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ABSTRACT

This paper proposes pointwise variance estimation-based and metamodel-based empirical uniform bounds
for heteroscedastic metamodeling based on the state-of-the-art nominal uniform bound available from the
literature by considering the impact of noise variance estimation. Numerical results show that the existing
nominal uniform bound requires a relatively large number of design points and a high number of replications
to achieve a prescribed target coverage level. On the other hand, the metamodel-based empirical bound
outperforms the nominal bound and other competing bounds in terms of empirical simultaneous coverage
probability and bound width, especially when the simulation budget is small. However, the pointwise
variance estimation-based empirical bound is relatively conservative due to its larger width. When the
budget is sufficiently large so that the impact of heteroscedasticity is low, both empirical bounds’ performance
approaches that of the nominal bound.

1 INTRODUCTION

Simulation metamodeling has been widely used to model and analyze complex stochastic systems (Santner
etal. 2003). Heteroscedastic metamodeling has received much attention due to the increasing recognition of
the importance of tackling heteroscedastic noise prevalent in simulation models in various applications, e.g.,
inventory control (Binois et al. 2018) and online management of emerging epidemics (Hu and Ludkovski
2017). Various heteroscedastic metamodeling techniques have emerged over the years, and a considerable
number of them are Gaussian process (GP) related. These include, but are not limited to, the Markov
chain Monte Carlo-based fully Bayesian approach (Goldberg et al. 1997), maximum a posteriori-based
GP (Kersting et al. 2007), stochastic kriging (SK, Ankenman et al. 2010), practical heteroscedastic GP
modeling (Binois et al. 2018), and more recently, variational inference-based heteroscedastic GP modeling
(Wang et al. 2019).

A GP-based modeling approach can provide predictive mean and variance values at each given input
point, based on which one can construct a pointwise confidence bound that covers the true function value
at the given input point with a prescribed probability. However, when one is interested in learning the
true mean values at more than one input point, a simultaneous confidence region covering the true mean
values at an arbitrary set of input points with a prescribed high probability is arguably more desirable.
Existing approaches for constructing a simultaneous confidence region typically rely on bootstrapping and
the Bonferroni (Kleijnen and Van Beers 2022) and Sidak corrections (De Brabanter et al. 2010); moreover,
these methods only apply appropriately when the number of input points is countably many. Recently,
methods dedicated to building (nominal) uniform bounds for heteroscedastic metamodeling have emerged,
e.g., from the functional analysis (Kirschner and Krause 2018) and the GP modeling perspectives (Xie
and Chen 2020). These uniform bounds are intended for containing the true mean values at an arbitrary
set of input points with a prescribed high probability. However, such nominal uniform bounds assume
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the knowledge of the underlying heteroscedastic noise variances and ignore the impact of using variance
estimates, potentially resulting in undercoverage in practice.

In this paper, we propose two approaches for constructing empirical uniform bounds for heteroscedastic
metamodeling by incorporating heteroscedastic noise variance estimation. When the simulation budget is
relatively small, the empirical bounds outperform the nominal bound in terms of simultaneous coverage
probability and bound width. Their performance approaches that of the nominal bound when the budget
becomes large. Section 2 reviews the least square estimation in reproducing kernel Hilbert space, establishes
its connection to SK, and provides its corresponding nominal uniform bound. Section 3 elaborates on
the proposed empirical uniform bounds for heteroscedastic metamodeling. Section 4 provides numerical
evaluations and some conclusions.

2 REVIEW ONLEAST SQUARE ESTIMATION IN REPRODUCING KERNEL HILBERT SPACE

Given a separable Hilbert space 77, let V( : 7#” — ¢ denote a positive definite operator, and denote the inner
product (-, -)v, := (-, Vo-) with the corresponding norm || - ||y,. To estimate an unknown function f € J¢ of
interest, we generate data {v;, {yi;};_, }\_,, where n; is the replication number allocated to v;, such that y;; =
ij, )ow +&ij, j=1,2,...,n;,i=1,2,...k, with &; following a sub-Gaussian distribution with variance
proxy p?. Define the operator .# : 5# — R such that for all v € J# and i = 1,2,... k, (AV); = (v;,V),
and denote its adjoint by .#* : R¥ — J#. Define the k x k diagonal matrix X, := diag(p?/n1,...,p7 /n),
one can obtain the regularized least squares estimator y := argminsc » ||.Z f — y|\)2:g, +1|f ||%,0 A closed-

form expression follows as u = V*l///*zgly, where y = (yl,yg,...,yk)T, Vi = (ni)*IZ’}’:lyij, and V =
MEE M AV,

If 57 is a reproducing kernel Hilbert space (RKHS), a special case of the separable Hilbert space
over RY with kernel function K : R x RY — R, we have the canonical embedding Ky = K(x,-) for any
x € 2 CRY, where 2 is the input space. Let v; = Ky, € J# be the embedding of x; € 2" such that
i, fYor = (Kx;, [)or = f(Xi). Hence, y;j = f(X;) + €j(X;), where €;(x;) satisfies Assumption 1 to be stated
later. Denote the design-point set as Z = {x1,Xa,...,X;} with 2 C 2. Notably, for Vo = k.¥, where
kK >0 and .# is an identity operator, the representer theorem yields the following tractable form of u:

w(x) = (U, Ky) o = K(x,X) " (K(X,X) + kZ¢) 'y, (1)

where X = (x{ ,X] ,... ,x,j)T denotes the k x d design matrix. By abuse of notation, we use K(X,X) to
denote the k x k kernel matrix across the design points with the element in the ith row and the jth column given
by K(X,X); ; = K(x;,x;); similarly, K (x,X) denotes the k x 1 vector (K(x,x1),K(x,X2),...,K(x,x¢))". In
(1), ¥ = (5(x1),7(x2),..., ¥(xx))" denotes the k x 1 vector of the sample averages of simulation outputs,
with y(x;) = f(x;) + &,,(x;) and &,,(x;) =n; lxj;lej(xi) denoting the average random noise incurred
at x; for i = 1,2,...,k, which is abbreviated to &(x;) when there is no risk of confusion. The noise
term €;(x;) follows a sub-Gaussian distribution with variance proxy V(x;) as stated in Assumption 1.
In this case, The noise variance-covariance matrix follows as X, = diag(V(x1)/ni1,...,V(xx)/nr). By
replacing the operators in the separate Hilbert space with their counterparts in the RKHS, we have
IVll5- =k H(K(x,x) —K(x,X) T (K(X,X) + kZ¢) 'K (x,X)).

Assumption 1 For any x € 2" C R?, g/(x),&(x),..., are assumed to be independent and identically
distributed (i.i.d.) sub-Gaussian random variables with variance proxy V(x), written as €;(x) ~ subG(V(x)),
where supy. 5~ V(x) < oo,

We can connect the aforementioned least square estimation in RKHS to heteroscedastic GP modeling,
in particular, stochastic kriging. Let the unknown function f ~ GP(0,7?K(-,-)) be a sample from a GP,
where 72 = k™! denotes the process variance parameter. Assume that the observation noise terms €;(x;),
j=1,2,...,n; are i.i.d. normally distributed with mean zero and variance V(x;), for i = 1,2,... k. Then
the posterior distribution of f(x) at any input point x € 2" given the data set is normal with the predictive
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mean as in (1) and the predictive variance given by
o2(x) = 12 (K(X,x) —K(xX)T (K(X,X)+172Z) " K(X,X)) . )

Given this connection, the uniform error bound derived for least square estimation in RKHS can
be expressed in the SK notation, which is stated in Lemma 1 below. Notice that the noise distribution
assumption stipulated by SK is more restrictive than Assumption 1. Nevertheless, the uniform bound
derived in the RKHS setting under Assumption 1 can serve as a uniform bound for SK as well.

Lemma 1 (Lemma 7 in Kirschner and Krause 2018) Under Assumption 1, the following uniform error
bound for the least squares estimator fi(-) given in (1) holds with probability at least 1 — & for all k > 1
and Vx € 2"

jutx) = 1001 < (/m (1 22 KX X)) 2008+ o),

=By(8)

where I is the k x k identity matrix and || f||x is the RKHS norm associated with the kernel function K.

Remark 1 A uniform bound for the function f(-) follows from Lemma 1 immediately. It holds with
probability at least 1 — 0 for all k > 1 and Vx € 2

u(x) = Br(8)o(x) < f(x) < u(x) +Br(8)o(x).

This uniform bound can only be regarded as nominal, however, due to its assuming the knowledge of the
noise variances at the design points in i(-), o(-), and B¢(9). In practice, one may replace the true noise
variances with sample variances (Ankenman et al. 2010) and metamodel-based estimates (Wang and Chen
2016; Wang and Chen 2018). Nevertheless, the resulting bounds with variance estimates directly plugged
in may fail to achieve a prescribed coverage probability due to ignoring the impact of noise variance
estimation.

3 MAIN RESULTS

In this section, we propose two approaches to build empirical uniform bounds for heteroscedastic meta-
modeling that take into account the impact of noise variance estimation at all design points. Section 3.1
introduces the pointwise variance estimation-based approach that incorporates time-uniform upper and lower
bounds for the noise variances at the design points. Section 3.2 adopts the metamodel-based approach that
estimates the noise variance function via GP modeling and leverages the corresponding uniform bound for
the noise variance function.

3.1 Pointwise Variance Estimation-Based Empirical Uniform Bound

This section starts with some necessary definitions for introducing time-uniform bounds for pointwise
noise variance estimation in Lemmas 2 and 3. Theorem 1 provides the proposed pointwise variance
estimation-based empirical uniform bound.

Definition 1 (Page 25 in Wainwright 2019) A random variable X € R is said to be sub-exponential with
two given parameters v,c > 0, denoted as subE(v,c), if the following condition is satisfied:

292

EeM < exp <V;> , VA :|A] < 1/c, or InEerX < (zIn{1—cA)—c)

2

Y'wvaelo,1/0). )

[

Definition2 (Definition 1, sub-y conditionin Howard etal. 2021). Let (S;)7, (V;) 7, be real-valued scalar
processes adapted to an underlying filtration (% j);'o:o with o = Vp =0 and V; > 0 for all j. For a function
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V1[0, Amax) — R, we say (S;) is sub-y with variance process (V;) if, for each A € [0, Amax), there exists a
supermartmgale (Lj(A))7-o with respect to (:#;) such that ELO(A) <1 and exp (AS; —y(A)V;) <L;(A)
almost surely for all j.

The y functions can be specified for different distributions such as sub-exponential, sub-Gaussian, and
sub-Gamma, which are interchangeable under some conditions (Howard et al. 2021). The right-hand side
of the second inequality in (3) is an example of yg—the y function for the sub-exponential with parameter
¢ and v. Such functions are used in computing pointwise uniform bounds for the noise variance V(x) at
each design point x in Lemmas 2 and 3.

Lemma 2 (Theorem 1, the polynomial stitched bound in Howard et al. 2021) Under Assumption 1, the
following time-uniform upper bound for the noise variance V(x) at x € Z holds:

n(yi(X) = 5, 2
P <vn >max{2,1+S5(v)} : V(x) < Z"liy’_(’i)_ ;;<v1)(x)) ) >1-36, @)
where § € (0,1), = ki\/VIs(v) + ckals(v), I5(v) = sInIn(nvm=") +In({ ()8 ) In*n, ky = (n'/* +

N~V /NV2, k= (\f—l— 1)/2, {(s) is the R1emann zeta function, 1 > 1,m > 0, and s > 1. Similarly, the
following time-uniform lower bound for the noise variance V(x) at any x € & holds:

P <vn >2:V(x) > Z?‘lily"_(’i)ﬂy::(vl)(x))z) >1-8. (5)

Lemma 3 (Propositions 6 and 9, the conjugate mixture bound in Howard et al. 2021) Under Assumption 1,
the following time-uniform upper bound for the noise variance V(x) at x € Z holds:

P (Vn > max{2,1 + NMs(v)} : V(x) < Z?_’i(ﬁiix_);ﬁa(lv(;))z }> >1-96, (6)

where 6 € (0,1), NMs(v \/2v+p In((26)"'/(v+p)p~t+1), p >0, and v=132(j—1). On the
other hand, the followmg time-uniform lower bound for the noise variance V(x) at x € & holds:

n (X)) — V.1 (x 2
(220w 2 BRIl ) 2 15

where GEs(v) = sup{s > 0:m(s,v) < 87!},

P
m(s,v) = (%)‘2 F(vjfzp)?’(jzp,”tﬁp) exp (cs—l—v)
7 r(&)vs, 5) (cv+cv2+p)—2" 2 )’

c=4,v=32(n—1),p >0, and s > 0.

The proofs of Lemmas 2 and 3 rely on Lemma 5 (in Appendix A) and follow from Example 1 and
the proofs of Theorem 1, Proposition 6 (upper bound), and Proposition 9 (lower bound) given in Howard
et al. (2021). For the sake of brevity, we omit them here.

Remark 2 As stated in Lemmas 2 and 3, special restrictions on the number of replications at each design
point are needed when constructing the pointwise noise variance upper bounds according to (4) and (6)
because n — 1 —Ss(v) and n — 1 — NMg(v) must be positive to ensure correct inequality directions. Since
Ss(v) and NMg(v) depend on ¢ and v which are determined by the noise variance assumption stipulated,
there is a minimum number of replications at each design point implicitly required by the noise variance
assumption stipulated for constructing these pointwise time-uniform noise variance upper bounds.
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Remark 3 A common assumption stipulated on the noise variance in the literature is that €;(x)’s are i.i.d.
normal (Howard et al. 2021), which is more restrictive than Assumption 1. The normality of €;(x)’s leads
to lower values of ¢ and v compared to the sub-Gaussianity stipulated in Assumption 1; consequently,
fewer replications at each design point are required for constructing appropriate pointwise time-uniform
noise variance upper bounds under normality.

In light of Lemmas 2 and 3 and Lemma 6 in Appendix A, we are now in a position to construct
empirical uniform bounds for the function of interest.
Theorem 1 Denote [i(-) as the empirical predicted mean function obtained by using T = dlag( (x1)/n1,

\7(x2) /na,. .., \7(xk) /ni) inlieu of £¢ in (1). Under Assumption 1, the following bound holds with probability
atleast 1 — 8 — & — 03 forall k> 1 and Vx € Z":

B(x)— f(x)| < T |f||xS + BT (x),

where 6 is the error probability level for the nominal uniform bound of f(-), 6, and 83 are respectively the
error probability levels allocated for building the lower and upper time-uniform bounds of noise variances
at all design points,

X) = 1:\/ K(x,x) - K(x,X) (K(X,X) + 7728 'K(x,X), Z¢ = diag(V(x1)/n1,...,V(x¢)/mg),

Bk:\/21n(5;1det(1k+r2;£K(X,X))), X, =diag(V(xy)/n1,...,V(xx)/nk), (7)

X) = T\/K(X,X) —K(x,X) (KX, X)+172Z)'K(x,X), Z¢=diag(V(x1)/n1,...,V(x¢)/m), (8)

\A/(xi) is the sample variance at x;, i = 1,2,...,k, and V(x;) and V(x;) are respectively the time-uniform
lower and upper bounds for V(x;) given in (5) and (6).

Proof.  Denote A =K(X,X)+ 17 2E., A=K(X,X) + 1_228, and we can write [i(x) = K(x,X) A1y

K(x,X) 'A~!(f+ &), where f= (f(x1),f(X2),...,f(x¢)) and & = (E(x1),&(x2),...,&(x¢)) " denote the
k x 1 vector of true function values and the k x 1 vector of average noise terms at the k design points.
Hence, we have

B(x) — f(x)] = [K(x.X)A™! (£ +8) — f(x)| < |[K(x,X) 'A~'f— f(x)| + |[K(x,X)'A"'g|,  (9)

=U, =U),

Following Appendix C of Chowdhury and Gopalan (2017), the term U, in (9) can be upper bounded
as follows:

Us=0x)"f— 9(x) @ (&1®] +77°Ec) " Dy f]
—o(x) f—o(x) (D] Br+7 L) B} DS
= 0(x)T (D @+ T 2Ee) T 2E, f]
<[|@(x)T (D Br +728e) eIkt || £k
=l T 20 (60T (@] B+ T2 Bt 2K (@] B+ T 2E) 1 9(x)
<l T20(0) (@ B+ 7 2Ee) (@] By + T 28e) (] B+ 7 2Ee) 1 9(x)
1k 20 (0T (@] @+ T2Ee) 1 Eeb (x)
= 71)|f1xG(x),
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where ®; and ¢ (x) are defined in Lemma 6 in Appendix A. The term Uy, in (9) can be upper bounded as:

Uy = ’K(X,X)T (ATA—T)A T +A) F:‘ < ’K(X,X)T(A’IA—I;{)A’IE) + (K(X,X)TA*I?. . (10)

=U,

Regarding U, A— A almost surely as n; — o0, Vi=1,2,... k. By Weyl’s eigenvalue perturbation theorem,
the eigenvalues of A~'A are consistent estimators of I. AHence, for Ve’ > 0,3Ny > 0, such that for all
n;>Noyi=1,2,....k, P(/) > 1—¢€', where & := |Amax(A"'A — ;)| < €’. Hence, we have

P(U. < |e'K(x,X)"AT'E)) > 1—¢, (11)
when n;is sufficiently large fori = 1,2, ..., k. Plugging (11)backinto (10) yields Uy, < (1+¢€')|K(x,X) A~ 1g|.

By the proof of Lemma 1, the following bound holds with probability at least 1 — &; for all k> 1 and
Vxe 2

K(x,X)'A"'g < (\/m (L+ 722, 'K (X,X)|) —2In 51> o(x). (12)

=P (81)

By Lemma 6, f;(0; ) can be upper bounded by Ek(Sl) = \/ln (L + 25 'K (X, X)|) —21n 8y, whichis abbre-

viated to Bk for ease of notation; this upper bound is obtained by replacing X, with £, := diag (V.(x;)/n1,...,
V(x¢)/nk), where the V(x;)’s are the pointwise time-uniform lower bounds of the noise variances at the k
design points obtained with error probability &, /k each; hence, the confidence level is (1 — 8, /k)* > 1 —&,.

Similarly, o(x) can be upper bounded by T (x) := T\/K(x,x) —K(x,X) T (K(X,X) +772Z) 1K (x,X)
which is obtained by replacing £, with .. The error probability allocated for constructing the pointwise
time-uniform upper bound of the noise variance at each design point is d3/k, hence the confidence level is
(1—8/k)* > 1 — 8. Finally, by combining the bounds for U, and U, with (9) and taking & — 0, we have
|a(x) — £(x)| < 77| f]|x 6 (x) + Bro(x) with probability at least (1 —&;)(1— &) (1 — &) which is further
bounded below by 1 — &; — & — 6. O

Remark 4 Recall that Lemmas 2 and 3 provide two types of methods for constructing the pointwise
time-uniform lower and upper bounds of the noise variance at a given design point. Theorem 1 selects the
stitched lower bound because this bound has a closed form while the conjugate bound does not. Similarly,
Theorem 1 adopts the conjugate upper bound because this bound requires fewer replications at each design
point for the time-uniform upper bound construction.

3.2 Metamodel-Based Empirical Uniform Bound

This section proposes a metamodel-based empirical uniform bound. Specifically, we adopt a GP for
modeling the logarithm of the noise variance function and construct its corresponding uniform bound
for the noise variance function. Let r(x) := In(V(x)), which is modeled as r(x) = g(x) + &,(x), where
g(x) :=In(V(x)) ~ GP(0, ngg(-, -)) and &(x) is sub-Gaussian with R? as the variance proxy.

Lemma 4 (Theorem 2 in Chowdhury and Gopalan 2017) Let g : 2" — R be a member of the RKHS
of real-valued functions on 2" with kernel K,. The following uniform error bound for g(-) holds with

probability at least 1 — 0 for all k > 1 and Vx € 2:

R 7
%) 8| < T%n(uw,eiKg(x,xn)+2+21n<1/6>+rg1||guz<g 5, (%)
8

=Pg(8)
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where g(x) and G;(X) are the predictive mean and the predictive variance of g(x) at X, respectively given
by

Kg(X,X)T(Kg(X, X) + 2'Ik)_lra

o2(x) = 12 (Kg(x,x) — Ko (x,X) T (Ko(X,X) + 7, 2R2T,) Kg(x7X)> ,

o>

—~
"

N—
Il

where 1 = (r(x1),7(x2),...,7(x;)) T = (1n\7(xl),1n\7(xz),...,1n\7(xk))T

Remark 5 In light of Lemma 4, the following uniform bound for the noise variance function V(-) holds
with probability at least 1 — 6 for all k> 1 and Vx € 2":

V(x)/ exp (B (8)0,(x)) < V(x) < V(x)exp (By(8)0,(x)), (13)
=V =V,

where V(x) =: exp(g(x)) is the predictive noise variance at any x € 2.

Theorem 2 Denote [i(-) as the empirical predicted mean function obtained by using T = diag(V(x1)/ny,
V(xy)/n2,...,V(xx)/ng) inlieu of ¢ in (1). Under Assumption 1, the following bound holds with probability
at least 1 — 8, — & forall k> 1 and Vx € 2:

B(x) - £(x)] < 7| £||kG + BT (), (14)

where 0; denotes the error probability level for the nominal uniform bound of f(-) and &, is the error

probability level for the uniform bound of V(-). The terms &, B, and G(x) are defined similarly as in
Theorem 1 but with V(x) and V(x) at each design point x € 2" respectively replaced by V; and V,, defined
in (13).

Proof.  The proof is identical to that of Theorem 1 until upper bounding the term U.. According to
Lemma 4, we have for V8, > 0, P(%) > 1 — &, where % := {|V(x;) — V(x;)| <V(x:)Bv,, i=1,2,...,k}
with By, = max{exp (B,(0)0g(x;)) — 1,exp (—B,(8)0,(x;)) —1}. For Vn; > 2, i=1,2,...,k, we have that
B = {IV(x;) = V(x;)|/mi <V(x;)Bv./ni, i =1,2,....k} is true almost surely on . Then, for V&' > 0,
INp > 0, such that for Vn; > No, i = 1,2,...,k, the event o7 := [Anax (A~'A —I;)| < €' is true almost surely
on #A'. Hence, we have P(&/) = P( | B \P(B'|B)P(#B) > 1 x1x(1—58)=1—38. The remaining
proof of Theorem 2 proceeds as that of Theorem 1. The only difference is that we adopt metamodel-based
uniform upper and lower bounds for the noise variance function estimation. By Lemma 6 in Appendix A,
Bx(81) and o(x) can be simultaneously upper bounded by f; and G(x) as given in (7) and (8) with V(x)
and V(x) replaced by V; and V, defined in (13) with probability at least 1 — &,. Combining the error
probabilities allocated to (12) and (13), we have (14) hold with probability (1 — &;)(1 — &), which is further
bounded below by 1 — &; — 6. O

4 NUMERICAL EVALUATIONS

In this section, we adopt the following M/M/1 queueing example to demonstrate the performance of
the empirical uniform bounds proposed in Sections 3.1 and 3.2. The input variable is the arrival rate,
x€ Z C(0,1), and the mean response surface of interest is the steady-state mean number of customers
in the queue, f(x) =x/(1—x). The noise variance function is V(x) ~ 2x(1 +x)/(T (1 —x)*) for T large
and we set 7 = 1000 in this example.

Experimental setup. The input space 2~ = [0.3,0.9]. The design-point set comprises k equispaced points
in 2" with the value of k varying in .%#" = {8, 16, 32, 64, 128, 256}. An equal number of replications
n; is used at all k£ design points and we consider two replication allocation sets: the low-replication set
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where n; € {5,10,15} and the high-replication set where n; € {45,55,65}. Notice that, to be constructed
appropriately, the pointwise uniform bounds for noise variances require that n; be sufficiently large.

Methods in comparison. Two benchmarking methods are considered to be compared with the proposed
pointwise variance estimation-based empirical uniform bound (denoted by CI,)) and the metamodel-based
empirical uniform bound (denoted by Cl,). The first one is to apply the Bonferroni correction to construct the
uniform bound (denoted by Cly) that holds simultaneously at all prediction points of interest (Kleijnen and
Van Beers 2022). The other corresponds to the nominal uniform bound for heteroscedastic metamodeling
(denoted by CI,) as in Lemma 1 but with the unknown noise variances at the design points directly replaced
by the corresponding sample variances.

Implementation configurations. The prediction-point set comprises a grid of N = 1000 equispaced points
in Z . For constructing the pointwise variance estimation-based empirical bound, we adopt n =2, s = 1.4,
and m =1 in building the lower stitched bounds given in (5), as suggested by Howard et al. (2021). In
building the upper conjugate bounds given in (6), we use p =5, which requires the smallest number of
replications at each design point. The overall error probability level for a given uniform bound of f(-) is
set to 0.05. Regarding the two replication allocation sets, the low-replication set is used for constructing
Cl,, Cly, and CI,, and the high-replication set is applied to constructing all four bounds.

Evaluation metrics. To assess the four bounds’ performance under each experimental setting, we adopt two
metrics: the empirical simultaneous coverage probability (SCP, Xie and Chen 2020) and the average interval
width (AIW, Lam and Zhang 2021) of a uniform bound, obtained over a total of M = 100 macro-replications.
The SCP is defined as follows:

1 M
SCP = i Z 1{f(x0,) € CI(xo;) for i =1,2,...,N on the mth macro-replication},

m=1

where CI(xo ;) denotes a given bound at prediction point xo ;. The AIW obtained on each macro-replication
is given by
1 N
AIW,, = N Y (Un(x00) = Ln(x0,)), m=1.2,....M,
i=1
where U,y (xo,;) and L,,(xo ;) are the upper and lower limits of a given bound at x ; on the mth macro-replication.

Summary of results. The numerical results of the M/M/1 queueing example are shown in Tables 1 to 4.
Tables 1 and 2 give the SCP results obtained using the low- and the high-replication sets, and Tables 3 and
4 provide a summary of the AIWs.

Table 1 shows the SCPs achieved by CI, CI, and CI, using the low-replication set. The following
observations are made. First, the Bonferroni bounds have the lowest SCPs, followed by the nominal uniform
bounds, and the proposed metamodel-based empirical bounds have the best SCPs. Second, given a fixed
number of design points k, the SCPs of all bounds tend to increase with #n;; similarly, given a fixed number
of replications n;, the SCPs tend to increase with k. Lastly, the Bonferroni bounds never achieve the target
level of 0.95, while the nominal uniform bounds can achieve the target level when k and n; are relatively
large. In contrast, the metamodel-based empirical bounds can almost always achieve the target level under
the settings considered in Table 1.

Table 2 shows the SCPs achieved by all four bounds using the high-replication set. We have the
following observations. First, as seen in Table 1, the Bonferroni bounds yield the lowest SCPs, followed
by the nominal uniform bounds and the metamodel-based uniform bounds, and the pointwise variance
estimation-based empirical bounds deliver the highest SCPs. Second, due to the relatively large number of
replications allocated to each design point, except for the Bonferroni bounds, the SCPs for the other three
bounds are always higher than the target level. Third, the SCPs for the pointwise variance estimation-based
empirical bounds are always 1; we conjecture that such conservativeness is caused by their large widths,
which will be examined next.
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Table 1: The SCPs achieved by the Bonferroni bounds (Cly), the nominal uniform bounds (CI,), and the
metamodel-based empirical uniform bounds (Cl,), obtained using the low-replication set.

n; 5 10 15
k C, C, Cl, | C, CI, Cly | Cl, CI, Cly
8 0.15 046 095|023 0.67 091|031 074 0.95
16 026 0.72 1 028 0.8 099025 0.85 095
32 0.19 0.78 098 | 04 094 099 | 036 0.89 1
64 024 0.87 0.99 | 026 0.96 1 0.44 0.98 1
128 | 0.17 0.89 1 0.31 0.98 1 0.33  0.98 1
256 | 0.15 0.88 1 0.32 0.96 1 0.36  0.99 1

Table 2: The SCPs achieved by CI, CI,, Cl,,, and the pointwise variance estimation-based empirical bound
(ClIy), obtained using the high-replication set.

n; 45 55 65
k ¢, ¢, ¢, c,|c, ¢, Cl, C,|C, Ccl, C, Cl
8 |048 096 096 1 |065 1 098 1 |057 098 099
16 [038 095 1 1 [045 1 1 1 |04 098 099
32 (053 099 1 1 |04 1 09 1 |05 1 1
64 | 046 098 1 1 |042 09 1 1 [035 1 099
128 (036 1 1 1 |04 1 1 1 037 1 1
256 043 1 1 1 1 1

[Uy VRN G U U —Y

0.46 1 1 0.45 1

Table 3 summarizes the AIWs obtained under the same setting as considered in Table 1. We have the
following observations. First, the Bonferroni bounds have the smallest AIWs, followed by the nominal
uniform bounds and the metamodel-based empirical bounds when using the low-replication set. Second,
as k or n; increases, the AIWs of all bounds show a decreasing trend. Third, the differences in the AIWs
of different bounds diminish as k or n; increases.

Table 4 summarizes the AIWs obtained under the same settings as considered in Table 2. We have
the following observations. First, the Bonferroni bounds have the smallest AIWs, followed by the nominal
uniform bounds and the metamodel-based empirical bounds. The pointwise variance estimation-based
empirical bounds have the largest AIWs, which verifies our conjecture made from Table 2. Second, as k
or n; increases, the AIWs of all four bounds tend to decrease.

In brief, we conclude with the following comments. The Bonferroni bounds yield the worst performance—
their SCPs are typically too low to be satisfactory. The nominal uniform bounds require large k& and n;
to achieve the target coverage level. The metamodel-based empirical bounds can almost always achieve
the target level, and as k and n; become large, the difference in their widths from those of the nominal
bounds diminishes. The pointwise variance estimation-based empirical bounds are conservative in giving
high SCPs due to their large widths, especially when k and n; are small.
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Table 3: Summary of the mean and standard error (in parentheses) of the AIWs of CI,, CI, and CI,
obtained using the low-replication set; the symbol “*” indicates that the value in the cell is less than 0.01.

n: 5 10 15
k ¢, ¢, CI, | ¢, ¢, CI, | C, CI, Cl,
) 057 1.08 48 | 063 135 272 | 093 22 206
(0.01) (0.03) (0.40) | (0.14) (0.39) (0.48) | (0.24) (0.63) (0.41)
6 | 045 094 385037 08 156 | 034 073 126
0.01) (0.03) (05| * (001 (004 | *  (0.01) (0.03)
5, | 036 081 345 [ 03 071 136 [ 026 06 098
0.01) (0.02) (059 | *  (0.01) (004 | *  (0.01) (0.02)
o | 027 065 267 [ 022 053 L0 [ 02 05l 0385
002 (011 * (001 (003 | *  (0.01) (0.02)
g | 021 055 218 [ 017 044 089 [ 0.5 039  0.64
£ (0.02) (0.08) | *  (0.01) (0.02)| * £ (0.01)
bse | 016 043 169 [ 0.3 034 073 | 011 031 030
*(0.01) (0.08) | * 0 0.02) | * * (0.01)

Table 4: Summary of the mean and standard error (in parentheses) of the AIWs of all four bounds obtained

using the high-replication set; the symbol “*” indicates that the value in the cell is less than 0.01.

n; 45 55 65
k ¢, ¢, ¢, ¢, |c¢, ¢, cI, CI, |C, CI, Cl, CI,
e |1 267 1.67 337 | 1.68 4.65 291 529 | 1.13 3.11 337 3.57
(0.3) (0.85) (0.49) (0.89)| (0.4) (1.13) (0.80) (1.17)| (0.31) (0.9) (0.86) (0.93)
6 | 023 056 068 114[022 053 062 094 [02 051 058 082
* 0.01) (0.01) (0.02) * 0.01) (0.01) (0.01)| * (0.01) (0.01) (0.01)
s, | 018 046 055 1.06 [0.16 042 048 0.79 [015 04 044 068
* (0.01) (0.01) (0.01)| * * (0.01) (0.01)| * * * 0.01)
o | 013 036 042 094 [012 033 037 068 [011 031 035 055
g |01 027 033 091 [009 026 029 058 [0.09 025 027 046
* * * (0.01)| * * * (0.01)| * * * *
007 022 026 1.12 |007 02 023 05 |006 019 022 039
10
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A APPENDIX

Lemma 5 Under Assumption 1, given x € &, for Vn > 2, define S, = V/(x) ' Y7, (yi(X) — 9 (x))?> — (n—1).
Then S, is sub-exponential with its cumulant generating function (CGF) upper bounded as follows:
(—In(l1—=cA)—cA)v

c2

InEetS" <y = , YA elo,1/c),

where c =4 and v=32(n—1).

Proof.  Rewrite g(x) = ( )Zi, where the Zl-’s are i.i.d. subG(l). _For n>2,8,=Vx) YL (y(x)—
n(x))? = (n—1)= g) =1 (Ei(X) & (X ))? = (n=1) =YL (Zi—Z,)* = (n—1), where 3, (x) =n"" L yi(x),

E,(x)=n"'Y" &(x),and Z, =n~' Y1, Z;. Direct calculatlons yield AS, = S, —S,—1 = =1(Z, —Zn_1)2 —

1=Y>—1, Where Y, :=+/(n—1)/n(Z, —Z,) for n > 2. Notice that Z, ~ subG(1) is independent of
Zp1 ~ subG((n— 1)~1). Hence, for all 2 < j <n, ¥; ~ subG(1), which leads to AS; ~ subE(32,4). It
follows that

E (exp(AS,)) = E (exp(A(ASy +AS3 +---+AS,,)))

32 32
(n—1)32\\ 002 (n—1)32\ 0032
E (exp (AASZ T E | exp [ AAS, TR
1., N\ 1., D\
< | exp EQL (32(n—1)) - | exp 5), (32(n—1))

= exp <;lz(32(n— 1))2> , VA E[0,1/4),

IN

A

where the first inequality follows from the generalized Holder’s inequality. Hence, S, is subE(32(n—1),4).
According to (3), we see that the CGF of S, is upper bounded by yg with c =4 and v=32(n—1). O

Lemma6 Denote(V(x;),...,V(x;)) =In(det(I; + 7>Z; 'K (X, X))), where recall that £, = diag(V(x;) /n1,
V(x¢)/ng). Then h is nonincreasing in V(x;), i = 1,2,...,k.

Proof.  The proof is in the same vein as that in Appendix B of Chowdhury and Gopalan (2017). Denote

B = I;+72®, L, '®;, where ®; = (¢(x1),...,0(xx)) " is a k x co matrix which satisfies K (X, X) = &;®,
and ¢ (x) equals K(x, -), which is an operator mapping any input point X in 2" to .7 associated with kernel
function K. It follows that

B®, = (It + T°2; ' K(X,X))®] = ®, + 2@ L' &P/
=@ (L +7°2,'®&®]) =& I+ °L. 'K(X,X)).
By det(AB) = det(A) det(B) for two matrices A and B with compatible dimensions, we have det(By,) det(®, ) =

det(®] )- det(I; + t2Z, 1K(X,X)). Hence, it follows that

det(By) = det(I; + 7°2; 'K (X, X)). 15)
Plugging (15) into A(V(x1),...,V (X)) yields
h(V(x1),...,V(x¢)) = In(det(B;)) = In(det(B;_; + Tzﬁq)(xk)(b(xk)w)
= In(det(B;;)det(1 + fzv?§k> 19(%6)l 1))
k
= In(det(Bo)ITE_, (1 + ( 5 x0)]lg. 1) Z V(Xl)Ki—l (xi,X;)),
11
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where By = I; and K;_;(x;,X;) is the predictive variance at x; obtained using all observations up to the

(i — 1)th design point. Hence, h(V(x1),...,V(xXx)) is nonincreasing in the V(x;)’s. O
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