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Abstract

We consider a vanishing viscosity sequence of weak solutions for the three-
dimensional Navier—Stokes equations of incompressible fluids in a bounded do-
main. In a seminal paper (Kato in Seminar on nonlinear partial differential equa-
tions, Springer, New York, 1983), Kato showed that for sufficiently regular so-
lutions, the vanishing viscosity limit is equivalent to having vanishing viscous
dissipation in a boundary layer of width proportional to the viscosity. We prove
that Kato’s criterion holds for the Holder continuous solutions with the regularity
index arbitrarily close to Onsager’s critical exponent through a new boundary layer
foliation and a global mollification technique.

1. Introduction

The motion of an incompressible viscous fluid with constant density is governed
by the following Navier—Stokes equations:

ou’ +diviu’ @ u') + VP’ =vAu",
divu” =0, (L.1)
u”(x,0) = uy(x).
Here the constant v > 0 denotes the viscosity of the fluid, the unknown functions
u’ and P" are the velocity field and pressure, respectively. Here the superscript v is

used on all the unknowns to emphasize the dependence on the viscosity. The Navier—
Stokes equations at zero viscosity v = 0 formally become the Euler equations

oru +diviu @ u) + VP =0,
divu = 0, (1.2)
u(x, 0) = up(x),
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where u and P are the velocity and pressure of the inviscid fluid, respectively.

An important problem in the study of incompressible hydrodynamics is the
vanishing viscosity limit from the Navier—Stokes equations (1.1) to the Euler equa-
tions (1.2), which is naturally associated with the physical phenomena of turbu-
lence and of boundary layers. On domains without boundary, such a problem is
well-understood: given a strong Euler solution u € C!, the Leray—Hopf solutions
u’ of (1.1) converge strongly in the energy space L?OL?C tou as v — 0; see, for
exmple, [3].

In the presence of boundary, on the other hand, systems (1.1) and (1.2) consid-
ered in a bounded domain €2 are supplemented with the no-slip boundary condition
u|pe = 0 and slip boundary condition (u - n)|3q = 0, respectively, with n the unit
outward normal of the boundary d€2. The mismatch of the boundary conditions
leads to the phenomenon of boundary layer separation. Establishing the vanishing
viscosity limit in the energy space LfoL,% in this case is much less understood.
A well-known result of Kato [26] states that, for a strong Euler solution uf, the
vanishing viscosity limit

u’ — uf in L0, T; L*(Q))

holds if and only if

T
Vfo ||Vu”||%2(rw)dt —~0 as v— 0, (1.3)

where I, is a very thin boundary layer of width proportional to v.

Kato’s theory is by nature conditional. Many of the known results on strong
inviscid limits are also conditioned on special properties of the solutions [1,3,11,
12,27,28,39,40]. Some unconditional strong convergence results do exist, but with
additional assumptions on the data like real analyticity [7], vanishing of the initial
vorticity near the boundary [34], or special symmetry of the flow [29,32,33,36].
These results are for short time and for laminar flows close to a smooth Euler
solution when there is no boundary layer separation or other characteristic turbulent
behavior.

The vanishing viscosity for turbulent flows faces serious challenges and remains
widely open. Little is known about the inviscid limit even when a strong Euler
solution exists for a short time. Therefore it is natural to consider the weak Euler
solutions for the vanishing viscosity limit. One type of such weak Euler solutions
is the measure valued solutions [17]. In some recent works [14,19] the authors
describe sufficient conditions in terms of interior structure functions under which
the weak (Ltzy .) solutions u® of the Euler equations can be obtained as weak Ltzy .
limits of u#". In [13], the authors further extend the result of [14] to allow certain
interior vorticity concentration.

The classical result of Kato [26] indicates that the anomalous energy dissipation
leads to the failure of the inviscid limit to a strong (C') Euler solution; while the
issue that weak Euler solutions may arise from the inviscid limit is closely related
to Onsager’s conjecture (see, for example [5,19] and the references therein). It has
been made a precise statement that the critical Onsager’s Holder regularity exponent
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Table 1. Comparison of results

NS solution u" Euler solution u % boundary layer
Kato [26] Leray—Hopf ) o)
Drivas—Nguyen [18] Cllo/ 3—’_(Q) with boundary regularity Cllo/ 3—’_(Q) 0(1)3/ 4+)
Our result C 110/23+ (£2) with boundary regularity C 110/23+ (2) O(v)

is 1/3, below which the Euler equations become non-conservative [4,15,16,24,25],
while above 1/3 the energy conservation can be justified [9, 10,20,22]. In the works
of [2,18] the authors derive sufficient conditions for C* solutions under which the
global viscous dissipation vanishes in the inviscid limit for Leray—Hopf solutions
u, with an emphasis on the behavior or solutions near the boundary. In particular
in [18] a Kato-type criterion on the vanishing of the energy dissipation rate in a thin
boundary layer of thickness O (V) is proposed, among other regularity conditions,
where 8 = % + ¢ near the critical Onsager threshold o = % + &. Note that the
boundary layer in the result of [18] is thicker than that of Kato [26].

The main goal of this paper is to bridge the gap between the original result of
Kato [26] for strong C I Euler solutions and the result of [18] for weak C* Euler
solutions. Specifically, we will show that under certain v-dependent assumptions on
the family of solutions of (1.1), a Kato-type result with boundary layer of thickness
O (v) holds for weak Euler solutions up to Onsager-critical spatial regularity o =
%—i—; see Table 1, below.

Let us recall the classical existence results of Leray [31] and Hopf [23]. For
a divergence-free function ug € L?, problem (1.1) has a weak solution u €
C(0,7; L*)NL*(0, T; H'(RQ)) in a bounded smooth domain € for any T < oo.
Additionally, u is divergence-free and the following energy inequality holds:

1 t 1
-/ |u“|2dx+u/ /|Vu”|2dxds§-/ luf|?dx, a.e. t€(0,T). (1.4)
2 Ja o Jo 2 Ja

Such a weak solution is called Leray—Hopf weak solution.
Next we introduce some notation. For some (small) 2 > 0, we define

Q"= {x e Q, dist(x, 9Q) > h} and T :=Q\Q". (1.5)

Also, we introduce the Besov space Bg’oo(Q) which consists of measurable func-
tions with the norm

IfFC+y)— fOllLr@n@-
||f||3“;’°c(gz) = | fllLr(e) + sup " (@NE@-{y))
! )’ER3 |)’|
pz1 ae(1). (1.6)

’

We further denote H(€2) to be the completion in L%(Q) of the space {v €
C (K2 R3) : divv = 0}, and recall the following definition of the weak Euler
solutions (see, for example [18]):
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Definition 1.1. Let @ C R? be a bounded domain with C? boundary. We say the
pair (u#, P) is a weak Euler solution to (1.2) on 2 x (0, T) ifu € Cy (0, T; H(R2)),
P e Llloc(Q x (0, T)) and for all test vector fields ¢ € Cgo (2 x (0, T)) it holds
that

T
/ /(uoB,(p—i—u@u:V(p+PV'(p)dxdt=O.
0 Q

Our main result is stated in the following theorem:

Theorem 1.2. Let 2 C R? be a bounded domain with C* boundary. Let {u"},~q be
a sequence of Leray—Hopf weak solutions to (1.1) with initial data uy and suppose
that uy — ug in L%(Q) as v — 0. Assume in addition that

u” is uniformly in v bounded in L> (0, T; BY ("))

1 (1.7
for some a € 3 1),
u’ is uniformly in v bounded in L (O, T; L*® (F4v)), (1.8)
P" is uniformly in v bounded in L? (O, T; L*® (F4v)). .
Then, if
T
lim v/ / [Vu'|?dxds = 0, (1.9)
v—0 0 T4y
we have that the global viscous dissipation vanishes, i.e.,
T
limv/ / |Vu > dxdt = 0, (1.10)
v—0 0 Q

and moreover, u’ converges locally in L3(0, T; L3(R2)), up to some subsequence,
to a weak solution of the Euler equations (1.2).

Remark 1.1. Condition (1.9) recovers Kato’s criterion (1.3), but now in the frame-
work of weak solutions with C* regularity, where « can be taken arbitrarily close
to Onsager’s critical exponent, cf. (1.7).

Remark 1.2. As pointed out in [18], violation of conditions (1.7) — (1.9) is responsi-
ble for global dissipation to persist in the vanishing viscosity limit. More precisely,
violation of (1.7) corresponds to a failure of uniform interior regularity, which is
required for anomalous dissipation in domains without boundaries; see, for ex-
ample [10]. On the other hand, conditions (1.8)—(1.9) provide new mechanisms
for anomalous dissipation in wall-bounded flows. In fact several numerical inves-
tigations [37,38] have been carefully performed, where formation and shedding
of vortex sheet of width v at the boundary is confirmed, suggesting the possible
failure of the Kato-type near-wall dissipation criterion (1.9). On the other hand, in
[6] Cadot et al. conduct experiments for flows in Taylor-Couette cells with smooth
walls, and found that for sufficiently large Reynolds number, the energy dissipation
in the boundary layer decreases with Reynolds number which satisfies (1.9), while
the energy dissipation in the bulk becomes dominant and stabilizes to a constant.
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Remark 1.3. Also pointed out in [18], the sufficient conditions (1.7)—(1.9) may still
seem stronger than necessary, especially when a smooth background Euler solution
exists. Instead, in this case the uniform equicontinuity at the boundary alone is
enough to conclude the convergence [18, Theorem 4]. A result like that could give
a more precise description of what sort of objects can cause anomalous dissipation
at the boundary. It would be interesting to know if under the weak regularity setting
the vanishing of the near-wall dissipation (1.9) can be replaced by such a type of
condition, although this is not what we pursue here in this paper.

The basic idea in [18] is separation and regularization: applying a cut-off func-
tion to separate the boundary from the interior domain, and mollifying the interior
velocity field. This introduces two length scales: the thickness & of the boundary
layer and the mollification scale . With this localization, the resolved dissipation
is bounded by

t
2(a—1) V2 .
ve /() ”u ”Bg’oo(Qh)’

see [18, Section 2.1]. Recalling the natural constraint that & < h, imposing appro-
priate interior regularity assumption on the solution, and setting 4 ~ v#, the above
estimate translates to v!+2#@=D In order for this to vanish at the inviscid limit
v — 0 one has to require that

1+2B8—1)>0, (1.11)

which, at Onsager’s critical regularity o = %—i—, returns to 8 = %—l—.

The obvious obstacle in the above approach to get to the O (v) boundary layer
thickness lies in the strong constraint between the two scales ¢ and /4. In other
words, if one can find a way to “free up” the choice for ¢ so as to improve the
mollification, then it is reasonable to hope to obtain a thinner boundary layer.

Motivated by a recent work of the authors [8], where a global mollification
was introduced, we design a new localization technique with additional treatment
near the boundary. In particular, we will start with a boundary layer of the type
as in [18] and perform a further foliation within that boundary layer, mollify the
solution with different scales in each leaf of the foliation, and then glue everything
together by a partition of unity. Such a new type of mollification generates additional
cancellation effects in estimating the resolved dissipation, allowing one to reach
the O(v) boundary layer. Moreover, using the same idea, we also show that as
the solution becomes more regular (corresponding to increasing «), the regularity
requirement (1.8) near the boundary can be relaxed, and the the boundary layer in
(1.9) is allowed to be thinner, cf. Theorem 5.1.

The rest of the paper is organized as follows. In Section 2 we briefly recall some
needed analytical results, and introduce the boundary layer foliation. In Section 3
we define the mollification and use that to regularize the system. By testing the
resolved system with suitable test functions we prove the balance of the resolved
energy, from which we proceed in Section 4 to give the proof of Theorem 1.2.
Finally in Section 5 we extend the result of Theorem 1.2 to the case when solutions
are more regular.



R. M. CHEN, Z. LIANG, AND D. WANG

2. Preliminaries

In this section, we recall some commutator and pressure estimates, and intro-
duce the boundary layer foliation.

2.1. Commutator Estimates

Recall the standard mollification for the function f
Jen) = / fx=yme(ydy, ¥V xeQ, 2.1
B.(0)
with 7, being the standard mollifier of width . A straightforward calculation gives
VR =~ [ nmv(e =) - fedy
B, (0)
1
— [ o —en - fnay.
€ JBi(0)

and hence, for f € BY* with r € [1, oo],
A I 1l g (g)- (2.2)
Similarly,

I fe = fllzr@ey S Ce®|l fll gooe - (2.3)

Lemma2.1. Let f € B(Q), g € BL(Q), and let 1 < r,r1, 12 < 00,

L1 % Then there exists some C > 0 such that the following holds:

r r
IF®8): — Fe @ Tllir@) < Ce I flprg Iglprogy.  (24)

Proof. Inequality (2.4) is nothing but the commutator estimate in [10]. Here we
give an outline of the proof.
Let§f(x,y) := f(x —y) — f(x). By (2.1) we compute for every x € Q°,

(f®8e— f:®2e

= f 8f(x,y) ®8g(x, y)ne(y)dy
Be(x)
- < / 8f (x, y)ng(y)dy) ® ( / 8g(x, y)ng(y)dy> (2.5)
B(x) B(x)

1 1
< ( f 181 (x., y)l”ne(y)dy> 1 ( / 18g(x, y)l’zng(y)dy) ’
Bs(x) Bs(x)

+[fe = |13 — gl
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Integrating (2.5) over Q° gives

r

dx

| [Feo.-Tow
QE

gc(/ ne() f |5f(x,y)|”dxdy)” (f ne(y) / |6g(x,y>|”dxdy>’2
]R3 Qe R3 Qe

+C | fe = £l lze — gl
This together with (1.6) and (2.3), conclude the desired (2.4). o

2.2. Pressure Estimates

The pressure PV appeared in (1.1) can be deduced from the velocity u” via the
Poisson equation

—APY =divdiv(u’ @ u").
From [21, Lemma 2], we have the following lemmas:

Lemma 2.2. Let p € (1, 00). Assume that u’ € L*P(2) and P’ |yq € LP(3R).
Then the pressure P¥ € LP (). In addition, the following estimate holds,

1PV ler < € (1P hallzros + 16 12 ) - 2.6)

Lemma 2.3. (Hardy-type embedding [30]) Let p € [1,00) and f € WO1 P (Q).
Then

where C depends on p and 2.

f )

S < CIV fllLrio.
dist(x, 9) = ClIV e

LP(S)

2.3. Boundary Layer Foliation

Fora € (%, %), we define the sequence

B =0 and ,3*=; l—i—lﬂ* n=1273 2.7)
0 n 2(1—a) 3 n—1 1) 3 Ly Dy e .
Clearly, {8} is bounded and strictly increasing, and
B '—lim,B*——>lif1<oz<§
T nsoot™ 5 — 6a 3 6

Hence there exists some finite number

1 1
N(a), ae(— —:|,

1 e15
b a2169

N = 2.8)
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21bn

Fig. 1. Decomposition of 2

such that
0=85<Bi <B5<---<By_1 =1<By. 2.9)

Inlight of (2.7)—(2.9), we define, forany o € ( % , 1), anincreasing sequence {8, },’l\'=1
such that

O0=pBo<Bi<Pr<--<Pn_1<PBy:=1 and (2.10)

1 1
Bn < m (1 + §ﬂn—1) ) (2.11)

where N is given in (2.8).

The purpose of introducing the sequence {f,} is to design the following decom-
position of the boundary layer. Note that, when n = 1, (2.11) reads 1 < ﬁ,
which agrees with (1.11). Next we decompose the inner region of €2 as

Vi= Q2" v, = @ @ hen 2 <n SN (2.12)

see Fig. 1.
It is easy to check that, for v small enough,

CyPmaxtcm) §f |k —m| = 1,

meas (V,,)) < CvP=1, meas (VN V,) <
(V) = i m){Oif k= m| > 1;

(2.13)

see Fig. 2.
With the above decomposition, we have
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n>2 [Vio N V| ~ e
T P2 + i1 < P = ViNVy = ([),
2uBn—1 Va *
* o 21/‘3” Vn+1 e
2100 o0 n] 2p/ Vita
v 20/t
[29) [29) 00

Fig. 2. Foliation of 92

Proposition 2.1. Let {&, }2]:1 be a C' partition of unity subordinate to { V,, }fle such
that

N
Sptén C Vi, 0SESL ) & =1 (2.14)

n=1

Then, it follows that, for 0 < n < N,

Vi +E41)2=0 if xeV,NVyyr, and V& =0 if x € Vy\ Uiz Vi,

(2.15)
where we define
N c
Vgl = (U Vn) and V= @. (2.16)
n=1
Proof. From (2.14) and (2.13) we know that
En + &Env1) |v,mvn+1 =L Gl =
Therefore (2.15) follows trivially by differentiating the above. O

3. Regularization and Resolved Energy Balance

In this section, we define the mollification and regularize the system, and then
derive the balance of the resolved energy.
Forn=1,..., N, define

f Do (0 — ) FuDdy,  x € VN VE,,

Jalx, 1) = 3.1)

/nvﬂnﬂ (x—y)f(y,t)dy, x €V, NVyqr.
From (2.13) we know that

o= Fag1 on Vy0 Vg (3.2)
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From (2.2)—(2.3), it holds that, for p € [1, 00),

Cvﬂ"(a71)||f||3g’°°(gvy xeV,N nc+1,

IV fullry,) < (3.3)

CvﬁnJrl(a_l)”f”B;(,oo(QU), x €V, NV,

and

CvPr fllgaony, X € Va N Vipy,

o — FlliLrevy < (3.4)

CVPrt|| fll pooeiuys X € VN Vi
With (3.1), we deduce from (1.1) that
dul +divi’ @ u¥), + VPV =vAul, YxeV, (n=1,...,N).

Multiplying it by &, and summing up imply that

N N N N
0 <Z snﬁ) + ) Ediva @u)y + Y EVPY =v Y & Au, Y xe Q¥
n=1 n=1 n=1 n=1

3.5)

To deal with the boundary contribution, we introduce a smooth cut-off function
6(x) in 2 such that,

0<60x)<1, o(x)=1if xeQ*, 6(x)=0 if x ¢ Q*”, and
Vo < 4vl. (3.6)

Next we wish to test (3.5) by 6(x) (Zfl\lzl &ﬁ) to derive the resolved energy
balance. However, this test function fails to be solenoidal, and hence cannot be used
as a legitimate test field for Leray-Hopf solutions. Therefore, to make our argument
work we must appeal to the following theorem:

Theorem 3.1. (Theorem 1, [35]) Assume that 2 is an open, bounded domain with
C? boundary 9%, and u is a Leray—Hopf solution of (1.1). Then there exists a
pressure field P € L" (0, T; W5 (Q)) with

-+ - =4, —<s<§, 3.7
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such that for all ¢ € C°((0, T) x Q),

T
/ /(u~8,g0+u®u:V(p+PdiV(p+vu~Ag0)dxdt=0.
0 Q

This way we can multiply (3.5) by 6(x) (Z,/,\;] En@) and integrate over € x
[0, T'], leading to

2

2
| N
5/99 (n; Snun) (x, T)dx—f/‘ (Z gnun) (x,0) dx
- (3.8)

T N N L N L
:/ f 0 (Z snu,“,) (Z EqvAuy, — Zéndiv(u” ®un— Y g,,vp,,”) duxdr.
0 Je n=1 n=1 n=1 n=1

The main result of this section is the following:

Proposition 3.1. (Resolved energy balance) Under the same hypotheses as in The-
orem 1.2, it holds that

v“i%/ e (Z snuv)

(Zs,,mu —Zgndw(u Qu’), — anww> dxdr = 0. (3.9)

n=1 n=1 n=1
Proposition 3.1 is a direct consequence of Lemmas 3.1-3.3 below.

Lemma 3.1. (Resolved dissipation) Under the same hypotheses as in Theorem 1.2,
we have

T N N
m%/ / ) (Z &ﬂ) (Z s,,m@) dxdr = 0. (3.10)
e 0 Q2 n=1 n=1

Proof. Owing to (2.13) and (2.14), we find that

Ebm =0 if |k—m| =2 3.11)
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Integration by parts then gives

T N N
v/o /99 <;§nu;> (Zg,,m;) dxdr

n=1

N T
v Z /0 /Qeéksmu,‘:Aﬁdxdt
Z / /QxfksmVuZVu” dxdt (3.12)

m|=1

Z / /vegkgmu,ng dxdr

m|=1

Z / /evgksm)u,ng dxdr.

m|=1

The terms on the right side of (3.12) are treated as follows: first, it follows from
(1.7), (2.13), (2.14), (3.3) that, if |k — m| =0,

T
T
0 VilNViyr Vinve

k+1

T [ —
GéfVquuz dxdt
Q

) 02V Vuy dxdr

T
2 v 2 2 V2
<cv /0 (0215 v IV vy + DR v, IV s e, )

T T
1 — 1g. —
<o (3 [ IV gy 405 [, )

T
<Cv (D%ﬁk+1+2ﬂk+1(a—l) + U-%'Bk—l"'zﬁk(a—l)) / dar
0

V2
IIM ”Bg'(x(ﬂ")
< Cyl B 2B (3.13)

If |k —m| =1,

T
‘—v/ f 0&k&n Vu, V), dxds
0o Ja

T
< Cv/O IV 3 v IV i 23 v, 18Em | 23 v,y 4

L T
gcv1+ﬂmax{k.m)<3+2(a 1))/ llu”||%
0

3.14)
B (qv) dr
é Cv1+ﬁmax(k,m) (2‘1_ %) .

Thanks to (1.7) and (2.10), we know that

! 5
1+ gﬂk—l +2Bk(@—1) >0, and 1+ Bmaxik,m) (Za - §) > 1

—Bmax{k,m) = 0.
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Hence, from (3.13)—(3.14) we conclude that

hm Z //OSkEmVquu” dxdr

m|=1
< lim +
Stm| D, + )
lk—m|=0  |k—m|=1

g C lim Z <v1+éﬁk1+2ﬂk(al) + vl‘Hgmax(k,m}(zag)) —0.
k—m] <1

(3.15)

T
v/ / GékémVquﬁ dxdr
0 Q

Second, observe from (3.6) that 0 = 0 if x ¢ Q2" N Ty4y. Then, utilizing (3.4),
(1.7), (3.6), and the Hardy-type inequality, it follows that, for small v,

Z //vegksm YVuy, dxdt—v// VOELuR, Vi, dxdt
Q2v

|<1 mr4v

1
T 2 T
= “/ / Vi Izdxdt) (v/ IVOIZ 6 ovpopy Iy — 1”125
_< o Jowar, N 0 LO@Q2NI,) 1N L3(Vy)

1
2
VO, )

T . 3 T , 3
<(v [ [wimpasa) (v [ g 190 )
0 Ja 0 3 v
S T L 3
§C(v1+(2“_3)+v/ / |Vu‘;v|2dt> . (3.16)
0 T4y

Thanks to (1.7) and (1.9), we take v — 0 in (3.16) to get

lim Z //vegksm YVup, dxde| = 0. (3.17)

lk—m|<1
Finally, thanks to Proposition 2.1 and (3.2), we infer that

> //QV(gkgm)u,gwmdxdt

lk—m|<1

T .
= va / +/ OV (EDHU] Vi dxdr
=1 YO ViNVi—1 ViNVit1
N

-1

T L
+ v/ f OV (Exéirt) (u” Vil + ulVul ) dxds
= 0 VeVis k+1 k k k+1

T o
v OV (E2)ul Val dx + / OV (E2yT vay < dx | dr
/0 (fvmvkl Kk Tk ViVesr Pkt T k]

M=

k=1
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+Z // OV et r)up Vuy, dxds
ViNVit1

_Z // ev Ek+§k+l+2§k$k+1>uk+]Vuk+1dxdt—O (3.18)
VinVit1

where the second equality is due to (3.2), and the third equality comes from rela-
beling and (2.15).
As aresult of (3.12), (3.15), (3.17) and (3.18), we have (3.10). O

Lemma 3.2. (Bulk energy flux) Under the same hypotheses as in Theorem 1.2, we
have

T N N
m%/ / 0 (Zgu_v) <Z.§ndiv(u” ®u”)n) dxdt =0.  (3.19)
v=rJ0 2 n=1 n=1

Proof. By (3.11), integration by parts leads to

T N N
/ / 0 (Zs,@) (Zgndiv(uv ®Mv)n> dxdr

Z / /%kém Pdiv(u” ® u”), dxdt

lk—m|<1
(3.20)
Z / / u” ®u” (u”®u")m) V(@ékémuk)dxdt
lk—m|<1
Z /fu"@u” V(@ékémuk)dxdt
lk—m|<1

We claim that

lim Z // w @ uf, — @ Uy ) : VOS] dvdr = 0. (321)

m|=1

In fact, we notice from (1.7), (1.8), (3.6), (1.4), (3.4), and the Hardy-type inequality
that

/ f u”®u“ W’ ®MV)m) (VO)ExE,ul dxdr

k—m|<1
1 1
4 2 T - 2
dxdt) <f / VOl — u” +u")|? dxdt)
0 T4y NQ2Y

T
0 NV
T 3
v
C(v/o ™z eor,,) dt)

uv

A

A
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1

T T 2
% (/ v uly — u” 13, dt+/ / |V9u”|2dxdt)
0 0 |
LT S T 3
Cv2 (/ v<2a—§>||u”||§a,m(m) dt+/ f |Vu”|2dxdt>
0 3 0 |

T 2
<c (u‘+<2“§> + v/ / |Vu”|2dxdt) ) (3.22)
0 T4y

This, together with (1.7) and (1.9), implies that

A

im, 3 / [ (@i~ @) (Voa& T drdr =0. (3.2

v—>0
m|<1

Next, from (2.14), (1.7), (3.3), and Lemma 2.1 we have
T — — —_— —
Z/ / (”Z Qup — W u”)k) : 9.‘;‘,(2Vuz dxdr
— Jo Ja
T — — —_— —
< v v v
scy | e =TT IV &
+c2/ ] @ ]~ G S 5, IV s, O

< CZ/ (VZﬂk+ld+/3k+l(06—l) + UZﬂka+,Bk(a—l)) ”uv”%am(m) dt
0 3

< ¢ Y ppGeD),
k

Similarly,

//u"@u" (MV®MV)m):egkgmv@dxdt

lk—m|=1

g C Z vﬂmax(m,k}(?’a_l).
[k—m|=1

The above two inequalities and (1.7) guarantee that

v—0
lk—m|Z1

lim | )" f f uv®uv W ®u”)m) Ot Vil dxde| = 0. (3.24)

By Proposition 2.1, the same deduction as (3.18) yields that

3 f / uv®uv W ®MV)m) OV (Ex&,)ul dxdr

lk—m|=1
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N—1 T
= Z / / <”It+1 Qupy — U ® ”v)k+1> 1OV
k=1 0 ViNVit1

X (513 + &+ 2$k$k+1) dxdr = 0. (3.25)

As a result of (3.23)—(3.25), we conclude (3.21).

It remains to control the last integral appeared in (3.20). By the fact divu! = 0,
we deduce that, if |k — m| =0,

N .1
/ /u ® up, : V(O0&Enuy) dxdt = Z/ /|u,g|2u,g.weg,3)dxdr
lk—m|=0 k=1 0 J@
IZ/T/ g0y 1% L
= - lug|“Efuy - VO dxdt + — f / Olug|“uy - V(&) dxdr
2=Jo Jv 2=Jo Jv
1 al T V2270
= - lu) |“&;u; - VO dxdt
33 [ ] s
+= / / Olul|?u) - V(£7) dxdt
Z LR
+ - Z/ / Oluy, 1Puy,, - V(ED) dxdr
VieNVit
1 2277
= 72 L |u} |*€2uy - VO dxdt
/ / OluglPuy - V(& + &, dxdr
k ViOViy1

1 I S
2[ (/ 9|uy|2u7.V(gf)dx+/ 9|u"N|2u"N~V(§-‘]%,)dx> dr
VoNnVy

VNOVN 41
1 N
E E / " |uk| Sk”k V6 dxdt

N—
// Ol Pl - V (ks ddr, (3.26)
ViNVit1

where the third equality is due to (3.2) and (2.15); and if |k —m| =1,

/ /u“ ®u” V(Qékémuk)dxdt

[k—m|=1

= Z/ / Uy @ upl g V(Q0&&uy, ) dxds
ViNVit1
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N-T .7
> / f lup ) Pup ) -V (OfkErsr) dxdt
k= VilNVig1

1
N—

._.

T
L (P ven)
=1 k k41

Ol Py - V6t ) drde
N—1

T —_— —_— —_— —_—
-3 / [ (P Ve + 0P - Y @t v,
k=1 ViNViet1
(3.27)

=~

Combining the above calculations together and applying Lemma 2.3, we have
that

Z / /u”@u” V(Gék‘g‘muk)dxdt

m|<1
1 T R
= = lul|°&fu; - VO dxdr
2 X_:‘/(; /“/k k' Sk%k
+ Z / | P Vs arar
ViNViti

/ / P lul - V6| dxde
I, NV
1/2

172
C(v/ 11" | Lo T dt> (f / Vi dxdt) . (3.28)
0 T4y

From (1.8) and (1.9) we conclude that

A

A

lim Z / /u”@u“ V(0&&uu}) dxdr = 0. (3.29)

m|=1

Taking (3.20)—(3.21), and (3.29) into account, we complete the proof of Lemma 3.2.
O

Lemma 3.3. Under the same hypotheses as in Theorem 1.2, we have

T N N
lim / / 0 (Z s,,ﬁ) (Z snvp_,,v) dxdr = 0. (3.30)
V=R J0 Q2 n=1 n=1

Proof. The proof is a slight modification of that in Lemma 3.2, and hence we omit
it here. o
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4. Proof of Theorem 1.2

In this section we prove Theorem 1.2.

4.1. Vanishing of Global Dissipation

We aim to prove the validity of (1.10). The combination of (1.4) with (3.8)
generates

T
O§2v/ / [Vu'|?
0 Q
N 2 N 2
< /Q|u5|2—/9«9<’;sn(ug>n> 4 /Qe 257 —/Q|u”|2
T N N N N
+2/ / 0 (Z&”X) (Zi—'nvAux— Zéndiv(u" Quv), — ZénVP,f>
0 Q2 n=1 n=1 n=1 n=1

=1+ 1+l .1

First, from Proposition 3.1 it follows that

lim 711 = 0. 4.2)
v—0
Next, basic properties of mollifier n,s ensure that

21712 V2 2
/eénum dxéf I é/ P,
Q Vi Q

Then,

11

- -2
> /esksmuzu,vn +/9§%u¥ —/ P
Q Q Q

2<k+m

> fQ OEkEmuy up, (4.3)

2<k+m

1 1
— 2 2
C</ |uz|2> (/ |u,51|2) §C/ |u’|dx,
ViV ViV szﬂl

and hence the uniform bound of #” in L*°(0, T; L2) implies that

A

A

lim 11 < C li "12dx = 0.
vir}) - v]—rR) T, u”Pdx 4.4)
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Finally, since

‘/ |uo|2—/9sf|(u5)1|2 /|uo|2—/ 5 ET1@l
Q Q Q Qv

gf , |M0|2+f , (1—s%>|<u5>1|2+‘f o, (10 = 1Gd)11?)
e @ @

= 2lluollL2r, 4y + CliuollL2 (@ lluo — (uph 2

< 2uoll 2, 4y + € (Iluo = o)1l o gt ) + lluo = u8||L2(Qvﬂl))

— 0 asv—0,

then the strong convergence of ug to ug in L? guarantees that

lim'/ |u5|2—/ 0E2 D)1
v—=0|Jo Q

This allows us to deduce that

=0.

N
. T vi2 —_—
31_1)1%) || = 31_1)1}) /Qluol E /Qeékém(ug)k () m

k,m=1

hmV |u5|2—f O | (ud) 1|
v—=0|Jo Q

£ 3t | [ o, @i

2<k+m

(4.5)

A

=0,

where in the last equality we have used

=0,

Z lim ‘/ kaém(u(l;)k (u(lj)m
v—=>0|Jq

2<k+m

which comes from (4.3)—(4.4). As aresult of (4.1)—(4.2) and (4.4)—(4.5), we obtain
the desired (1.10).

4.2. Convergence to Euler Solutions

Under the assumptions in Theorem 1.2 and Lemma 2.2, there exist some func-
tions (u, P) such that, up to some subsequence,

u’ —u in L3(0, T; BY™(2")) N L0, T; LA(R)),
P’ — P in L3(0,T: L3 (). (4.6)

Thanks to (4.6) and (1.4), we have

g’ = vAu’ — VP’ —divi’ @u”) € L3 0, T: W13 (Q)),
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and moreover,

W — uin L30,T: L3(Q")NC ([0, 1, L2 (sz)), 4.7)

weak

owing to the compactness results. In addition, it follows from (1.4) that, as v — 0,

T | T %
wu' Vel <cvi (v | Ivu'|?, — 0. (4.8)
0o Jo 0 L

Having (4.6)—(4.8) in hand, we easily check that u solves Euler equations (1.2) in
Qx(0,7).

5. Boundary Layers for Smoother Solutions

The boundary layer I'y, in (1.9) of Theorem 1.2 in fact holds for all ¢ >
%. The emphasis of the previous analysis lies in determining the boundary layer
for solutions near the critical Onsager’s regularity. On the other hand, when the
solutions are more regular, the hypotheses in Theorem 1.2 can be relaxed, and the
boundary layer can be even thinner, as is shown in the following theorem:

Theorem 5.1. Let Q@ C R be a bounded domain with C* boundary. Let {u"},~¢ be
a sequence of Leray—Hopf weak solutions to (1.1) with initial data uy and suppose
that uE’) — ug in LE(Q) as v — 0. Assume in addition that (1.7) holds, and that

1" is uniformly in v bounded in L (O, T;L? (F4v)) ,
) (5.
PV is uniformly in v bounded in L? (0, T; % (F4,,)) ,

with p > % Let a > 1 be such that

, when — <o <

3 .
5 — 6 3 6

a <

5
a < oo, when 3 Sa<l1l. (52

If

T
lim vf / [Vu'[>dxdr = 0, (5.3)
v—0 0 Typa

then, the global viscous dissipation vanishes, i.e., (1.10) holds true. Moreover, u"
converges locally in L>(0, T; L3()), up to a subsequence, to a weak solution of
Euler equations (1.2).

Remark 5.1. As a — %+, Theorem 5.1 recovers Theorem 1.2. But as « increases,
we can relax the regularity requirement on the boundary, cf. (5.1), and the thickness
of the boundary layer becomes v* with ¢ > 1. In particular, as « — 17, the
thickness becomes arbitrarily small.
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Proof. The idea of the proof is very similar to the one explained before, and hence
we will only focus on the ingredients different from those in the proof of Theo-
rem 1.2.

First of all, we modify the construction of the increasing and finite sequence

{Bn}_, in Section 2.3 as
3 . 15
, ifael=, =],
5— 60 3’6
5
,ifae| 1),
oo, if « |:6 )

1 ! 1
Bn < 2(1—_()[)( +§ﬂn—1>-

In fact, here we consider the case of By = a > 1 which satisfies (5.4), in stead of
By = 1 defined in (2.10).
The “pealed-off” set Viy11 in (2.16) now becomes

N C
Ty = Vyil = (U v,,) ) (5.5)
n=1

In addition, the near boundary layer cut-off function 6 in (3.6) is modified as

O=pfy<Br<---<Pn-1=1<PBy< (5.4)

and

050 <1, o(x)=1if xeQ®™, 6x)=0if x ¢ ", |Vo| < 207%
(5.6)

With the above preparations, to complete the proof of Theorem 5.1, we only
need to check the following:

(a) Inequality (3.16) in Lemma 3.1.
In Theorem 5.1, it can be treated as

T _—
> v/ /vegkgmu,gw;
0 Q

k—m| <1

T
=v/ / i V@EI%;MUNVM})\,
0 Q2v NTypa
T o\
<v/ /|Vu}’v|2>
0 Q
’ 20—3 2 2
(v /0 A L ||w”||L2(FM))

; r o\
g C (v1+u(2a—3) + U/ / |VMUN|2> — 0’
0 F4va

A

1

(5.7)
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provided

5
1+a<2a—§)>0,

which is valid, owing to (5.4).
(b) Inequality (3.22) in Lemma 3.2.
In Theorem 5.1, we estimate (3.22) as the follows:

3 f / (i @ 0f, — W@ U ) : VOEE]

k—m|<1
1
T 4\ 2
([ [ anell)
[ypa NQ2
(/ L e, ||L3+/ f IVOu"| )
0 |
4
§ C <va(l_p)/ ||M ”LP(Fga))
0

Y R T / / Vi |)
(‘/(; « Iypa

< C(T)vja(l—;+2a—§)

T 3
1 4
+Cvz(“(1‘p)‘”<v// |vu”|2> -0, (5.8)
0 F4Ua

provided that

4 5 4
a(l——+2a——>>0 and a(l——>—1>0,
P 3 P

which holds true due to (5.2) and (5.4).
(c) Inequality (3.28) in Lemma 3.2.
This can be achieved from a similar argument as to that used in deriving (5.8). O
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