includes the product of load and voltage variables,
leading to the non-convex OPF formulation. The LinDistFlow
model is further extended to multiphase unbalanced distribu-
tion networks in [17]-[18], which has been widely used in
different areas in power systems. For example, the extended
LinDistFlow model is applied to solve a voltage regulation
problem in [19]. However, there are two major limitations
in [17]-[18]: (i) The extended LinDistFlow model for unbal-
anced distribution networks is based on a relatively strong as-
sumption that the phase voltages across networks are nearly
balanced, which is usually difficult to meet in reality; (ii)
Only wye-connected loads are considered. In practice, most
distribution grids are multiphase, radial networks with both
wye-connected and delta-connected loads. A lossy LinDist-
Flow formulation is proposed for both single-phase and multi-
phase distribution networks [20], which estimates the line
losses via parametrization to improve performance of the ex-
tended LinDistFlow. However, the results in [20] show that
the lossy LinDistFlow performs much better for single-phase
networks than multi-phase networks, its accuracy improvement
for multi-phase distribution networks is limited compared with
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the extended LinDistFlow. Moreover, all of the above linear
power flow models [9]-[20] are essentially offline methods. As
the penetration of distributed energy resources increases, dis-
tribution power flow can change rapidly over time. However,
offline models cannot capture and track the time-varying sys-
tem characteristics due to its open-loop nature, thus, poten-
tially leading to non-negligible errors and inaccurate power
flow solutions.

Recently, a great number of sensors, such as advanced me-
tering infrastructure and micro phasor measurement units, have
been deployed in distribution networks. Thanks to the signif-
icantly enhanced monitoring capability and observability, it
makes the online power flow modeling very promising, by
taking advantage of measurements as feedback to establish an
online updated model. Recent years have seen a dramatic surge
of interest in the online power flow and its associated applica-
tions. In [21]-[22], online feedback optimizations are proposed
to solve different power system problems (e.g., voltage regu-
lation problems) in single-phase networks. Approximate linear
models, developed from the BIM, have been recently utilized
to develop real-time OPF solvers for single-phase distribution
systems [23], [24]. In [25]-[26], the online first-order Taylor
(FOT) model and fixed-point linearization (FPL) model, based
on BIM, are proposed to better adapt to the fast changes in
generic unbalanced distribution networks, and they thus can
be utilized to broaden the applicability of [23], [24]. Com-
pared to the FPL model, the FOT model can provide a better
local linear approximation, but it always suffers high compu-
tational complexity because a large number of equations need
to be solved to update the parameters, which hinders the ap-
plicability of the online FOT model. However, to date, the
branch-based online model for unbalanced distribution power
flow has not been well investigated.

To resolve these problems, this paper proposes an online
feedback-based linearized power flow model based on BFM
for unbalanced distribution networks. The proposed model is
designed to update its parameters online by leveraging the in-
stantaneous measurements of voltages and load consumption
to guarantee the accuracy. Compared to existing methods, the
main contributions of this paper are summarized as follows. (i)
Unlike online power flow models derived from BIM, the pro-
posed online model is essentially grounded on the FOT expan-
sion of BFM. All the parameters of this model are represented
by the closed-form analytic expressions. It can be applicable
to unbalanced distribution networks with both wye-connected
and delta-connected loads, which broadens the application of
BFM. (ii) Taking advantage of measurements, this branch-
based online model can better capture the time-varying char-
acteristics (e.g. the multi-phase imbalance) in distribution net-
works compared with the conventional LinDistFlow models.
(iii) The graph representation of LinDistFlow for single-phase
radial distribution networks [15] is extended to unbalanced dis-
tribution networks. Exploiting the connection structure of un-
balanced radial distribution networks, a unified matrix-vector

compact form of this online model is also provided.1

The remainder of this paper is organized as follows. The
exact nonlinear power flow formulation for unbalanced dis-
tribution networks with wye-connected and delta-connected
loads is discussed in Section II. The online feedback-based
linearized power flow model, its compact form as well as po-
tential applications are described in Section III. The effective-
ness and superiority of our proposed model, compared with
other offline BFM methods, are verified in Section IV and
concluding comments are given in Section V.

II. EXACT POWER FLOW FORMULATION

A. A Standard Nonlinear Power Flow Model

Consider a radial distribution network with N+1 buses. Let
{0}

⋃
N denote the index set for these buses, where N :=

{1, 2, ..., N}. As depicted in Fig.1, for each bus j ∈ N , let
bp(j) denote the bus that immediately precedes bus j along
the radial network headed by bus 0. Also, let Nj denote the
set of all buses n ∈ N that follow bus j but exclude bus j.
Let L := {`j = (i, j)|i = bp(j), j ∈ N} denote this edge set
of line segments. Note that there is only a unique line segment
`j for ∀j ∈ N due to the radial network topology.
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Fig. 1. A radial distribution network

For each bus i ∈ N
⋃
{0}, let Φi denote the phase set of

bus i, iφ denote the phase φ node of bus i for φ ∈ Φi, ni
denote the number of phases for bus i. Denote by V φi , |V φi |,
sφi = pφi + jqφi the complex voltage, the voltage magnitude,
the net complex power consumption of iφ, respectively. And
define column vectors Vi := [V φi ]φ∈Φi , |Vi| := [|V φi |]φ∈Φi ,
vi := |Vi|2, si := [sφi ]φ∈Φi , where si = pi + jqi. For
each line segment `j = (i, j) ∈ L, let Φij denote the
phase set of line segment `j , `

φ
j denote the phase φ circuit

of `j for φ ∈ Φij , n`j denote the number of phases for
line segment `j . Denote by Iφij , S

φ
ij = Pφij + jQφij the cur-

rent and the power flow over `φj . And define column vectors
Iij := [Iφij ]φ∈Φij , Sij := [Sφij ]φ∈Φij , where Sij = Pij+jQij ,
V

Φij
i := [V φi ]φ∈Φij , |V

Φij
i | := [|V φi |]φ∈Φij , v

Φij
i = |V Φij

i |2,

1Note that this matrix-vector form of our proposed model is different from
the one proposed in [20]. On the one hand, they have different matrix-vector
structures with different dimensions. On the other hand, the matrix-vector
compact form of our proposed model is time-varying, but the matrix-vector
compact form of [20] is fixed.
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inv(V
Φij
i ) := [ 1

V φi
]φ∈Φij . And let zij = rij+jxij ∈ Cn`j×n`j

2 denote its impedance matrix for line segment `j .
For any (i, j) ∈ L, the multi-phase BFM can be represented

as follows 3:

Vj = V
Φij
i − zijIij (1a)

Iij = S∗ij � (V
Φij
i )∗ (1b)

Sij =
∑
k∈Nj

Sjk + sj + I∗ij � (zijIij) (1c)

B. Wye-Connected and Delta-Connected Load Models

For the wye-connected load, let sφY,i = pφY,i + jqφY,i de-
note the net complex power consumption of bus i at φ ∈ Φi
and define the column vector sY,i := [sφY,i]φ∈Φi , where
sY,i = pY,i + jqY,i. For the delta-connected load, let ΦΦ′i ⊆
{ab, bc, ca} denote the set of phase-to-phase connections for
the delta-connected load at bus i, nΦΦ′

∆,i denote the number of
phase-to-phase connections in ΦΦ′i, s

φφ′

∆,i = pφφ
′

∆,i + jqφφ
′

∆,i de-
note its phase-to-phase φφ′ net complex power consumption
and define the column vector sΦΦ′

∆,i := [sφφ
′

∆,i ]φφ′∈ΦΦ′
i
, where

sΦΦ′

∆,i = pΦΦ′

∆,i + jqΦΦ′

∆,i ∈ Cn
ΦΦ′
∆,i . Let sφ∆,i = pφ∆,i + jqφ∆,i de-

note the phase φ power flow from bus i to the delta-connected
load, and define the column vector s∆,i = [sφ∆,i]φ∈Φi , where
s∆,i = p∆,i+ jq∆,i ∈ Cni . In general, the transition between
s∆,i and sΦΦ′

∆,i can be represented in the following manner:

s∆,i = T∆,is
ΦΦ′

∆,i , ∀i ∈ N (2)

where T∆,i ∈ Cni×n
ΦΦ′
∆,i is a transformation matrix, related to

the voltage Vi, for the delta-connected load at bus i, its dimen-
sion varies with the connection structure of delta-connected
load.

,
ab
iI

,bc iI 

,
ca

i
I


a b

c
,
c
is

,
b
is

,
a
is

,
ab
is

,bc is ,
ac

i
s


Fig. 2. Structure of closed delta-connected load

We take a closed delta-connected load as an example for
illustration. As show in Fig.2, for the closed delta-connected

2zij includes mutual impedances and self-impedances of line (i, j).
3Note that for ∀(i, j) ∈ L, V

Φij
i could be different from Vi, since Φij

may not be the same as Φi, but V
Φij
j is the same as Vj .

load, s∆,i and sΦΦ′

∆,i satisfy:

sa∆,isb∆,i
sc∆,i

 =


V ai

V ai −V bi
0 − V ai

V ci −V ai

− V bi
V ai −V bi

V bi
V bi −V ci

0

0 − V ci
V bi −V ci

V ci
V ci −V ai


sab∆,i

sbc∆,i
sca∆,i

 (3)

Note that (3) can be easily and flexibly extend to open delta-
connected loads by setting the missing voltages and currents
to zero. The transition between s∆,i and sΦΦ′

∆,i for open delta-
connected loads is shown in Appendix A.

Without loss of generality, we assume that each bus i ∈ N
has both wye-connected and delta-connected loads, we have:

si = sY,i + s∆,i = sY,i + T∆,is
ΦΦ′

∆,i (4)

If bus i only has wye-connected loads, we set sΦΦ′

∆,i = 0; if
bus i only has delta-connected loads, we set sY,i = 0.

III. AN ONLINE FEEDBACK-BASED LINEARIZED MODEL

Given the increasing monitoring capability and observabil-
ity of distribution networks, this section proposes an online
feedback-based linearized power flow model to address the
non-linearity and non-convexity challenges of the unbalanced
distribution power flow. To better capture the time-varying
characteristics of unbalanced distribution networks, the param-
eters of the online feedback-based linearized model are con-
tinuously updated based on the measurements of voltages and
load at the previous time step.

A. Reformulation of Nonlinear Power Flow Model

For the later online linearization purpose, we first refor-
mulate (1) in this subsection. We introduce z̃ij , z̄ij , žij ∈
Cn`j×n`j for each line segment (i, j) ∈ L:

z̃ij = r̃ij + jx̃ij =
[
(V

Φij
i )∗

(
inv(V

Φij
i )

)H]� zij (5a)

z̄ij = r̄ij + jx̄ij = zijdiag
(
(inv(V

Φij
i ))∗

)
(5b)

žij = řij + jx̌ij =
[
inv(V

Φij
i )

(
inv(V

Φij
i )

)H]� zij (5c)

Note that z̃ij , z̄ij , žij are all internally related to V
Φij
i . Sub-

stituting (1b) into (1a), (1c) and taking the element-wise prod-
uct of each side of (1a) with its conjugate, for ∀(i, j) ∈ L, we
have:

vj = v
Φij
i − 2(r̃ijPij + x̃ijQij) + dvij (6a)

Pij =
∑
k∈Nj

Pjk + pj + dpij (6b)

Qij =
∑
k∈Nj

Qjk + qj + dqij (6c)

with

dvij = [zij
(
S∗ij � (V

Φij
i )∗

)
]� [z∗ij(Sij � V

Φij
i )]

= (r̄ijPij)� (r̄ijPij) + (x̄ijQij)� (x̄ijQij)

+ (x̄ijPij)� (x̄ijPij) + (r̄ijQij)� (r̄ijQij)

+ 2(r̄ijPij)� (x̄ijQij)− 2(x̄ijPij)� (r̄ijQij)

dpij = Pij � (řijPij + x̌ijQij)
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+ Qij � (řijQij − x̌ijPij)

dqij = Pij � (x̌ijPij − řijQij)

+ Qij � (řijPij + x̌ijQij)

where vj = |Vj |2, v
Φij
j = |V Φij

j |2, dvij ∈ Rn`j is the non-
linear voltage drop term, and dpij and dqij ∈ Rn`j are the
nonlinear real and reactive power loss terms.

Remark 1: Under the assumption that the phase voltages
across the network are nearly balanced (i.e., V ai

V bi
≈ V ci

V ai
≈

V bi
V ci
≈ ej 2π

3 ) , then r̃ij and x̃ij are constant. Plus the assump-
tion that dvij ,d

p
ij ,d

q
ij are constant (e.g., 0), then (6) reduces

to the extended LinDistFlow in [17]-[18].

B. Model Linearization via Online Feedback

In this subsection, we propose an online feedback-based
power flow model with the time-varying parameters. More
specifically, our goal is leveraging the measurements of volt-
ages and load consumption at time step t to develop a lin-
earized power flow model for the future time step t + ∆t,
which is approximated to the nonlinear power flow model (4)
and (6). This linearized power flow model adopts the follow-
ing form, for ∀(i, j) ∈ L:

vj = v
Φij
i + Mp

ij(t)Pij + M q
ij(t)Qij + uvij(t) (7a)

Pij =
∑
k∈Nj

Pjk + Gp
ij(t)Pij

+ Gq
ij(t)Qij + pj + upij(t) (7b)

Qij =
∑
k∈Nj

Qjk + Hp
ij(t)Pij

+ Hq
ij(t)Qij + qj + uqij(t) (7c)

si = sY,i + Ki(t)s
ΦΦ′

∆,i , ∀i ∈ N (7d)

Remark 2: In this online feedback-based linearized power
flow model, Mp

ij(t), M q
ij(t), uvij(t), Gp

ij(t), Gq
ij(t), upij(t),

Hp
ij(t), Hq

ij(t), uqij(t), Ki(t) are the time-varying parameters
of this online model, updated and calculated by the measured
voltages and load consumption at the previous time step t.

Define the voltages, line flows, and loads as follows:

V = [V T
1 , , ...,V T

N ]T

P = [P T
bp(1)1, ...,P

T
bp(N)N ]T

Q = [QT
bp(1)1, ...,Q

T
bp(N)N ]T

sY = pY + jqY = [sTY,1, , ..., s
T
Y,N ]T

sΦΦ′

∆ = pΦΦ′

∆ + jqΦΦ′

∆ =
[
sΦΦ′

∆,1

T
, , ..., sΦΦ′

∆,N

T
]T

Let (V̂ (t), ŝY (t), ŝΦΦ′

∆ (t)) denote a measured operating
point satisfying the exact nonlinear distribution power flow
(1) and (4) at time step t. According to (1), the correspond-
ing branch power flow P̂ij(t), Q̂ij(t) for each line segment
(i, j) ∈ L in P̂ (t), Q̂(t) can be calculated by V̂ (t):

P̂ij(t) = real
[(

z−1
ij (V̂

Φij
i (t)− V̂j(t))

)∗
� V̂

Φij
i (t)

]
(8a)

Q̂ij(t) = imag
[(

z−1
ij (V̂

Φij
i (t)− V̂j(t))

)∗
� V̂

Φij
i (t)

]
(8b)

And let the squared voltage magnitudes and the net complex
power consumption are compactly denoted by:

v = [vT1 , ..., v
T
N ]T

s = p + jq = [sT1 , ..., s
T
N ]T

Let v̂(t) denote the squared voltage magnitudes corresponding
to V̂ (t), ŝ(t) = p̂(t) + jq̂(t) denote the net complex power
consumption corresponding to ŝY (t), ŝΦΦ′

∆ (t).
To obtain (7a)-(7c), we take the partial derivatives of (6)

with respect to P ij and Qij . For (6a), we have:

∂(vj − v
Φij
i )

∂Pij
= −2r̃ij + fpij (9a)

fpij =
∂dvij
∂Pij

= 2r̄ijdiag(r̄ijPij) + 2x̄ijdiag(x̄ijPij)

+ 2r̄ijdiag(x̄ijQij)− 2x̄ijdiag(r̄ijQij) (9b)

∂(vj − v
Φij
i )

∂Qij
= −2x̃ij + fqij (9c)

f qij =
∂dvij
∂Qij

= 2x̄ijdiag(x̄ijQij) + 2r̄ijdiag(r̄ijQij)

+ 2x̄ijdiag(r̄ijPij)− 2r̄ijdiag(x̄ijPij) (9d)

For (6b), we have:

gpij =
∂dpij
∂Pij

= diag(Pij)řij + diag(řijPij)

+ diag(x̌ijQij)− diag(Qij)x̌ij (10a)

gqij =
∂dpij
∂Qij

= diag(Qij)řij + diag(řijQij)

− diag(x̌ijPij) + diag(Pij)x̌ij (10b)

For (6c), we have:

hpij =
∂dqij
∂Pij

= diag(Pij)x̌ij + diag(x̌ijPij)

− diag(řijQij) + diag(Qij)řij (11a)

hqij =
∂dqij
∂Qij

= diag(Qij)x̌ij + diag(x̌ijQij)

+ diag(řijPij)− diag(Pij)řij (11b)

Recall from (5) and (9)-(11) that r̃ij , x̃ij , fpij , f qij , gpij ,
gqij , h

p
ij , h

q
ij depend on V

Φij
i , Pij , Qij . Let r̃ij(t), x̃ij(t),

fpij(t), f qij(t), gpij(t), gqij(t), hpij(t), hqij(t) denote their val-
ues corresponding to the measured operating point, where
V

Φij
i = V̂

Φij
i (t), Pij = P̂ij(t), Qij = Q̂ij(t). According

to the FOT expansion of (6) around the measured operating
point, we obtain:

Mp
ij(t) : = −2r̃ij(t) + fpij(t) (12a)

M q
ij(t) : = −2x̃ij(t) + f qij(t) (12b)

uvij(t) : = v̂j(t)− v̂
Φij
i (t)

−Mp
ij(t)P̂ij(t)−M q

ij(t)Q̂ij(t) (12c)

Gp
ij(t) : = gpij(t) (12d)

Gq
ij(t) : = gqij(t) (12e)
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upij(t) : = P̂ij(t)−
∑
k∈Nj

P̂jk(t)− p̂j(t)

−Gp
ij(t)P̂ij(t)−Gq

ijQ̂ij(t) (12f)

Hp
ij(t) : = hpij(t) (12g)

Hq
ij(t) : = hqij(t) (12h)

uqij(t) : = Q̂ij(t)−
∑
k∈Nj

Q̂jk(t)− q̂j(t)

−Hp
ij(t)P̂ij(t)−Hq

ij(t)Q̂ij(t) (12i)

Recall from (3) that T∆,i depends on Vi. Let T∆,i(t) denote
the operating transformation matrix of delta-connected load
corresponding to the measured operating point, where Vi =
V̂i(t). Then Ki(t) in (7d) can be approximately represented
by:

Ki(t) = T∆,i(t) (13)

As seen in (12)–(13), they provide an intuitive way to update
the parameters of the online feedback-based linearized power
flow model (7).

Remark 3: Note that the transformation matrix T∆,i can
be applied to extend the LinDistFlow model [17]-[18], only
considering wye-connected loads, to unbalanced distribution
networks with both wye-connected and delta-connected loads.
In this case, all the entries in T∆,i are fixed and irrelevant
to t since it is assumed in the LinDistFlow model that volt-
ages are nearly balanced, i.e., V ai

V bi
≈ V bi

V ci
≈ V ci

V ai
≈ ej

2π
3 . For

example, the constant transformation matrix T∆,i for closed
delta-connected loads in the extended LinDisFlow model can
be represented as:

T∆,i =

√
3

3

e−j π6 0 ej
π
6

ej
π
6 e−j

π
6 0

0 ej
π
6 e−j

π
6

 . (14)

C. Compact Form
To better formulate the online feedback-based linearized

power flow model, exploiting the connection structure of
unbalanced radial distribution networks, we propose a new
matrix-vector compact form of this power flow model. Note
that for each line segment `j = (i, j) ∈ L, we have nj = n`j ,
indicating

∑N
i=1 ni =

∑N
j=1 n`j . We set m =

∑N
i=1 ni =∑N

j=1 n`j . And let Ā = [A0,A
T ]T be the incidence ma-

trix for the unbalanced radial distribution network, where
AT

0 ∈ Rn0×m represents the connection structure between
bus 0 and each of the line segments in L, A ∈ Rm×m rep-
resents the connection structure between the remaining buses
and each of the line segments in L.

The row of Ā corresponds to the phase φ node iφ of bus
i ∈ {0}

⋃
N for φ ∈ Φi, the column of Ā corresponds to

the phase φ circuit `φj of line segment `j = (i, j) ∈ L for
φ ∈ Φij . More precisely, the incidence matrix Ā with an entry
1 for each “from” phase node and -1 for each “to” phase node
corresponding to each phase circuit of line segments takes the
following form:

Ā =


J(0, `1) J(0, `2) ... J(0, `N )
J(1, `1) J(1, `2) ... J(1, `N )

...
...

. . .
...

J(N, `1) J(N, `2) ... J(N, `N )

 (15a)

Algorithm 1 Update the online feedback-based linearized
power flow model
Initialization: Set the time resolution ∆t for the model update, and

the initial time step t.
Update the online feedback-based linearized power flow model by
the following steps:
S1: Measure (V̂ (t), ŝY (t), ŝΦΦ′

∆ (t)) for time step t.
S2: Update parameters Mp

ij(t), M q
ij(t), uv

ij(t), Gp
ij(t), Gq

ij(t),
up

ij(t), Hp
ij(t), Hq

ij(t), uq
ij(t) using (12), Ki(t) using (13).

S3: Update Mp(t), M q(t), uv(t), Gp(t), Gq(t), up(t), Hp(t),
Hq(t), uq(t) using (17) to form the compact form of this online
model.
S4: Perform the power flow calculation for time step t+ ∆t using
(16).
S5: t← t + ∆t, go to S1.

( )iK t

Online Feedback via 
Measurement

Update using (13)

Update:

using (12) using (17)

Update:

 Power Flow Calculation using (16) 

t
t

t





( ), ( ), ( )p q v
ij ij ijM t M t u t
( ), ( ), ( )p q p

ij ij ijG t G t u t

( ), ( ), ( )p q q
ij ij ijH t H t u t

)( ) ( ), , (p q vM utM tt

( ), ( ), ( )p q qH t H t u t
( ), ( ), ( )p q pG t G t u t

( )K t

ˆ( )V t

ˆ ( )s t



ˆ ( )Ys t

ˆ( )V t

Fig. 3. Model update via online feedback

AT
0 =

[
J(0, `1) J(0, `2) ... J(0, `N )

]
(15b)

A =

J(1, `1) J(1, `2) ... J(1, `N )
...

...
. . .

...
J(N, `1) J(N, `2) ... J(N, `N )

 (15c)

where J(i, `j) ∈ Rni×n`j indicates the connection structure
between bus i and line segment `j . Specifically, if the phase
node iφ (φ ∈ Φi) is in the head of the phase circuit `φj (φ ∈
Φij), the corresponding entry in J(i, `j) will be 1; if the phase
node iφ is in the end of the phase circuit `φj , the corresponding
entry in J(i, `j) equals −1; otherwise, the corresponding entry
equals 0. A numerical example illustrating the construction of
Ā for an unbalanced radial network is given in Appendix B.

Proposition 1: The square matrix A is invertible (See Ap-
pendix C for the proof of proposition).

After introducing Ā, we can express (7) in a compact form
as follows:

−
[
A0 AT

] [v0

v

]
= [Mp(t) M q(t)]

[
P
Q

]
+ uv(t) (16a)[

A + Gp(t) Gq(t)
Hp(t) A + Hq(t)

] [
P
Q

]
+

[
up(t)
uq(t)

]
=

[
−p
−q

]
(16b)

s = sY + K(t)sΦΦ′

∆ (16c)

with

Mp(t) = blkdiag
(
Mp

bp(1)1(t), ...,Mp
bp(N)N (t)

)
(17a)

M q(t) = blkdiag
(
M q

bp(1)1(t), ...,M q
bp(N)N (t)

)
(17b)
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Gp(t) = blkdiag
(
Gp
bp(1)1(t), ...,Gp

bp(N)N (t)
)

(17c)

Gq(t) = blkdiag
(
Gq
bp(1)1(t), ...,Gq

bp(N)N (t)
)

(17d)

Hp(t) = blkdiag
(
Hp
bp(1)1(t), ...,Hp

bp(N)N (t)
)

(17e)

Hq(t) = blkdiag
(
Hq
bp(1)1(t), ...,Hq

bp(N)N (t)
)

(17f)

K(t) = blkdiag
(
K1(t), ...,KN (t)

)
(17g)

uv(t) = [uvbp(1)1(t), ..., uvbp(N)N (t)]T (17h)

up(t) = [upbp(1)1(t), ..., upbp(N)N (t)]T (17i)

uq(t) = [uqbp(1)1(t), ..., uqbp(N)N (t)]T . (17j)

As shown in Algorithm 1 and Fig.3, the parameters of on-
line linearized power flow model are updated according to the
measured operating point (V̂ (t), ŝY (t), ŝΦΦ′

∆ (t)) at time step
t. The online model can be leveraged to perform the power
flow and extended to potential applications (e.g., OPF prob-
lems).

D. Potential Applications

As the penetration of distribution energy resources in-
creases, the traditional offline OPF that works on a slow
timescale is inadequate, and we need the online OPF that
can respond quickly to network changes. This proposed online
feedback-based linearized power flow model (16) can be eas-
ily integrated into the OPF related problems, e.g., Volt/VAr
control (VVC), to convexify its formulation, thus facilitat-
ing the development of online OPF control algorithms in un-
balanced distribution networks with both wye-connected and
delta-connected loads. A simple VVC application using this
online model is provided in Section IV.E.

IV. CASE STUDY

Test cases are conducted in the IEEE 123 test feeder [28],
an unbalanced radial distribution network, to demonstrate and
verify the effectiveness and superiority of the online feedback-
based linearized power flow model compared with other of-
fline BFM methods. The simulation results are performed with
MATLAB R2019b and the open-source Open Distribution Sys-
tem simulator (OpenDSS) [29].

A. Simulation Setup

We first conduct a time-series simulation for the unbalanced
distribution network only with wye-connected loads across one
day in Section IV.B and IV.C, where the simulation time span
is 24h and the time resolution of load data is set as 1min. The
delta-connected loads are considered and discussed later in
Section IV.D. The base voltage and power are set as 4.16 kV
and 100 kVA, respectively. The aggregate phase load profile
across one day is shown in Fig.5. As seen in Fig.5, the ag-
gregate load of phase a is apparently greater than phase b and
c. The aggregate peak load of phase a is nearly double the
aggregate peak loads of phase b and c. The unbalanced load
distributions among phases lead to the three-phase imbalance
in the distribution network. Consistent with the time resolu-
tion of the load data, we identify each update of the online
feedback-based linearized power flow model with ∆t = 1min.
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Fig. 4. IEEE 123-Bus Test Feeder

Fig. 5. Aggregate phase load across one day

4 To verify the effectiveness of the proposed online feedback-
based linearized power flow model, we compare four different
methods:

(1) The benchmark model: The power flow solutions are
calculated by OpenDSS, containing the exact nonlinear distri-
bution power flow.

(2) The online linearized model: The power flow solu-
tions are calculated by the proposed online feedback-based
linearized power flow model. The parameters of this online
model for time step t+ ∆t are updated by the measured volt-
ages and load consumption at time step t via online feedback.

(3) The lossless LinDistFlow model: The power flow solu-
tions are calculated by the extended lossless LinDistFlow pro-
posed in [18], which makes the assumption that V ai

V bi
≈ V bi

V ci
≈

V ci
V ai
≈ ej

2π
3 and the power loss on each radial network line

segment is negligible relative to the power flow on this line
segment.

(4) The lossy LinDistFlow model: The power flow solu-
tions are calculated by the lossy LinDistFlow proposed in [20]
which makes the assumption that V ai

V bi
≈ V bi

V ci
≈ V ci

V ai
≈ ej

2π
3 ,

but this model considers the line losses via parameterization.

4The update frequency for this online model can be set as any reasonable
value in accordance with specific needs.
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Fig. 6. MAPE values of voltage magnitude and branch power flow: (a) Voltage
magnitude MAPE; (b) Branch real power flow MAPE; (c) Branch reactive
power flow MAPE

Fig. 7. Voltage magnitudes (including maximum, minimum and quartile val-
ues) of phase a, b and c at each time step : (a) Phase a; (b) Phase b; (c) Phase
c

B. Method Comparison

To evaluate the accuracy of online, lossless and lossy mod-
els compared to the benchmark, the Mean Absolute Percentage
Error (MAPE) is chosen as the criterion, where the benchmark
values are regarded as the exact actual values and the solu-
tions calculated by the online, lossless and lossy models are
regarded as the estimated values. Fig.6 shows the MAPE val-
ues of voltage magnitude and branch power flow for the online,
lossless and lossy models. As shown in Fig.6, for any time step

Fig. 8. Angles (including maximum, minimum and quartile values) of phase
a, b and c at each time step: (a) Phase a; (b) Phase b; (c) Phase c

t, the MAPE values of voltage magnitude and branch power
flow for the online linearized model are far less than both
lossless and lossy models. Maximum, minimum and quartile
values of voltage magnitude and angle for phase a, b, and c at
each time step t are shown in Fig.7 and Fig.8. From Fig.7 and
Fig.8, we can find the overall voltage magnitudes in phase a
are clearly lower than those in phases b and c. In addition, the
angle differences among phases are not exactly 120o. Conse-
quently, the approximately balanced three-phase voltages as-
sumption in the lossless and lossy LinDistFlow models de-
viates from the actual situation of our test cases, leading to
higher errors.

Taking the voltage magnitudes for phase a of buses 13 and
57 as examples, the voltage magnitude comparisons of differ-
ent models are shown in Fig.9. As seen in Fig.9, the online
linearized model has a greater tracking ability and better ac-
curacy compared to the lossless and lossy models across time
steps. It can be observed that the voltage magnitudes calculated
by the online linearized model are very close to the benchmark
values, the maximum absolute values of voltage difference be-
tween the online model and benchmark for phase a of buses 13
and 57 are only 0.0023 p.u. and 0.0033 p.u., respectively. Tak-
ing advantage of the online feedback and closed-loop nature,
the online linearized model can capture the time-varying char-
acteristics of unbalanced distribution networks, lending itself
to a better approximation to the exact nonlinear distribution
power flow model.

C. Robustness Analysis

We test the robustness of the proposed online model against
measurement errors, communication failure, and update fre-
quencies in this subsection.
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Fig. 9. Voltage magnitude comparisons of different models: (a) Phase a of
bus 13; (b) Phase a of bus 57

(1) Robustness against measurement errors. We consider
two cases here. In the first case, only the voltage measure-
ments of buses 1, 25, 47, 54, 67, 86, 117, 121 are corrupted
by random noises following a random Gaussian distribution
of N(0, 0.012). In the second case, each voltage measurement
is corrupted by a random noise following a random Gaussian
distribution of N(0, 0.012). In the above two cases, both the
temporary and permanent noises are taken into account, where
the temporary noises only exist during 720min-960 min. As
shown in Fig.10 (a), we can find the degree of oscillations
is very small for both temporary and permanent noises when
only part of voltage measurements are corrupted with noises.

Fig. 10. Robustness against measurement errors: (a) Random noises follow-
ing a Gaussian distribution N(0, 0.012) are considered in buses 1, 25, 47,
54, 67, 86, 117, 121; (b) Random noises following a Gaussian distribution
N(0, 0.012) are considered in all the buses across the network

Fig. 11. Robustness against communication failure

Fig. 12. Robustness against update frequencies

From comparisons between Fig.10 (a) and Fig.10 (b), it can
be observed that the degree of oscillations increases as the
number of measurements with noises increases. Another point
worth mentioning is the temporary noises in both Fig.10 (a)
and (b) only lead to deviations during that period. After the
period with noises, the online model can return to the state
without noises.

(2) Robustness against communication failure: As for com-
munication failure, a “freeze” strategy [32] is used, i.e., the
exchanged information remains unchanged until the new value
comes. We consider two types of failure: (i) Partial Failure:
the communication failure is considered in buses 1, 25, 47,
54, 67, 86, 117, 121 during 720min-960 min; (ii) Failure: the
communication failure is considered in all the buses across
the network during 720min-960 min. It can be observed from
Fig.11 that the degree of oscillations increases as the num-
ber of buses with failure increases. And the online model is
slightly affected in the Partial Failure case. For both Partial
Failure and Failure cases, they can recover to the state with-
out failure after the failure period.

(3) Robustness against update frequencies: We consider two
different update frequencies of the online model: (i) the on-
line model is updated every minute, ∆t = 1min; (2) the online
model is updated every 10 minutes, ∆t = 10min. As men-
tioned in Section IV-A, the time resolution of load data is 1
min. As shown in Fig. 12, the overall MAPE values of volt-
age magnitudes for the online model updated every minute are
lower than the online model updated every 10 minutes. Since
the online model is developed from the FOT expansion that
provides a local linear approximation, a better performance of
the online model can be expected with a faster update fre-
quency.
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Fig. 13. Phase a, b, and c voltage magnitudes across the buses at the peak
load time t = 1074 min
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Fig. 14. Voltage magnitudes for bus 65 at each time step: (a) Phase a;
(b) Phase b; (c) Phase c

D. Delta-Connected Load Analysis

To further investigate the effectiveness of the online lin-
earized model for delta-connected loads, the connection type
of loads at buses 65 and 76 is changed from wye-connected
type to delta-type connected type.

Taking the peak load time t = 1074 min as an example,
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.)

Load p of phase a
Load q of phase a
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Load q of phase b
Load p of phase c
Load q of phase c

PV p of phases a,b,c

Fig. 15. Aggregate phase load and PV generator profile

Fig.13 shows the phase a, b, and c voltage magnitudes across
buses at t = 1074 min. From Fig.13, we can find voltage mag-
nitudes across buses calculated by the online linearized model
are always closer to the benchmark values for phase a, b, and
c compared to the lossless and lossy models. The online lin-
earized model still has a better performance than other models
when it comes to unbalanced distribution networks with both
wye-connected and delta-connected loads.

Fig.14 shows the voltage magnitudes for bus 65, associated
with the delta-connected load, at each time step. As seen in
Fig.14, the online linearized model has a great ability to track
the benchmark values for bus 65 with the delta-connected load,
i.e., the solutions to the exact nonlinear distribution power
flow. However, unlike the online linearzied model, the lossless
and lossy models cannot track the benchmark values well. It
indicates that the online linearized model is also effective for
the delta-connected load. The lossless and lossy models are
both offline models, which cannot be adjusted with changes
in distribution networks. Instead, the transformation matrix
T∆,i(t), given in (13), in this proposed online linearized model
can easily reflect the time-varying voltage changes for delta-
connected loads through online feedback, which results in a
better performance for delta-connected loads.

E. Application

In this subsection, we apply the proposed model to VVC
problem as an example to illustrate its effectiveness. Photo-
voltaic (PV) generators are installed at buses 13, 29, 48, 50,
56, 60, 66, 79, 83, 95 in the IEEE 123 bus test feeder. With
respect to PV generators, it is assumed the real power of PV
generators is given and the reactive power is controllable (PV
generators can supply or consumer at most 100 kVar reactive
power for each phase). We consider a more realistic setting
in this simulation, where the time resolution of load and PV
generator data is 5 s. The aggregate load and PV generator
profile is shown in Fig. 15. Let pg and qg denote the real and
reactive power vectors of PV generators. Here, the VVC pro-
gram minimizes bus voltage deviations across the network by
controlling the reactive power of PV generators, which can be
formulated as follows:

min f(v) =
1

2
||v − 1||22 (18)
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Fig. 16. Phase a voltage magnitudes of buses 13, 50 and 95

subject to:

(16a)− (16b) (19a)

p = pY + K(t)pΦΦ′

∆ − pg (19b)

q = qY + K(t)qΦΦ′

∆ − qg (19c)

qming ≤ qg ≤ qmaxg (19d)

To facilitate the online implementation to solve this prob-
lem, we propose the following online strategy to update the
reactive power of PV generators at each second t, where only
one iteration is implemented at each second t:

[S1] Collect measurements (V̂ (t), ŝY (t), ŝΦΦ′

∆ (t));
[S2] Update parameters of the proposed online model using

(12) and (13).
[S3] Update the reactive power of PV generators:

qg(t+ 1) =
[
qg(t)− α

∂v

∂qg
(v̂(t)− 1)

]qmaxg

qming
(20)

where α is the step size, ∂v
∂qg

can be calculated by (19a)-
(19c), v̂(t) is the measurement of squared voltage magni-
tude, calculated by V̂ (t),

[
·
]qmaxg

qming
denotes the projection onto

[qming , qmaxg ].
[S4] Let t← t+ 1, and go to [S1].
The traditional LinDistFlow-Based OPF is also performed

for comparison. There are two main differences between
the online OPF and the LinDistFlow-Based OPF: (i) the
constraints (19a)-(19c) of the online power flow model
are replaced by the extended LinDistFlow model [18] in
LinDistFlow-Based OPF; (ii) the LinDistFlow-Based OPF
waits until iterations have converged to a solution. With re-
spect to the LinDistFlow-Based OPF, we assume it is solved
every minute by making use of the information obtained at
the beginning of every minute.

Taking phase a as an example, phase a voltage magnitudes
of buses 13, 50 and 95 across time steps are shown in Fig.16.
And comparison of the online and LinDistFlow-Based OPF
for objective function values across time steps is shown in
Fig.17. Note that objective function values are obtained by
applying the reactive power of PV generators in the actual
system where the power flow is solved by the exact nonlinear
distribution power flow model. From Fig.16 and Fig.17, we
know that phase a voltage magnitudes of buses 13, 50, 95
and objective function values for the online OPF are less than
the LinDistFlow-Based OPF, indicating the better performance

1 300 600 900 1200 1500 1800
Time (s)
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0.01
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f(v
)
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Fig. 17. Comparison of the online and LinDistFlow-Based OPF for objective
function values

of the online OPF. The online implementation can adjust the
reactive power of PV generators in real time, leading to a
faster response capability to changes in distribution networks.

V. CONCLUSION

This paper proposes an online feedback-based linearized
power flow model based on the FOT expansion of BFM,
for unbalanced distribution networks with both wye-connected
and delta-connected loads. By taking advantage of the online
feedback, the model parameters can be continuously updated
based on the measured voltages and load consumption at the
previous time step, to capture the time-varying characteristics
of unbalanced distribution networks, thus, leading to a com-
pelling performance and tracking ability. Exploiting the con-
nection structure of unbalanced radial distribution networks, a
unified matrix-vector compact form of the proposed linearized
power flow mode is also provided for the convenience of on-
line implementation. From the case studies, we have shown
that: (i) The proposed online linearized model can track the
exact unbalanced distribution power flow very well. (ii) The
proposed online linearized model performs better than the loss-
less and lossy LinDistFlow models due to its better ability to
approximate the nonlinear characteristics. (iii) The proposed
online linearized model is applicable to both wye-connected
and delta-connected loads.

In this work, the model requires the voltage and load mea-
surements at all nodes in the distribution network, which is
difficult to be met in reality. From a practical point of view,
some of voltage and load measurements could be replaced
by the estimated values with the rapid development of distri-
bution system state estimation (DSSE). In the future, we will
explore the combination of DSSE and the proposed online lin-
earized model to reduce the impact of low observability and
measurement errors.

APPENDIX A

Transition between s∆,i and sΦΦ′

∆,i for open delta-connected
loads:

For an open delta-connected load only including the phase-
to-phase ab connection, we have:

sab∆,i = (V ai − V bi )(Iab∆,i)
∗ (21a)

sa∆,i = V ai (Iab∆,i)
∗ (21b)

sb∆,i = V bi (−Iab∆,i)
∗ (21c)
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From (21), the open delta-connected load only including the
phase-to-phase ab connection can be represented by:[

sa∆,i
sb∆,i

]
=

 V ai
V ai −V bi
− V bi
V ai −V bi

 [sab∆,i

]
(22)

The open delta-connected load only including the phase-to-
phase bc or ca connection can be treated in the same way like
the phase-to phase ab connection.

For an open delta-connected load including the phase-to-
phase ab and bc connections, we have:

sab∆,i = (V ai − V bi )(Iab∆,i)
∗ (23a)

sbc∆,i = (V bi − V ci )(Ibc∆,i)
∗ (23b)

sa∆,i = V ai (Iab∆,i)
∗ (23c)

sb∆,i = V bi (Ibc∆,i − Iab∆,i)
∗ (23d)

sc∆,i = V ci (−Ibc∆,i)
∗ (23e)

From (23), the open delta-connected load only including the
phase-to-phase ab and bc connections can be represented by:sa∆,isb∆,i

sc∆,i

 =


V ai

V ai −V bi
0

− V bi
V ai −V bi

V bi
V bi −V ci

0 − V ci
V bi −V ci

[sab∆,i

sbc∆,i

]
(24)

The open delta-connected load only including the phases-to-
phase bc and ca connections or the phase-to-phase ca and ab
connections can be treated in the same way like phase-to-phase
ab and bc connections.

APPENDIX B

Incidence Matrix Construction for Unbalanced Radial Distri-
bution Networks:

To illustrate the structure of Ā, Fig.18 shows a simple un-
balanced radial distribution network. This simple unbalanced
radial distribution network consists of buses 0, 1, 2 and line
segments `1 = (0, 1), `2 = (1, 2), where buses 0 and 1, `1
include phase a, b, c, bus 2 and `2 include phase a, b.

Bus 0 1 2
1 2a

b
c

a
b

Fig. 18. A simple unbalanced radial distribution network

For this structure, we can have:

J(0, `1) =

1 0 0
0 1 0
0 0 1

 (25a)

J(0, `2) =

0 0
0 0
0 0

 (25b)

J(1, `1) =

−1 0 0
0 −1 0
0 0 −1

 (25c)

J(1, `2) =

1 0
0 1
0 0

 (25d)

J(2, `1) =

[
0 0 0
0 0 0

]
(25e)

J(2, `2) =

[
−1 0
0 −1

]
(25f)

The incidence matrix Ā can be written as:

Ā =

J(0, `1) J(0, `2)
J(1, `1) J(1, `2)
J(2, `1) J(2, `2)

 =



1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
−1 0 0 1 0
0 −1 0 0 1
0 0 −1 0 0
0 0 0 −1 0
0 0 0 0 −1


(26)

with

A =

[
J(1, `1) J(1, `2)
J(2, `1) J(2, `2)

]
=


−1 0 0 1 0
0 −1 0 0 1
0 0 −1 0 0
0 0 0 −1 0
0 0 0 0 −1

 (27)

APPENDIX C

Proof of Proposition 1
Let Aa, Ab, Ac be the matrices representing the connec-

tion structures between each of the buses in N and each of
the line segments in L in phase a, b, and c radial networks,
respectively. For each single-phase radial network, it is a fully
connected graph, thus Aa, Ab and Ac are all invertible [30]-
[31].

Let Â = blkdiag(Aa,Ab,Ac) be the block diagonal matrix
by aligning the matrices Aa,Ab,Ac along its diagonal. We
can know Â is invertible, since the following equation holds:

Â ·

A−1
a

A−1
b

A−1
c

 = I (28)

where I is the identity matrix. A can be obtained by Â
through elementary row and column operations. More specif-
ically, to obtain A, we rearrange the rows (columns) of Â
sorted by bus (line segment) first and then by phase through
elementary row (column) operations. Since Â is invertible, A
is also invertible.

We take Fig.18 as an example, the phase a, b, c radial net-
works of Fig.18 are shown in Fig.19.

In this case, Aa,Ab,Ac can be represented as follows:

Aa =

[
−1 1
0 −1

]
(29a)

Ab =

[
−1 1
0 −1

]
(29b)

Ac =
[
−1
]

(29c)
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Bus 0 1 21 2b b

Bus 0 1 21 2a a

Bus 0 11c c

Fig. 19. Phase a, b, c radial networks

Thus, Â can be represented as:

Â = blkdiag(Aa,Ab,Ac)

=

`a1 `a2 `b1 `b2 `c1


1a −1 1 0 0 0
2a 0 −1 0 0 0
1b 0 0 −1 1 0
2b 0 0 0 −1 0
1c 0 0 0 0 −1

(30)

We first perform elementary row operations for Â to rear-
range the rows sorted with the ordering 1a, 1b, 1c, 2a, 2b, we
have:

Â1 =

`a1 `a2 `b1 `b2 `c1


1a −1 1 0 0 0
1b 0 0 −1 1 0
1c 0 0 0 0 −1
2a 0 −1 0 0 0
2b 0 0 0 −1 0

(31)

By performing elementary column operations for Â1, we re-
arrange the columns sorted with the ordering `a1 , `

b
1, `

c
1, `

a
2 , `

b
2:

Â2 =

`a1 `b1 `c1 `a2 `c2


1a −1 0 0 1 0
1b 0 −1 0 0 1
1c 0 0 −1 0 0
2a 0 0 0 −1 0
2b 0 0 0 0 −1

(32)

It can be observed that Â2 is the same as A given in (27). It
shows that A can be obtained by Â through elementary row
and column operations.
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