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The symmetric two-point function for a massless, minimally coupled scalar field in the
Unruh state is examined for Schwarzschild-de Sitter spacetime in two dimensions. This

function grows linearly in terms of a time coordinate that is well-defined on the future

black hole and cosmological horizons, when the points are split in the space direction.
This type of behavior also occurs in two dimensions for other static black hole spacetimes

when the field is in the Unruh state, and at late times it occurs in spacetimes where

a black hole forms from the collapse of a null shell. The generalization to the case
of the symmetric two-point function in two dimensions for a massive scalar field in

Schwarzschild-de Sitter spacetime is discussed.
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1. Introduction

Hawking1 predicted that black holes that form from collapse evaporate and at late

times the particles are in a thermal distribution with a temperature that is propor-

tional to the surface gravity of the black hole. In four dimensions (4D) it is very

difficult to compute quantities such as the two-point function and the stress-energy

tensor for a quantum field in the spacetime of a black hole that forms from col-

lapse. Instead, it is significantly easier, although not easy, to do such computations

in eternal black hole spacetimes which are either static or stationary. It is easier

yet to work with a massless minimally coupled scalar field in spacetimes with two

dimensions (2D) that have similar structures to the 4D black hole spacetimes.

Unruh2 showed that, for an isolated eternal black hole in an asymptotically

flat spacetime, there is a particular state for a quantum field that has the same

properties as the in state for that field has at late times in a spacetime where the

black hole forms from collapse. In particular, this state, called the Unruh state, has

the same flux of particles at infinity for an eternal black hole as occurs at late times

for a black hole that forms from collapse. Thus computations of various quantities

for a quantum field in the Unruh state can give insight into the late time behaviors

of these quantities in spacetimes where a black hole forms from collapse.
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The simplest 4D black hole spacetimes to compute quantum effects in are those

which are static and spherically symmetric outside of the event horizon where the

metric has the general form

ds2 = −f(r)dt2 + f−1(r)dr2 + r2dΩ2 . (1)

These are easily changed to 2D spacetimes by dropping the last term on the right.

All 2D spacetimes are conformally flat and the massless, minimally coupled scalar

field is conformally invariant in such spacetimes making it possible to analytically

solve the mode equation in coordinates for which the metric is conformally flat.

In Ref. 3, the Hadamard Green’s function, which is the symmetric two-point

function, was computed and studied for a massless, minimally coupled scalar field

in the Unruh state in 2D for Schwarzschild-de Sitter(SdS) spacetime, Schwarzschild

spacetime, de Sitter space, a class of Bose-Einstein condensate analog black hole

spacetimes, and a spacetime in which a null shell collapses to form a black hole.

It was shown that in all of these cases there is linear growth in terms of a time

coordinate T that is regular on the future horizon(s) when the points are split in

the spatial direction.

In this proceeding we summarize some of the results of Ref. 3 for black holes.

We also discuss the computation of the symmetric two-point function for a massive,

minimally coupled scalar field in SdS. In this case, the mode functions and the

two-point function must be computed numerically.

In Sec. 2, some properties of 2D SdS are reviewed along with the Unruh state

for a massless, minimally coupled scalar field. The Hadamard Green’s function for

this field is displayed in Sec. 3 and its linear growth in time is discussed. Ongoing

work related to the massive scalar field in 2D SdS is discussed in Sec. 4. In Sec. 5

the computation of the symmetric two-point function for a massless, minimally

coupled scalar field in a 2D collapsing null shell spacetime is reviewed. Our results

are summarized in Sec. 6. Throughout, our units are ℏ = c = G = 1.

2. Massless, minimally coupled scalar field in SdS

A Penrose diagram for SdS is given in Fig. 1. The 2D SdS metric is given by

ds2 = −f(r)dt2 +
dr2

f(r)
, (2a)

f(r) = 1− 2M

r
−H2r2 = −H2

r
(r − rc)(r − rb)(r + rc + rb) . (2b)

Here rc > rb are the locations of the cosmological and black hole horizons respec-

tively, and 1
3Λ = H2. The two parameterizations are related by

M =
rbrc(rb + rc)

2(r2b + r2c + rbrc)
, H2 =

1

r2b + r2c + rbrc
(3)

It is useful to define the tortoise coordinate

r∗(r) =

∫
dr

f
. (4)
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Fig. 1. Penrose diagram for SdS. Region I is the static patch between the black hole horizons and

cosmological horizons, Region II is the interior of the black hole, and Region III is the cosmological
region.

The ingoing and outgoing radial null coordinates are

u = t− r∗ , v = t+ r∗ . (5)

One can define two sets of Kruskal coordinates, one for each horizon. The ones we

are concerned with are

Ub =
1

κb
e−κbu , r < rb , Ub = − 1

κb
e−κbu , r > rb (6)

Vc = − 1

κc
e−κcv , r < rc , Vc =

1

κc
e−κcv , r > rc .

The surface gravities for the two horizons are

κb =
H2

2rb
(rc − rb)(rc + 2rb) ,

κc =
H2

2rc
(rc − rb)(2rc + rb) , (7)

where for a horizon at r = rh we set 2κh = |f ′(rh)| so that each of the surface

gravities is a positive quantity.

A set of coordinates that are good across H+
b and H+

c was found in Refs. 4,5.

Let

T = t+ h(r) , where
dh

dr
=

j

f
, j(r) = −γr +

β

r2
, (8)

and

γ =
r2c + r2b
r3c − r3b

, β =
r2cr

2
b (rb + rc)

r3c − r3b
. (9)

Then the 2D SdS metric becomes

ds2 = −f(r)dT 2 + 2j(r)drdT +
1− j2

f
dr2 . (10)
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Note that for these choices of the constants γ and β, one finds that j(rb) = 1 and

j(rc) = −1, which ensures that T interpolates between the ingoing null coordinate

v at the future black hole horizon and the outgoing null coordinate u at the future

cosmological horizon. These are ingoing and outgoing Eddington-Finklestein coor-

dinates respectively. The metric (10) is well behaved in the static and cosmological

regions and has the Eddington-Finklestein form on both the future black hole and

future cosmological horizons. The coordinate T stays timelike and r stays spacelike

beyond the cosmological horizon.

The definitions of r∗ and T each contain an arbitrary constant which can be

chosen such that

T = u on H+
c , and T = v on H+

b . (11)

The result is3

T = t + h(r) (12)

= t +
1

2κb
log

|r − rb|
rc − rb

+
1

2κc
log

|r − rc|
rc − rb

+
1

2

(
rc
rbκb

− 1

κN

)
log

r + rc + rb
rc + 2rb

− rbrc
2(rc − rb)

log
r2

rcrb
+

rc
4rbκb

log
rc + 2rb
2rc + rb

,

and

r∗(r) =
1

2κb
log

|r − rb|
rc − rb

− 1

2κc
log

|r − rc|
rc − rb

+
1

2κN
log

|r + rc + rb|
rc + 2rb

(13)

− rc
4rbκb

log
2rc + rb
rc + 2rb

− rbrc
2(rc − rb)

log
rb
rc

,

where

κN =
H2

2(rc + rb)
(2rc + rb)(rc + 2rb) . (14)

To relate the Kruskal coordinates to T and r, note that u = T − (h(r)+ r∗) and

v = T − h(r) + r∗. Substitution gives

Vc =
1

κc
e−κcT Ṽc , and Ub =

1

κb
e−κbT Ũb , (15)

where Ṽc and Ũb only depend on r and are given by

Ṽc = eκc(h−r∗) =
r − rc
rc − rb

(
r + rc + rb
rc + 2rb

)rb/2rc (rb
r

)H2rb(2rc+rb)/2

, (16)

Ũb = −eκb(h+r∗) = − (r − rb)

rc − rb

(
r + rb + rc
2rc + rb

)rc/2rb (rc
r

)H2rc(rc+2rb)/2

.

Note that these expressions work both inside and outside the black hole and cos-

mological horizons.
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The complete set of modes that comprise the Unruh state consist of modes that

are positive frequency with respect to Ub on the past black hole horizon and modes

that are positive frequency with respect to Vc on the past cosmological horizon6–8.

pbω =
e−iωUb(u)

√
4πω

and pcω =
e−iωVc(v)

√
4πω

(17)

Expanding the massless minimally coupled scalar field in terms of these gives

ϕ =

∫ ∞

0

dω
[
abωp

b
ω + acωp

c
ω + ab†ω pb∗ω + ac†ω pc∗ω

]
, (18)

where a(b,c) are the annihilation operators.

3. Symmetric Two-Point Function in SdS

For a massless, minimally coupled scalar field in 2D SdS in the Unruh state, the

symmetric two-point function for an arbitrary splitting of the points is 3

G(1)(x, x′) = ⟨U | (ϕ(x)ϕ(x′) + ϕ(x′)ϕ(x)) |U⟩

=

∫ ∞

0

dω[pbω(x)p
b ∗
ω (x′) + pcω(x)p

c ∗
ω (x′) + c.c.]

=
1

2π

∫ ∞

ω0

dω

ω

{
cos[ω(Ub − U

′

b)] + cos[ω(Vc − V
′

c )]
}

= − 1

2π

{
ci[ω0|Ub − U

′

b|] + ci[ω0|Vc − V
′

c |]
}

. (19)

Here ci is the cosine integral function which has the expansion ci(z) = γE + log z+

O(z2), and ω0 is a small infrared cutoff.

Let x be on Hb
+ and x′ on Hc

+ and take T ′ = T . Note that on H+
b , Ub = 0,

v = T and on H+
c , Vc = 0, u = T . Then

Ub − U
′

b = −κ−1
b e−κbT , Vc − V

′

c = κ−1
c e−κcT ,

2πG(1)(T, r;T, r′) = (κb + κc)T − log
[
(κbκc)

−1ω2
0

]
− 2γE . (20)

Thus one sees an unexpected linear growth in the time coordinate T for this sepa-

ration of the points. For a more general separation

2πG(1)(T, r;T, r′) = T (κb + κc)− log

(
ω2
0

κbκc
|∆Ũb∆Ṽc|

)
− 2γE , (21)

where ∆Ũb and ∆Ṽc are functions of r and r′, but not T .

In Ref. 3 a similar linear growth in a time coordinate for G(1)(x, x′) in 2D for

a massless minimally coupled scalar field was found in Schwarzschild spacetime for

the Unruh state, de Sitter spacetime for the Bunch-Davies state, and a class of Bose-

Einstein condensate analog black hole spacetimes for the Unruh state. A general

argument was also given that linear growth should occur whenever there is a past

horizon and no scattering for the Unruh state.



April 30, 2022 9:1 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in MG16˙proceedings˙SdS page 6

6

One may ask what these situations have in common. In each case the symmetric

two-point function is computed for a massless minimally coupled scalar field in 2D

in the Unruh state or its analog, the two-point function has an infrared divergence

which requires an infrared cutoff, and each spacetime has a static patch and at least

one past horizon. In the next two sections, two cases are discussed in which one or

more of these conditions does not occur.

4. Massive Scalar Field in 2D SdS

One way to investigate the generality of the linear growth in time is to work with

a massive scalar field. Work is in progress to compute the symmetric two-point

function for this field. It is significantly more difficult than for the massless scalar

field because the mode equation contains an effective potential term and does not

have simple closed form solutions. Instead, when separation of variables is used,

the radial part of the mode equation can be solved numerically.

The mode equation cannot be separated in Kruskal coordinates but it can be

separated in terms of the coordinates t and r in (2b). The mode equation in this

case is

−∂2h

∂t2
+

∂2h

∂r2∗
−m2f = 0 . (22)

The relevant solutions are of the form

h(t, r) =
e−iωt

√
4πω

χω(r) , (23)

with

d2χ

dr2∗
+ (ω2 −m2f)h = 0 . (24)

A complete set of modes that specify the Boulware state can be obtained by com-

bining modes which on the past black hole horizon have the form

hb
ω =

e−iωu

√
4πω

, (25)

and those which on the past cosmological horizon have the form

hc
ω =

e−iωv

√
4πω

. (26)

The modes that specify the Unruh state can be expanded in terms of these modes

with the result

p(b,c)ω =

∫ ∞

0

dω′ [α
(b,c)
ωω′ h

(b,c)
ω′ + β

(b,c)
ωω′ h

(b,c) ∗
w′ ] . (27)

Since the mode equation reduces to its massless form on the past horizons, the initial

conditions for the Unruh state are exactly the same as in the massless case (17).
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Using the usual scalar product9, one finds10

α
(b,c)
ωω′ =

1

2π

√
ω′

ω
(κ(b,c))

−1−i ω′
κ(b,c)

Γ(−i ω′

κ(b,c)
)

(−iω)
−i ω′

κ(b,c)

,

β
(b,c)
ωω′ =

1

2π

√
ω′

ω
(κ(b,c))

−1+i ω′
κ(b,c)

Γ(i ω′

κ(b,c)
)

(−iω)
i ω′
κ(b,c)

. (28)

Note that these are divergent in the limit ω′ → 0 due to the poles in the Gamma

functions. However, we have shown that because of scattering effects, these diver-

gences are canceled in the integrand of Eq. (27). Also, it is important to note that

the limit ω′ → 0 needs to be taken before the limits r → rb and r → rc. They

cannot be interchanged.

At present, work is in progress to compute pbω and pcω numerically. It is not

yet known whether the divergence that exists for the massless case for these mode

functions continues to be present in the massive case.

5. Collapsing null shell spacetime

v= v0

v= vH

H+

I −

I +

Fig. 2. Penrose diagram for a 2D spacetime in which a null shell collapses to form a black hole
and there is a perfectly reflecting mirror at the origin. The trajectory of the shell is given by the

dashed blue line and the event horizon is given by the dotted red line.

Another calculation that was done in Ref. 3 was to compute the two-point

function for a massless scalar field in a 2D spacetime in which a null shell collapses

to form a Schwarzschild black hole. Inside the shell the metric is the flat space

metric

ds2 = −dt2 + dr2 , (29)

and outside it is Eq. (2b) with H = 0, which is the Schwarzschild metric. If one

puts in a perfectly reflecting mirror and requires that the field vanish at the surface
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of the mirror then one obtains the same conditions on the mode functions at r = 0

as in the 4D case. The Penrose diagram for this spacetime is shown in Fig. 2.

Inside the shell, the usual null coordinates are

u = t− r , v = t+ r , (30)

and outside the shell they are

us = ts − r∗ , v = ts + t∗ . (31)

The coordinates r and v are continuous across the trajectory of the shell which is

v = v0, for some v0. At the null shell surface one finds11,12

u(us) = vH − 4MW

[
exp

(
vH − us

4M

)]
, (32)

where vH = v0− 4M and W is the Lambert W function. On past null infinity both

us and u are equal to −∞. On the future horizon of the black hole us = ∞ and

u = vH .

Because of the mirror, the mode functions must vanish at r = 0. For the in

state, at past null infinity they have the form

f in
ω → e−iωv

√
4πω

. (33)

The solution that satisfies these two conditions is

f in
ω =

1√
4πω

(e−iωv − e−iωu) . (34)

Since there is no scattering in 2D for the massless, minimally coupled scalar field,

outside the shell the solution is

f in
ω =

1√
4πω

(e−iωv − e−iωu(us)) . (35)

Note that f in
ω = 0 at ω = 0. Thus there is no infrared divergence in the two-point

function for this state and no infrared cutoff is necessary. One finds that 3

2πG(1)(x, x′) = log

[ |v − u(u′
s)||v′ − u(us)|

|v − v′||u(us)− u(u′
s)|

]
. (36)

Using v = T − h(r) + r∗ and u = T − h(r) − r∗, one finds for T = T ′ and fixed

values of r and r′, that at late times

2πG(T, r; , T, r′) → κT + log(κ2T 2) + (r, r′dependent terms) . (37)

Thus, there is not only a linear growth in T as there is for the Unruh state, but

there is also a secondary logarithmic growth.
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6. Conclusions

In Ref. 3, the behavior of the two point function was investigated for a massless,

minimally coupled scalar field in the Unruh state in certain 2D spacetimes. It was

found that linear growth in time of the form

2πG(1)(T, r;T, r′) = T
∑
J

κJ + (r, r′dependent terms) (38)

occurs, where the sum is over the surface gravities of the past horizons and T is

a time coordinate that is regular on the future horizons. Along with the existence

of one or two past horizons, the Green’s function for each spacetime is infrared

divergent and thus requires an infrared cutoff to regularize this divergence.

The two-point function for this field in a 2D spacetime in which a null shell

collapses to form a black hole was also computed. In this case there is no past

horizon and thus no Unruh state. Instead, since the spacetime is asymptotically

flat, the state for the massless, minimally coupled scalar field was chosen to be

the initial vacuum state. By putting a perfectly reflecting mirror at the origin and

requiring that the mode functions vanish there, the same type of condition that one

finds in the 4D collapsing null shell spacetime if the shell is spherically symmetric

was imposed. As a result of this condition, the two-point function has no infrared

divergences.

It was found that at early times there is no linear growth in time of the form (38),

however at late times there is growth of this form. There is also a subleading term

that diverges logarithmically in time at late times. Thus, the linear growth in time

found in the eternal black hole calculations also occurs, at least in 2D, for a black

hole that forms from the collapse of a null shell. Perhaps this is not surprising

since the Unruh state is supposed to give the leading order, late time behavior of

quantities such as the two-point function and stress-energy tensor for the quantum

field in the case of a black hole that forms from collapse. However, it does show

that the linear growth in time does not depend on the existence of either a past

horizon or an infrared divergence in the two-point function.

To see whether the linear growth in time only occurs for the massless scalar field,

the case of a massive scalar field in the Unruh state in 2D SdS is being investigated.

It has been shown that, when the mode functions for the Unruh state are expanded

in terms of those for the Boulware state, an infrared diverge that occurs in the

massless case is not present in the massive one. Work is in progress to determine

whether the linear growth in time of the two-point function also occurs for a massive

scalar field.
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