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1 Introduction

This paper concerns decomposition, the observation that a local d-dimensional quantum
field theory with a global (d — 1)-form symmetry is equivalent to (“decomposes into”) a
disjoint union of other local quantum field theories, known as universes. Now, any disjoint
union of quantum field theories has a global (d —1)-form symmetry: the projection operators
onto the different universes form topological dimension-zero operators corresponding to the
(d — 1)-form symmetry. What makes decomposition particularly interesting is that this can
happen in a local quantum field theory: the path integral (on a connected spacetime) of a
disjoint union of QFTs is a sum of path integrals, which one does not expect to be able to
write as a single path integral with a single action.

Decomposition was first described in [1], where it arose as part of efforts [2-4] to resolve
apparent physical inconsistencies in string propagation on certain stacks known as gerbes,
which encode higher-form symmetries geometrically (as the fibers of a fiber bundle), and
which are realized physically as two-dimensional gauge theories and orbifolds in which a
subgroup of the gauge group acts trivially. Since that time, decomposition has been further
explored in a wide variety of theories in a variety of dimensions, and it has been applied
to, for example, Gromov-Witten theory, gauged linear sigma models, elliptic genera, and
anomaly resolution in orbifolds. See for example the recent review [5] for references and
further details.

The purpose of this paper is to study three—dimensiona][] orbifolds by 2-groups, gen-
eralizing results in [6] for orbifolds by special 2-groups (specifically, analogues of central
extensions). These orbifolds gauge a combination of both an ordinary group as well as a
‘group’ of one-form symmetries (‘gerby’ symmetries, in older terminology). Further, we take
the one-form symmetries to actf| trivially, so gauging them results in a theory with a global
2-form symmetry, and hence, in three dimensions, a decomposition.

Amongst other things, we will find a more general pattern of three-dimensional decompo-
sitions than was observed in [6]. There, in a given orbifold, the universes were all of the form
[X/G]., with the same orbifold group G, differing (at most) by choices of discrete torsion
w. Here, in our analysis of more general cases, we find examples in which the universes are
different orbifolds, with different orbifold groups.

We begin in section [2| by defining three-dimensional orbifolds by 2-groups, describing, for
example, how to compute partition functions explicitly. In section [3| we state a conjecture

'The quantum field theory is defined over a three-dimensional spacetime, as an orbifold of a low-energy
effective sigma model, with a target space of any dimension, not necessarily three.

2In the language of defects, whether a one-form symmetry acts trivially or not in a three-dimensional
theory is determined by its action on lines, see e.g. |7] for a detailed discussion.



for decomposition in these orbifolds, namely that for a 2-group I,

X x K
x ]) )

where G, K are determined by I', and w indicates three-dimensional discrete torsion (also
determined ultimately by I'). In section 4| we verify that conjecture in a wide variety of
examples, beginning with the cases in which the 2-group is equivalent to an ordinary group
and, separately, a centrally-extended group, checking that our methods duplicate (and gen-
eralize) existing results. We then describe a variety of further examples, uncovering a more
general pattern of decompositions than previously discussed in three-dimensional examples
in [6,[7]. Finally, in appendix |A| we provide some background material on 2-groups, to assist
the reader with some of the more technical aspects of these computations.

QFT ([X/T]) = QFT<

Aside from a few general observations, in most of this paper we restrict to 2-group
orbifolds [X/I'] without three-dimensional analogues of discrete torsion. Generalizations are
left for future work.

In passing, we should point out some pertinent topological field theories. Dijkgraaf-
Witten theory is an orbifold of a point, so its two-dimensional versions decompose, since
they involve a completely trivially-acting group, and hence a global one-form symmetry. In
particular, they completely decompose, to a disjoint union of invertible field theories, a special
case of a more general decomposition phenomenon in unitary two-dimensional topological
field theories with semisimple local operator algebras [8-11]. Similarly, three-dimensional 2-
group orbifolds of a point also define topological field theories, and are versions of the Yetter
model [12-14]. Since they involve trivially-acting gauged one-form symmetries, they have a
global two-form symmetry, and so, as three-dimensional theories, they also decompose. We
will not belabor this point, but we will occasionally make use of results from Yetter models
in our construction in this paper.

2 Description of 3d orbifolds by 2-groups

2.1 Basics

In this section, we will define and describe three-dimensional orbifolds by 2-groups, general-
izing the work of [6] which studied special cases of 2-groups, analogues of central extensions.
More details on 2-groups are provided in appendix ; see also e.g. [15] and references therein.

Briefly, a 2-group is a generalization of an ordinary group, in which the group axioms
are weakened to be isomorphisms rather than equalities. A 2-group I' arises from a group
G and an abelian group K along with o : G — Aut(K) and fr € H*(G, K) (with action on
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the coefficients determined by «). The 2-group I' can also be described as an extension
l— BK — T — G — 1, (2.1)

classified by fr. The previous paper @ specialized to 2-groups for which « was trivial; this
paper considers more general cases. That said, both this paper as well as @ consider only
2-groups for which both G and K are finite, as both papers are devoted to orbifolds (instead
of more general gauge theories).

In terms of notation, for k € K, it is conventional to use the notation

k= alg)(k) (2.2)
for the action of a(g) on k € K, for g € G.

The group G describes a O-form symmetry, whereas the abelian group K describes a
1-form symmetry. These symmetries are represented by codimension 1 and 2 defects, re-
spectively. In terms of simple objects, in three dimensional QFT’s, which are the focus
of this paper, this corresponds to having surfaces labeled by elements ¢ € G, and lines
characterized by group elements a € K:

ge G

ae K

The remaining information («, fr) describes mutual twists of such 0- and 1-form symme-
tries that allow considering 2-group symmetries beyond the product G x BK. The action «
is pictorially represented via a piercing action, which is visualized as an incoming line defect
a € K traversing a surface defect g € G such that the outgoing line defect is the result of
acting on a by g:



9a

The extension class Or : G x G X G — K describes the nontriviality of recombining the
order of junctions, commonly known as F-moves. If such a class is trivial, any three defects
g,h,k € G may be combined into a single defect ghk € G without any consideration of
the order of association. If, on the other hand, the class is nontrivial, the different orders
of associating such defects differ by a line defect 5(g,h,k) € K. A cross-section of such a
situation is shown below, with the understanding that all defects extend in an additional
unshown dimension (so that, as above, the blue defects are surfaces and the red defect is a
line).

ghk F ghk

This represents diagrammatically a 2-group symmetry I' whose gauging one can consider.
Physically, gauging the 2-group I' encodes a gauging of both the ordinary group G as well
as BK, so that the path integral contains sums over both G bundles as well as K-gerbes
(each of which is twisted by the other, in a fashion encoded by «, fr, as represented in the
illustrations above).

In this paper, we will utilize presentations of 2-groups as collections (I'y, Iy, d, @), where
Loy are (not necessarily abelian) groups, and 6 : I'y — I'g and @ : Iy — Aut(I'y) are
homomorphisms satisfying identities listed in appendix [A] This structure is known as a
crossed module. In terms of such presentations, G' = cokerd, K = kerd, fr € H3(G, K) is
determined by the class of the exact sequence

1 — K — 1, 5Ty — G — 1, (2.3)
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where K is an abelian group, and « is determined by @ (See appendix [Al for further details
of crossed modules). The notation

% = alg)(k), (2.4)

for k € T'y and g € Ty, is sometimes also used to indicate the @ action of I'y (as well as the
a action of G on K). Also, a crossed module presentation of I" is often denoted

r — (n LN ro) , (2.5)

with @ given separately.

A given 2-group I' might have many different crossed module presentations (I'y, 'y, d, @);

however, G and K are independent of presentation, as is the homomorphism a : G — Aut(K)
and the class in fr € H*(G, K).

The action of the 2-group I' on a space X factors through G, meaning, in terms of a
presentation (I'1, g, d, @), it is encoded in a I'y action on X such that the image of § acts
trivially on X. (See appendix for details.) The K-gerbe acts trivially on the space.
One can consider more general scenarios in which X is not just a smooth manifold but a
differentiable stack such as the moduli stack of a Lie groupoid. In such a case, the gerbe is
allowed to have a nontrivial action on the target.

The fact that one gauges a 1-form symmetry BK in three dimensions that acts trivially
on the space is crucial to observe decomposition. In [16], in two dimensions, these higher
morphisms translated to (d — 1)-form symmetries on the worldsheet, which is ultimately
why gauging the whole 2-group only returns the theory of an orbifold by the cokernel. In
contrast, the higher morphisms here represent (d — 2)-form symmetries on the worldvolume,
so we expect to see a less trivial decomposition in this case.

Graphically, before gauging, each of the lines associated with elements of the BK can end
on a (dimension-zero) defect operator, which after gauging can float free. Defect operators
originating as endpoints of trivially-acting lines have weight zero, and can be combined to
form projectors, following Wedderburn’s theorem.

We remind the reader that the higher morphisms will necessarily act trivially on the
target space. As explored in [16], in 2d, these higher morphisms translated to (d — 1)-form
symmetries on the worldsheet, which is ultimately why gauging the whole 2-group only
returns the theory of an orbifold by the cokernel. In contrast, the higher morphisms here
will represent (d — 2)-form symmetries on the worldvolume, so we expect to see a less trivial
decomposition in this case.

In the remainder of this section, we will discuss basic properties of three-dimensional
orbifolds by 2-groups, generalizing [6].



2.2 Torus partition function

As in previous papers, we work with partition functions. In this section, we describe the
computation of the partition function of a 2-group orbifold on a 3-torus 7. Our analysis
will generalize the results of [6].

First, we consider the partition function of the 2-group orbifold [X/T], for I' presented
as the crossed module (I'y — I'y), where I'g and I'; are both finite. Intuitively, since [X/I]
describes a gauging of both the 0-form symmetry I'y as well as the one-form symmetry
'y, the path integral may be regarded as summing over both I'y bundles on 7% as well
as certain gerbes on the I'g quotient. This is, of course, just an intuitive picture, since in
reality I'y and I'y twist each other. In principle, the only structure that has meaning is that
of a principal I'-bundle. Taking into account the overall factors reflecting gauge volumes
described in [6], section 4.1.3], the partition function on T should have the form

|H(T3,T)|
Z X/T)) = E E h, k; 2.6
T3 ([ / ]) |F[1(T3 )’ ’HO T3 FO oy i g7 ) 721722723)? ( )
Zl 122,23 1 0

where the prime on the sums indicate that g, h, k, z1, 22, 23 need to satisfy some conditions
which we will determine shortly. The sum over z; 53 is regarded as a sum over equivalence
classes of banded I'y-gerbes, classified by

H*(TT,) = (I)? (2.7)

(for T'; finite), and the sum over g, h, k as a sum over equivalence classes of ordinary I'o-
bundles, classified by ‘
HYT? Ty) = (Ty)? (2.8)

(for I'y finite). It is of course the tuple (g, h, k; 21, 22, 23) that determines a principal I'-bundle.
Although discrete torsion can be added, for the moment we are focused on orbifold partition
functions without discrete torsion.

Now, let us turn to the conditions that the group elements above must satisfy. Since all
the groups acting on the target space X are finite, we will only deal with flat I'-principal
bundles. As described in [13,|14], these bundles can be specified by triangulating the world-
volume and endowing such simplices with I'-colorings described by a simplicial map from the
triangulation S(7T%) of T% to BT'. In the usual case for I' = G a group, it is well-known that
principal G-bundles on 7% can be described by triples (g, h, k) € G* of pairwise commuting
elements. This is obtained from the simplicial map as follows. For 0-simplices, or vertices,
BG only has one, so trivial information is assigned to vertices in S(7%). The 1-simplices of
BG are group elements, so we assign group elements to each edge in S(7°?). Clearly, the
assignments for each edge in the triangulation can be deduced from the assignments to the
generators of m(T3) = Z3. Moreover, since the only information that 2-simplices in BG
contain is about composition of group elements, this forces the group elements assigned to
the edges of S(T?) to pairwise commute.



On the other hand, if I' = (I'y 2 [y) is a 2-group, a strict model for a flat principal
I’ bundle can be described by assigning group elements of I'y to 1-simplices, and group
elements of I'; x [y to 2-simplices, and since BI" does not have nontrivial 3-morphisms, then
this induces a consistency condition on the I'; assignments deriveable from the simplicial
identities. This says that the I'-bundle is determined by a triple of group elements (g, h, k) €
(T'o)? such that, instead of pairwise commuting, only commute up to the action of (21, 2y, 23) €
(T';)3, which in turn satisfy a gluing condition. The conditions are listed in Egs. —
below.

Altogether, the partition function for 7% on an orbifold by a 2-group I' = (I'; — T)
(without discrete torsion) is

Zps([X/T]) = ! ZI Z(g,h, k; 21, 22, 3)

|F [*[Tol 9,h,k€T0; 21,22,23€T1

such that g, h, k € I'g and zy, 29, 23 € I'y satisfy the constraints

gh = 6(z1)hy, (2.9)
gk = d(z2)kg, (2.10)
hk = 0(z3)kh (2.11)
21225 = 2322k21. (2.12)

Morally, the sum over elements of 'y is the path integral’s sum over I'y bundles, and the
sum over elements of I'y is the path integral’s sum over certain gerbes over the quotient by
[y. The overall factors arise for the same reasons as in [6, section 4.1.3].

For simplicity, we will denote this partition function as

1

Zrs([X/T]) = ] > Z(g ks 21, ;. 2) (2.13)
1 0 (g,h,k;21,22,23)€T

where the sum is understood as summing over group elements g, h, k € I'g and 21, 25, 23 € T’y
satisfying the four constraints above.

So far, we have presented the partition function in terms of the data defining a presenta-
tion of the 2-group. Such presentations are not unique. Nevertheless, the partition function
is well-defined, because it can be recast in terms of a computation that involves only G, K,
a: G — Aut(K), and fr € H3(G, K). This is done in close analogy to what is presented
in [6]. Let IC, be the bundle of abelian groups on BG corresponding to «, that is the bundle
of abelian groups associated with the principal G bundle pt — BG by a. Let M be the
worldvolume, and x : M — BG any map. By the fibration

. — B*Ko — BT — BG 2 B3, — - (2.14)
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all G-twisted sectors (bundles) Z(g, h, k), each represented by a map z, satisfying
x*ﬁl—‘(g7 h7 k) = ]-7

lift to a I-twisted sector Z(¢',h', k’; z1, 29, 2z3), each which is a map M — BI'. Any lift
of g,h,k is up to an element in Im(d), so that there is a |Im(d)|*-fold ambiguity in these
lifts. Moreover, the elements zq, 25, 23 could each be multiplied by elements ki, ko, k3 in
K = ker(6) and still satisfy the first three constraints (2.9)-(2.11) that define a I-bundle.
However, Z(g', W', K'; k121, kozo, k323) is another F-tw1sted sector only if k"' kyks = 9k N
since ky, ko, ks € K C Z(I'1). Note that if these k’s satisfy such an equation for a given lift
g, b, K then they satisfy the equation for any other choice of lift. This is because the lifts
only differ by elements in Im(¢), which by the crossed module identities act trivially on Z(T';).
This exhausts all possibilities of I-twisted sectors. For the particular case of M = T3, the
condition z*w = 1 is precisely the statement that the associated discrete torsion-like phase
valued in K is trivial, that is

/BF(gah>k)BF(kagvh)/Br(h7k7g)
es(g, h, k) = —1€eK. 2.15
0 oK) = g ko) Br(k, o g) (s 9. F) (215)
Therefore
1
Zrs([X/T]) = m S Z(ghks 2,2, 2), (2.16)
1 0 (g,h,k;21,22,23) €l
Im
||F IF Z Z (g, h, k; ey, K, K3), (2.17)
LR 010 ko kseK g,hokeG

- |K| ‘ Z Z g’ h’ k" k17k2ak3)a (218)

kl ko,k3€eK g,h keG

where the sum is over tuples (g, h, k; k1, ko, k3) such that g, h, k € G pairwise commute and
satisfy eg. (g, h, k) = 1 € K, and ky, ko, k3 € K satisfy k;"kyks = ‘k3ko*k,. In terms of defect
diagrams, the latter amounts to the condition:

11



ks ko k1

9k kk‘g
k?l hkgkg = gk’ng kk?l

hk.2

]{:1 k3

ko

This shows that the partition function can be computed in terms of the topological data

that defines I', so that it does not depend on the particular presentation I' = (I'; LN [y). In
practice, however, it will often be more straightforward to work with Equation , since
the evaluation of fr(g,h, k) is often cumbersome. Nevertheless, this expression is useful
whenever an explicit presentation of I' in terms of a crossed module is not readily available.

So far, we have discussed partition functions without (analogues of) discrete torsion. Now,
there does exist an analogue of discrete torsion for three-dimensional two-group orbifolds, as
we shall discuss in section 2.5 We discuss there the phases that arise in partition functions,
and later in section will outline the ramifications for decomposition; however, our focus
in this paper is primarily on orbifolds without 2-group discrete torsion.

2.3 DMore general 3d worldvolumes

Even though we have focused on obtaining the partition function for when the worldvolume is
a 3-torus, more general 3d manifolds can be considered. As previously described, the process
described above relies on two facts. First, that the worldvolume admits a triangulation.
Indeed, it is known that any smooth manifold admits a triangulation (see e.g. [17]). The
second fact is that principal bundles with flat connections can be described in terms of
holonomies (see e.g. [18]), or simplicial maps [13[14]. These two results allow us to describe
the I'-bundle, which is necessarily flat, in terms of a simplicial map from the triangulation
of the worldsheet to the simplicial presentation of the classifying space BI', from where we

can derive gluing conditions analogous to Eq. (2.9))-(2.12).
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This is by now a standard process that arose in the context of Dijkgraaf-Witten theory [19]
and its generalizations (such as the Yetter model [12]), made precise by T. Porter in |13,/14].
Such theories are described by o-models with homotopy n-types as target spaces, which
correspond to the classifying spaces of n-groups I'. It was observed that those models,
including analogues of discrete torsion, can be described as I'-colorings of triangulations of
the worldvolume. As such, those models may be regarded as specializations of the situation
described presently, where X = % and so [*/T'] = BT (i.e. all of I acts trivially), so that the
decomposition results presented here in particular apply to those models.

Morally, to each 1-simplex in the triangulation of the worldvolume, we assign an element
of Ty, and to each 2-simplex we assign an element of I'y x I'y. The simplicial identities
of the map enforce conditions on these assignments. For example, for a simplex 012 with
g, h,k € Ty assigned to 01, 12, and 02, respectively, and (z,1) € 'y x Ty assigned to 012, we
require that [ = hg and that k = 0(z)hg. Since the 2-group I' has m3(BT") = 0, then trivial
information is assigned to every 3-simplex. This will imply gluing conditions on the elements
in T’y x Ty assigned to the 2-simplices, such as the fourth equation in Eq. (2.9)), which morally
says that the surfaces enclose a closed volume with trivial information assigned to it. Of
course, if I' was a 3-group, then we would also assign a group element (or 3-morphism) to
3-simplices, which, for example, would weaken the equations on 2-simplices. For example,
in the case of the 3-torus, we would end up with an isomorphism

21223 = Y222, (2.19)
realized by a 3-morphism in I'.

As for discrete torsion, we will have that the map BI' — B3*U(1) will result in assigning a
3-cocycle classified by H*(T',U(1)) to each 3-simplex in the worldvolume triangulation. The
resulting discrete torsion phase is then obtained by taking the alternating product of these
cocycles. This is briefly illustrated in Section for the 3-torus. Therefore, the process,
albeit involved, becomes purely combinatorial, and more importantly, generalizes both to
higher-dimensional worldvolumes, and higher groups.

2.4 A comment on trivially-acting groups

Whenever there is a subgroup of the orbifold group that acts trivially, the twisted sectors
that are related by elements of the such subgroup are the same. This was used, for example,
in [2] in the context of a 2d [X/G] orbifold with A < G a trivially-acting subgroup. Because
A acts trivially, then if Z(g,h) and Z(ag,a’h) are both twisted sectors in the [X/G], then
Z(g,h) = Z(ag,a’h), and so we can just label the twisted sectors by the equivalence classes
in G/A as Z([g], [h]).

In Section |A.2) we observe that higher morphisms (i.e. elements of I'y in I' = (I'; LN
[g)) necessarily act trivially on the target space X. Therefore, much of the labeling of

13



twisted sectors Z (g, h, k; z1, 22, z3) in the [X/I'] theory is redundant. Ultimately, the physical
information will be obtained after quotienting everything down to coker(d), which is the only
part of I' that acts non-trivially on X. Thus, physically, the projection

F1#>FO

ol |=

1 —— coker(9)

will only remove the redundant labelling (in other words, will sum the twisted sectors that
are the same) but leave the physical information intact.

Note that the commutative diagram presented above is actually a homomorphism of
crossed modules, which we call IT : T' — coker(d), and thus in particular induces a map
I1* : H3(coker(8),U(1)) — H3([,U(1)). It is from this observation that we derive part of
our story.

2.5 2-group analogues of discrete torsion

In this section, we will briefly outline 2-group analogues of discrete torsion, classified by
H3(T,U(1)) = H3,,(BT',U(1)). They will not play a substantial role in this paper, so our
discussion will be brief.

2.5.1 Phases

For ordinary group orbifolds in three dimensions, there is an analogue of discrete torsion,
counted by H3(G,U(1)), see e.g. [6,19,[20]. For example, on a T3, the discrete torsion phase
associated to a (g, h, k) twisted sector is

w(g,h, k) w(k,g,h) w(h,k,g)

(g, k h) w(k,h,g) w(h,g,k) (2.20)

where [w] € H3(G,U(1)). (Although the expression is written in terms of a cocycle, it is
easily checked to be invariant under coboundaries — hence well defined on group cohomology
—and in addition is SL(3,Z) invariant.) Just as in the 2d case, we can see that these phases
exactly come from the simplices that compose the torus. Indeed, the triple (g, h, k) can be
regarded as describing a 3-simplex such that w(g, h, k) is the U(1)-valued cocycle assigned
to it in degree-3 group cohomology.

In close analogy, 2-group discrete torsion phases are given by the product of 3-cocycles in
H3(T',U(1)), such that the order of multiplication is given by the ordering of the 3-simplices

14



that compose the 3-torus, essentially obtained by the description in [13],14]. For example,
the usual phase w(g, k, h) becomes in this case w(g, k, h; 22, 21, 23 ), which is the U(1) phase
assigned to the 3-simplex:

where the parameters in w are chosen according to their simplicial ordering (skipping the
013 face which is determined by the other faces). The other group elements entering each
cocycle in the discrete torsion phase are computed similarly.

2.5.2 Classification by degree-3 cohomology

In the previous section, we outlined the discrete torsion phases in terms of cocycles of the
degree-3 cohomology of I'. We now explain this cohomology group. Throughout this paper,
we will assume trivial actions of G and K on U(1), but will admit nontrivial actions of G
on K.

The group extension
l1—BK —T —G—1

becomes a fibration of topological spaces
B*K — BI' — BG (2.21)

where B?K, BI' and BG are the classifying spaces of BK, I', and G, respectively. One can
compute the cohomology of any total space of a fibration in terms of the base space and
the fiber using the Leray-Serre spectral sequence |21]. In particular, we are interested in
computing H2, (BT,U(1)), which for simplicity we denote as H*(T', U(1)).

sing
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To construct the 5 page, we first state the relevant cohomology groups of Hy;,g(B*K, U(1)).
Since it is a connected topological space, we have

HO

sing

(BQK,U(l)) =U(1).
For H!

sing

(B*K,U(1)), it is possible to use the fibration
BK — «+ — B’K (2.22)

and another Serre sequence to conclude that Hy;, (B*K,U(1)) = 0. Moreover, in [22] it is de-
rived that H2, (B*K,U(1)) = H!

sing sing(BK7 U(l)) = Hl (K7 U(l)) and that Hging(BZK7 U(l)) =
Extabel(K,U (1)), where the latter is the group of abelian extensions of K by U(1), in other
words, the subgroup of H*(K,U(1)) whose 2-cocycles are symmetric (see e.g. Proposition

4.8 in [23)).

We denote e := Extabel(K, U(1)) for shorthand. The Fy page is

e H°(G,e) HYG,e) H?*(G,e) H3(G,e) H*(G,e)
K | H(G,K) H'(G,K) H*G,K) HG,K) HYG,K)
0
U

0 0 0 0 0
(1) | U) HY(G,U(1)) H*G,U(1)) H*G,U() HYG,U(1)
0 1 2 3 1

In this table and below, H'(G, K ) denotes the group cohomology of G with coefficients
in the abelian group K equipped with the action of G induced by «. In particular, note that
we wrote HO(G, e) and H°(G, K) and not just e and K, respectively, since G does carry an
action on K. Since we are only interested in H3(T',U(1)), we only need to concentrate on
what maps from or to the groups whose coordinates add to 3, in this case, it is H°(G,e),
H'Y(G,K), 0, and H(G,U(1)). The only d, differential that is relevant in this case is the
one that maps dy* : H(G,e) — H?(G, K). The relevant groups on page Fs3 are

e ker(dy®) - - - -

K | HYG,K) HY (G K) - - -

0 0 0 0 0 0

v | U) HY(G UQ1)) H*G.U1)) HYG,U1) HYG U())
0 1 2 3 4

The differential ds is not relevant for ker(dy®) since it lands on a trivial group. It is

relevant for H3(G, U(1)) since d3° : HY(G, K) — H3(G,U(1)). As noted in [24], the differ-
ential d3 has a clear connection with the Postnikov extension class fr € H*(G, K). Indeed,
dy® = (=, Br) (that is, precomposition with 3). Meanwhile, d5* = (— U fp). It is also
relevant to H'(G, K) since dy® : H'(G,K) — H*(G,U(1)). Thus, the relevant groups on
page E, are
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(1) | - - coker(dy?®)  coker(dy?)
0 1 2 3 4
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o

Finally, the only relevant d differential is d}° : ker(dy®) — coker(dy?). This will be the
last relevant differential, so that the relevant groups in the stabilized page F., are

e ker(dy®) - - - -
K - ker(dy?) - - -
0 - - 0 - -
U(l) |- - - coker(dy?®) -

0 1 2 3 4

Now that one has the relevant groups, one ends up with an extension problem. In simple
terms, there is always a filtration 0 = F?, C F C ---F3 C Fy = H*([',U(1)) that defines
short exact sequences

0— F | — F)— E>" —0 (2.23)

The first two short exact sequences give that £ = F? = coker(dy”). One then needs to
solve the extension problem for F3 in

0 — coker(dy?) — F§ — ker(dy®) — 0 (2.24)

which then determines H3(T', U(1)) through the extension
0 — F} — H3I,U(1)) — ker(d}?) — 0. (2.25)
The two sequences above summarize the computation of H*(T", U(1)) for T' a general 2-group.

It becomes difficult to solve these extension problems without further information about
the groups involved. One can nevertheless note several properties. First, note that Coker(dg’2),
morally, consists on the 3d discrete torsion choices for G modulo the ones that factor through
the Postnikov extension class (with an appropriate notion of G-invariance since we are con-
sidering H°(G, K), not just K). Moreover, we can follow the extensions and note that,
in particular, coker(dy?) < H3(T,U(1)). This will play a role in a particular scenario of
decomposition.

In passing, we note that there are cases in which the computation simplifies, notably
when H2, (B*K,U(1)) = 0, which happens, for example, when K = Z,, and where the

sing
action of G on K is trivial. The special case of K = Zg, 1 is covered in [24].
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3 General decomposition conjecture

As has been discussed elsewhere (see e.g. [1,5-7,25]), decomposition is the statement that a
local d-dimensional quantum field theory with a global (d — 1)-form symmetry is equivalent
to a disjoint union of quantum field theories, known as universes. In the previous section, we
defined orbifolds by 2-groups, meaning, among other things, a gauge theory with a gauged
trivially-acting 1-form symmetry group, which yields a global 2-form symmetry group, hence
a decomposition in a three-dimensional theory.

In this section, we state a precise form for the decomposition conjecture for 3d orbifolds
by 2-groups, and discuss connections to other dimensions. The decomposition described
here generalizes that discussed in [6]; for example, we will find examples in which the uni-
verses of decomposition are not just copies of one another with different choices of discrete
torsion. Such more general examples are known in two-dimensional theories, but the three-
dimensional examples discussed in [6] were all simpler.

In later sections we will check the decomposition conjecture in a variety of examples.

3.1 Decomposition in three-dimensional orbifolds

Given any 2-group I' presented as a crossed module (0 : I’y — I'g, @ : I’y — Aut(I'y)), define
the group G to be the cokernel of § and K its kernel, so that one has the short exact sequence

1 — K —T; 5Ty 5 G — 1 (3.1)

) , 52

where K is the set of irreducible representations of K, and w denotes discrete torsion which
we will describe momentarily.

We conjecture that decomposition takes the form

X x K
G

QFT ([X/I']) = QFT(

The group G acts on K by sending a representation ¢ : K — GL(n,C) to the represen-
tation ¢ - ¢ defined by

(g-¥)(z) = ¥ (alg)(2)), (3.3)

Next, we turn to the description of the discrete torsion w on each summand. Let {p,}
be a collection of irreducible representations of K chosen so that the equivalence classes [p,]
are representatives of the orbits of the G action on K. For each p,, define H, C G to be the

18



stabilizer of p, in K. The decomposition conjecture 1} can then be written

QFT ([X/T]) = QFT (H [X/HGJ%>, (3.4)

a

Diagrammatically, Equation has a very straightforward interpretation. Recall from
Section [2| that since the 1-form symmetry BK acts trivially, it gives rise to local operators,
also labeled by group elements of K. On the gauged theory, we expect a dual or quantum
symmetry, where in particular the corresponding codimension 3 (point-like) defects are la-
beled by K. However, as defined in Equation (3.3), G has an action on K. Taking this
action into account, the resulting local operators in the gauged theory, as shown below, are
not labeled by K but by equivalence classes of representations in K described by the orbits
of the G-action. These local operators are precisely universe projectors 11,,. This is what is
stated by the conjecture.

ae K 5 [pa] € K/G
Ungauged Gauged

Now, we make precise the discrete torsion phases w,. Since K is abelian, the representa-
tions are one-dimensional. To define w, € H*(H,,U(1)), we will need the extension cocycle
Br whose class is in H3(G, K). We recall how it is constructed following [26, section 6.6.12].
To that end, let 0 : G — I’y be a section of the projection 7 : I'g — G. For ¢y, go € G, define

[91,92) = 0(g1)0(g2)0(g192)"" € T. (3.5)
It is straightforward to check that [g;, go] € ker . Then, it can be shown that

(91, 92] [9192. 93] = o(g1)[g2, g5l (1) " 91, g295)- (3.6)

Since [g1, go] € kerm = im ¢, we can lift this expression to a relation in I';. However, after
doing so, it will only hold up to an element of K, which will define our cocycle. In detail,
let [[g1, 92]] € T'1 denote a lift of [g1, go] € ker m, so that §([[g1, g2]]) = [¢1, g2], and define

Br(g1,92,93) = o(g1)llg2: gsllo(g1) ™" [[91, 9295]] [[9192, 9s)) " [lg1, ga]] (3.7)

then just as in [26, section 6.6.12], it can be shown that SOr(g1, g2, g3) defines a cocycle in
Z3(G, K). and the corresponding element of H*(G, K) is independent of choices. Since we
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have a prescribed G-action on K given by a : G — Aut(K), the cocycle identity that S
satisfies is

a(91)(Br(ge; 93, 91)) — Br(9192, 93, 9a) + Br(g1, 9293, 94) — Br(g1, 92, 9394) + Br(g1, g2,93) = 0

(3.8)
Because H, < G, we can restrict this cocycle to 3% classified by H*(H,, K). We now define
W, as

Do = pa© B2 (3.9)
Given that K acts trivially on U(1), [p.] € H*(K,U(1)) is a homomorphism. Note that

pal(g1)(Br(g2, 93, 94))) = 7 pa(Br (92, 93, 94)) = Pa(Br (g2, 93, 94))

since g1 € H, and H, is the stabilizer of p,. Then, composing the cocycle identity (3.8]) with
p gives the cocycle identity for cocycles in H3(H,,U(1)) with trivial action of H, on U(1),
that is, a choice of discrete torsion.

We will verify this conjecture in numerous examples in Section [4]

Clearly, if the G-action on K is trivial, then the decomposition conjecture reduces to

QFT ([X/T]) = QFT (H [X/G}poﬁr> , (3.10)

p

as claimed in [6].

3.2 Decomposition in the presence of discrete torsion

We briefly comment on the decomposition of 3d 2-group orbifolds with nontrivial choices
of discrete torsion. The analogous two-dimensional scenario was explored in [25]. As ex-
plained in section [2.5.2] the discrete torsion choices are classified by H3(I',U(1)), which is
an extension of

ker(dy® : ker(dy®) — coker(dy?)) (3.11)

(obtained from two quotients off| H*(G, Extabel(K, U(1)))) by Fs which is itself an extension
of
ker(dy® : HY(G,K) — HYG,U(1))) (3.12)

b
’ coker(dy? : H(G,K) — H*(G,U(1))). (3.13)

3Extabel(K,U(1)) is a subgroup of H2(K,U (1)) given by the 2-cocycles that determine abelian extensions.
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These extensions show that the latter quotient group of H?(G, K) is a genuine subgroup
of H3(T',U(1)). Thus, we can meaningfully talk about choosing discrete torsion w’ for I' that
only comes from that of GG. Since these U(1)-phases are assigned as w'(g, h, k; 21, 22, 23) =
W'(m(g), m(h), m(k)), it is easy to see that such a choice of discrete torsion will give a constant
contribution to the decomposition in Equation . This will not depend upon the par-
ticular representative in the quotient of H3(G,U(1)) that embeds into H(T,U(1)) because
the decomposition precisely sums over all discrete torsion choices in the quotient class. This
means that for a discrete torsion choice [w'] € coker(ds?) < H3(I',U(1)), the decomposition
becomes

a

QFT ([X/T]) = QFT (]_[ [X/Ha]waw), (3.14)

The other choices of discrete torsion are much more involved to describe. However, the
close similarity to the 2d case suggests that a related decomposition as the one described
in [25] also occurs in 3d, and likely in higher dimensions. This is made explicit by studying
the relevant Serre spectral sequence, to which we turn now.

3.3 Relation to other dimensions

In the 2d case, given an ordinary group I' with trivially-acting subgroup K C I', it was
argued that the quantum field theory of the two-dimensional orbifold obeyed

) : (3.15)

where G = I'/ K, and & was defined similarly, using the central extension class 8 € H*(G, K).

X x K
G

QFT ([X/I']) = QFT<

The root of the similarity of these two decomposition stories partly comes from the Serre
spectral sequence determined by the extension class. Recall from Section that the
contribution of GG alone to the degree-3 cohomology of I' is through the quotient

H3(G,U1))/(Im(— o fp : H'(G,HY(K,U(1))) — H*(G,U(1))) c H¥T,U(1)). (3.16)

The decomposition in for trivial G-action on K is exactly summing over all the discrete
torsion choices on G that can be expressed as composition of representations of K with
the extension cocycle, which are the choices that are left out above. This is more clearly
understood in terms of the projection of I'-twisted sectors to G-twisted sectors, as explained
in Section m The more general decomposition (3.4]) is understood in a similar way. The
main difference is that because of the additional condition z,"2,23 = 925 2y%2, for 2-orbifolds,
the ['-twisted sectors do not cover all twisted sectors of G with the same multiplicity. This

causes the assembly of orbifolds by subgroups of G determined by how these stabilize the
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representations left out in (3.16]). Moreover, we sum over discrete torsion choices that come
from the composition of the extension cocycle and fixed representations, as suggested by

(3.16)), since the quotient if by choices coming from H°(G, H'(K,U(1))).

In two dimensions, essentially the same phenomenon happens. Suppose we have an
extension
l1—-K—T—G—1 (3.17)

classified by 8 € H*(G, K) with a G-action on K. We can compute H*(T",U(1)) using the
Serre sequence. The relevant elements in the Fy page are

(D) | BYG, HX(K,U(1))) - : : :
U(1) (1)) HY(G,H\(K,UQ) - : :
- - H?(G,U(1)) H3G,U(1)) -

I 1 2 3 4

Note that there is only one nontrivial differential acting on H?*(G, U (1)), which is
dy* = —op: HY (G, H'(K,U(1)) —» H*G,U(1)) (3.18)

which is exactly the same setting as in the 3d case, that is, a differential given by composition
with the extension class. Also note that H?(T',U(1)) is again an extension of a quotient of
HYG,U(1)) (where here d = 2), a quotient of H*(G, H'(K,U(1))), and two quotients of
H°(G, H*(K,U(1))). The only difference is that here we have H?(K,U(1)), whereas in 3d
and in higher dimensions we will have the stabilization of this, that is, Extabel(K,U(1)).
Since the discrete torsion here has heuristically the same form as the 3d case, this seems to
suggest that a similar decomposition for nontrivial discrete torsion will occur in 3d.

There is, however, an important difference. While in the 3d case, as explained in Section
4.2 at least for a trivial G-action on K, all the G-twisted sectors are equally covered by
[-twisted sectors, this is not true in 2d. The G-twisted sectors not covered by I'-twisted
sectors are exactly the ones eliminated by summing over discrete torsion choices coming
from composing with representations of K, though.

This is exemplified in the D, orbifold example described in [2], where Dy is given by the
extension
1—>Z2—>D4—>Z2XZ2—>1 (319)

and Zo C Dy acts trivially. The Z(a,b) Zs X Zo-twisted sector does not lift to a Dy-
twisted sector, but these sectors are eliminated by summing over the described discrete
torsion choices, as 3(a,b) gives a nontrivial value. This, however, does not work in a three-
dimensional D, orbifold. For instance, the 3d Zg x Zso-twisted sector Z(1,a,b) does not lift
to a sector in Dy, yet it cannot be eliminated through discrete torsion since the cocycles
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are normalized. In a sense, orbifolds by extensions of 1-groups are about lifting information
of commutativity from G to I'. This cannot be done in general, but only in 2d can we
eliminate the sectors whose lifts do not commute using discrete torsion so that we get a
decomposition. In the 3d case, we are trying to lift commutativity information from G to I'g
for I' a 2-group. But by exactness, we will always be able to make the lifts commute, up to
an image of I'y. There are associativity constraints on the elements of I'; that realize such
commutativity identities in Iy, but since we are not lifting associativity information from G,
then the constraints are satisfied as shown in Section 4.2 If, on the other hand, G was itself
a 2-group, then we would need to lift associativity information, and thus in analogy to the
2d case of 1-groups, we would expect to have twisted sectors in G that do not lift to I'" but
that only in 3d can be eliminated by summing over discrete torsion.

It is not difficult to generalize these observations to d-dimensional theories. Indeed,
consider G a group, K an abelian group with a G-action, and an extension class 8 €
H%@G, K). This information determines a strict (d — 1)-group I' (which for d > 3 does not
cover all (d— 1)-groups anymore). The discrete torsion choices are classified by H4(T", U(1)),
which can be computed using the Serre sequence associated to the fibration

B 'K — BT — BG. (3.20)

One can show that H/(B* 'K ,U(1)) = 0 for 0 < j < d—1 and H"YB" 1K, U(1)) =
H}, (K,U(1)). The relevant groups for this discussion in the E, page are

grp

e HO(G’e) _ - -

H1<K7U(1)) HO(G7H1(K7 U(]-))) - o T -

v() - - .- HYG,UQ1)) H™NG,U(1))
0 1 e d d+1

where we used that HY(B*'K,U(1)) = H*(B*K,U(1)) = Extabel(K,U(1)) = e is a stable
result [22].

Note that the only nontrivial differential that acts on H4(G,U(1)) is
dy'™ = o f: H(G H' (K, U(1))) ~ HY(G,U(1))
so that the G only stabilized contribution will be
HYG,U(1))/Im(— o 8) C HYI,U(1)) (3.21)

so that again we are quotienting out the discrete torsion choices that come from composing
the extension cocycle with representations of K. Since G only carries commutativity infor-
mation, we expect to be able to lift every G-twisted sector to I'-twisted sectors as in the 3d
case. This is the same setup as in the previous cases.
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All in all, we conjecture that for a d-dim’l theory by a (d —1)-group I" specified by a finite
group G, a finite abelian group K with a G-action, and an extension class fr € HY(G, K),
there will be a decomposition

QFT ([X/T]) = QFT (H [X/Ha]@a>, (3.22)

a

as in Equation (3.4)), with &, = p, o Br and p, a representation of K whose stabilizer is H, C
G. Moreover, for nontrivial discrete torsion choices for I'; it seems reasonable that we will
have a similar decomposition as the cases listed in [25], given that H"(I",U(1)) is always given
as an extension in terms of a quotient of H%(G, U(1)), a quotient of H*(G, H*(K,U(1))), and
two quotients of H%(G, e), where most of the relevant differentials are given by contraction
with the extension class. The only difference would be that not all of H?*(K,U(1)) will
appear but only Extabel(K,U(1)) C H*(K,U(1)), its stabilization.

Finally, aside from the general remarks we have made, we leave a detailed study of the
decomposition of orbifolds [X/T'] with discrete torsion for future work.

4 Examples

4.1 Ordinary group

As a basic consistency test, in this section we will consider the case that the 2-group is
(weakly equivalent to) an ordinary group, and verify that one recovers an ordinary group
orbifold as a special case of our prescription.

The most general 2-group I' = (I'y 2, ['g) that is weakly equivalent to an ordinary group
is that for which the boundary homomorphism § is injective. In such a case, it follows from
the axioms in appendix [A] that I'; is a normal subgroup of T'y, and that I'y acts on I'; by
conjugation. This 2-group is weakly equivalent to coker(d). This trivially fits in the short
exact sequence

1 — 1 — Iy = Iy = coker(§) — 1,

where 7 : Ty — coker(9) is surjective.

In such a case, in terms of the decomposition conjecture (3.2)), G = cokerd, K = 1, with
a trivial G-action for obvious reasons, and so the decomposition conjecture reduces to the
statement that the I' orbifold should coincide with an ordinary G orbifold:

QFT ([X/T]) = QFT ([X/G]). (4.1)
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Next, let us compute partition functions on 7%, to check that physics also sees such a
2-group orbifold as equivalent to an ordinary group orbifold.

To that end, note that if Z(g,h,k; 21,29, 23) is a twisted sector in the [X/I'] theory,
then Z(m(g), m(h),n(k)) is a twisted section in [X/coker(d)]. This is because g, h,k € Iy
commute up to an element of I'y, which is the kernel of 7. Now we show that every twisted
sector Z(a,b,c) in [X/coker(d)] lifts to a twisted sector in [X/T']. To see this, let o1, 09,03 :
coker(d) — I'g be independent sections of m. Since it is assumed that a,b,c € coker(J)
pairwise commute, then their lifts oy (a), 02(b), 05(c) € I'g pairwise commute up to elements
21, 72, 23 € ker(m) = I';. That is, we have

o1(a)oa(b) = 0(z1)o2(b)oi(a),

o1(a)os(c) = 0(z)03(c)oq1(a),

w

oo(b)os(c) = d(z3)03(c)oa(b).

Recalling that the action of I'y on I'y is by conju%ation, it is a matter of plugging these
equations into the group elements z; 02(b)2223 and 7' 2429 3(0)21 to see that

o2(b) _ oi(a) as(c)

so that Z(o1(a),o9(b),03(c); 21, 22, 23) is a twisted sector in [X/I']. Moreover, since the
sections were chosen independently, then every Z(a,b,c) twisted sector in [X/coker(d)] is

covered |I';|® times by twisted sectors in [X/T']. Hence, the partition function becomes
1
Zps([X/T]) = m Z Z(g, h, k; 21, 20, 23), (4.2)
1 0 (g,h,k;zl,zg,23)€F
1
= — I, Z(a,b,c), 4.3
o 2 2k )

(a,b,c)
1
= Jeoker(d)] Y. Zabe), (4.4)

(a,b,c)€coker(d)

= Zps([X/coker(6)]), (4.5)

so that our prescription does reproduce the ordinary orbifold cases whenever the 2-group I'
is weakly equivalent to an ordinary group.

This description not only recovers the usual orbifold case, but also reproduces discrete

torsion for orbifolds. Recall that for a 2-group I' = (I'; LN [y), its discrete torsion values are
classified by cocycles in H3(I', U(1)), which is computed using the Serre spectral sequence
as described in Section[2.5.2] In the special case where I' is weakly equivalent to the 1-group
coker(d), it is straightforward to see that H*(T',U(1)) = H3(coker(d),U(1)). Clearly, since
the cohomology only depends on coker(¢), then the discrete torsion phases w(g, h, k; 21, 22, 23)
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do not depend on the values of 21, 29, z3 nor any of the information coming from I'y, so that
w(g, h, h; 21, 29, 23) = w(n(g),n(h),n(k)) where 7 : Ty — coker(d) is the quotient map.
Hence the partition function for a nontrivial choice of discrete torsion [w] € H3(T',U(1)) =
H?3(coker(8),U(1)) with associated phases €, is

1
Zps ([X/T]) = | Yo eulwlg),w(h), w(k)Z(g, by ks 21, 20, 2),  (4.6)
1 0 (g,h,k;21,22,23)€T
1
= — |3 €o(a,b,c)Z(a,b,c), 4.7
|F1|2|F0|| 1| (%) ( ) ( ) ( )
1
= — b,c)Z(a,b 4.
|coker(4)] Z w(a, b c)Z(a,b,c), (48)
(a,b,c)ecoker(9)
= Zps([X/coker(9)].,), (4.9)

so that we reproduce any orbifold with any of the possible choices of discrete torsion.

4.2 Central extensions

Next, we consider the case of a 2-group corresponding to a ‘central” extension
l— BK — T — G — 1, (4.10)

as studied in [6]. A central extension is defined by the property that the map o : G — Aut(K)
is trivial, which distinguishes it from more general 2-groups. The reader should note that
the extension class [fr] € H*(G, K) is allowed to be nontrivial.

Let us begin by specializing our general decomposition conjecture (3.2)) to this case. The

general statement is
X x K
2 ] ) (4.11)

In this case, however, since « is trivial, the action of G on K is trivial, as can be seen
immediately from (3.3]). As a result, the general statement reduces to

QFT ([X/T']) = QFT<

X x K
G

QFT ([X/T]) = QFT<

) = QFT | [TIX/Glug- | (4.12)

pEK

which is of the same form as that in [6]. Finally, we need to compute the discrete torsion
choices w(p). Following the analysis of section |3 since G acts trivially on K , each isomor-
phism class in K is a G-orbit, so the stabilizers are all of G, i.e. H, = G for all a. Then,
equation (3.9)) reduces to

w(p) = pofr, (4.13)
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which reproduces the discrete torsion on universes in [6]. Altogether, we see that in this case
(o trivial), our general decomposition conjecture (3.2)) reduces to that given and checked
in [6] for the case of « trivial (defining central extensions).

Next, we compute partition functions on 73, to check the prediction above. Of course,
partition functions were also computed in [6]; here, we refer to the specialization of our
computations for more general groupoids, as a thorough consistency check.

To that end, first note that our partition function expression reduces to the ex-
pression for T? partition functions in [6, equ'n (4.18)]. It is already in nearly the same
form; the difference lies in the sum over tuples. In the general case, the sum is over tuples
(g, h, k; k1, ko, k3) such that g, h, k € G pairwise commute, satisfy fr(g, h,k) =1 € K, and
ki, ko, ks € K satisfy ky"k,ks = ‘ksko*k,. In the partition functions in [6], the last condition
was omitted. This is consistent because in the case « is trivial, the last condition becomes
kikoks = kskoky, which is trivial as K abelian. Thus, our expression for partition functions
correctly specializes to that of [6, equ'n (4.18)] in the case of central extensions.

Now, for completeness, let us review how these partition functions are consistent with
decomposition. (The reader should note that an equivalent verification also appeared in [6],
though we will describe it differently.)

To that end, we first compare the twisted sectors of [X/I'] with those of [X/G]. If
Z(g, h,k; z1, 2, 23) is a twisted sector in [X/I'], then Z(7w(g),m(h),n(k)) is a twisted sector
in [X/G], since g, h, k pairwise commute in I’y up to the images of z1, 29, 23 under J, but
mod = 1 by exactness of the sequence. Moreover, if Z(g, h, k) is a twisted sector in [X/G]
then it lifts to a twisted sector Z(¢', ', k’; z1, 22, z3). The argument is almost identical to that
in Section [4.1] Since g, h, k pairwise commute in G, then their (independent) lifts ¢/, i/, k'
commute in To up to elements 0(21), d(z2),0(2z3) € Im(d). Moreover, they satisfy the equation
22y = 2322 'z,. This is because G acts trivially on K, so that by the crossed module
identities the only action that I'y can have on I'y is by conjugation whenever it is defined.
Finally, we note the multiplicities of such lifts. Since g, h, k can be lifted independently,
= ‘Fll . Moreover, since K < Z(I'y), each z has a

then this gives a multiplicity of |Im(d)
| K|-fold cover. Thus, in summary, the tw1sted sectors in [X/T'] always descend to twisted

sectors in [X/G] and, moreover, they cover each one with a multiplicity of ‘|I;<1|3 |K]? = |Ty]3.

We also need to understand G discrete torsion on the universes [X/G]. We will describe
them next more formally than was done in [6]. To that end, first note that the projection
map Il : I' — G defined in Section induces a map in cohomology IT* : H3(G,U(1)) —
H3(T,U(1)). Now, we know that

coker (— o fr: H'(K,U(1)) —» H*(G,U(1))) < H*T,U(1)). (4.14)

Note that we have replaced H°(G, H'(K,U(1))) with H*(K,U(1)) since G acts trivially on
K. Moreover, IT* is exactly the quotient map, since it comes from the short exact sequence
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of I'. Thus, we have that
II* : H*(G,U(1)) — coker (— o Br: H'(K,U(1)) — H*(G,U(1))) (4.15)

Now, our I" orbifolds have, by assumption, trivial 2-group discrete torsion. The reader should
note the fiber of IT* above over the trivial element of H3(T",U(1)) is nontrivial in H*(G,U(1)),
and, formally, the different universes should sum over choices of discrete torsion in that fiber,
ker(IT*). Now, since II* is the quotient map, this says that we must sum over all choices of
discrete torsion of [X/T| that equal p o Br for p € H*(K,U(1)).

We now apply these observations to the partition function

1
Zps([X/T]) = Ty Z €o(g, h,k; 21, 22, 23) Z (g, h, k; 21, 29, 23),  (4.16)
! 0 (g9,h,k;z1,22,23) €l
1 -\ —
= |F1|3 Z ((H) 1(60))(g7hak)z(gahak)v (417)
[Da[2[Tof i
I3 1

To| |[H'(K,U(1))] D > (poBr)lg. b, k)Z(g, h. k), (4.18)

pEH(K,U(1)) (9,h,k)eG

- > LRV > (poBr)g, h.k)Z(g,h, k), (4.19)

; [T
peH(K,U(1)) (9,h.k)EG

- Z ZT?’([X/G]pOﬁF)’ (420)

pEH (K,U(1))

where ¢y means the discrete torsion phase associated with the trivial choice of discrete torsion.
This agrees with [6, equ'n (4.22)], and with the conjecture in Eq. (3.10).

In passing, we emphasize that 2-groups with trivial a : G — Aut(K) can arise from
crossed module presentations with nontrivial @. Consider for example the case I'y = Zgy X Zs,
Lo = Z4, 6 : Ty — Ty given by 6(a) = 6(b) = 22, for Ty = Zy X Zy = (a) x (b), and
@ : Iy — Aut(I'y) given by a(z)(a) = b, @(2)(b) = a. In this example, the action of
coker(d) = Zs on ker d is trivial, so although @ is nontrivial, « : G = coker § — Aut(ker ) is
trivial, hence this crossed module is an example of a central extension.

4.3 T =(ZyxZy > 7,)

We now consider a crossed module I' (partially) defined by 'y = Zgy X Zo, I'g = Zy, 6 = 0, so
that G = Zy and K = 7y X Zs. We will consider two examples of actions v : G — Aut(K).

Let us first consider the case that a acts trivially, mapping all of Z, to the identity
automorphism. This is an example of a central extension, previously studied in section |4.2]
We include the analysis of this special case here for completeness.
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In this case, the decomposition conjecture (3.2 predicts

QFT ([X/T]) = QFT( ng ) (4.21)
= QFT H[X/G]w<p> , (4.22)

where G = Zy, K = Zy X Z». The discrete torsion w(p) = po 3 for B € H3(G, K) classifying
the 2-group. In the present case, § = 0, hence w(p) = 0 for all p € K, hence decomposition
predicts

QFT (X/T]) = QFT | []1X/Z] | - (4.23)

K

The partition function in this case is

1
ZT3(Z2><ZQ£>Z2) = m E E Z(g,h,k;a,b,c),
2 2 2 a,b,c€Zo X 7o g,h,kEZ2
‘Zg X Z2|3
= ——————|lo| L3 (Z
|Z2XZ2|2|Zz|| 2| TS( 2)a

= |Z2 X ZQ’ZTS(ZQ).
matching the decomposition prediction above.

Next, we turn to the case « is nontrivial, given by a(z)(a) = b and «a(z)(b) = a, where
we have written Zgy X Zy = (a,b). Here, G = Zy, K = 7y X Zy. G leaves invariant the trivial
irreducible representation of K, as well as the irreducible representation that is nontrivial
on both Z, factors, but exchanges the other two irreducible representations. As a result, the

decomposition conjecture (3.2)) implies
) , (4.24)

= QFT ([X/Zg] [[x/z:) I] {X 22Z2D : (4.25)
= QFT (1x/2:) [T1x/7:) [ x). (4.26)

Since fr = 0, there is no discrete torsion on any universe.

X x K
G

QFT ([X/T)) = QFT(
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Now, let us compare this prediction to physics. The partition function in this case is

‘ZQ X Z2’2

ZT3 (ZQ X ZQ g) Zg) m

(1Zy x Z5|Z(1,1,1)

+|Zs|[Z(1,1,2) + Z(1, z, z) + perms.
+2Z(z,z, z)]),
= |Za|Zrs([X/ L)) + Zrs(X),

matching the prediction of the decomposition conjecture for this choice of o : G — Aut(K),
but distinct from the result for the previous choice of a.

To summarize, the examples of this section explicitly illustrate the role of the action a:
we have two examples with the same G, K, and vanishing (3, but different o : G — Aut(K).
To specify a 2-group I' one must specify all four of G, K, 3, a, and here we see that different
choices of a can lead to different results for physical theories.

44 T = (23> 7,)

We now consider the crossed module I' = (Z3 9, Zs) with two different actions «, much as
we did in the previous example.

The first case we consider is that of trivial action o of Zy on Zz. We begin with the
decomposition prediction for this case. In the notation of , G = Zsy, K = Zs,
and since the action « of Zs on Zs is trivial, all of the irreducible representations of K are
invariant under G.

In this case, the decomposition conjecture (3.2) predicts that

) | (a27)

= QFT (H[X/Zﬂ) : (4.28)

X x K
G

QFT ([X/T)) = QFT(

The partition function is

1
Zys(Ls = L) = ARA > D Zlg.hkiabo),
SUAT2L 4 boes g ke,
= Bl gz (x)),
|Z3|2| Zs|

= |Zs| Zs([X/Zs)),
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agreeing with the prediction of the decomposition conjecture.

Next, we consider a nontrivial «, specifically, the case that G = Zs acts on K = Z3 as
a(z)(a) = a*, where G = (z) and K = {(a). Here, one of the irreducible representations of
K is invariant, but the other two are interchanged by the action of Z,. The decomposition
conjecture then predicts

) , (4.29)

QFT ([X/ZQ] I1 [X ZQZQD , (4.30)
QFT ([X/Z2] I1 X) : (4.31)

X x K
G

QFT ([X/T]) = QFT<

where the [X/Z] is associated to the trivial representation, and the X is associated to the
two nontrivial representations of K.

Now, let us compare to physics. We have the partition function

1
Zrs(Zy > Ty) = M(|Z3|2Z(1,1,1)
+Zs*[[Z(1,1,2) + Z(1, 2, 2) + perms. + Z(z, z, z)]),
1
= @(\ZﬂZTi*([X/Zﬂ)+QZT3(X))7

= ZT3([X/ZQ]) + ZT3(X),

which matches the result above.

4.5 T = (24> Z,)

Consider the crossed module (Z,4 2% Zy) with action a(z)(a) = a®, where G = Zy = (2),
K =74 = (a). In this case, in the notation of the decomposition conjecture , G = 7o,
K =74, and G leaves invariant two of the irreducible representations of K but exchanges
the other two. The decomposition conjecture then predicts

) , (4.32)

= QFT ([X/Zz] [Tx/z) [T {X QZZZD’ (4.33)
= QFT (1x/2:) [T1x/7:] [ x). (4.34)

X x A

QFT ([X/I]) = QFT (
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Next, we compare to physics. The partition function is

1

0
ZT3(Z4 — Zg) = M(

|Z4|3Z<1a 17 1)

+|Z4|*|Zo| [Z(1,1, 2) + Z(1, 2, 2) + perms. + Z(z, 2, 2)]),
= Z(L,L,)+(Z(,L,1)+Z(1,1,2)+ Z(1, 2z, 2) + perms. + Z(z, 2, z)),
= Zrs(X) + |Za| Zrs([X/ Z5)),

in agreement with the decomposition prediction computed above.
0
4.6 I'= (Zg X Lz —> ZQ)

Consider the crossed module (Zs x Zs — Z,) with action a(z)(a) = a2, a(z)(b) = b, where
G =17y = (2), K = Z3 x Z3 = {a) x (b). In terms of the decomposition conjecture (3.2), the
action of G on K leaves one representation invariant (the trivial representation), while inter-
changing the other eight irreducible representations in pairs. The decomposition conjecture

then predicts
ad a K] ) , (4.35)
— QFT ([X/Zg] 1T {XXT(QZWD : (4.36)

= QFT ([X/ZQ] 1T HX) . (4.37)

The first summand is associated to the trivial representation of K = Z3 X Zs, and the other
four correspond to the four orbits of the Z, action on K.

QFT ([X/T) = QFT<

The partition function is

Zrs(Zs % Ty > 7)) = WM(% X ZslPZ(1,1,1)
+|Zs x Zs|*[Z(1,1,2) + Z(1, 2, z) + perms. + Z(z, z,2)]),
= @ 8Z(1,1,1)+ Z(1,1,1) + Z(1, z, 2) + perms. + Z(z, 2, 2)) ,
= Zps(X/ZLo) + 4Z7:(X),

matching the prediction of the decomposition conjecture.
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4.7 T=(Z3 > 7, x Z,)

Let ' = (Zz — Zy X Zs) with a(a)(z) = 2% and a(b)(z2) = z, where G = Zy X Zy = (a) x (D)
and K = Zz = (z). That is, for the action « : Zs X Zy — Aut(Z3) = Zs one has that
ker(a)) = (b) and a € Zg x Zs injects into Aut(Zs).

Let us apply the decomposition prediction 1} Here, b € GG acts trivially on K, whereas
a € G leaves one irreducible representation of K invariant (the trivial representation) and
exchanges the other two. Furthermore, since 6 = 0, 8 = 0, so there is no discrete torsion on
any summand. Then, from Equation , decomposition predicts

) , (4.38)

— QFT ([X/G} I1 [2 Té’j) , (4.39)

— QFT ([X/Z2 < 2o I [X/Zg]> . (4.40)

X x K
G

QFT ([x/T]) = QFT(

Next, we compute the partition function on 7. In the present case, the group elements
1,b € Zsy X Zy fix all elements of Zs, so that the twisted sectors that only involve 1,5 will
have a |Z3|3-fold multiplicity. On the other hand, a,ab € Zy x Z, do not fix any nontrivial
elements in K = Z3. Assembling the pieces, one finds that the partition function is

1

Zps(Zs > Ty x L) A

(|1Zs]?( sectors involving only {1,b})

+1Zs|*( sectors involving a)),

= 2o x 24| >1< 7] (22 (only {1,0}) + Z(only {1,0}) + Z({a})).
2 1
- |Zy < ZQ‘Z(ﬂ {10 + |Zo X Zs|

= Zps([X/)Za)) + Zps([X)Z2 x Zs)),

Z({1,a,b,ab}),

matching the decomposition prediction above.

Note that, unlike previous examples, here we do not get a copy of Z(X). This is because
there is a nontrivial group element b € Z, x Z, that acts trivially on Zs, so that its twisted
sectors have the same multiplicity as Z(1,1,1). This seems to suggest that we when gauging
a 2-group, one of the components will be Z([X /ker o).
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4.8 F:(ZE),XZZ),&)ZQXZQXZQ)

We take I' = (Z3 x Zs % Zy x Zy X Zy) with a(a)(z,y) = (z,y), a(b)(z,y) = (z%,y) and
ac)(x,y) = (z,y?), where

G = Zo XLy x Ly = (a) x (b) x (¢), K = ZsxZs = (x) x (y). (4.41)

We begin by computing the decomposition prediction . To that end, a € G leaves
K invariant, b € G interchanges six of the nine isomorphism classes in K , in two sets of
three, and ¢ € G similarly interchanges another six of the nine elements of K. One of the
elements of K (corresponding to the trivial representation) is invariant under all of G. Four
of elements of K are acted upon by two Zs,, two are exchanged by only one Zs, and another
two are exchanged by only another. Also, since § = 0, we have 8 = 0, hence there is no
discrete torsion on any universe. Assembling these pieces, we have

) : (4.42)

= QFT([X/G] 1T [%}

XXZQ XXZQ
—_——— —_——— 4.4
H[Z2XZ2XZJH{Z2XZ2XZ2])7 (4.43)

— QFT ([X/G] 11 1x/2Z2) [ (X/Z2 % Z) [ [X/Z2 Zg]) . (4.44)

X x K
G

QFT ([X/I) = QFT<

The first summand corresponds to the trivial (and G-invariant) representation in K, the next
one to the group of four acted upon nontrivially by two Zss, and the last two summands
correspond to elements exchanged by only one of the Zss.

Note that ker « is generated by a, and that both b and ¢ have |Z3| fixed points, but be
has 1 fixed point. Then

1
Z([X/T]) = Zs x Zs]*Z({1
([ / ]) |Z3XZ3|2|ZQXZZXZ2|(| 3>< 3| ({ ’a})
+|Z3 X Z3|2|Z3|(Z(17 176) + Z(lv 1,0))

HZy x Zs|*Z(1,1,bc) + - -+ ),

= Zp3(X/) 7o X Ly X Zs))
|Z2’3(SZ({1,a}) +22(1,1,b) +2Z(1,1,¢) + - - ),
= Zps([X/)Zo % Ly X L)) + 2+ Zys([ X)Ly % Zo]) + Z(|X/Zs)),

+

matching the prediction above.
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4.9 G =7y, K =74 with nontrivial action and extension

We consider the 2-group I' arising from the fibration
B*Zy — BT — BZ,

such that the action a : Zy — Aut(Z,) is *a = a®, and the extension class [Or] € H?(Zy, Z,) =
Z is the nontrivial one. In this case

G =12 = (2), K =2, = {a) (4.45)

We compute the decomposition prediction ‘) We have that K = Z,, and that the
~ < ~3 ~2 ~
generator z € GG interchanges the generator k£ € K with & while leaving 0,k € K invariant.

Thus, we have three distinct orbits: {0}, {k2}, and {k, /%3} The discrete torsion contributions
for each universe in the prediction come from cocycles that are expressed as p o 8 for § the
extension class. Since we are working with normalized cocycles, only 5(z, z,2) can have a
nontrivial value. However, the discrete torsion-like associated factor for this triple is trivial,

as
(27 2) = Br(z, z,2) Pr(z, 2, 2) Pr(z, 2, 2)
Br(z, z,2) Pr(z, 2, 2) Pr(z, 2, 2)
vanishes identically. This means that, although the extension class is nontrivial, the discrete
torsion phases entering the decomposition are all trivial. Thus, the conjecture reads

) : (4.47)

_ QFT <[X/G] 1Tx/6LTT [X ZQZZ] ) (4.48)
- QFT([X/G] [Tx/6 H[X]). (4.49)

=1 (4.46)

X x K
G

QFT ([X/T]) = QFT<

We now compare this to a computation at the level of partition functions. This exemplifies
a computation using only the invariant data that defines a 2-group, without making use of
an explicit crossed module presentation. As observed in Equation , all the associated
discrete torsion-like factors are trivial. This means that all triples (g, h, k) € Zg X Zg X Zsy
are admissible, according to Equation . The 3-torus partition function is then

Zrs([X/T]) = |Z4| Z] Z Z Z(g, h, ks ky, ko, ks),

k1,k2,k3€Z4 g,h,kEZL2

1
— —\Z 2Z ‘(\Z4]3Z(1, 1,1) + |Z4|?|Zo|(Z(1,1,2) + Z(1, 2,2) + Z(2, 2, 2) + perms.)),
4|°|Zia

= Zps(X) + Zps([X/Za)) + Zps ([ X/ Zs)),
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matching what is predicted by the conjecture (4.49). This is an example where even though
a nontrivial extension class is used, the result is identical to what would be obtained in the
case with trivial extension class.

5 Conclusions

In this paper we have analyzed 2-group orbifolds [X/T] of low-energy effective theories in
three dimensions, generalizing the results of [6], which focused on 2-groups I'" which were
analogues of central extensions (meaning, trivial ). On the assumption that the gauged
one-form symmetry acts trivially, we have described partition function computations, and
also discussed the form of decomposition in these theories. We have found a more general
pattern of decomposition in three-dimensional theories than appeared in previous three-
dimensional examples.
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A Background on 2-groups

A.1 2-groups as crossed modules

In general terms, the concept of a 2-group may be regarded as a categorification of a group.
In the literature, it has appeared under various equivalent guises. In the present article,
however, the presentations that we will mainly use are those of crossed modules, for com-
putations, and of one-object 2-groupoids. The first approach is reviewed in this section,
whereas the second approach is reviewed in Section We also briefly review the presenta-
tion as Lie 2-groups in[A.2] though only to clarify what a 2-group action on a space actually
means.

While crossed modules technically represent strict 2-groups, it is known, as explained for
example in [27], that every (weak) 2-group is isomorphic to a strict 2-group. This presenta-
tion has the advantage that it reduces the computations involving 2-groups to computations
involving traditional groups and homomorphisms between them.
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We recall the definition of a crossed module, due to Whitehead [28]. A crossed module

r= (T, LN ['g) consists of a pair of groups I'g, I'1, endowed with a homomorphism § : 'y — Ty
called the boundary map, and an action @ : 'y — Aut(I';) of Iy on I';. For simplicity, we
denote the action of g € I'y on h € I'y as @(g)(h) = 9h. These homomorphisms are required
to satisfy I'g-equivariance

(%) = gd(h)g™" (A1)

and the Pfeiffer identity
SMp! = ph/ht (A.2)

In general, there may exist several different choices of I'y and I'y that represent the same

crossed module. Up to isomorphism, any crossed module I' = (I'y 2, [y) is uniquely specified
by the following data [29]:

e The cokernel coker(d).
e The kernel ker(d), which is abelian.

e The Postnikov extension class [3] € H?(coker(d), ker(d)), which specifies a short exact

sequence
1 — ker(d) — I'y — I'y — coker(d) — 1 (A.3)

e An action « : coker(d) — Aut(ker(d)).

An obvious but important fact is that the inclusion ker(d) < I'y factors through the
center Z(I'y) of I'; [26] as
ker(6) — Z(I'y) — I'y. (A.4)

The fact that crossed modules are specified by the four ingredients listed above estab-
lishes a weak equivalence amongst them. To see how this works, we first need to define the
morphisms of crossed modules.

For crossed modules I' = (T'y LN [g) and IV = (I} LN ['y), a homomorphism of crossed
modules (f,¢) : I' — I consists on a pair of group homomorphisms f : Iy — I’} and
¢ : Ty — I’ subject to the conditions that &' o f = ¢ o § and that f(9) = *Wf(t) for g € Iy
and t € I'y. Furthermore, we say that a crossed module homomorphism (f,¢) : I' — I" is a
weak equivalence if the induced homomorphisms ker(d) — ker(d’) and coker(d) — coker(d’)
are isomorphisms. Topologically, this means that I' and I"” represent the same topological
space up to weak equivalence of topological spaces.
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A.2 2-group actions

Since the concept of action of a 2-group on a smooth manifold will play an important role
here, we quickly recall the relevant definitions.

Actions of 2-groups on smooth manifolds are more clearly seen as actions of Lie 2-groups
on Lie groupoids. Both of these concepts are in turn easily understood using the concept
of an internal category, which we recall now [30]. Intuitively, the definition captures the
properties that define a category so that it can be regarded as a category inside another
category. Here, we assume that we can talk about the points of the objects, which will
be the case of interest. In some ambient category C, an internal category C' consists on a
pair of objects Cy,C; € ob(C). The interpretation Cy, C; is that of object of objects, and
object of morphisms. These are endowed with morphisms s,t : C; — Cy, i : Cy — C4, and
o:Cy x¢g, C1 — Cy where Cy x¢, C1 ={(f,g9) € C1 x Cy s.t. t(f) = s(¢g)}. The morphisms
s,t,1 are to be viewed as giving the source and target objects of morphisms in C, and the
identity morphisms, respectively. The morphism o describe composition of morphisms where
the target object of one is the source object of the other.

We now recall the definition of a functor of internal categories. Given two internal
categories C' and D, a functor of internal categories F' : C' — D consists of a pair of
morphisms Fy : Cy — Dy and Fy : C; — D; such that so F; = Fyos, toF; = Fyot,
Fioi=1io0Fy and Fioc=co (F| xp, F1).

Using this definition one can define Lie groupoids and Lie 2-groups. See e.g. [31,132] for
more information. A Lie groupoid C'is a category internal to the category of manifolds. This
means that Cy, C7 are manifolds, and the maps involved in the definition are all smooth.
Similarly, a Lie 2-group G is a category internal to the category of Lie groups, meaning the
objects Gy, Gy are Lie groups, and the involved morphisms are smooth Lie homomorphisms.
Note that Lie 2-groups may be regarded as special cases of Lie groupoids.

We now recall the definition of a Lie 2-group action on a Lie groupoid. Let G be a
Lie 2-group and X a Lie groupoid. An action of G on X consists of Lie group actions
1o : Go X Xog — Xo and py @ Gp x X7 — Xj, such that they form a Lie groupoid functor
from the Lie groupoid (G; x X; — G x Xp) to X.

This machinery now allows us to describe the action of a 2-group I' on the target space
X. First, we need to present X as a Lie groupoid. There are several Lie groupoids that one
can construct from X. Here, we choose to present X as the Lie groupoid with Xq = X,
Xi=X,and s=t=1i=1dx : X — X the smooth identity map. We choose this particular
presentation because the orbifold theory describes maps f : 72 — X, and we do not want
to broaden the allowed maps when presenting 7% and X as Lie groupoids. This, however, is
an interesting generalization that we would like to consider in the future.

Now we present our crossed module I' = (I'y — T'y) of finite groups as a Lie 2-group I.
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We take fo =TIy and fl = I'y x [y, where each is given the smooth structure of discrete
groups, so as to be considered Lie groups. The semidirect product I, is defined by the group
law

(h7g) ’ (h/agl) = (hgh/agg/) (A5)
for 9k’ the action of g on I'y through the homomorphism « : I'y — Aut(I'y). We take s = 7,
the projection mr, : I'y x I'g — T, t(h,g) = d(h)g, and i(g) = (1, g).

It is now clear what it means for I' to act on X. An action of a Lie 2-group [ on a
smooth manifold X is a Lie 2-group action on the canonical Lie groupoid associated with X.
It consists on two compatible group actions p; : (I'y X Tp) x X — X and po: o x X — X,
such that sx oy = pip o (sp X sx) and tx o iy = pig o (¢ X tx), meaning that the diagram

Ty 3Ty x X —X2 5 X

SpXSx tpXtx Sx tx

F(]X > X

commutes.

One of the consequences of this definition is that I'; automatically acts trivially on X.
Note that sx o p1((h,1),m) = (h,1) - m. By the required commutativity this is

o © (sp % sx)((h,1),m) = po(l,m) =m (A.6)

so that p; is a trivial action. Of course, not only does I'; act trivially but also its image
Im(d) C I'y. All in all, this means that the only action that potentially is nontrivial is that
of coker(§) = G on X, and in particular ker(d) = K acts trivially.

To summarize, the action of a 2-group on a space X factors through an action of G =
coker 0, such that the image of ¢ acts trivially.

A.3 2-groups as one-object 2-groupoids

We end this section by reviewing how 2-groups may also be regarded as 2-groupoids with
one object. This definition is not used in the present paper for explicit computations, but
it is used in the derivation of the partition function. As described in Section [A.2] a crossed
module I' = (T'; LN [y) may be regarded as a category whose space of objects and morphisms
are (Lie) groups. A closely-related presentation is given in terms of a 2-category. Broadly
speaking, a 2-category is a generalization of a category where one has objects, morphisms,
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and morphisms between morphisms [33]. One usually refers to objects, 1-morphisms, and
2-morphisms. In particular, a 2-groupoid is a 2-category where 1- and 2-morphisms are
invertible. The precise meaning for invertibility depends on whether we consider weak or
strict 2-categories. Here we mainly work with strict 2-categories, where 1-morphisms are
exactly invertible and not only up to a 2-morphisms.

Hence, a different way to present a 2-group given by a crossed module I' = (T'; AN [o)
is as a 2-groupoid with a single object, whose 1-morphisms are I'y, and whose 2-morphisms
are I'y x I'g. This definition is identical to the presentation as Lie 2-groups, but shifted
one categorical degree up. This presentation is helpful in particular because it allows for a
clean realization as a simplicial set thanks to the Duskin nerve [34], so that its connection
to cohomology and triangulation of topological spaces is straightforward.

It is known that there exist several conventions for representing crossed modules as 2-
groupoids with a single object. Throughout this paper, we use the LB convention. See [35]
for more details.
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