PROPAGATION OF CHAOS OF FORWARD-BACKWARD
STOCHASTIC DIFFERENTIAL EQUATIONS WITH GRAPHON
INTERACTIONS
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ABSTRACT. In this paper, we study graphon mean field games using a system of
forward-backward stochastic differential equations. We establish the existence and
uniqueness of solutions under two different assumptions and prove the stability with
respect to the interacting graphons which are necessary to show propagation of chaos
results. As an application of propagation of chaos, we prove the convergence of n-player
game Nash equilibrium for a general model, which is new in the theory of graphon mean
field games.
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The theory of mean field games was pioneered independently by Lasry, Lions (see
[33], [34], [35]) and Caines, Huang, Malhamé (see [28], [29]). It is the study of strategic
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decision making by small interacting agents in large populations, and we refer the readers
to [3, 4, 7, 21, 22] for finite state mean field games, to [9, 16, 23, 25] for uniqueness of
mean field game solutions, and to [19, 20] for a nice survey. Since then, the convergence
of n-player game Nash equilibrium to the solution of mean field game has attracted lots
of attention. There are three different ways to tackle this problem: 1) establish the
regularity of solutions of the so-called Master equations, see [15]; 2) use compactness
arguments to show the existence of weak limits of n-player game Nash equilibrium, and
prove any weak limit is a weak solution of mean field game solution, see [31, 32]; 3)
prove it using propagation of chaos results for forward-backward stochastic differential
equations or backward stochastic differential equations, see respectively [36, 41].

In this paper, we investigate an analogous n-player game convergence problem for
graphon mean field games. The standard mean field game theory assumes that inter-
action of different agents is symmetric. Recently, asymmetric graph connections among
agents have been considered; see e.g. [2, 13, 14, 18]. The heterogeneous interaction of
players is modeled by graphons, which is a natural notion for the limit of a sequence of
dense graphs. It was first introduced by Lovész et al.; see e.g. [11, 12, 38], and have
been used to characterize heterogeneously interacting particle systems; see e.g. [5, 8], and
also has important applications in k-core theory; see e.g. [6, 42]. In graphon mean field
games, given a graphon G : [0,1] x [0,1] — R4, each A € [0, 1] stands for a type of large
subpopulation, and the correlation between two subpopulations A\ and k is characterized
by G(\, k). As far as we know, the convergence problem for graphon mean field game
has only been solved by [2] for a linear-quadratic model, where their argument heavily
relied on the existence of explicit solutions. In this work, we study the limiting system
which is a family of forward-backward stochastic differential equations (FBSDEs), and
prove the n-player game convergence for a general model using propagation of chaos.

More specially, we investigate a coupled system of n FBSDEs of the form
dX;" =150 Gu(E, DB, X", XY dt + o dW,"

VP = =L ST G, D) F (L XD XY dt+ Y 20 aw,
Xp" =¢im,
Vit = LS Gu(E DO XA, i,

n

(1.1)

where B, F,Q are drifts and terminal, (£*) Ae€[0,1]> (W) xefo,1] are independent initial
positions and Brownian motions respectively, and G, is a sequence of graphons char-
acterizing interactions between (X ”L)z:ln As n — oo and G, — G, we show the
propagation of chaos result that the above particle system converges to the following
graphon interacting particle system

dXP = [ [ GONR)B (6, X, 2, Y)) L(X[) (dx) dr dt + o W},
dYP = — [} [o GO\ 8)F (4, X2, 2, V) L(XF) (dx) dr dt + Z) AW,
X3 =&

YR = [y fo GO RIQ(XD, 2) L(XG)(dx) ds, A€ [0,1],

(1.2)

where £(X/°) denotes the law of X[. By the stochastic maximum principle, the solution
of the graphon mean field game can be characterized using (1.2). One can conclude the
convergence of n player game using the convergence (1.1) = (1.2).
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To carry out our analysis, first we study the existence and uniqueness of the limiting
system (1.2). To properly define the interaction term

1
/ /G(A,H)B (t,Xf‘,x,YtA) L(XF)(dz) dr dt,
0 R

we must show the measurability of A — £(X})). Since we are only interested in the
marginals E(Xt)‘),\e[()’l] instead of the joint law L£(X}), one can study another FBSDE
system where all the (X*,Y?) are driven by the same Brownian motion. The marginal
laws of these two systems are the same which is a useful observation in establishing
measurability. Then under two commonly used monotonicity assumptions as in [10], we
show the existence and uniqueness of solutions to (1.2). Next we study the stability of
solutions with respect to the interacting graphon G. As a natural notion of distance
between two different graphons, the cut norm is widely used and is weaker than the
L'-norm; see e.g. [38]. To make an estimation involving the cut norm, we adopt the
argument of [5, Theorem 2.1] where the boundedness of solutions in the LP norm for p > 2
is necessary. This is the reason that we prove existence results in general (LP),>2 spaces.
Finally, we prove the propagation of chaos for FBSDESs, where the stability is essential.
Assuming that the cut norm convergence of the interacting graphons ||G,, — G||o — 0,
we show that (1.1) = (1.2). Under a stronger condition that G, is the uniform block
sampling of GG, we can obtain the convergence rate.

The rest of the paper is organized as follows. In Section 2, we prove the unique
existence of solutions of (2.1) under two different assumptions. In Section 3, assuming
that the interaction is linear in G, we show the stability of solutions with respect to
G. In Section 4, we prove the Propagation of Chaos result, and in section 5 we apply
previous results to a simple model of graphon mean field game.

1.1. Notation. Let us take P,(IR) to be the Wasserstein space of p-integrable probability
measures on R. Denote by M([0,T]; P,(R)) and C(]0, T]; P,(R)) the space of measurable
functions from [0, T'] to Pp(R) and the space of continuous functions from [0, 7] to P,(R)
respectively. Define the space of families of probability flows as

PFEP = {p:]0,1] = C ([0, T); Pp(R)) : A+ p* is measurable}.
For any u, i € P(C([0,T]; R?)), let us take

sup \Xt—)?t]2+ sup |Yt—)7t\2

Wa.r(p, i) := inf {E
+€[0,T] t€[0,]

(X,Y) ~ o, ()?,?)Nﬁ}.

For a family of random variables {X*},¢[o1], we denote by L£™(X) the set of laws

{[’(X)\)})\G[O,l} .
We define spaces of processes and random variables

° L’}z to be the set of all {F;}+>0- progressively measurable real-valued process
T 9 p/2
(Xt)e>0 such that E (fo | Xt dt) < 400.

° Lz]j_lc to be the set of all {F;}+>0- progressively measurable real-valued continuous

process (X¢)¢>o0 such that E [supte[O,T] |Xt|p} < +00.



° Lz}t to be the set of all Fi-measurable p-th integrable random variables.
. /\/lL’}2 to be the set of all measurable functions X from [0, 1] to LZ}Q such that

/2
maxeo,1) [(foT ’X1t>\|2 dt)p ] < 400 , and similarly define ./\/ng_lc7 ML?__{

For any z € MLEC, we define norms

T
kt A\
e lx dtd\|,
Jo e () o
T
p._ kt (o A)Y
||| .—)\Iél[%?i]E [/0 e (act) dt} ,

z||% := max_ sup E{m)‘p}.
ol = s [l

I) . —_—
7 =E

|

In particular, when p = 2, we write

|WV:Et/ /ZMQ§2ﬁM e M2
k - t 5 F -
0,1 Jo

For any x € LI}C, define its norm

—p
[zl[g == sup E[lz;["].
t€[0,T]

2. UNIQUE EXISTENCE OF SOLUTIONS

In this section, we show the existence and uniqueness of solutions to a general FBSDE
system (2.1) under two assumptions.

dX} = BY (t, X7, L™(Xy), V) dt + o dW,
dYP) = —F2 (6, X, L™(Xy), YY) dt + Z)} dW,
Xp=¢\

YR =Q (X, L™(Xr)), VYA€E0,1].

(2.1)

The proof is very similar to that of McKean Vlasov FBSDE, except the verification of
measurability of A — £(X?). Our main observation is that different types of players
(X)) are only interacting through their marginal laws £™(X), and therefore by the
weak uniqueness of FBSDE solutions, we can treat all processes (X?*, Y, Z*) A€[0,1] On
one stochastic basis. Then we prove a stronger statement that A\ — X? is measurable in
the L? sense, which implies the measurability of A+ L£(X™).

Definition 2.1. A family of processes (X’\,Y)‘,Z)‘)/\G[OJ] is said to be a solution of
(2.1) if A = L(X?) is measurable and (X*, Y, Z*) satisfies the FBSDE system (2.1)
for each X\ € [0, 1].

For simplicity of notation, we suppress G when the graphon is clear from the context.
We make the following two assumptions in this section.
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Assumption 2.1. (i) B is Lipschitz in x, and there exists a constant K; € R such
that for any X € [0,1], (t,2,2",y) € [0,T] x R?, n € M([0,1]; P,(R))

(SU - LE,) ’ <B)\(t7x7777y) - Bk(tvx,’nvy)) < *Kl(x - CC/)2

(ii) FA is Lipschitz in y, and there exists a constant Ko € R such that for any \ € [0,1],
(t,z,y,9') € [0,T) x R?, n € M([0,1]; P2(R))

(y—y)- (FA(L z,m,y) — FAt,z,m, y’)) < Koy —y')?

(i4i) B* is Li-Lipschitz in y, F* is Lo-Lipschitz in x, Q* is L3-Lipschitz in x, and it
holds that

~ L1 - L1 ~
|B>\(ta$7nay) - BA(tal‘a"%y)‘ < 7Wp(77/\a"7/\) + ? 0.1] Wp('n/\ﬂ?)‘) d)‘a

~ L2 - L2 ~
‘FA(t,:L‘,'T],y) - FA(t,JJ,'T],y)‘ < 7Wp('r’>\7'rl}\) + ? 0.1] Wp('ﬂ/\ﬂ?/\) d>\a

L L N
QN m) — QNz, )| < pr(nA,nA) - 73 o Wy (n?, 77 dA.

(i) It holds that pKi + pKo > (2p — 1)L1 + (2p — 2)Ly and there exists a constant
ke ((2p —2)La — pKa,pK1 — (2p — 1)L1) such that

201208 + 204 Ly
—k+pK;—(2p—1)Ly ’
(v) We have that X — L(£) is measurable, SUPxe0,1] E[|£*P] < +o0, and (B(-,0), F(-,0),Q) €
MUIB? x MR x MLE. .

(2.2) (k? + pKy — (2p — 2)L2) > 2pL1L§ +

Assumption 2.2. (i) (B* F*) are L-Lipschitz in (z,y), Q" is L-Lipschitz in z, and it
holds that

|B>\(ta$7n,y) - B)‘(t,x,'ﬁ,yﬂ < lW?(nAaﬁ/\) +1 WQ(TIAv’F’/\) d)‘?

[0,1]
|FA(tz,m,y) — FMt x,m, )] < WVt 0) +1 o Wy (m,77) d,
QN m) — QN m)| < (™ 9t) +1 o Wa(n*, n) dA.

(ii) There exist a positive constant k > 3l such that for all X € [0,1],
— Az (F)‘(t, 0*) — FA(t, %)) + A (B’\(t, %) — B\, @))
< —k(Az*)? — k(AyH)?,
Azt (QMatm) - @M@ m))
> k(Axt)?,
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where Az = o — B, Ay =yt = PP, 0% = (2}, m,7).0" = (@0, 7).

(i4i) We have that X — L(&*) is measurable, SUP¢[0,1] E[|€*P] < +o0, and (B(-,0), F(-,0),Q) €
ML x MLB? x ML,

Lemma 2.1. Under Assumption 2.1 or 2.2, there is a one-to-one correspondence be-
tween solutions to (2.1) and

dX} = B (¢, XD, L™(Xy), Y dt + o dW,
dYP) = —F2 (6, X, L™(Xy), YY) dt + Z dW,
Xg =&,

YR =Q (X2, L™(Xr)), VAe(0,1].

(2.3)

Proof. Given a solution (X,Y, Z) to (2.1), we plug in the law p(t) = {£(X})}efo,1] into
the FBSDE for each A € [0, 1]

dX} = B> (t, Xﬁ,u(t),f/ﬁ) dt + o dW;,

Ay} = —F> (t,f({\, w(t), }73) dt + Z} dw,

X3 =&,

V2 = Q (X, (1)) .

It is well-known that there exists a pathwise unique solution to FBSDE (2.4) for each
A € [0, 1] under Assumptions 2.1 or 2.2 (see e.g. [27], [40]). Due to Lemma B.1, its law

L(X}) coincides with £(X}), and hence £(X;) = p(t). Therefore, the triple (X,Y, Z)
solves (2.3). The proof for the converse is the same. O

(2.4)

Note that in (2.3) there is only one driven Brownian motion W for all A € [0, 1], and
thus one can work on one stochastic basis and prove measurability more conveniently.
As a result of Lemma 2.1, it is equivalent to solve (2.1) and (2.3), and thus we study
only (2.3) in the remaining of this section.

2.1. Contraction mapping. We will prove there exists a unique solution to (2.3) using
contraction mapping theorem under Assumption 2.1 with a constant p > 2.
Given any measurable y € ML2° we define ¥(y) := z as the unique solution to

(2.5) {dazg\ = BMt,xp, L™(xy),y}) dt + o dW,

) =& vYxe[o,1].

For any € MLYS, define ®(x) := y to be the unique solution to backward stochastic
equations

(2 6) dyt)\ = _F)\(t7 x?? ‘Cm(wt)? yt)\) dt + ZZ\ th:

' vy = QMNay, L™ (2r)), VYA€ 0,1].
Lemma 2.2. Fory € MLYS, there exists a unique solution x to (2.5) such that A — 2
is measurable, and for x € MLES, the solution y = ®(x) to (2.6) is measurable with
respect to A.



Proof. The proof is based on Picard iterations.

Step 1: For any p € PFP, the following stochastic differential equations can be solved
dxp = BMt,x), g, y7) dt + o dWy,
A A
Ty = g )

via Picard iteration. Take 7 € MLES, and define

(2.7)

t
xt)\ng_‘_/ B)\(‘s?i?a“t?y?)ds"i_awt-
0

As a result of Lemma A4, A\ — (T — cW) is measurable, and so is A\ — Z*, i.e.,
T € MLEYS. Also  — T is a contraction under the norm |-||& with some —a large
enough. Thus its fixed point z solves (2.7), and x € ML%".

Take T € MLYS, plug in p = L£™(Z) into (2.7), and obtain its solution z := T'(Z).
By a modification of [17, Theorem 1.7], it can be easily shown that I'*(Z) € MLE*
converges, and its limit solves (2.5) and belongs to ML%“.

Step 2: Take any § € MLES, denote fAE) == FMNt,a), L7 (), 57), YA € 0,1]. We
define

7=z Qe - [ Pis| 7

By a modification of [17, Theorem 2.2], it can be easily shown that y — 7 is a
contraction under the norm ||-||5 for some « large enough. Then the unique fixed point is
actually the solution to (2.6). For the measurability of A — 7 € Lg_lc, due to Lemma A.2
it suffices to show that A — 7 € LI}_-t is measurable for any ¢. By Jensen’s inequality, it
is readily seen that
(2.8) L% 26— E[E|FR] € LY,

is a contraction and thus is continuous. Due to Lemma A.4, A — Q*(z3, L™(27)) —
ftT A (s) € LPFT is measurable. Therefore its composition with (2.8), A — 7} € Ll}t, is
measurable.

O

Let us prove that ® o ¥ is a contraction, and thus the unique fixed point is the unique
solution to (2.3). The proof is the same as in [40].

Theorem 2.1. Under Assumption 2.1, the composition ® oWV is a contraction under the
norm ||-||%.

Proof. Takey, y,x = ¥(y), T = ¥(y), and Y = &(x), Y = ®(7). Denote Ay} =y — 77,
Az} =z} — 3}, AY) =Y — Y\, By Ito’s formula, we obtain that

t
ekt\A:Ut)‘]p :k/ eks\AzL‘i‘]p ds
0

t
b [ AR AR (Bt £7 (0. 0) - BT L)) do,
0
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According to Assumption 2.1, Young’s inequality and property of Wasserstein metric,
we get that

A2 P2A (Bt ), L7 (,),02) — BN, 32, £7(5), )

Pl s

A|p Ap
< —Ki|Az)P + % (!Afvsl L ElAz ]]>

p
A p
LD (1anp | JonBIAT PR <|Ax2\p N \Ayswp> |
2 q p q p
where ¢ is the conjugate of p, i.e., % + % = 1. Thus we have

ME[ AT P) + (—k + pKy — (4p — 3)L1/2) / M E[| Az ds

(2.9) / /[0 ElawPands < I / E[| Ay ) ds

and hence
(2.10) ma /t BR[| AP ds < L a /t FSE[|Ay)P] d
. max e X S max € S
Xe[0,1] Jo B ~ —k+pKi — (2p—1)L1 acf0,1] Jo Us

As a result of k < pK;1 — (2p — 1)L, one can deduce from (2.9) that

t
(—k —|—pK1—(2p—l)L1)/ eks/ E[|AZ%[?] dx ds
0 0,1]

t t
(2.11) §L1/ eks/ E[|Ay% Pl dk ds < max Ll/ eFSE[| Ayt P ds
0 [0,1] w€[0,1] 0
and also
(2.12) ME[| Az |P] SL1/ P E[| Ay ] ds+L1/2/ ks/ E[|AzfP] dk ds.
0 [0,1]
Taking maximum over A in (2.12) and using the inequality (2.11), we obtain that
kt ~A|2
E
)\Iél[%ﬁe [l — 77
L3 "k A _ A2
2.13 <|Li+ ma / e Ellys — yi|7] ds.
213 B ( P o(—k+pKy - (2p - 1)L1)> Ael011 Jo lve = 5T

For BSDES, it can be easily seen that
MAYAP = T |QN g, L7 (xr)) — QN (@7, L7 (Fr))IP

T T
e [ RIAY s = pp-1/2 [ MIAYPHAZ P ds
t t
T ~
o [PV (P oad £, 1) — P L7 (3), 7)) ds
t

PadC I »rSsy S

T
—p / eS| AYXMPT2AYLAZY AW
t
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Using Assumption 2.1, Young’s inequality and properties of Wasserstein metric, we get
that
E [JAVP2AY) (P (s, 22, £7(2,), V) = FMs, 8, £7(5), 7)) |

Pt I Pt I S

Alp Ap
< —KGE[AY ] + % (EHAY; 7], EllAz] ]])
q P

L L2 (EUAY?!”] Joay ElAT 1) dr ) + Ly <E[‘Amp] + EHMW]) .
2 q

q p p

Therefore, one can obtain
T
ME[AYP] + (k + pK2 — (20 — 2)L2)/ ME[|AY ] ds
¢

< @7 2 RSB |ARY] 2T | A dr

)

T T
t3Ly/2 / FB[| Az P] ds + Lo/2 / ks / B[ Act|P] di ds
¢ t [0,1]

Plugging in (2.10) and (2.13), it can be readily seen that
2P~ 1L3LE 4+ 2L, Ly ) Iy — 31
ke pK - @p L) e

(k+pKo— (2p—2)La)||Y — ?Hﬁ < <2pL1L§ +

and ® o U a contraction due to (2.2).
O

2.2. Method of Continuation. We consider the following family of FBSDEs parametrized
by ¢ € [07 1]7
(2.14)
dX = (gBA(t XN (X9, YN — (1 - OV + BS(t)) dt + o dW,
AVt = = (VA X0 LX), YN + (1= OXP + RAW)) de + 207 dw,
Xgh =&,
ViR = (AN LM (X)) + (1= OXF™ + @),
where By, Fy, Qo € MLy x MLE* x MLY. . In the case that { = 1, B} = Fg = Q) =0,
(2.14) reduces to (2.1). In the case that ¢ =0, (2.14) becomes
dX{ = (=Y + B)(t)) dt + o dW,
dYP = — (X} + F (1)) dt + 2 dw,
X} =8,
Y7 =X3 4+ Q.
For any © = (X,Y,Z) € MP[0,T] := ML x MLES x MLY%, we define its norm

(2.15)

T p/2
e|k = max E | sup |[X}P+ sup |V P+ </ |Z)‘\2dt> :
Mr0.T] AEO,1] | telo,T] ! te[0,T] ! 0 !
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The following lemma provides a sufficient condition for the LP boundedness of the limit
Lemma 2.3. Suppose p > 2 and the sequence (0F)x>q € MP[0,T)] satisfies
||@k”Mp[0,T] < Ka k > Oa
lim H@ - ®k||M2[07T] =0.
k—o0
Then © € MP[0,T].
Proof. See [44, Lemma 4.1]. O

The following lemma establishes the existence result of (2.15). After that, we will
present the main proposition of this subsection.

Lemma 2.4. The FBSDE system (2.15) has a unique solution © = (X,Y, Z) in MP[0, T
and A — .C(X?’)‘) is measurable for any t € [0,T]. Furthermore, we have the bound

(2.16)
P+ QAP + (/OT \Bé(t)|2dt>p/2 + (/OT \Fg(m?dt)m] .

Proof. The proof of measurability is the same as Lemma 2.2. Let us prove that there
exits a unique solution © € MP[0,T].
We can solve the system A by A. For each A € [0, 1], consider the BSDE

dP) = —(—=P} 4+ B{(t) + Fg\(t)) dt + Z; aW,
(2.17) PP =Qp.
It is linear BSDE, and by [45, Proposition 4.1.2] we know that

p
1010y < K oax B

T
P} =¢'E [e_TQS + / e (By(s) + F\(s)) ds ‘ .7-}} )
t
Therefore we get

e[ [1pra] < xe{@dr+ ([ ' rBa<t>2dt)p/2 +( ' rF&u)Pdt)p/Q] .

Also due to [30, Proposition 3.26], as the p/2-th power of quadratic variation of the
martingale

T
tsE [QS + / (=P} + Bj(s) + Fy\(s)) ds ‘ ]—“t] ,
0
we obtain that

E [(/OT |ZA|2dt>p/2] < KE || + (/OT rBa<t>|2dt>p/2 ¥ (/OT F@(t)th)p/Q] .

Applying BDG inequality and Gronwall’s inequality to (2.17), we can easily get that

@+ ([ T\Bé(tn?dt)p/g +(/ T|F&<t>|2dt)p/2] |

E | sup ‘PtA|p

te[0,7)

< KE
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Now consider the SDE
t
=&+ / (=X} — P} + B)(s))ds + oW;.
0

Then by BDG inequality and Grénwall’s inequality, one can easily see that

T p/2 T p/2
\£A|p+IQ8|”+</ |Bé(t)|2dt> +</ |F@(t)2dt> ]
0 0

Note that © = (X*, X* + P*, Z* + ) solves (2.15), and satisfies (2.16).

E| sup |X}P| < KE
te[0,T]

O

Proposition 2.1. Suppose there exists a ¢ € [0,1] such that for any By, Fy,Qo €
ML’}}Q X /\/le’ x ML . there exists a unique solution © to (2.14) satisfying

p/2
&P+ QAP + ( /O B 0) + \Bé(tﬂ?)

- (/OT |FA(t,0)]2 + |F§‘(t)|2dt>p/2].

Then under Assumption 2.2, there exists an &g > 0 independent of ( such that for
any 6 € [0,80], (Bo, Fo,Qo) € ./\/lL’}2 X ./\/lL’}2 X ML’}T, (2.14) has a unique solution
Ot = (XCH Y <Ho ZC+9) and the following estimate holds:

H@ ”MPOT] <K Iél[%x E

T p/2
P+ 1P + ( | ieop+ |Bé<t>|2)

- (/OT |FAt,0) 2 4 | Fy (1)]? dt)p/2] .

¢+
1© pHMp[O 7 < K}\Iél[%}i E

Proof. Denote
BA(t,x,,y) = (BMt.a,n,y) — (1= Qy,
FOA(t,x,m,y) = CF (6, 2,m,y) + (1= (),
QM (,m) = ¢QMNa,m) + (1 = ¢)a.
For any pair (z,y) € L? such that xé = &, according to our hypothesis, there exists a
unique solution (X,Y, Z) to
dX} = (BC’)‘(t, XM LX), YN + 6B (t, 27 L'm(act), y) + oy + Bg‘(t)) dt + o dWy,
dY) = — (FOMt, X, LX), YP) + SFA(t, 2, L™ (x), y7) — 02 + F(t)) dt + Z* dWy,
X =,
Y7 = QONX3, L™(X7)) +0Q (a7, L7 (a7)) — b7 + Q3.
Thus we have obtained maps
(2.18) II: (z,y) —» (X,Y),
I: (z,y) = (X,Y, 2).
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For any (z,y) € ML x ML%", define a norm

T
I, )]? = max (E[!wm {E [ | e+ |y?|2dtD .

A€(0,1]

Step 1: We show that II is a contraction under this norm. Take (z,y), (Z,7) € ML%}C,
(X,Y) =1(z,y), ()?,17) =1I(Z,y). Denote Ax = x—7, Ay = y—y, AX = X—X,AY =
Y - }7 and 02\ = (x?ﬂﬁm(xt)ayt)\% 5? - (%i\vﬁm(%t)vg?% @i‘ - (XtAvﬁm(Xt)?Y;tA)? éi\ =
(X}, £™(X,;),Y;). Using the terminal condition of AY;}, we get that

E[AX}AYY] = E[AX} QX3 £7(X1) - QN X2, £ (K1) )]
+0E [AX} (Q (a3, £ (wr)) — QX L7 (Fr)) ) — AXPATY] .
Applying Itd’s formula to AX}AY}), we also have

E [AX%AY{}] - / "k [AY{\ (BC”\(t, o)) — BC”\(t,@)g\)ﬂ dt
0

_ /0 "E [AX,;\ <F<”\(t, O} — FéA@, ég)} dt
4 / "B AV (BM1.6)) - BM6.8Y)) + AvP Ay at
0

T o~
- / SE [Axﬁ (F)‘(t, o)) — (1, 93)) - Axﬁmg] dt.
0

According to our Assumption 2.2, we can easily get that

T
(k—20—e¢) <IE [mx%ﬂ +E [/ IAXD? + |AY? dtD
0

T
<C§ <IE 1422 2] +E [/ |Az))? + \Aym?dt])
0
T
+05</ E[|Axi}|2]d/<a+// ]E[A:U?]Z]dndt)
[0,1] 0 [0,1]
T
+z</ E[\AX%PMH// E[\Axﬁﬂdmdt),
K€[0,1] 0 [0,1]

where C' is a constant only depends on € and Lipchitz constant [, L. Taking maximum
of both sides, one can obtain that

T
(k — 2] — €) max (IE [\AX{MZ} +E [/ IAXD? + | AV dtD
A€(0,1] 0

T
< (% max <IE {\Aaz%ﬂ +E {/ |Az | + |Ayt)‘\2dt]>
A€(0,1] 0

T
+ lfg%fi] <IEJ [[AXE?] +/0 E [|AX]] dt) :
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and hence

T
(k =31 =€) max <IE []AX%\Q] +E UO IAXD? + |AY? dtD

€1[0,1]
T
(2.19) < 0§ max <IE [|A:pg\p|2} +E [/ |Az)? + Aym?dtD.
A€[0,1] 0

First choosing € such that k—3l > €, and choosing ¢ small enough that k—3l—e > C9,
we finished proving that II is a contraction.

Step 2: Take X° = Y? = 0, and define recursively ©FF! = (Xk+1 yh+l zh+l) —
II(X*,Y*), and the limit © = (X,Y,Z). It is clear from our hypothesis that A —
(XkA Y#A) is measurable for any k € N, and therefore the limit A — (X*,Y?) is also
measurable. Using klgglo [(X* - X,Y* —Y)|| = 0 and some standard estimate, we obtain

that

khm H(“)k — @HMZ[O,T] =0.
—00

Step 3: Invoking Lemma 2.3, it remains to show that

T p/2
P+ QAP + ( [ isreop Bé<t>\2)

+ </OT |FA(t,0)]% + |F§(t);2dt>p/2].

As a result of our hypothesis and the Lipschitz property of B*, F*, Q*, we obtain that
T p/2
rir ([ 1BeorRor)

T p/2
A 2 A 2
+(/0 FNE0)2 + B () dt)

Choosing § small enough such that K¢éP < 1/2, it is then clear that for each k£ > 1

T p/2
P+ QAP + ( | ieop+ |Ba<t>12)

+ </OT |FA(t,0)] + |F&(t)|2dt>p/2].

Letting £ — oo, we obtain the same bound for ©. O

k+1)p
10" o) < K Jnax B

)

k+1
107 o o1 <KA@[3§}E

T+ KOO oy

”@kz p

HMP[O’T] <2K )\rél[%ﬁ] E

Theorem 2.2. Under Assumption 2.2, there exists a unique solution to (2.3).

Proof. The existence can be deduced directly from Lemma 2.4 and Proposition 2.1. Let
us only prove the uniqueness. Suppose there are two different solutions (X,Y, Z) and



14

()?,}7, Z) to (2.3), and denote AX = X — X,AY =Y —Y. Applying Itd’s formula to
AX%AYQ/} and using similar estimation as in Step 1 of Proposition 2.1, we conclude that

T
(k = 2)E[(AXD)) + (k — 21) / E[(AX})? +(AY)?] dr
0

T
< z/ E[(AX5)?] dn+l/ / E [(AX])?] dr dt.
[0,1] 0 [0,1]

Taking maximum over all A € [0,1], it can be readily seen that

(k — 21) max <IE[(AX%)2] + /0 g [(AX?Y + (Ayﬁ)‘z] dt>

K\2 r K\2
<1 (/[(MlE[(AXT) ]d/<a+/0 /{OME[(AX]&) ]dmdt),

which violates our assumption k& > 31 . O

Remark 2.1. The method of continuation for FBSDEs developed by [43] is more flexible
and complicated. Here we only work under a specific assumption.

3. STABILITY

Denote the solution to (2.1) by (zg,ya, 2¢). As in [5, Theorem 3.1], we prove that as
IIG — Gllgp— 0,

1

The operator I' := ® o ¥ depends on G, and we denote it by I'¢ (see (2.5), (2.6) for
the definition of ®, ¥). The proof stability result will be divided into three steps.

(i) The operator I'; is a contraction under the norm ||-||f.
(ii) The operator ' is continuous in G, i.e., as |G — G|jg — 0,

TS (y) = T%(y)|I;. — 0.
(iii) It holds that

1
/0 War (ﬁ(wé,yé),ﬁ(:vg,yg)> dX — 0.

3.1. Contraction mapping.

Assumption 3.1. (i) BA(t,z,n,y) = Bo(t,x,n)‘,y)+f[0 1 G\ k) dr [ B(t,z,w,y) n™(dw).
(ii) F(tz,m,y) = Fo(t, 2, y) + [io. ) GO k) di [ F(t, 2, w,y) n*(dw).

(iit) Qg(,m) = Qo(,m™) + Jig.) G\, k) drs [ Q(,w) 0" (dw).
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Theorem 3.1. Suppose (x,y,z) and (Z,9,z) are solutions of (2.1) with graphons G
and G respectively. Then under Assumption 2.1 with any p > 2 and Assumption 3.1,

we have that as |G — Gllg — 0 and E [f[o 1 |z — 56\|2d/\} -0,
1 T
(3.1) E / sup |z — a2+ sup |y — vl +/ 120 — 2% ds | d\| — 0,
0 \u€l0,T] u€(0,T] 0

which implies

(3.2) /01 War (ﬁ(a:)‘,y)‘), c(a?,gk)) d\ — 0.

Proof. Step 1: By the same argument of Theorem 2.1, one can easily prove that I' is
a contraction with the norm ||||£’2 under Assumption 2.1. For any z € ML%, since

2|2 > ||z] £’2, the fixed point of under [-||7 must be the fixed under ||H£2

Step 2: Take y, and denote x = W (y), T = V5(y), Y = ®¢(x), Y = Px(7). Let us
calculate

M~ = o~ B k[ e - 2
w2 [0 (2 = 22) - (Bhord 7)) — BT L7 ds
w2 [0 (2 = 2) - (Bhlo 7)) — B o 7)) ds
< (k—2K;+2L; +e¢) /Ot eks|ad — 32 ds

€

1 [t 2
+/ eks (Bé(s,x?,ﬁm(ws),y?)—Bg(s,x?,ﬁm(ws),yﬁ)) ds.
0

Taking expectation and integration both sides over A, we get that

(3.3)
T
E / My — 72 dN| + (2K, — k — 2L; — €)E [/ / eFs|a) — §;“§|2dAds]
[0,1] 0 [0,1]
T 2
<E|[ i -@Ea o] [ s [ (B o)) - By £ w)a) i)
[0,1] 0

For the integrand of the last line, we show that as |G — G||g — 0

T 2
g B[ [ s [ (Bl £ - B L) 0] 5 0
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Due to Assumption 3.1, we have that

(Ba(s, 2, £7 (). 02) — Bh(s, 2, £7(2).42))
2
<

/ <G()\,/<;) G\ k) dﬁ/B s, 20, w,y2) L(z%)(dw)
[0,1]

<c (1 ey +/ JE[Z dm)
0.1

/ <G()\,/1) G\ k) dn/B s, 0, w,y2) L(zF)(dw)
(0,1]

Taking expectation of both sides, using the boundedness of sup \¢[o 1] E[|22[?], and taking
integral with respect to A, we get that

B | [ (B ) - By(s.od 7)) @)
/ dA].

By the estimation of J™3 in the proof of [5, Theorem 2.1] and the boundedness of
E[|z2|P] + E[Jy2|P], we obtain that as |G — G||g — 0

<CE

1y (60w =G0 an [ szt £

E[/(Bg(s,xs,ﬁm( D,82) — BA(s, 22, L7z ),yi‘)>2d)\}ﬁ()

Then (3.4) follows from the fact that ¢ — B(t, 2, w,y) is Lipschitz uniformly for (z, w,y).
Then let us estimate Y — Y. From the equation

2
Q4 (ah, L7 @r)) — Q4@ L7 (Er))|
_ T _ T ~
:ekt’}/t)\_)/;)\‘Q_i_k/ ek‘s‘}/;)\_y;)\’st_i_/ €ks‘ZS)\—Z?‘2d8
t t
o T ks A VA A m A A m v
2 € }/s Y:G ’ FG(SWTSWC ( )7Y:‘;) F5 (S’xs>£ ( )}/s) ds
t
T ~
2 [ (Y- T - (Bt b £ ) V) = FA(s,2d L7 (0, Y2 ds
t

s

T ~ ~
d [ -T2 - 2w,
t



17

it can be easily seen that
T T

ekt|yvt)\_i)\|2_|_k/ eks|}/8>\_}~/;)\|2ds+/ ekS‘ZSA—Z?PdS
t t2 . B

< T |Qua, £7(er) — QU@ £7(@n)| + (2La — 2K + e)/ YA T2 ds
T L T '
+L2/ kst — 2 ds + 22/ FE[|zd — 32 ds
' T
/ / Blles ~ 75 Pldrds - [ (0= V)2 - 20 aw

+/t e (FG(S,xwﬁm( ), Y — F’\(s,xs,ﬁm( )7)/;/\))2613_

€
Noting that
2
QY (a}, L7 (@r)) — Q4@ L7 (Er))|
<c (m% - B+ Ella - 2+ |
[

2
+C (Q(@h, £7(Xr)) - QY(ad, £7(X1)))
therefore one conclude that
(3.5)

T _ T pl _
(k4 2Ky — 2Ly — €)E / / P |V —Y2MN? dhds +/ /e’“5|Z§—Zg|2dAds
0 J[0,1] 0 Jo
<C E/ M) — T2 dX
| /[0,1]

T
/ / eFs|od — F)2 d) ds
0o Jo]

+CE /01] (@¥( £7(x >>—Qg<x%mcm<XT>>)2dA]
ks m A A m A 2
+CE / ds/[Ol] FA(s, 20, L™(x,), Y — F2 (s,xs,ﬁ (x ),Ys)> d)\].

Eljzf — 35/%] dﬁ)

)

+E

Using the argument of (3.4), it can be easily seen that the last two lines converge to 0
as |G — G|lo — 0. In conjunction with (3.3), we finish proving that [|¥ — Y|i =0 as
IG = Gllo — 0.

Step 3: Denote by yg and yg the fix point of I'¢ and I'5 respectively. Then it is
readily seen that

lve — yzllr =ITe(ye) — Tawa)llk < ITe(ve) — Tawallk + ITa(we) — Ta(ya)llx
<|ITa(ya) — Tawa)llr + Ollye — valli,
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for some 6 € (0,1) by Theorem 2.1, and hence as |G — G||g — 0

1
(3.6) lye — ygllik < T—glele) - La(e)llk — 0.

Denote by y = yc, ¥ = yz, © = ¥Y5(y), T = Vx(y). Similar to the derivation of (3.3),
/ sup Efjz) — 2 dA <E + L1E

one easily obtain that
T
[ -mpalcns([ [ s pras
[0,1] uel0,T] [0,1] 0 J[0,1]

T 2
| ekvas [ (Bt ) — B L)) dA]-
0 [0,1]

+CE

In combination with (3.4), (3.5) and (3.6), it is clear that as |G — G|lo — 0 and
E | fioy It — 3P dA] >0,

1 T T
(3.7) / (sup Enxg—fém?w/ E[ly) — 707 d)\+/ E[z2 — 2217 ds> d\ — 0.
0 0 0

u€[0,T]

Step 4: According to standard estimates, we have that
A

sup (ar, — 7,)*

u€[0,T]

T
< |a} —%3\2+c/0 W2 — P+ |2 — B L Efl) — 22 ds

T 2
A A pm N _ RA(e A pm A
—i—C’/O <BG(3,xS,L’ (s),y5) — Ba(s, a5, L (ms),ys)) ds,
and

T
sup (4 — 7% + / () — )2 ds
uel0,T] 0

T
<0 (=3P Bld = F) + s [ -2 aw
ue|0, u

T
e / W2 — P o) — B L Elle) — ) ds

T 2
A A pm A A A pm A
+C'/0 (FG(S,xS,E (zs),y5) — F5(s, 25, £ (azs),ys)> ds.

Taking expectation, using BDG inequality and integrating over A, we can conclude
(3.1) from (3.7). O

The next proposition gives a more explicit estimate than the above stability result in
terms of the LP distance. It will be used to obtain the convergence rate of propagation
of chaos in the next section.
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Proposition 3.1. Suppose (z,y, z) and (Z,9, Z) are solutions of (2.1) with graphons G
and G respectively. Then under Assumption 2.1 with any p > 2 and Assumption 3.1,

we have that
! A A2 A A2 T A A2
/ sup ’xu - xu| + sup |yu - yu‘ + / ’Zs — Z ‘ ds | dA
0 \u€l0,T] u€(0,T] 0

. 1
<ClG=GlE+C [ W3 (£(h).La)) an

(3.8) E

which implies

1 _ 1
3:9) [ Wir (£ o). 0N ) dr< Cl6 - G+ C [ W (2(ad).£@) dn
0 0

Proof. The arguments are very similar to those in the proof of Theorem 3.1, except
that we have explicit estimates in terms of |G — G||2. So here we only highlight the
differences. In particular, in step 2, we have

(Ba(s.ad. £7 (). 52) - B,z L7 (). 12))
2
<

/ ‘G(A,/—;) G\ k) d/{/B s, 20, w,y2) L(z5)(dw)
[0,1]

~ 2
§0(1+|x§2+/ [z ]dlﬁ;)/ ‘G(A,n)—G(A,/@)) d.
[0,1] [0,1]

Therefore the estimate (3.4) can be replaced by

EUOTeksds/(BG(s,xs,.cm( D)) = BA(s,2), L™ (& ),yg))2dA]<o||G—é||g.

Similarly, the last two terms in (3.5) can be estimated by

E

/[0 ’ (Qé(ﬂﬂ%, L™(X7)) — QX(7, Em(XT)))2 dA]

T 2
E / eksds/ (P, a2, £7 (), V) = Fa(s, ), £7(), YD) d)\]
0 [0,1]

< C|G - G|3

and hence ||V — Y|E<C|G - G|2. In step 3, we can replace (3.6) by |jyg — yéHi <
C||G — G||3 and hence replace (3.7) by
T
[
0

1 T
/ ( sup Eflzy — T 1+ [ Ellyy — val’] dAJr/ E[z} — 2 *1d ) dA
0 \u€l0,T] 0

. 1
<cla-G+ c/o W3 (L), £(3)) d.

The same argument in step 4 gives (3.8) and (3.9). O
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3.2. Method of continuation.

Theorem 3.2. Suppose (z,y,z) and (Z,y,2) are solutions of (2.1) with graphons G
and G respectively. Then under Assumption 2.2 with any p > 2 and Assumption 3.1, we
have the convergence (3.1) and (3.2) as |G — G|lo — 0 and E [f[o I |z — T2 dA| — 0.

Proof. The proof is a mix of Proposition 2.1 and Theorem 3.1. For any graphon G,
denote by Vé(BO,FO,QO) the law of solution X¢ to (2.14). Let us recall the map II

defined in (2.18), and denote it by Hé to indicate the dependence on the parameter ¢
and coefficients (Bg, Fi, Qa).

Step 1: For any (x,y) € ./\/le_-C X /\/lL}- , define a new norm

T
I y) |2 = /[0 JEIHT /0 E[|z}? + |y ?) dt d>.

Under Assumption 2.2, it can be shown that Il; is a contraction under this norm.

Step 2: Lft~us study Hé - H%. Take any (x,y) € /\/lL?f X ML?}C. Denote (X,Y) =
Mg (x,y), (X,Y) = T5(z,y), AX = X =X, AY =Y =Y, and 6} = (23, L™(21), 97"),

0} = (XtAv‘Cm(Xt)?Y;t ), O = (X2, L™(X0), V7).
Let us compute

(3.10)

E[AXDAY] > (k — 2 — E[(AXA)?] — 1 / E[(AX5)2) dr
0.1

- CB |[Qbx £ () - Qe L7 Cen)| 4 |Qbta £7(or)) - Qe £
Using [t6’s formula, we also obtain that
(3.11) E [AX%AYTA} ) [AX@AYOA}
< —(k—20—¢) /TIE[(AX})Q + (AYM)] dt+l/T/[Ol]]E[(AX“)2] dk dt
+C/ [ &(t,07) — BA(t,67) ‘ —i—‘FGt@A) FA(t, @A)”dt

+C/ [ A, 07 — BA(tHA‘ +’FGt9*) FA(tHA)”d.
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Combining the above two inequalities (3.10), (3.11) and integrating over A € [0, 1], we
get that

(3.12)
T
(k—3l—e¢) / E[(AX2)?] dX\ + / / E[(AX)? 4+ (AY)?] dAdt
[0,1] 0 Jo,
2

< CE [)Qé(x%,£m<XT>> ~ QX3 L™(Xr) }

2
+CB|[QYah, £7(ar) - QY(eh (o)

2 2
+c/ [ (,6}) — BALOY)| +|Fa(t,0)) - FAL,6)) ]dt
+0/ [ (t,67) — BA(t,60) ‘ + ‘FG (£,60) — FA(t, ek)‘ ]dt+/ E [AXOAAYOA} d.
[0,1]

Using the same argument as in (3.4), we can show that the right hand side of the above
inequality converges to 0 as |G — G|lg — 0 and E [f[o 1 X — X2 d)\} — 0.

Step 8: Choose § as in Proposition 2.1, { = 1—, and (X,Y), ()N(, EN/) to be the unique
fixed point of I ,H% respectively. Then it is clear that

(X.Y) = (XD = (X, ¥) — (X, 7))

q _ 1<

, ¢ _18(x VHIE2
IS (X, V) - IS (X, 7)1,
Since Hcé is #- Lipschitz with some 6 < 1 for all graphon é, we have that

(6,Y) ~ (K" < 5 G, ¥) — TS V)12

Due to Step 2, we know that

(3.13) ITIE, (X, Y) = TIE(X, V)||? = 0

as |G — Gllo — 0 and E [f[o 1% = X312 dA| —o.
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Step 4: Recall the map (2.18) and note that the evolution of (X,Y), (X,Y) is given
by (2.1) with graphon G and G respectively. By Itd’s formula, we have

~ ~ 2
QX £7 (X)) — QXD £™(Xp))
~ T ~
— =T [ 122 - 2P
t
T ~ ~ ~ ~
2 [ (VR (R X L7 (X)) - Bl R.L7(),T) ds
t

T ~ ~
[ R -z aw.
t
Taking expectations, integrating over A, and using (3.13), we get

1 T _
/ / E|Z2 — Z2|* dsd\ — 0.
0 0

Lastly, using the argument of Step 4 in Theorem 3.1, we can easily conclude (3.1). O

The next proposition gives a more explicit estimate than the above stability result in
terms of the LP distance. It will be used to obtain the convergence rate of propagation
of chaos in the next section.

Proposition 3.2. Suppose (x,y,z) and (Z,7,2) are solutions of (2.1) with graphons G
and G respectively. Then under Assumption 2.2 with any p > 2 and Assumption 3.1,
we have the estimates (3.8) and (3.9).

Proof. The arguments are very similar to those in the proof of Theorem 3.2, except
that we have explicit estimates in terms of |G — G||2. So here we only highlight the
differences. In particular, in step 2, from (3.12) we have

—3l—¢ A\2 g A\2 A\ 2
(k- 31 )(/K)’l]E[(AXT)]d)\Jr/O /[(L”E[(Axt) +(AYt)]d)\dt>

< |G - G| +/ E [AX@AYOA} d\.
[0,1]
In step 3, we have

1Y) = (X.Y)

1
1,2 ¢ 176 1,2
< TG Y) — (X, V)|

. 1
<ClG -G+ C [ W (c(d). L) dr
0
Using the argument of Step 4 in Theorem 3.2, we have
1 T _ _ 1
/ / E|Z) — Z)2dsd)\ < C||G — G2 + 0/ W32 (L(xg),z(:zg)) d\.
0 0 0

Using the argument of Step / in Theorem 3.1, we have the estimates (3.8) and (3.9). O

Lastly, the following proposition shows the continuity of A — £(X?*,Y?). The proof
follows from standard coupling arguments similar to [5, Theorem 2.1].
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Proposition 3.3. Suppose Assumption 3.1 holds. Suppose either Assumption 2.1 or
Assumption 2.2 holds with some p > 2. If G is (Lipschitz) continuous and \ — L(Xg) is
(Lipschitz) continuous with respect to Wa, then X — L(X*, Y ) is (Lipschitz) continuous
with respect to Wa .

4. PROPAGATION OF CHAOS
Consider step graphon G, such that |G, — G||g — 0 as n — oo, and the following
coupled systems of FBSDEs
(4.1)
dX;v" = Bo(t, thn Ytz”) dt + 2570 Gal(4,
dY;"™ = —Fo(t, X", V") dt — £ 370 G
V" = Qo(Xp") + 5 Xjo Gu(, DX X7"), i=1,...,n,
and the following limiting system
(4.2)
dX} = Bo(t, X2, Y dt + [ [ GO\ K)B (t, X, 2, Y) LX) (dx) dr dt + o dW)

t O\l Ay I 0 JR ’ Aoy bt t t o
dYP) = —Fo(t, X}, Y\ dt — fol Je GO R)E (8, X2, 2, YY) L(XF)(de) dr dt + Z) dWP,
Xg =&

A A 1 A A K
Y =Qo(X}) + [§ [g GO\ r)Q(Xp, z) L(XF)(dx) dr, X € [0,1].
We will prove that solutions of (4.1) converge to that of (4.2).

VB(t, X", X" VI dt + o dW
DE(, X0 X" Y dt o+ Y, 2 aw

7
n

i
n’

4.1. Contraction mapping. The following assumption summarizes Assumptions 2.1
(with p = 2) and 3.1.

Assumption 4.1. (i) By is Lipschitz in x, and there exists a constant K; € R such
that for any (t,z,2',y) € [0,T] x R?

(x —a')- (Bo(t,a:,y) — By(t, x',y)) < —Ki(z—2')2

B is Ly-Lipschitz in x, 2.
(ii) Fy is Lipschitz in y, and there exists a constant Ko € R such that for any (t,x,y,y’) €
[0,T] x R?
(y—y) - (Fo(t,z,y) — Fo(t,2,y)) < —Ka(y —y')°
F is Ly-Lipschitz in z,2,y.
(iii) Qo, Q are Lipschitz.
(iv) By, B are bounded in y.

(v) It holds that 2K1+2Ks > 3L1+2Lo and there exists a constant k € (2La—2Ko,2K —
3L1) such that

20212 + 2Ly Ly

k+ 2Ky — 2L AL, L2 )
( + 2 2)> 13+—k+2K1—3L1

(vi) It holds that supycp ] E[|€*?] < +oo.
(vii) X+ L(&Y) is continuous with respect to Wh.
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We introduce the following notation that will be used in this section. Given any
measurable y = (y"")", € MLES, we define ¥g, (y) := 2 = (z%")7_, as the unique
solution to

{dx;n = Bo(t, ", y;") dt + L 30 Go(L, L)B(t, 2" L2y dt + o dW,
Ty gvns g N

9

and define Ug, (y) := z = (z%™)_, as the unique solution to

~

{dzi” = By(t, xin,yt )dt+ Z] 1fR (=, 2) B(t,xi’",x,yi’n)ﬁ(:ng’n)(dx) dt+athi/n,
mgin i=1,...,n

For any « = ("), € MLE, define dg, (x) := y = (™)™, to be the unique solution
to backward stochastic equations

dyz Fg(t xi",yzn)dt—lEJ 1 Gn (n,n)ﬁ'(t,mi’ ,azgn,yin)dt+z ’J’ thj/n,
yT _Q( )+ Z] 1G(n7n)Q($T7x%;)7 7::17"'7 7

and define ®¢, (z) =y = (y"™)™_; to be the unique solution to backward stochastic
equations

dy,i”_—Fo(t xi’”,y,; t—lzj 1fR n(L, DBt ",y L(ad ™) (da) dt + 20" dW,™,
yT —QO(xT )+ Z] lf]R n Q(‘TT ) L] xy Ndx), i=1,...,n

We note that (IV/GH and (T)Gn are simply the maps ¥ and ® with blockwise constant
graphon G,, and associated piecewise constant initial states (£/"A1) A€[0,1]-

Let (X n yn Z") be the unique solution of the limiting system with graphon G, and
initial states (5[ )Ae[o 1]- Abusing notations, we write X" = (X”L)” = (X”’)‘),\E[Oyl],
Y= (Vi) = (Y") Aclo,1] and Z" = (2", = (Z")repa)- Note that Y™ and
Y™ are the fixed point of FG = <I)G o \I/G and FG = &)Gn o \TlGn respectively. The
following result shows that fG" is a contraction map. The proof is similar to that of
Theorem 2.1 and hence omitted.

Lemma 4.1. Suppose Assumptwn 4.1 holds. Then there exists some 6 € (0,1) such

that for each n € N, the map T, is a contraction under the norm |- |1 with contraction
constant 0.

Theorem 4.1. Suppose Assumption 4.1 holds and ||G,, — G|l — 0. Then

1
(4.3) E [/ ( sup | X[™ = XX+ sup [V - YA 2 ds
0 \t€[0,T] t€[0,T

T A A
+/ | z[m AL W—Zﬁﬁdt) d)\] 0.
0
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If in addition G is continuous, then

(4.4) - ZIE sup [|X”1 — X2y — Y;'/”ﬂ dt — 0,
oy 0<t<T
(4.5) sup E [W3(vf',1)] dt — 0,
te[0,7

where v = 1377 | O(xim yimy and v = fo (X}, Y)dx.

Proof. Step 1: Take y = (yn kE=1,. ) = ( :k=1,...,n) with independent
coordinates y*", and denote z" = W¢, ( ) = \IJG ( ), Yt = g, (), g = g, (T7).
Note that

(4.6) (yPm, %" ") are independent across k = 1,...,n.

By It6’s formula,

kt|l‘ _ ~zn k‘/ ks|mzn _ ~i,n ds
w2 [ ) - (Bolo, " 0A) — B, 7,04 ds

t n ..
. . 1 . . . . . . . .
+ 2/(; eks (xé,n _ j;?”) . E § Gn(%7 %) (B(S’x?n7$g,n,y;,n) _ B(S,ﬁ’”,ﬁ’",g?”)) ds

t , . 1 & g ) R . . .
+ 2/ s (zbm — Fhm) - — Z Gn(l, ) (B(s,xi”,a:]",y;’”) — / B (s, 2", z,yy") E(a?g")(dx)) ds
0 n n R

4 A » 1 < [t . »
< (k—-2K;+ 3L, +e)/ eFs|zim —xé’”]st—i—LlZ/ ks |zdn — 732 ds
0 n-—Jo

1 o . . . .
wd [ ZG L) (Bl it - [ B (sai i) @it | s
R
Taking expectations and the average over i, we have

7ZE|:kt|$ _~zn

< (k—2Ki+4L +¢)

t 1 n
- ZE [eks\xg’” — %g”ﬂ ds
0 =1
)

]
1 [t 1 n 1 .
+/0kn§E w2 Gl

5y (Bls.atr sty = [ B (s, i) @) ) | as.
n R
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For the last line, we have the estimation

2
1 [t 1< i . . . . . . . .
[ (L et ) (B - [ B(satnasn) L@ | s
€ Jo (e n'n R
. . 2
_1 ! ksi = GQ 3 l E B ~in =jmo, Emy B ~i,n i,n L ~j,n d d
- € QZ n( ) ) (87'7:3 7xs ?ys ) (S?‘Ts 7x7ys ) (‘TS )( $) S
€ Jo n o nn R
C
S ™
n

due to the independence (4.6), the boundedness of E[sup,c( 1 125"2] and Lipschitz
property of B. Therefore

n

1 . .
AT - E { Rt |gion _ gion 2] <
(4.7) - ;tesgé%] My — & | <

31Q

Step 2: Then let us estimate y™ — y™. From the equation

,n

€kTE Yo _Zjéln

— ektE|yz7n _ ﬂ,n,Q + ]{,‘]E/ eks|y;,n _ :’Aj:é,n|2 ds + § E/ ekS|Z;’]’n _ 5ijZ;,n|2 ds
t . t
Jj=1

T
_9E / ek (yim — 5 - (Fo(s, 2™, yi™) — Fo(s, 77, ™)) ds
t

T n . .
. A 1 R o L
<28 [ R i ) D0 Gl ) (Pl i) = B ) d
j=1
T 1 i
o8 [ ) 3Gl D) (Fla F R - [ R ) L@ ) ) ds,
=1

it can be easily seen that
(4.8)
6ktE|y;,n o @Jtt,n|2 + ]CE/ eksw;,n o @";,n|2 ds + ZE/ 6k8|Z;’]’n . 5ijZ;,n’2 ds
t . t
7j=1

< ekTE y%n o @47:” 2 ds

2 T 4 )
+ (4Ly — 2K + e)E/ ek‘s\yg’" -y
t

2ds

T A . 1 T , ,
+ LoE / Mol —F P ds + Ly— Y E / eFs|adm — Fm
t n t

i=1
2

1 T 1 & i A L . .
+E /t ek EZG,L(%,%) (F(s,xé’",xé’”,@?”)— /R F(s,x?”,x,gj’;’”)E(fcé’”)(dm)) ds.
j=1
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Note that

2

1 1 j L
7E _ < ’L’Vl ]Tl ""L’n, F J,n
. / e E G n n < ( T Ts 5 Yg / S, 5 ,l’ ys ) ‘C(xs )(d.fU)) ds

LT oo o S ' , 2
S A DIACROL (F(xif) [ e ,x,@z’%c@z’")(dm)) ds
€ J¢ n i nn R

due to the independence (4.6), the boundedness of E[sup,c( 1Z5"[2] and Lipschitz
property of E. Also,

i,n
T

2 . _ » 1
SCE |$§ln 'Ln Z|x _ zn _|_7

~i,n
Therefore we conclude from (4.7) that
T n
1 ; ; C
/ 7zeks‘yé,n_?~j§,n|2ds < 2.
o N i1 n

Step 3: Recall the processes Y, Y™ and Z". Note that Y™ has independent coordi-
nates. Using Lemma 4.1, we have

(4.9) (k4 2Ky — 4Ly — €)E

Y™ =Y"If =IT6,¥") = Ta, Yk < ITe, (V") = Ta, Yk + IT6, (Y") = T, (V)|
<OIY" = Y"[li + T, (Y") = T, (Y"1

It then follows from (4.9) that, as n — oo,

Q

~ 1 ~  ~ -~
Y™ =y"i < gl (") - La, (YM[E < = —0.

n

Similar to the derivation of (4.7), one can easily obtain that
kt| yi,n i,n n _ ynl c
—Zsup E[ X" - X \]go”y —YE+ = o
i—1 t€[0,T] n

Combining these with (4.8) we have

1 ) . T nooT o _
=S| sup EIXPT - X+ / E[Y;" - V" Pdt+ / E|Z{9" = 6,2,
n< te[0,1] 0 =170

dt

(2

< — 0.

QL
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Step 4: Similar to the arguments of Step 4 in Theorem 3.1, we have
(4.10)

E

18 , . . nooTo -
-~ sup | X" — Xy P 4 sup [V - VP Z/ | 247" — 63y 2y P dt
o \teloT] t€[0,7] =170

C
< —=0.

n

Using Theorem 3.1 and the assumptions that ||G,, — G||o — 0 and A — L(&*) is contin-

uous with respect to Ws, we have

1 N _ T ~
/ sup | X} — X2 4+ sup |V - VA2 4 / |22 — Z™M2ds | dA| — 0.
0 \welo,T] u€l0,T] 0

E

Combining the last two displays gives (4.3).
Finally we will show (4.4) and (4.5) under the assumption that G is continuous. Using
Proposition 3.3, we have the following convergence for the limiting system

1
/ sup X"~ X2+ sup [V - ¥AR) ax| —o.
0 \te[0,T] t€[0,1]

E

Combining this with (4.3) gives (4.4). By (4.4) we have

sup E W0, 77)] — 0,
0<t<T

where 1]' = % Yoy 5(Xz/n7yti/n). Using the independence and moment bound on (X}, Y,})

(see e.g. [8, Lemma A.1]), we have

sup E (W3 (7, Er)")] — 0.
0<t<T

From Proposition 3.3 we have

sup E [W3(E7]', )] — 0.
0<t<T

Combining these three displays gives (4.5).

Under certain assumptions we can obtain the rate of convergence.

Proposition 4.1. Suppose Assumption 4.1 holds. Then

! A A T A A
/ sup | X" — XX2 4 sup V" L”—Y,éy?dswr/ | Z]PALIAL gz 2 g ) gy
0o \teo,T] te[0,T] 0

E

C ! nAl,n
< n+0||GnG||§+c/0 W3 (LX), £xh™1™) .
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Proof. From Proposition 3.1 we have

1 T
A v 2 vV, (2 A ~
/ ( sup ‘Xu — Ay u Yvun7 ’ +/ ‘Zs — 4y’
0 u€[0,T] u€[0,T] 0

1
< ClGa - GIl3 + 0/0 W3 (£(30), £(X5™)) d.

E

e

The result then follows by combining this with (4.10) and the observation that E(f(g A =
[nA],n
£xlrtm, O

Remark 4.1. Proposition 4.1 provides a rate of convergence in terms of the L? conver-
gence ||Gp, — Gll2 = 0. Such a convergence holds, for example, if ||Gr, — G|lo — 0 and
G € {0,1} (see e.g. [37, Proposition 8.24]). It also holds (by dominated convergence
theorem) if G is continuous and Gy, is sampled from G, namely Gn (L, 7]1) = G(L,1).

n’n

The following is a more precise rate of convergence under Lipschitz conditions.

Corollary 4.1. Suppose Assumption 4.1 holds. Suppose G is Lipschitz continuous,
A= L&) is Lipschitz continuous with respect to Wh, and Gy, is sampled from G,
namely Gn (L, 1) = G(L,1). Then |G, — G|2 < € and hence

n’n

1
(4_11) E / (sup |Xt’—n)\]7n*Xt>\|2+ sup |Y;g{nﬂ’nfyt)‘|2ds
0 \t€0,T] te[0,T]
T
+/ yZ[””’["”’”—Zm?dt) d)\] <9
0 n
4.12 “STE sup ||XE0 - X2 v - v ae < =
#12) ;OQET“ e PN ¢ ’} = n
(4.13) sup E W3, 1) dt < C(n~ 2 4 n~0=2/p),
t€[0,T]

Proof. The estimate ||Gy,—G||2 < € follows from the Lipschitz continuity of G. Applying
this to Proposition 4.1 gives (4.11). Combining (4.11) and Proposition 3.3, we have
(4.12). From (4.12) we have

sup E (W3, o) <
0<t<T

=lQ

Using the independence and moment bound on (X}, Y;}) (see e.g. [8, Lemma A.1]), we
have
sup E W3 (o7, E5p)] < O(n~ Y2 4 n==2/p),
0<t<T
From Proposition 3.3 we have
sup E WH(ER, m)] < .

0<t<T

Combining these three displays gives (4.13). O
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Remark 4.2. Although we work for R-valued stochastic process X, similar arguments
can be used to show that Theorem 4.1, Proposition 4.1 and Corollary 4.1 also hold for
Re-valued setup. In that case, the rate in (4.13) will be slightly different (see e.g. [8,
Lemma A.1])

4.2. Method of continuation.

Assumption 4.2. (i) By, B, Fy, F,Qo, Q are l-Lipschitz.
(i) There ezist a positive constant k > 3l such that

A (Fo(t,0) = Fo(t,0)) + Ay (Bo(t,0) = Bo(t,0)) < —k(Aa)? — k(Ay)?,
Az (Qo(r) — Qo(T)) > k(Axz)?,

where Ax =2 —7, Ay :=y—7, 0 = (:E,y),g: (z,9).

(ii) It holds that supyepo 1 E[|€[P] < 400, and (B(-,0), F(-,0),Q) € /\/IL?}2 X /\/lL’]’r_i2 X
ML .

(iv) X = L(£Y) is continuous with respect to W.

Theorem 4.2. Suppose Assumption 4.2 holds and |G, — G||g — 0. Then (4.3) holds.
If in addition G is continuous, then (4.4) and (4.5) hold.

Proof. We will use the same notation as above Theorem 4.1. That is, let ()N( n }7”, 7 ™) be
the unique solution of the limiting system with graphon G, and initial states (£ [nA] )relo,1]-

Abusing notiltions, we Wi"ite X" = ()Afl”)?f:l = ()2””\_))\6[075_, y" = (}72")?:1 = (fm’i))\e[o,l]
and Z™ = (Zi’n)?:1 — (Zn’A)Ae[O,l]‘ Let AXZ’" — sz _ Xz,n and AY;“L _ Ytz,n _ Ytl,n-
Let us compute

(4.14)
E[AXZ"AY"] > (k= 5 — OE[(AXF")’] - 5= Y E[(AXZ")
j=1
1 1 - ) N vin v ,n J;m
- EZ_:Gn(EaE) QX7 X77) — . (Xp" ) L(X77)(dz)
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Using It6’s formula, we also obtain that

(4.15)
E [AX;”AY;"}

(k—E;l—e)/TE[(AXZ”) + (AY;"™)?] dt+zZ/ AX]™?) dt
0

I | N . .y .
_ E|l= n(—, = B(t in X]’ Yln _ B(t X'L,n Y@,n Xj,n d dt
g I MACOIE )= [ B X T (X )

1 T 1 n . . . . . . R . . .
+— [ E —ZGH(A%) (F(t,XZ’”,Xg’”,Yt””) - / F, XZ’",m,lQ“")E(Xf’")(dm)) dt.
R

4e Jo n

Combining the above two inequalities (4.14), (4.15) and averaging over i € {1,...,n},
we get that

C

T n
zn 1 2,M\ 2 7,1\ 2
(k:——e( g E[(AX} ]+/0 niEIE[(AXt )” + (AY; )]dt>§ne_>0
as n — co. Combining this with (4.14) and (4.15) gives

. T . .
BIAXY)+ [ BAX!" + @AY Pdr< S —0
0

as n — oo.
Using the argument of Step 4 in Theorem 3.2, we have

ZZ/ E|Z7" — 6Z]Z”L]2dt<
=1 j=1

By the argument of Step 4 in Theorem 4.1, we have the estimate (4.10) and hence the

desired results.
O

Under certain assumptions we can obtain the rate of convergence.

Proposition 4.2. Suppose Assumption 4.2 holds. Then

E

! A A r A A
/ sup | X" — XM2 4 sup V" 1’”—Y,3|2ds+/ | Z[P AL ZN2 g ) gy
0 \t€[0,T] te[0,7T] 0

C ! nAl,n
< n+C||GnGH§+C/O W3 (£(x3), £(x[™1)) ax.
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Proof. From Proposition 3.2 we have

1 T
/ < sup | X — XA+ sup [V = VP +/ |22 — Z2 ds> d)\]
0 \ueo,T] u€[0,T] 0

E

1
<G, ~Gl3+C [ W3 (£0X3),£(%5)) ax
0

The result then follows by combining this with (4.10) and the observation that E()N(g A =
[nA],n
L(X, ). O

Proposition 4.2 provides a rate of convergence in terms of the L? convergence ||G,, —
Gll2 — 0. Such a convergence holds for examples mentioned in Remark 4.1. The
following is a more precise rate of convergence under Lipschitz conditions. As mentioned
in Remark 4.2, the rate in (4.13) will be slightly different if the process X* is R%-valued.

Corollary 4.2. Suppose Assumption 4.2 holds. Suppose G is Lipschitz continuous,
A L(EN) s Lipschitz continuous with respect to Wh, and Gy, is sampled from G,
namely Gn(£, L) = G(L,1). Then |G, — G2 < € and hence (4.11)~(4.13) hold.

n’n n’n

Proof. The proof is similar to that of Corollary 4.1, except that the use of Proposition
4.1 is replaced by Proposition 4.2, and hence omitted. O

5. GRAPHON MEAN FIELD GAME AND CONVERGENCE OF m-PLAYER GAME

Let G : [0,1] x [0,1] — R4 be a bounded graphon, and without loss of general-
ity assume that |G(A, k)| < 1, V(A k) € [0,1]2. Each A\ € [0,1] represents a type of
population, which consists of continuum many players. Let n* € Po(R) denote the dis-
tribution of population of type A, and 7 denote the collection {n* : A € [0,1]}, i.e.,
n € M([0,1];P2(R)). Let A C R™ be a convex control space. Take functions

bl?fl’fZ : [OaT] XR%R’
bg,bg : [O,T] —)R,
ql,QQ:R%R.

For any (A, z,m,a) € [0,1] x R x M([0,1]; P2(R)) x A, we define

DA (L 7,1, a) = G mds /R bi(t,2) *(d2) + ba(6) + by(b)a,

fé(tvxarha) = fl(t,l’) + G()‘7 K‘) d’ﬁ/ f2(t7 Z) Wﬁ(dz) + %GQ)
[0,1] R

@A) =a@+ [ GOuk)dr / 02(2) 1 (d2).
[0,1] R

Let W* be a family of independent standard Brownian motion, and ¢ > 0 be a
constant volatility. Denote by ug(t) the distribution of players of type A at time ¢, and

pe(t) = {pdt) « A € [0,1]}, pg = {pa(t) : t € [0,T]}. Choosing a*(t) € 4, a
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representative player of type A controls the dynamic

dX} = b (6, X7, pe(t), o (t)) dt + o dWy,

X} = ¢,
where £ is a square integrable random variable. The cost for the representative player
A is given by

(5.1) I} ug) =E [ / " (X (0.0 W) e+ (X%,uam)] ,

and each representative player chooses control a*(¢) to minimize J(a?, pg).
For each A € [0,1], define the Hamiltonian

Hé\; (t7$7 “G(t)7y7a) = b)é (t,.’L’, I‘I‘G(t)7a) Yy + fé (t7 x, a?l“l‘G(t)) )
and the minimizer

ag(t z, pe(t),y) = argmin HY (2, pe(t),y, a) = —bs(t)y.
ac

Given {pg(t) : 0 <t < T}, by Pontryagin’s maximum principle, we obtain a family of
BSDE
(5 2) dY;f)\ = *8:EH(>\; (tv XtAa u’G(t)v Y?\a 7b3(t)y;€>\) dt + ZtA th>\7
| V2 = B (X0 m(T))
Since the law of X' should coincide with p,(t), after simplification we obtain the
FBSDE of the graphon mean field game

ax} = (ba() X — bg () PV + fy o GO\ k) Elbn (t, XP)] dr) dt + o a7,
(5.3) dYP = — (ba()Y) + O f1(t, XD)) dt + Z W,
X} =8,
Y =0:1(X7), YAeo,1].
In order for coefficients of (5.3) to satisfy Assumption 2.1, 3.1, 4.1 or 2.2, 3.1, 4.2, we
propose the following conditions.

Assumption 5.1. (i) by grows at most linearly z. by(t),bs(t) are uniformly bounded.
f1, fo, q1 are differentiable, and of at most quadratic growth in x.

(ii) f1, f2,q1 are convez in x.

(iii) b1, Or f1, Ox f2,0xq1 are L-Lipschitz in x, and max,c(o 7 [b3(t)| < L for some L > 1.
(iv) It holds that

5.4 bo(t) < —100L4.
(5.4) nax 2(t)

(v) We have supyepo ] E[|EMNP] < +oo and A — L(&) is continuous with respect to W.

Due to the explicit structure of (5.3), we can easily check that its coefficients satisfy
Assumptions 2.1, 3.1 and 4.1. Therefore we obtain the following result.

Corollary 5.1. Under Assumption 5.1, there exists a unique solution to (5.3), the
solution is stable in the sense of Theorem 3.1, Proposition 3.1, and the propagation of
chaos results hold as in Theorem 4.1, Proposition 4.1, Corollary 4.1.
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Assumption 5.2. (i) by grows at most linearly x. bo(t),bs(t) are uniformly bounded.
f1, f2, q1 are differentiable, and of at most quadratic growth in x.
(ii) There exist positive v such that

a(a') — (@) - (2’ - 2)dear(z) 2 o2’ — 2)?,

and fi1, fo are convex in x.
(iii) by and O, f1 are L-Lipschitz in x for some L > 1.
(iv) It holds that

5.5 in< inf |bs(¢)% ¢ p > 100L%.
(5:5) win{ int (O} >

(v) We have supyepo ] E[|£}P] < +o00 and X\ — L(&) is continuous with respect to Ws.

Corollary 5.2. Under Assumption 5.2, there exists a unique solution to (5.3), the
solution is stable in the sense of Theorem 3.2, Proposition 3.2, and the propagation of
chaos results holds as in Theorem 4.2, Proposition 4.2, Corollary 4.2.

Now let us turn to the convergence of finite player game. Fix n € N and Gy,. For any
(t,z,a") € {1,... ,n} x R" x A" we define

. . 1 & . 4 .
b (t,x,a) = ~ Z Gn(i,7)b1(t, 27) + ba(t)z" + bs(t)a’,
j=1

Fin bz al) = fi(tal) + i; Gulis ot ) + S ()2

(@) = (o) + 3 Galis faale?).
j=1

Let us compute the FBSDE system of this n-player game. Each player has the Hamil-
tonian

Hi’n(taga yl7g) - bn(t7£7g) . yz + fi’n(tagvgi%

where z, yi € R”, a € A". By our construction, it is clear that for any ¢t > 0, x € R"
and y € R™ ", functions &""(¢t,z,y") := —bs(t)y"" satisfy that

H (43,7, 6" (t,2,y)) < H"(t, 2,5, (o, 6" (1, 2, 5) ),

for all a’ € A.
Note that when ¢ = j, we have

n

Opi " (t 2,y 4" (8, 2, y)) =b2(t)y™" + > Gk, i)0sby (¢, 2 )y"F + 0, fi (8, 27)
k=1

1 .
+ EG’”(% Z)a$f2 (ta xz)a

4 N U ;
0" (x) =0z qn(2") + EGTL(% 1) Opqa(x’),
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and when i # 7,

axjHi’n(tvga ylaén(t7£7y)) *bZ( ) b +— ZG k ] a bl(t x])ylk + G (Z j)a f?(t x])
k 1

. 1 o .
(5.6) 0,iq"" () :;Gn(%])aﬂ&(m])-
We obtain the FBSDE system for the n-player game

AXP™ = b (e, X7, @00t X7, Y ™) di 4 o dW

AV = =0, H (1, X7 YY" 6" (6 X7 V7)) dt 4+ 37, 207 awd!™,
X(l)m — gz/n7

Y =0, (XE), ij=1,...,n

(5.7)

We briefly show the convergence result
—ZE sup | X" — XZ/"|2 + sup |al" — Az/n\Q t—0 asn — oo,
te[0,T) te[0,T]

which in our model is equivalent to

n

(5.8) %ZE

=1

sup [ X;" = X"+ sup [V -y
t€[0,T) t€[0,T]

— 0 as n — 0.

The argument is divided into two steps.

Theorem 5.1. Under Assumption 5.1, if |G, —G||g — 0 and G is continuous, then the
Nash equilibrium of n-player game converges to the corresponding graphon field game,

i.e., (5.8) holds.

Proof. Step 1: Consider an auxiliary FBSDE system
(5.9)
dX;" = (bg(t))?;?" — [bs(O)PY" + L 370y Gl k)b (2, )N(f’")) dt+ o dw;",
AV = = (b + 0 fi (1, XPT)) b+ 2 aw™,
?%,n = 0uq1 (Xz n)’
Invoking Theorem 4.1, we obtain that
sup |XP" = X[ sup [ - Y
t€[0,T] t€[0,7)

1
—E
n

— 0 as n — oo.

Step 2: We will show that

1
(5.10) —E 2

sup | X" — X" 2
n

te[0,7) te[0,7

Y F =0 asn — oo
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Using the same computation as in Theorem 2.1, we can prove that

1 nooer n o
_E 2/ |th,n|2 + Z |Y;m7n
noi3Jo j=1

where C' is some constant uniformly for any n € N. Using this bound, the same compu-
tation shows that for any ¢ € {1,... ,n}

2at| < ¢,

0 -
7j=1

and also

n
(5.11) E||X;"2+ > [P <c
j=1
According to (5.6), for any i # j we have the terminal Y7 = %Gn(i,j)axQQ(X%’”) and
its drift | — 9, H'"| < C(|y™"| + 2 >kt ly**m|) + O(1/n). Therefore, one can obtain

(5.12) E [lyiinp] < &

— for any n € N and some C > 0
n

as in [36, Lemma 22].
Using monotonicity conditions, and computing as in Theorem 2.1, it can be seen that

1 (T . ) . .

L[ R g v a

nJo

<93 (Lan i [ainr + [ e ximpa
= 2 oo nih z 2\ Ap 0 zJ2\Uy Ay

C n T X .
+ 55 Gtk [ oubute Xy a
ik=1 0

<C/n,

where we use (5.11) and (5.12). Then by a similar argument as in Step 4 of Theorem 3.1,
one can easily conclude (5.10).

0

Remark 5.1. We want to point out that we are only able to prove the convergence
under Assumption 5.1. It is just because it is difficult to show the uniform boundedness
of solutions of (5.7) under Assumption 5.2. The rest of the proof actually works for both

assumptions.

APPENDIX A. MEASURABILITY
Lemma A.1. p:[0,1] = C([0,T7; Pp(R)) is measurable if and only if for any t € [0,T],
(A.1) A= p(t) € Pyp(R) is measurable.
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Proof. The proof of ‘only if’ is trivial. For the proof of ‘if’ part, we note that with sup
norm, C ([0, T]; P,(R)) is a topological subspace of C° ([0, 77]; Pp(R)).
For any n € N, due to (A.1) we know that

A= (uNT/n),..., wNT)) is measurable.
We construct u,, € M ([0, T7; Pp(R))
' i — )T T
) () = p (Z) te <(2)Z} i=1,...,n.
n n n
Then it can be easily verified that A — p;\ is measurable. By the continuity of p*(-),
lim p) = p’ is measurable in \. ([l

n—o0

Lemma A.2. A function x : X\ — 2> € LI}C belongs to MLI}C if and only if X — mf‘ €
L?,_-t is measurable for any t € [0,T).

Proof. Note that L% 5 g — n, € Lz}t is continuous. Therefore it can be readily seen
that the measurability of A — 2 implies the measurability of X — 2} for any ¢ € [0, T].
Conversely, define 2V € MLI}2 for N € N as follows,

w0 = adp . VEET/N, (n+1)T/N),n=0,... N -2, A€ [0,1],
NA _
zy "=y _ypne YEE (N = 1T/N, T, X € [0,1].
According to our hypothesis, it can be easily seen that
72 Np
A2 e (T8 [1]5)
is measurable, and also the limit
~p
Ao ot e (25 115)
O

Lemma A.3. Take a polish space Q2 and a Borel probability measure (F,P) over €.
Take another measure space (E,3,m). Suppose p: E xR — R is a real-valued function
such that x — p(e,x) is continuous for any e € E, e — p(e,x) is measurable for any
z € R, and |p(e,x)| < C(1 + |z|), V(e,z) € E x R for some positive constant C. Then
given any measurable mapping e — X (e) € LP(Q, F, P), the Banach-valued function

e— ple,X(e)) € LP(Q, F,P)
is also measurable.

Proof. According to [24, Proposition 3.4.5], the Banach space LP(Q), F, P) is separable.
Therefore as a result of Pettis measurability theorem, any measurable function X : £ —
LP(Q, F, P) is also strongly measurable, i.e., X can be written as a pointwise limit of
simple functions

Mn
X" =) "1s, Tm,,
=1
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where m,, € N, S1,..., Sy, is afinite collection of disjoint subsets of F/, and z1, ... ,xm, €
LP(Q, F, P). It is then readily seen that
e 5 ple, X(e))
is measurable, and thus p(-, X (+)) = lim p(-, X™(-)) is measurable. O
n
Lemma A.4. Suppose 1) : [0,1] x [0,T] xR — R is a measurable function such that x —

W(A\ t,x) is continuous and grows at most linearly uniformly for (A t) € [0,1] x [0,T].
Given any measurable A — X* € Lg_lc, we have that

(A.2) A= /0 (N, s, XN(s))ds € LE*

1s measurable.

Proof. By our assumption, it is clear that (\,s) — X?*(s) is measurable. Applying
Lemma A.3 with E = [0, 1] x [0,77, it is readily seen that

(A.3) (A, 8) = (A, 8, XA (s))

is measurable. The function (A.3) is also Bochner integrable due to our linear growth
assumption in x. Thus by the Fubini theorem of Bochner theorem,

pS /0 V(N s, XN(s)) ds

is measurable for any ¢ € [0,7]. Now the measurability of (A.2) follows from Lemma A.2.
U

Remark A.l. Using approzimation of simple functions, one can easily verify that
Bochner integral coincides with Lebesgue integral.

APPENDIX B. WEAK UNIQUENESS OF FBSDE

The notion of weak existence and uniqueness for FBSDEs are almost the same to the
ones considered for classical SDEs, see e.g. [1, 26, 39].

Definition B.1. A five-tuple (Q, F,F, P,W) is said to be a standard set-up if W is a
Brownian motion over the probability space (Q, F,F,P) and F := {F}i>0 is complete
and right continuous.

Consider an FBSDE
Xy =+ [y B(s,X;,Ys) ds + o Wi,
Y, = Q(X7) + [ F(s,X,,Ys) ds — [ Zy dWs,

where B, F, () are progressively measurable functions.

(B.1)

Definition B.2. A triple of processes (X,Y,Z) is said to be a weak solution of (B.1)
if there exists a standard set-up (2, F,F, P,W) such that (X,Y,Z) are adapted to the

filtration F and satisfy (B.1) a.s. If (X,Y,Z) and (X,Y,Z) are two weak solutions of
(B.1) on the same set-up, we say that pathwise uniqueness holds if

P [(XmY%) = (Xi, V), Vt € [0,T]] = 1.
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By Yamada-Watanabe Theorem for SDEs, pathwise uniqueness implies uniqueness in
law. We have the same result for FBSDEs.

Lemma B.1. Suppose the pathwise uniqueness property holds for FBSDE (B.1). Then

for any two weak solutions (X,Y, Z) on (Q, F,F, P,W) and ()Z', Y, Z) on (ﬁ, F,F, P, W),
their distributions coincide.

Proof. See [1, Theorem 5.1]. O
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