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Abstract

We explicitly construct the supermartingale version of the Fréchet-Hoeffding coupling in the
setting with infinitely many marginal constraints. This extends the results of Henry-Labordere et
al. [41] obtained in the martingale setting. Our construction is based on the Markovian iteration
of one-period optimal supermartingale couplings. In the limit, as the number of iterations
goes to infinity, we obtain a pure jump process that belongs to a family of local Lévy models
introduced by Carr et al. [22]. We show that the constructed processes solve the continuous-
time supermartingale optimal transport problem for a particular family of (path-dependent)
cost functions. The explicit computations are provided in the following three cases: the uniform
case, the Bachelier model and the Geometric Brownian Motion case.
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1 Introduction

The classical optimal transport (OT) problem, first introduced by Monge, and then relaxed by
Kantorovich, has the following formulation: given two probability measures pg, p#1 on R and
a cost (or payoff) function ¢ : R x R — R, the goal is to minimize (or maximize) the value
EF[¢(Xo, X1)] among all probability measures P such that Po X;' = pp and Po X; ' = p.
Under the Spence-Mirrlees condition ¢, > 0, the maximizing transport plan is characterized
by the Brenier’s Theorem (see Brenier [18] and Rachev and Riischendorf [61]) and corresponds
to the Fréchet-Hoeffding (or quantile) coupling w#.

Motivated by the applications in financial mathematics, the Martingale Optimal Transport
(MOT) problem was introduced by Beiglbock et al. [8] (in the disrete-time setting) and Galichon
et al. [36] (in the the continuous-time setting), and has been widely studied since then. Given
two probability measures pi, 1 which are increasing in convex order, the problem consists in
minimizing (or maximizing) E¥[¢(X(, X1)] among all martingale measures PP such that Po X =
po and P o X ' = 4. Under the so-called martingale Spence-Mirrlees condition Cryy > 0,
the maximizer corresponds to the so-called left-curtain martingale coupling 7!¢, introduced by
Beiglbock and Juillet [12]. 7'¢ was explicitly constructed by Henry-Labordere and Touzi [42]
using ODE arguments (and under some technical assumptions). The general construction was
later obtained by Hobson and Norgilas [48] using geometric arguments and properties of the
potential functions of marginals.

The financial motivation of MOT comes from the robust sub/super-replication of financial
derivatives in a market where the underlying asset and the corresponding vanilla options with
certain maturities are available for trading. From the well-known Breenden-Litzenberger formula
(see [17]), the marginal distributions of the underlying asset can be then obtained using the
prices of vanilla options. Each sensible pricing model should be calibrated to the given market
data, and thus should produce the same marginal distributions at fixed times. The search of
a model that produces the highest no-arbitrage price of an exotic claim, among all calibrated
models, then naturally corresponds to the MOT problem. For more recent developments of
MOT problems, see for example Acciaio et al. [1], Backhoff-Veraguas et al. [2, 3], Beiglbock et
al. [6, 16, 7, 9, 10, 11], Beiglbock and Juillet [12, 13], Briickerhoff et al. [20], Campi et al. [21],
De Marco and Henry-Labordere [30], Dolinsky and Soner [31], Fahim nad Huang [34], Gaoyue
et al. [39], Hobson and Neuberger [46], Hobson and Klimmek [45], Hobson and Norgilas [47],
Nutz et al. [58], Wiesel [63].

The problem of finding the models that give robust no-arbitrage bounds for the prices of
exotic derivatives was initially studied in the seminal work of Hobson [49] by means of the
Skorokhod Embedding Problem (SEP). SEP consists in finding a stopping time 7 of a Brownian
motion B, such that B; has a prescribed law. This approach generated developments in many
(probabilistic and financially motivated) directions, see, for example, Brown et. al [19], Madan
and Yor [56], Cox et al. [23, 27], Cox and Obldj [25, 26], Davis et al. [29]. See also the survey
papers on SEP by Obl6j [59] and Hobson [44].

More recently, the Supermartingale Optimal Transport(SOT) problem was introduced by
Nutz and Stebegg [57]. Given two probability measures pg, 1 which are increasing in convex-
decreasing order, the problem consists in minimizing (or maximizing) EF[c(X, X;)] among
all supermartingale measures P such that PP o Xgl = po and Po Xfl = p1. In particular,
the authors of [57] introduced two canonical supermartingale couplings, namely the increasing
supermartingale coupling 7/ and the decreasing supermartingale coupling 7. These transport
plans are canonical in the sense that they can be equivalently characterised by any, and then all



of the following properties: the optimality (in terms of minimization or maximization problem)
for a large class of cost functions, the monotonicity of the support, and the order-theoretic
minimality. (The optimal couplings in the OT and MOT settings have similar characterizations.)

In this paper, we shall focus on the continuous-time case, which corresponds to a suitable
limit of the multi-marginal SOT problem. Given a continuous family of marginal distributions
(14t)tefo,1], which is non-decreasing in convex-decreasing order, we call a stochastic process that
is calibrated to all marginals (j)c(0,1] & PCOCD(“Processus Croissant pour 1'Ordre Convexe
Décroissant” in French). Notice that in the martingale case such process is baptized as a peacock
(PCOC for short) and is extensively studied in the book of Hirch et al. [43].

We will closely follow Henri-Labordere et al. [41]: in the martingale setting, by considering a
Markovian iteration of the one-period left-curtain martingale couplings 7, the authors obtained
a pure jump process in the spirit of the local Lévy models introduced by Carr et al. [22] and
showed that it solves a particular continuous-time MOT problem. Our main goal is to extend
the results of Henri-Labordere et al. [41] to the supermartingale setting.

In the supermartingale case, the construction is different in the following aspects. First, in
the martingale case, the left-curtain and the right-curtain transport plans are symmetric, see
Henry-Labordte et al. [41, Remark 3.12]. More precisely, the limiting process, associated to
the left-curtain coupling, is driven by downward jumps and upward drift, while in the right-
curtain case it is the upward jumps and downward drift that drive the limiting process. On
the other hand, in the supermartingale case, the increasing supermartingale transport plan and
the decreasing supermartingale transport plan demonstrate different behaviour see Bayraktar
et al. [4], [5]. In the increasing case, the limiting process is a martingale in the interior of the
support of marginals, and possesses strict supermartingale characteristics when it escapes to
the upper boundary of the support (it jumps from the upper all the way down to the lower
boundary). In the case of the decreasing supermartingale coupling, there are martingale and
supermartingale regions in the interior of the support. Once the boundary curve (that separates
these two regions) is hit, the process becomes deterministic and follows a decreasing (w.r.t.
time) curve.

Second, in case of the the decreasing supermartingale coupling, there might exist multiple
phase transition curves for the limiting process, that divide the martingale and strict super-
martingale regions. To obtain explicit solutions, in this article we will impose certain conditions
that will guarantee the uniqueness of the phase transition curve. On the other hand, if the in-
creasing supermartingale coupling is used for construction, then the regime switching boundary
is unique, and is always given by the upper boundary of the support of the marginal distribu-
tions.

In financial terms, the dual SOT problem corresponds to the super-replication of an exotic
payoff using semi-static strategies with no short-selling constraints. In order to prove the op-
timality of the limiting process, we will modify the arguments of Henry-Labordere et al. [42]
and explicitly construct a candidate optimal dual strategy, for a large (but very particular)
class of cost functions. The choice of dual variables is closely related to the martingale and
strict supermartingale regions of a a candidate optimal transport plan. In the case of the de-
creasing supermartingale coupling, the dual methods are related to those of the dual MOT
problem when the right-curtain martingale coupling is optimal, and also the classical OT dual-
ity when the quantile coupling is an optimizer. The strategies must be modified accordingly, if
the construction of the limiting process is based on the increasing supermartingale coupling.

The rest of the paper is organized as follows. In Section 2, we recall the formulation of
the discrete-time supermartingale transport problem and introduce the continuous-time SOT
problem. In Section 3, we provide the convergence theorem which gives the characterization of
the limiting process, and the optimality theorem which shows that the limiting process solves a
continuous-time SOT problem for a class of costs functions. In Section 4, we explicitly obtain
the limiting process when the marginals correspond to uniform measures on bounded support,



Normal distributions with decreasing means (Brownian motion with drift) and log-Normal dis-
tributions (geometric Brownian motion). In Appendix A and B we collect some important
results regarding one-period OT, MOT and SOT problems.

2 Supermartingale optimal transport problem

2.1 Discrete-time supermartigale optimal transport

Let M (resp. P) be the set of finite (resp. probability) Borel measures on R with finite first
moments. The support of n € M, denoted by supp(n), is the smallest closed set I C R with
n(I) = n(R). We set ¢, := inf{k € supp(n)} € [—o0,00) and r, := sup{k € supp(n)} €
(—00,00]. The mean of n € M is denoted by 7], so that the barycenter of n is given by 77/n(R).

Throughout the paper, for any random variable £, the expectation of £ is defined as E[¢] :=
E[¢T] — E[¢7] with the convention oo — 0o = —o0.

The canonical process on R? is denoted by (Xg, X1), so that, for i = 0,1, X;(x,71) = 2;
for all (zo,z1) € R%. For ug, u1 € P, let P(uo, 1) be the set of (Borel) probability measures on
R? with first and second marginals po and pu1, respectively. (Each P € P(ug, p1) is often called
a transport plan or coupling of ug and p1.) Then Xo ~F pg, X1 ~F py for all P € P(ug, p1).
We also introduce the set of supermartingale couplings of py and pq:

SQ(,LLO,'[Ll) = {P S P(/Lo,ﬂl) : EP[X1|X0] < Xy ]P’—a.s.}.

By the classical result of Strassen [62], S2(uo, 1) is non-empty if and only if g <.q p1, i.e.,
o is smaller than 1 in convex-decreasing order. Recall that 1o <.q p1 if po(¢) < pi(¢) for all
convex and non-increasing ¢ : R — R, where for a measurable f : R — R and n € M we write
n(f) = [ fdn. Note that iy < 7i; whenever pg <cq p1. On the other hand, if 1o <cq p1 and
Ty = Tq, then Sa(po, p11) reduces to the set of martingale couplings of 119 and 1. Indeed, every
supermartingale with constant mean is a martingale.

For a (Borel) measurable reward (or cost) function ¢ : R* — R, a two-marginal supermartin-
gale transport problem is defined by

Po(po, 1) == sup  EF[e(Xo, X1)]. (2.1)
PES2 (po,11)

Suppose that there exists ag, a1 : R — R that are po and p;-integrable, respectively, and such
that |e(x,y)|< ag(x) +a1(y), z,y € R. Then in the case c satisfies the following supermartingale
Spence-Mirrlees condition

c(a',+) — ¢(x,-) is decreasing and convex for all z < 2/,

Nutz and Stebegg [57] proved that the supremum in (2.1) is attained by the so-called increasing
supermartingale coupling 7/. Note that, in the case ¢ is smooth, supermartingale Spence-
Mirrlees condition can be equivalently stated in terms of cross-derivatives: ¢z, < 0 and ¢y, > 0.
On the other hand, if —c is supermartingale Spence-Mirrlees, then the optimizer is given by the
decreasing supermartingale coupling 7. The main focus of this paper is on 72 (see Appendix
B.1).

We now describe the dual problem that is associated to (2.1). We write (¢, 1, h) € Da(po, f1)
if ¢,4, h : R — R are (Borel) measurable functions such that ( [, (¢V0)dpuo) V([ (1)V0)dp1) < oo,
h >0 and

c(z,y) < o(x) +¥(y) + h(z)(y —z), ¥R
Then the weak duality holds

Po (0, 1) < Dalpio, f11) 1= inf T . 2.2
2 (1o, p11) 2(pto, f11) (%W)é%z(mw{uo(w) pa ()} (2.2)
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Nutz and Stebegg [57] showed that the strong duality (i.e., equality in (2.2)) holds under some
additional assumptions (for example, if pg <cq p1 are irreducible). In general (and without
the irreducibility condition), the strong duality and the existence of dual optimizers can still be
obtained, provided one agrees to switch from a point-wise to a quasi-sure formulation of the dual
problem. An explicit construction of optimal dual variables is (under some further assumptions)
provided in Appendix B.2.

The problem (2.1) can be easily extended to a T-period (or (T 4 1)-marginal) setting if

we restrict to cost functions ¢ : RT*! — R of the form c(zo,...,z7) = ZiT:1 ci(wiz1,x4),
(wo,...,z7) € RTTL for a collection of one-period (Borel) cost functions ¢; : R — R, i =1,..., 7.
More precisely, we are given a sequence of probability measures pug,...,ur € P satisfying

1o <ed --- <eq pr, and the goal is to maximize

T

Ef[e(Xo,..., X7)] = Y EFfei(Xi1, X)) (2.3)
i=1

over all (Borel) probability measures P on RT*! such that X; ~F p;, i = 0,..., T, and satisfying
EP[X;|Xo,...,X;—1] < X;_1 P-as., for all i = 1,...,T. (For the martingale version with general
cost functions ¢ : RTT! — R, see Nutz et al. [58], while a corresponding continuous-time
extension is given by Juillet et al. [20].) Then, if each ¢; (or —¢;) is supermartingale Spence-
Mirrlees, the optimal supermartingale coupling (with fixed T' 4+ 1 marginals) can be obtained
by a Markovian iteration of the increasing (or decreasing) one-period supermartingale transport
plans.

2.2 Continuous-time supermartigale optimal transport

In this section we introduce a continuous-time supermartingale optimal transport problem under
full marginals constraint, as the limit of the multi-period supermartingale optimal transport
introduced at the end of Section 2.1.

Let € := D(]0,1],R) be the canonical space of all cadlag paths on [0, 1], X the canonical
process and F = (F})o<i<1 the canonical filtration generated by X, i.e. F; := o({X,,0 < s < t}).
We denote by S the collection of all supermartingale measures on €2, i.e., under each P € S
the canonical process X is a supermartingale. We equip Ss with the weak convergence topology
throughout the paper. By the calssical results (see, for example, Karandikar [54]), there is a non-
decreasing process ([X]¢):e[o,1], defined on €, and which coincides with the P-quadratic variation
of X, P-a.s. for every supermartingale measure P € S.. Denote by [X]¢ the continuous part of
[(X].

Given a family of (integrable) probability measures © = (f1)o<i<1, we denote by S (1) C Soo
the collection of all supermartingale measures on €2 such that X; ~* y, for all t € [0,1]. In
particular, from Ewald and Yor [33], we know that So.(pt) is non-empty if and only if the family
(pt)o<i<1 is non-decreasing in convex-decreasing order and ¢ — g is right-continuous.

For all t € [0,1], we denote by —oo < 4 = £, < r,, =: 1y < oo the left and right
extreme boundaries of supp(p:). Suppose that ps <.q p¢ for all 0 < s < ¢ < 1. Then since
z — pi(z) := (k — )T is convex and non-increasing for all k € R, we have that ps(pr) < pe(pr)
for k € R. In particular, us((—o0,k)) > 0 implies that u:((—oo, k)) > 0, from which it follows
that ¢t — ¢; is non-increasing. Note that, in general, ¢ — 7, may fail to be non-decreasing. In
addition, if p; admits a density function for all ¢ € [0,1] and ¢ — p; is continuous w.r.t. the
weak convergence topology, then ¢ — [; and ¢ — 7, are continuous (see Henry-Labordere and
Touzi [42, p. 2805]).

As in Henry-Labordere et al. [41] (see also Hobson and Klimmek [45]), our continuous-time
SOT problem arises as a limit of the multi-period SOT problems, by considering the limit of
the reward function ZiTzl ci(xy, ,xe,) as in (2.3), where (t;)o<i<r is a partition of [0, 1] with
maxi<;<r|ti—ti—1|— 0 as T — co. To obtain the convergence we need the pathwise It6 calculus.



Definition 2.1 (Follmer [35]). Let m, = (0 =1§ < --- <t = 1), n > 1 be partitions of [0,1]
with |m,| == maxi<p<n [t} — 7 4| = 0 as n — oo. A cadlig path x : [0,1] — R has a finite
quadratic variation along (m,)n>1 if the sequence of measures on [0, 1],

> Gryp —xep,)?0p, .y (dD),

1<k<n

converges weakly to a measure [x]F on [0,1]. For each t € [0,1], set [x]F" := [x]¥([0,1]), and let
[x]5¢([0,t]) be the continuous part of this non-decreasing path.

The following will be one of our standing assumptions.

Assumption 2.2. The cost function ¢ : R? — R is in C3((l, maxo<i<17¢) X (I1, maxo<t<i 7))
and satisfies

clz,x) = cy(x, ) =0, Cayy <0, czy >0, (2,9) € (ll,orgta%(l ) X (ll,orgtaécl ).

Following Hobson and Klimmek [45] we then have (in fact, a weaker assumption on ¢ would
suffice; see Touzi et al. [42])

Lemma 2.3. Let Assumption 2.2 hold ture. Then for every path x € Q with finite quadratic
variation [x|F along a sequence of partitions (m,)n>1, we have

n—1 1

1 c
ZC(th,th )= 5 Cyy (X0, %0 )d[x] 7 + Z e(xi—,xy)
k=0 0 0<t<1

The non-decreasing process [X]., as in Karandikar [54], is defined for every cadlag path x
and coincides P-a.s. with both, the quadratic variation and [x]¥, for every P € S,,. This and
Lemma 2.3 motivates us to define the following continuous-time reward function:

1 1
C(x) := —/ Cyy (Xt %4 )d[x]§ + Z c(xi—,x¢), forall x €,
2 Jo 0<t<1

where the integral and the sum are defined using positive and negative parts with a convention
00 — 00 = —00.
The continuous-time supermartingale optimal transport problem is now given by

Poo(p) := IF):Sup( )EP [C(X)]. (2.4)

Note that D, ¢(Xi—, Xy) < oo P-as. for all P € Sy; see Henry-Labordere et al. [41,
Remark 2.5].

We now follow Henry-Labordere et al. [41] and introduce the dual formulation of the problem
(2.4). First we introduce the set of admissible semi-static trading strategies. Let Hy be the class
of F-predictable and locally bounded processes H : [0,1] x Q — R, i.e., there exists an increasing
family of F-stopping times (7,,),>1 taking values in [0,1] U {oo} such that H.A-, is bounded
for all n > 1 and 7,, — o0 as n — co. Then for all H € Hy and under every supermartingale
measure P € S, one can define the integral, denoted by H - X, see Jacod and Shiryaev [51,
Chapter 1.4]. Define

H:={HeHy: H>0and H-X is a P-supermartingale for every P € S, }.

For the static strategy, we denote by M ([0, 1]) the space of all finite signed measures on [0, 1]
which is a Polish space under the weak convergence topology, and by A the class of all measurable



maps A : R — M([0,1]) which admit a representation \(z,dt) = \o(t,x)y(dt) for some finite
non-negative measure vy on [0, 1] and some measurable function Ao : [0,1] x R — R which is
bounded on [0,1] x K for all compact K of R. We then denote

1
A(p) = {r € A p(A]) < oo}, where u(|A]) = / / ot 2)\ue (da)y(do).

We also introduce a family of random measures 6% = (§;¥)o<¢<1, associated to the canonical
process X, by setting 6;% (dr) := dx, (dz). In particular, one has

1 1
5N = / N Xy, dt) = / No(t, X¢)y(dt).
0 0
The set of admissible superhedging strategies with no short-selling constraint is defined by
Doo := {(H,\) € H x A(p) : 0¥\ + (H - X)1 > C(X.),P-a.s., VP € S},
and then the dual problem is given by

Doo (1) : f

= in
(H,\)€Doo (1) s

Furthermore, the weak duality holds: P (1) < Doo(p).

3 Main results

Our contribution splits into three parts. First we construct a continuous-time supermartingale
with given marginals (u)¢cjo,1)- This is achieved as an accumulation point of a sequence (P"),,
of solutions of n-period supermartingale transport problems. We then characterize the limiting
law further and show that it corresponds to the distribution of a local Lévy process. Finally
we prove that this limit solves the continuous-time supermartingale optimal transport problem
(2.4). The last point is achieved by proving the strong duality P (1) = Do (), and explicitly
constructing an optimal superhedging strategy.

3.1 Convergence of the sequence (P"),>;

For every t € [0,1], we denote by R > = + F(t,z) and [0,1] > u + F~!(t,u) the cumulative
distribution function and the corresponding right-continuous inverse (w.r.t. the z-variable) of
the probability measure ;. For ¢t € [0,1), e € (0,1 —¢] and z,y € R let

0°F(t,x) :=F(t+e,x)— F(t,x)

and define
E:={(t,x):te[0,1],z € (I;,)}

Assumption 3.1. (i) The marginal distributions 1 = (iit)seo,1] belong to P, are non-decreasing

i convex-decreasing and t — s is continuous w.r.t. the weak convergence topology.
(ii) F € CHE). In particular, for all t € [0,1], the measure p; has a density function f(t,-)

such that f(t,-) >0 on (£, 7).

(i) There exists e1 € (0,1] such that for allt € [0,1) and 0 < € < e1 A (L —t), w and puye
satisfy the Dispersion Assumption:

o There exists me(t) < me(t) such that liye < € < me(t) < me(t) < ry < rigpe, with
liye < Le Amc(t) and me(t) V re < rege.



o [Lurthermore, f(t + ¢,-) < f(t,-) on (me(t),m(t)), f(t +ex) = f(t,x) for x €
{mﬁ(t)v me(t)}i and f(t + e ) > f(tv ) on (ft-i-eame(t)) U (me(t)vrt+e)'

Note that Assumption 3.1(iii) is precisely Assumption A.3, and thus all the results of Ap-
pendix B are valid.

Remark 3.2. Under Assumption 3.1 several further implications follow. First, since, for all
t € [0,1], f(t,-) > 0 on (L, 1), we have that inf,ci_k Kx)n,r) f(t,2) > 0 for all K > 0.
Furthermore, due to the Dispersion Assumption (see Assumption 3.1(iii)), for every t € [0,1)
and sufficiently small € € (0,1 —t], the function x — 6°F(t,x) attains the (unique) mazimum
and minimum at m(t) and mc(t), respectively. It is also easy to see that, for all x € (by,1),
f;o(y — x)0°F(t,dy) > 0. In particular, Assumption 3.1 implies Henry-Labordére et al. [}1,
Assumption 3.1].

In the rest of this paper we will always work with (p1¢)¢cjo,1) satisfying Assumption 3.1.

Fix t € [0,1) and € € (0,1 — ¢t], and consider a pair of marginals (4, fir4c). Then the
corresponding decreasing supermartingale coupling can be determined by a pair of functions
(TS5(t,-) = THOHHe (), TE(t, ) = TH"+< (), where (T*"7(-), T<(t, ) are as in Appendix B.1.

Furthermore, set x§(t) := z{""** and y{(¢) := y{'"""*°, where z/"""* is defined by (B.50),
while y}" """ is given by (B.51).

Recall that the canonical space of cadlag paths Q := ([0, 1]R), is a Polish space equipped
with the Skorokhod topology, while X denotes the canonical process. Let (7,,),>1 be a sequence
of partitions of [0,1], so that each m,, = (t}")o<r<n is such that 0 =¢j < --- <t} = 1. Suppose
in addition that |m,| := maxi<p<,(t} —t}_;) = 0 as n — oo. Then for every partition m,, by
considering the marginal distributions (p¢r Jo<k<n, one obtains an (n+1)-marginal (or n-period)
SOT problem, where the goal is to maximize

E| Y eXf X
0<k<n—1

among all discrete-time supermartingales Xn = (X]?)nggn satisfying marginal constraints.
Under Assumptions 2.2 and 3.1, the iterated n-period decreasing supermartingale coupling is
the solution to the above supermartingale transport problem. Let Q%™ := R™*! be the canonical
space of discrete-time process, and X™ = (X}')o<r<n be the canonical process on *™. Then
under the optimal supermartingale measure P*", X" is a discrete-time supermartingale and
. . . Aty Aty .
at the same time a Markov chain, characterized by T, tk“(t}j, D, T, tk“(tz, -) with At} =
tr.q — ti, induced by the two marginals (Htgvﬂtg+1); see Appendix B.1. We then extend the

Markov chain X™ to a continuous-time cadlag process X*" = (X;"")o<¢<1 defined by
n
XP™ = Xi A an(®), te(0,1],
k=1

and define the probability measure P := P*" o (X*")~1 on Q.

We further denote by m(6F(t,-)) (resp. m(0:F(t,-))) the set of all local minimizers of
functions 6°F'(¢,-)) (resp. OF(t,-))). Let M(9:F(t,-)) be the set of local maximizers of IF(t,-)).
Note that, by Assumption 3.1, m(6°F(¢,-)) = {m(¢t)} and M(6°F(t,-)) = {m(t)} for all
0<e<e A(l—1t).

Assumption 3.3. (i) There is a constant e > 0 such that, for all t € [0,1] and 0 < e <
ea A (1 —t), we have m(0:F(t,-)) = {m:} and M(O:F(t,-)) = {m:}.

(i) Let m°(t) = my. Then the map (t,€) — m<(t) is continuous (and hence uniformly contin-
wous with continuity modulus py) on {(t,€):0 < e <e,0<t<1—¢€}.



Proposition 3.4. Suppose that Assumptions 3.1 and 3.3 are valid. Then the sequence (P™),>1
is tight w.r.t. the Skorokhod topology on 2. Moreover, every limit point PO satisfies P* € S (11).

The proof of Proposition 3.4 requires two additional lemmas.

Lemma 3.5. Let (ut)iepo,1] be a family of probability measures in P which are increasing in
convea-decreasing order. Then (fi¢)icjo,1) s uniformly integrable, i.e.

I 10, dz) = 0.
e, itz

Proof. Using the inequality 2|1, >xy < 2(]z] — %ﬂ{mz%}’ we have that

K
su z|1ly), dr) = su /217——11_ dx
s [ afLgsm(dn) = s [ 2(al = 5Ly m(d)

K K
<2 sup /(x - 3)1{12%};1,5(6&6) +2 sup /(—:v - 3)1{m§7§}ut(dx)

0<t<1 0<t<1
K K
=2 sup O,ut(_)+2 sup P#t(__)
0<t<1 2 0<t<1 2

K K
= 20,1(3) + 2PH1(—§) — 0, when K — oo,

where i is some probability measure on R with the same mass and mean with pg. We now

explain the last equality. First, x — (—x — %)"’ is convex and non-increasing, and thus using
the convex-decreasing ordering of (1;)¢c(0,1) we obtain that supy<,<; P, (-5)=P,(-%). On
the other hand, supy<;<; Cp., (£) = Ca (%) follows from the fact that the point-wise supremum
of a family of convex functions is convex, and lim|;| o {SUpg<;<; Cp, () — {710 — po(R)z}} = 0.
Therefore, there exists some probability measure fi, such that i(R) = po(R), o = f and
Ch = supg<i<q Cp, - O

Recall that (p¢)¢cjo,1) satisfies Assumption 3.1. Now for fixed ¢ € [0,1), ¢ € (0,1 — t] and
x € (ry,me(t)) denote by ¢°(¢,z) the conditional probability of the (martingale) upward jump
under the decreasing supermartingale coupling, so that ¢¢(¢, x) = 72(2%% Note that, for
x < x{(t), TS(t, ) = oo and therefore ¢°(¢, z) = 0.
Furthermore, define J5(t, ), JS(¢, ) by

Jo(t,x) =a —Ts(t,z), Jo(t,x)=Tc(t,x) —x, x€ (bs,14),

so that Jg(t,-), J(t,-) correspond to the downward and upward distance each particle travels
(between times ¢ and t+¢€) under the decreasing supermartingale coupling, conditioned it started
at x. (Note that JE(t,2) = oo for & < z§(¢), but this happens with zero probability.)

Lemma 3.6. Suppose Assumptions 3.1 and 3.3 hold. Then
(i) For every K > 0, there is a constant C1, independent of (t,x,€) such that

Jo(t,x) + ¢ (t,x) < Cre, Vo e [-K,K|N (I, ) N (z5(t), my).
(il) For every K > 0, there is a constant Cs, independent of (t,x,€) such that

JS(t,7) < Cae, Va € [—K, K| N (I, 25 (t)].



Proof. (i) Since put [ (£),re) e Hitellys (t),r.) and the decreasing supermartingale coupling [Presbitte
coincides with the right-curtain coupling of Mt|[zi(t),n)§c Fttel [ys (t),rese) (see Appendix B.1),
the result follows immediately from Henry-Labordeére and Touzi [42, Lemma 6.4] applied to the
right-curtain coupling.

(ii) For x < 5(t), T5(t,z) = F~(t + €, F(t,x)) and therefore

Jit,x)=F Yt+e Ft+ea))— F ' (t+e F(tx))
1 €
T fltte Pt e,g))5 Fit,2),

for some £ between F(t + €,2) and F(t,x), by the mean value theorem. Now one draws the
desired conclusion from the fact that |0°F| < Ce, for some constant C' > 0. O

We are now ready to prove Proposition 3.4.

Proof of Proposition 3.4. Recall that P™ is a supermartingale measure on the canonical space
Q, induced by the continuous-time supermartingale X*™ under the probability P*™. The su-
permartingale X ™™ jumps only at discrete time points relative to the partition m, = (t}")o<k<n-
Moreover, at time ¢}, |, on {z§(t}) < X+ }, the upward jump size is Jg (), X;x ) and downward
jump size is J¢(t*, Xy ), where € .=t | — 7. In addition, at time ¢}, ; and on {x{(t}) > X},
the downward jump size is J;(tfl, Xir ) with probability 1.

For given positive constants C, 6, we introduce

Ea(C,0) :==inf{II} (1 — C(t},, — t}")) : for some s € [0,1) and
0<j<k<nsuchthat s <t} <tp., <s+0}

(i) First, using Jacod and Shiryaev [51, Thoerem VI.4.5], we show that (P™),>; is tight. Let
7 := 1Ainf{s : | Xs| > K}, and 7 is a stopping time w.r.t. the canonical filtration generated
by (Xs)o<s<1. In addition,

KP" { sup | X;| > K} <E" [|X,]]
0<t<1

=E*" [X, +2X7] <E¥ [Xo+2X]
<EP [Xo+2X; ] <EF[|Xo]] + 2B7 [| X1 ] < +oo,

where on the above, the first inequality comes from Markov inequality, P*™ o (X*")~! =
P" o X! and that fact that X,;"" is piecewise constant. The third inequality comes from
optional stopping theorem and the fact that X~ is a submartingale. Let n > 0 be an
arbitrary small real number, then there is some K > 0 such that

P*[ sup |X¢| > K| <mn, foralln>1.
0<t<1

We can assume w.l.o.g. that K satisfies —K < m; < K for all ¢ € [0, 1]; recall Assumption
3.3.

The remaining proof is almost identical to the proof of [41, Proposition 3.2]. However, in
few places the supermartingale transitions appear (which are not present in [41]) and thus
we sketch the arguments.

Denote in addition that r(t) := 7 A K and ¢5(¢t) := ¢, V (=K). Let § > 0, then it
follows from Lemma 3.6 that J§(t~, Xy ) is uniformly bounded by Ce for some constant
C on DF = {(t,x) : I"(t) + 6/2 < & < my}. Let § > 0 satisfy 6 < 5 and [I*(t 4+ 60) —
K@) + |r5(t+0) — r5(t)] < 6/2. Let S,T be two stopping times w.r.t. the filtration
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generated by X ™™ such that 0 < S <T < S+6 < 1. Since, by Lemma 3.6, the big jumps
of X*™ correspond to J¢(tF, Xyx ), and not to J5(tk, Xyx ), using the same arguments as in
the proof of [41, Proposition 3.2, we have that

P sup | X0 < K IXET = X5 > 0] < 1—E,(C.0).
0<t<1

It follows that

lim sup lim supP*"[| X" — Xg&"| > 0]

6—0 n—o00

< limsup limsupP*"[ sup |X,”"| < K, |X;" — Xg"| > 6] +P*" | sup |X;""|> K
6—0 n— o0 0<t<1 0<t<1

<limsup limsup(l — &,(C,0)) +n = 1.

0—0 n—00

Since n > 0 can be arbitrarily small, we conclude that

lim sup limsupP*"[| X" — X&"| > 4] = 0.

0—0 n—00

Finally, Jacod and Shiryaev [51, Thoerem VI.4.5] shows that (P™),,>1 is tight.

(ii) Let P° be a limit of (P"),>;. Then repeating the arguments of the second part of the
proof of [41, Proposition 3.2] (which relies on the continuity of F(¢,z)), we obtain that
PO @) Xt_l = t.

(iii) In the last step, we show that X is still a supermartingale under P°. For every K > 0,
we first define the auxiliary process X/ := (=K)V X; A K. Given s < t and ¢(s,X.) a
bounded continuous, Fs-measurable function, it follows from weak convergence that

lim B [p(s, X.) (X[ = XE))] = EX [p(s, X) (X[ = X[))].

n—-+oo
As X is a P"-supermartingale, we have that
EF [p(s, X ) (X[ = XN < =B [o(s, X)(Xi L x, 21y — Xslx.12k})]
< B [o(s, X)(Xel (x> 1) — Xslgx,>13)]]
SN
0<t<1
— 0, as K — oo,

where the last inequality follows from Lemma 3.5 and the above convergence is uniformly
in n. Finally, by the dominated convergence theorem, we have that

E” [p(s, X.)(Xe — X)) = lim EF [ip(s, X.) (X[ — X))

K—o0

= lim lim Ew[g)(s,X.)(XtK—XsK))]

K —o00 n—-+o0

<0.

As ¢ is arbitrary, we conclude that X is a P%-supermartingale.
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3.2 Characterization of the limiting process

To further analyse the limiting process of the previous section, we consider the decreasing su-
permartingale coupling (see Appendix B) of two marginals p; and pq.. Recall that x§(t)
denotes the unique phase transition point which divides the martingale region (to the right
of z§(t)) and the supermartingale region (to the left of x{(¢)). In the supermartingale re-
gion, the mass at x < z§(¢) is transported (through the quantile coupling) to the destination
TS(t,x) = F~1(t+¢, F(t,2)). In the martingale region, the two supporting maps T and T are
characterized in Proposition B.4.
Set €g := €1 A €2, where €1, €2 are as in Assumptions 3.1 and 3.3, respectively.

Assumption 3.7. (i) The map (t,€) — x{(t) is uniformly continuous (with continuity mod-
ulus p1) and also uniformly bounded on {(t,€) : 0 <€ < ey, 0 <t <1—¢}.
(ii) For every t € [0,1], r, =r € (—o0, ).
(iil) For every t € [0,1], we have Oy f (t,me) > 0.

Lemma 3.8. Suppose that Assumptions 3.1, 3.3, 3.7(i) and (ii) hold. Then the limit lim._,o x§ ()
exists. Moreover, if we denote the limit by x1(t), then t — x1(t) is continuous and uniquely
determined by the equation

—+o0
[ @ -oasic—o. tep.
z1(t)
Proof. Tt follows from Lemma B.3 that z{(¢) is unique for all ¢ € [0,1), € € (0,€p]. From
Assumption 3.7 (i), using the Arzela-Ascoli theorem, we have that 2 (t) converges when e — 0,
and the limit remains a continuous function.

Using the properties of the decreasing supermartingale coupling (see Appendix B), we have
that z§(t) and yS(t) satisfy the mean and mass preservation conditions:

ft,z)dx = / ft+e x)de, /w

yi(t)

Tt Ttte Tt Ttte

xf (t, z)dx = / xf(t+ e x)dx.

0 HO) RO

Rearranging, and using that r, = 44, gives

3 (t) +oo x5 (t)

/ (F(2)—f(t4e,2))dr = / 2(f (b )= f(te, z))dz = / of (e, z)da.
x5 (t) yi(t) 5 (1) yi(t)

Using Taylor’s expansion f(t + €,2) — f(t,z) = O, f(t,x)e + 20u f (&1, x)€* (with & € (t,t +¢))

in the first equation above and applying the mean value theorem for definite integrals, we get

that

f(t+e, x)dz, /w

+oo 1 +oo
e[ ottt -5 [ s ade = @50 - i 0) 1.6,
x5 (t) =5 (t)

where & lies in [y§(¢),z§(¢)]. Letting e tend to 0 on both sides, the Lh.s. tends to 0, and
consequently r.h.s. also tends to 0. It follows that lim._,o 2§ (t) = lime_,y{(¢). Dividing both
sides by € we get
+oo € €
r{(t) —yi(t
- [ e mar = O 56 1 000, (36)
z§(t
Similarly,
+oo xe t) — € t
- [ o = 20006 .6+ 000, (3.7
z§(t)
Note that Assumption 3.7(ii) ensures that x +— 0, f(¢, z) is not a constant.
Combining (3.6) and (3.7), and letting € tend to 0, we get that

+oo
/ . (z — 21(£))8y f (£, z)dz = 0. .
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Remark 3.9. The Assumption 3.7(ii) can be relaxed. For example, if t — 1y is differentiable,
then the equation that characterizes x1(t), as in Lemma 3.8, can be shown to be of the following
form:

e dr

[ o0 =905 0t = st ron@ G 1<)

x1(t
Consequently, the subsequent arguments would have to be adjusted. Since our main motivation
is the examples that satisfy Assumption 3.7(ii), we do not include the details.

We also introduce T, through the following integral equation:

Tu(t,x)
[ w-oaseoe-o (3.9

Proposition 3.10. Suppose that Assumptions 3.1, 3.3, 3.7(i) and (ii) hold. Forx € (x1(t), m:),
(3.8) has the unique solution T, (t,x) on (my,rs).

Proof. Define G(t,z,y) fy (x — f(t,8)de, as y — G(t,z,y) is continuous, it is enough to
show that, for x € [xl(t) 1)y Y G(t x,y) is decreasing on y € [my, 00), G(t,x,mt) > 0 and
G(t,x,+00) < 0.

We first show that for z € [x1(t), m], y — G(t,x,y) is decreasing on y € [my, c0). Indeed,
for my < y1 < yo, we have

Y2
Glt, ) =~ Gt = [ (2 = 0LF(,E)d€ <.
Y1

where the last inequality follows from the fact that & > y1 > my > x and 9, f(¢,£) > 0 on [y, y2]
(as © — O F(t,x) is increasing on (my, 00)).

Notice that the equation 9, F (¢, x) = 0 has a unique solution under Assumption 3.3, and we
denote it by Z(t). Now let us show that z — G(t,x,+00) is decreasing on (z1(t),Z(t)), and
increasing on (Z(t), m). Indeed,

+oo
0. G(t,x,+00) = / O f(t,8)dé = O F(t, +00) — O F(t,x) = -0, F(t, x),

which is negative on (z1(t), Z(t)), and positive on (Z(t), m;). To show G(t,z,+00) < 0 for all
x1(t) < & < my, it is enough to show that G(t, 21 (t), +00) < 0 and G(t, m¢, +00) < 0. Notice
that from Lemma 3.8, z1(t) satisfies that

+oo
/}w@ﬂﬂ—§WJ@£M§=Q

i.e., G(t,z1(t),+o0) = 0. Moreover, as G(t, m¢,m:) = 0 and y — G(t,my,y) is strictly decreas-
ing on y € [my, co] which is shown above, it follows that G(¢, m,, +00) < 0.
In addition,  — G(t,z, m;) is decreasing on the interval (a1 (t), my):

81G(t, €, mt) = 8tf(t,€)d§ = 8,5F(t,mt) — (%F(t,x) < 0.

x

It follows that G(t,x,m;) > G(t,my, m;) = 0. O

We further define j, and jq for t € [0,1],2 € (z1(t),my) by ju(t,z) := T(t,x) — 2 and

Ja(t,x) := aﬁF(t’x)}?;f;gt’T“(t’z)). The following lemma analyzes the asymptotic behaviour of T,

T¢ and ¢°(t,x) in the martingale region, and when ¢ is small. The proof is analogous to the
proof of Henry-Labordere et al. [41, Lemma 6.6] when applied to the right-curtain coupling,
and thus omitted.
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Lemma 3.11. Suppose that Assumptions 3.1, 3.3, 8.7(i) and (ii) hold.

For0<0< K < oo, let Es = {(t,z) : t €[0,1],(m; — K) Vz1(t) <z <my; —}. Define

J(t,z) == atF(t’I)f_(taji%Tﬁ(t’w)). Then T¢(t,x) and TS(t,x) admit the following expansions:

ij(ta I) — X i= Ji(t, :C) = ju(ta I) + (6 \ po(E))BZ(t, I)a
and
x = Tg(t,x) == Jg(t, x) = €jg(t, x) + et x),

with e5(t, x) and e (t, x) bounded on Ej . Consequently, there exists a constant Cs  such that
the probability of the upward jump q¢ admits the asymptotic expansion:

Ja(t, ) ~ Jalt,x)
T a:()i I D) = Eju(t, p + Cs e(eVpole)), for(t,z)€ Esk. (3.9)

qe(tv .’L‘) =

The next lemma considers the asymptotic expansion of Jj in the supermartingale region.

Lemma 3.12. Suppose that Assumptions 3.1, 3.3, 8.7(i) and (ii) hold.

For 0 < K < o0, let Ex = {(t,z) : t € [0,1], (z1(¢) — K)\/lt < x <
x— TSt x) = Ji(t,z) = €j(t,x) + e2e5(t, z), with j5(t,z) = t
bounded on Ei .

(t)}. Then,

T
t+€w L F(t,x), and e(t, x)

Proof. For J§(t,x), applying Taylor’s expansion to the first order, we have that

J5(t,x) =ax —TS(t,x) = F 't +e F(t+ea) — F Yt +¢ F(t,x))

-1 2 1
- agx (t+ € F(t+e,2) [F(t +e,x) = F(t,2)] + ;%(Hw) [F(t+e,2) - F(t,2)]”
1 't +€8)

=——  _[F(t+ez)—F(t,z)]+ = ( 1) [F(t+ e x) — F(t,2)]?,

f(t+ex) 3t +e€)

where on the above, ¢ is between F(t,x) and F(t + ¢,2), and £ = F~(t + ¢,¢). Applying
further second-order Taylor’s expansion to the first F/(t + ¢, x) — F(t,z) and first-order Taylor’s
expansion to the second F(t + €,z) — F(t,x), we have

14 60)
2 f3(t+¢€8)

(5tF(€2,$))2] ¢,

T5(ta) = —— ){@F(t,x)e—i—%&gtF(fl,x)g]— 0,F (62, 7)€’

ft+ex
_ O F(t,x) - |:6ttF(§17x) B J'(t+¢€¢)
ft+ex) 2f(t+e,m)  2f3(t+¢)

with &1, & between ¢ and t 4 €. Hence the expansion of Jj is valid, with

Oul'(s,&)  f'(s,€)
2f(s.6)  2f3(s,9)

(0:F(5,6))|.

le7(t,z)| < sup
t<s<t+e,F~1(t+e,F(t,x))<Eé<zm

O
For ¢t € [0, 1], extend the definition of jq to (¢, x1 ()], by setting jq(t, z) := f(t 7O F (t,x).
For the main result of this section we need one additional result.
Lemma 3.13. Suppose that Assumptions 3.1, 3.3 and 3.7 hold.
(i) T, is strictly decreasing in x on (x1(t),my).

(i) Ja(t, ) e, (1) <o<meps Julls ©) Vo (1) <ocmeys 5 2 (4 2) L {4 (1) <aeme} A0 Ja(t, @)1y (1)) are
all locally Lipschitz in (t,2) € {0 <t <1,(—K V) <x < (KAmr)}.
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Proof. (i) Differentiating both sides of (3.8) with respect to x € (z1(t), m;), we get that

Tu(t,z)

amTu(tvx) (JJ - Tu(tvx)) 6tf(t7Tu(t7 ‘T)) +/ 6tf(t7§)d£ =0.

x

Hence
8tF(t7Tu(ta I)) - atF(tv'r)

(‘T - Tu(tu x)) atf(tu Tu(ta 1‘))
where the last inequality follows from 0, F'(t, T, (t,x)) > O, F(t, x).

8, Tu(t,x) = <0, (3.10)

(ii) Using Assumption 3.3 and repeating the arguments of the proof of [41, Lemma 3.6] (applied
to the right-curtain coupling case) we get that all jq(t, 7)1z, (1) <z<m,}s Ju(t )Lz, () <a<me)>

;—Z(t, 7)1y, (t)<w<m,} are locally Lipschitz. It is left to verify the regularity of the func-

tion jq(t,7)1z<z, (13- But Assumption 3.1 and the definition j4(t,7) = ﬁatF(t,:r)
immediately imply the local Lipschitz property.

O

In the following, we provide a characterization of the limit of the sequence (P™),,>1. The lim-
iting process is a pure-jump process that is similar in spirit to the local Lévy models introduced
by Carr, Geman, Madan and Yor [22]. (See also [41] for the related martingale case.)

Theorem 3.14. Suppose that Assumptions 3.1, 8.8, 3.7 hold. Then P" — P, where P° is the
unique weak solution to the SDE:

t t
X =Xo +/ Ju(t, Xs—)(dNs — v4ds) 1y, (s)< X, <m.} — / 1ix, <o (s)3dalt, Xs—)ds, (3.11)
0 0

and (Ns)o<s<1 is a unit size jump process with predictable compensated process (Vs)o<s<1 given
by: .
Jd
Vs 1= ._(S7XS—)1{11(S)<X57<m5};

Ju
here z1(t) is given by Lemma 8.8, ju(t,x) := Ty(t,x) — x and ju(t,x) = atF(t’m)}?;I;gt’T“(t’z))
for x € (x1(t),my), ja(t,x) := ﬁatF(t,:r) for x € (b, 21(t)], and Ty, is characterized by (3.8)

on x € (x1(t), my).

Proof. By Proposition 3.4, the sequence of supermartingale measures (P"),,>1 induced by the
decreasing supermartingale transport plan is tight. We shall prove that any limit of (P™),,>; pro-
vides a weak solution to (3.11). Our strategy is identical to that of Henry-Labordere and Touzi
[42, Theorem 3.7], and thus we only present the steps that are affected by the supermartingale
feature of our construction.

For all x € Q:=D([0,1],R) and ¢ € C}(R), we define

t t
Mi(p,%) = () — / (5 %0 ) Dep(Xa L s (510, <, 5 — / [p(kam + Juls, xe2)
0 0

. t

Jd .

- <P(XS*)]]»_(Sa XS*)]]-{m1(s)<x57<ms}dS - / jd(S, XS*)D%)(XS*)l{xs,gml(s)}ds-
u 0

The process M (p, X) is progressively measurable w.r.t. the canonical filtration F. For every

constant p > 0, we introduce an F-stopping time and the corresponding stopped canonical

process
Tpi=1nf{t > 0:[Xy| > por |[X;_| >p}, X7 :=Xirr,.
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Denote further J(x) := {t > 0: Ax(t) # 0}, V(x) :={a > 0 : 74(x) < 7,+(x)} and
V'(x) :={a>0:7,(x) € J(x) and |x(7,(x))| = a}.

By extracting a subsequence, we can suppose w.l.o.g. that P” — P° weakly. To prove that P? is
a weak solution to SDE (3.11), it is enough to show that (M; (¢, X)):e[o,1] is a local martingale
under P° for every ¢ € C}(R). Since the functions j; and j, are locally Lipchitz, but not
necessarily uniformly bounded, as in the proof of Henry-Labordere and Touzi [42, Theorem 3.7],
we need to adapt the localization technique in Jacod and Shiryaev [51].

First, since P" is induced by the Markov chain (X" P*") for all n > 1, we have

Ein [p(Xep, ) — o(Xep)] = au + aa + g,

where

n n JELL
.— P n k(T n — n 7d en n
Cu == Et? (X + Jut (1, X)) @(thn(];}é + JZ? 1{11k (tp)<Xyp <m€k(t§g)}]7
€l
= P n — EZ n n — n 7’“‘ n
ag =B {o(Xep = J4" (7, Xip)) @(th)}(];}; s l{wik (tp)<Xip <m€2‘(t;z)}]’

o =By [{o(Xey = Jg" (60, X)) = oK )

with e} := 1}, ; — 1} (also recall that, under the present assumptions (Dispersion Assumption
in particular), z* (t7) is the unique regime-switching boundary).
By the continuity of (e,t) — (m*(t),z$(t)) and noticing that the density f(t,z) € C3(E),
we have that for €} small and for all s € [t}, ], ],
[Eqp [1

R )<y ami @y~ Ho@<Xe<mayll

z1(s)

<[ /.. f(tvx)d$|+|/en( )f(tvx)dl‘l:O(Po(eﬁ)\/pl(EZ))-
mk (7

111C (t;cl)

Then using Lemma 3.11 and the arguments of [41, Theorem 3.7] we have that

tZ+1 )
m . Jd
o =By | [ 00 il X)) = O 5 X < s

n
tk

- iyt )
ag = —Eg, [/tn Ja(s, Xs)Dp(X o)1z, (s)<x, <m.ds] + Oeg (e V poler) V p1(ex)))-

k

Similarly, using Lemma 3.12 we have that

byt
/ jd(sa XS)D‘P(XS)l{XSSrl(S)}dS + O(eg; (e V PO(EZ) V p1 (62)))

a5 = _E]Pn
d ty
tn

k

Now let 0 < s <t <1, peN, ¢5(X.) be a Fs-measurable bounded random variable on {2
such that ¢ :  — R is continuous under the Skorokhod topology. Then

E™" [65(X.)(Minr, (9, X) = Monr, (9, X))] < Cp(mal V po([mal) V pr(|mal)).

for some constant C), > 0. The remaining arguments are those of [41, Theorem 3.7], and thus
omitted. g
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3.3 Optimality of the local Lévy process

In this section, we establish the optimality of the previously obtained limiting process to the
continuous-time primal problem P

We will need the optimal dual strategy (in discrete time one-period case) which is given in
Lemma B.5; in the following, we denote h¢ := Juepiese , O 1= pHtbtte )€ 1= 1/3“”“*6.

Now let us introduce the optimal dual strategies for the continuous-time transport problem.
First, we define the dynamic strategy h* by

h*(t,x) =0, when z < z1(¢),
CI(I, Tu(ta I)) — Ci(xv 'r)

Jult, )

lim A*(t,x) =0,
zlxq(t) ( )

R*(t,z) = h*(t, T, *(t,x)) — ¢y (T, *(t,2),z), when z > m,.

We remark that from the above definition, for all ¢ € [0, 1], @ — h*(¢,z) is continuous both
at x1(t) and m,. In addition, ¢* is defined, up to a constant, by

Oxh™ (t,z) = , x(t) <z < my,

O™ (t,x) := —h*(t,x), (t,x) e E={(t,x):t€[0,1],x € (Is,r)}.

Now using the same arguments as [41, Corollary 3.10] together with the fact that h*(t,z) = 0
for t € [0,1] and = < x1(t), we have that * € CLH(E).

For the (static part of the) dual limiting strategy, let v*(dt) := 00y (dt) + 01 (dt) + Leb(dt)
be a finite measure on [0, 1], where Leb denotes the Lebesgue measure on [0, 1].

One further defines A\ and A\j by A\5(0,z) := ¥*(0,z), \j(1,z) = 1/1 (1,2), A\5(0,z) =
|¢*(0,2)|, and (1, ) := SUPse(o,1] [¥* (¢, @)[; and for all (¢,z) € (0,1) x

)‘S(tvx) = at"/]*(tu ‘T) + 1{x1(t)<szt} ( O0pY™ ja + V[w — " ( ) + C( T. )])
+ Liz<ar (1)} 0¥ Ja,

= 0" (t, 2) + Loy () <e<me} (o™ Ja + v[" =" (5 Tu)]) |+ 1gay () <e<malle(, Tu)l]
+ 1z§zl(t)|aww jd'
Finally we define \*(z,dt) := \j(t, z)y*(dt) and \*(x,dt) := N (¢, z)y*(dt).
The next result shows that the limiting process of the previous sections solves the continuous-
time supermartingale optimal transport problem. Let H* be the F-predictable process on 2

defined by
H} :=h*(t,X:~), te]o,1].

Theorem 3.15. Suppose that Assumptions 2.2, 3.1, 8.8, 3.7 hold, and that

— [ [ Ratomtdny @) < . (3.12)
0 R

Then the supermartingale transport problem (2.4) is solved by the local Lévy process (3.11).
Moreover, we have that (H*,\*) € Doo(p) and the following duality is valid:

and the optimal value is given by

() / / t)]'u’ o, + jult, 2)) f(t, 2)dadt.

)
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In order to prove Theorem 3.15, we consider the following partition of [0, 1]: 7, = (¢}")o<k<n.,
where 1} := ke with € = % In the following, we shall simplify the notation ¢} to ¢;. Remind
that under every P™, we have the following super-replication inequality:

_ n—1 n—1
Z tku th + d] (tlﬁ th+1)) Z he(tlﬁ th)(th+1 - th) > C(th ) th+1)' (313)
k= k=0 k=0

We further define ¥* : Q0 — R by

1
\I]*(X) = ¢*(17X1) - w*(07x0) - /0 (6t¢*(tuxt) +jd(tuXt)l{xt<mt}amw*(tuxt))dt

1.
t,x " « . .
+ / jdEt XZ§ l{wl(t)<xt<mt} (1/’ (tvxt) - 1/’ (tvxt +.]u(tvxt)) + C(Xtvxt +.]u(tvxt))) dt.
0o Ju

To prove Theorem 3.15, we need several auxiliary results. The proof of the following lemma
relies on Lemmas 3.11 and 3.12, but otherwise is the same as the proof of [41, Lemma 6.7], and
thus we omit the details.

Lemma 3.16. Under Assumptions 2.2, 3.1, 3.3, we have that
Tilies(y<o<ms) = Tul{e, (t)<e<m,y, h°— W, b — O™, ¥ — p*
locally uniformly on E = {(t,x) : t € [0,1],x € (I;,7)}.
Lemma 3.17. Suppose Assumptions 2.2, 3.1, 3.3 hold. Then for every cadlag path x €
D([0, 1], R) taking value in (I1,71), we have

n—1

nh_)rr;o Z ((th, x¢,,) + UV (th, Xty ) — ¥H(x), as e — 0.
k=0

Proof. The arguments are almost identical to those of [41, Lemma 6.9], and thus we only briefly
sketch them. First note that

Z tk?xtk + P (tkvxtk+1)) = (@E(tk,xtk) + we(tkvxtk)) + wé(tn—lvxl)

k=0

I
-

S =
LI

+ (we(tk*h th) - 1/}E(tkv th)) - 1/16(07 XO)'

1

k
Then by Lemma 3.16 and the arguments of [41, Lemma 6.9], as e — 0, we have that ¢ (t,,—1,%x1) —

Q/J (17X1)7
- 1
Z Y (th-1,%e,) — U (ks X)) — —/ O™ (t,x¢)dt
P 0

and ZZ;S (@ (t, xe, ) + ¥ (ks X1,.)) Liac(t)<xi, <me(t)} CONVerges to

1
/ —&Ew*(t,xt)jd(t,xt)dt
0

1.
t,x " " . .
+ A jdEt XZ§ l{wl(t)<xt<mt} (1/’ (tvxt) - 1/’ (tvxt +.]u(tvxt)) + C(Xtvxt +.]u(tvxt))) dt.

Finally, using similar arguments, and noting that ¢(z, x) = 0 for all z € R, we have that

n—1

Z (s xe,) + U (b, X)) Lo, <ai(00)} = — / Ja(t, Xe) Lix, <oy (1)} 0™ (¢, X1 ) d,
k=0
which concludes the proof. [l
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Lemma 3.18. Suppose that Assumptions 2.2, 3.1, 8.3, 3.7 hold and p(\*) < oo. Then for the
probability measure P° given in Theorem 8.14, we have that

PO = PO . I X T T X
EP[C(X.)] = B [0*(X, / / et 4 ) ot

Proof. The arguments are almost identical to those of [41, Lemma 6.10] (adapted to the right-
curtain coupling situation). We only need to adapt various definitions to include the seuper-
martingale regions governed by ¢ — z1(t).

By It6’s formula, the following process is a local martingale:

1
Y (t, X¢) —*(0, Xo) — / (O™ (t, Xe) + (Ja(t, Xe) 1wy (1)< Xy <me} + Ja(t Xe)Lix,<a1()})
0

L t,(E * * -
0" (8, Xe))dt + / jdit xgl{m(thtmt} (" (1, Xe) = 47 (8, Xe + Ju(t, X2))) dt.
0 u\"

Moreover, using the fact that ;(\*) < oo together with the dominated convergence theorem, we
have that

//w' (@@ + jult @) f (¢ @) dadt,

J
To compute EF’ [C(X.)], noticing that [X]¢ = 0, IP’O—a.s., and the process

jd(tqu—)
Y = Z| Xs , X |—/ |C Xso 7Xs—+ju(tX )|m1{xl(t)<xt<mt}dt

s<t
is a local martingale. The remainder of the proof follows the arguments of [42, Lemma 6.10]. O

In the following lemma, we establish the continuous limit of the dynamic part. The proof
relies on Lemma 3.16, but otherwise is identical to the proof of [41, Lemma 6.11], and thus
omitted.

Lemma 3.19. Suppose Assumptions 3.1, 3.8, 3.7 hold. Then the following convergence in
probability (as € — 0) holds under every supermartingale measure P € S,

n—1

Zhﬁ tk, )(th+1 th —>/ I’L>k t Xt )dXt
k=1

Finally, we provide the proof of Theorem 3.15.

Proof of Theorem 3.15. Using the discrete superhedging duality (3.13), together with the con-
vergence results Lemma 2.3, 3.17, 3.19, we have that under every P € S, (¥*, h*) superhedges
the continuous-time cost C'(X.):

1 1
1
\IJ*(X,)—i-/ h*(t,Xt,)dXtE/ 5 Cuy(Xe, X)d[XT; + > X, Xy), Paas.
0 0 0<t<1

By the weak duality,
EF [C(X))] € Poo(pt) < Do () < p(X%).

Then Lemma 3.18 concludes the proof. [l
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4 Examples

In this section, we will consider three examples of supermartingales matching a given PCOCD. In
contrary to the martingale case of [52, 41](that covers left-curtain and right-curtain couplings),
in the supermartingale context, the increasing and decreasing couplings provide significantly
different dynamics in continuous-time.

4.1 Uniform distribution with bounded support
In this section the family of marginal distributions (p)¢cjo,1) satisfies

1

et + e2t

e = )\[762t78t], te [0, 1] (414)
(This example was also considered in the martingale case by Juillet [52].) Our goal is to explicitly
determine the quantities that define the SDE given in Theorem 3.14.

Note that ¢, = —e* and r, = €' for all t € [0, 1]. Furthermore, (1¢);e[0,1] satisfies Assumption
3.1 with m.(t) = ¢, and m®(t) = r, for each t € [0,1) and € € (0,1 — t]. Recall that m.,m*
maximizes and minimizes, respectively, the function x — F(t + €,2) — F(t,2). Observe that
me, m are independent of € > 0. By direct computation we have that, for all ¢ € (0,1), 0;F (¢, -)
is minimized and maximized at m; = ¢’ and m; = —e?'. Then m°(t) := my; = limjo me(t) = €
for all ¢ € [0,1]. Tt is now easy to see that (i)e[o,1] satisfies Assumption 3.3. However, since
t — 74 is not constant and m; = r;, Assumption 3.7 does not hold. For this reason, most of the
results of Section 3.2 (that lead to Theorem 3.14) cannot be applied, and thus we will prove the
relevant statements by direct calculations.

Now fix ¢ € [0,1) and € € (0,1 — ¢], and consider the decreasing supermartingale coupling
Prebere of py and prpge (see Appendix B.1). Since, Assumption 3.1 is satisfied, the phase
transition point, that separates the martingale and supermartingale regions, is unique; see
Lemma B.3. The transition threshold is denoted by

xi (t) = xllltxuwe’
see (B.50).

Lemma 4.1. If (ut)ieqo,1] is given by (4.14), then the phase transition x{(t) is given by

t(,2(t+e) _ t+e t 2t t_2 t+e
:zri(t):e(e erte+et) +et(e e ) (4.15)

elte 4 e2(t+e) — ot — 2t

Furthermore, the limit x1(t) := lim. o 25(¢) exists and is given by

—et

=173 € (—e?,eh), teo,1]. (4.16)

z1()

Proof. To determine x§(t) € (¢;,7) we use the fact that under the decreasing supermartingale
coupling Prettre ({25 (t),r) 18 mapped to V(e r,, ) in a martingale way, where y{(t) = yy e
(see (B.51)). In particular, the pair (z§(¢),y{(¢)) is uniquely determined by the mass and mean
preservation condition

T ) Ttte .
/ 2'ug(dz) = / 2 pye(dz), i=0,1. (4.17)
z(t) yi(t)

Direct computation leads to

et —af(t) _ e —wi(t) e — (@) ) — (yi(t)®

et +e2t  ptte 4 o2(tte)’ et + e2t T ette 4 e2(tte)
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Solving the above equations gives

. et(e2(t+e) —elte 4 et) + th(et _ 2et+e) . . e .
wi(0) = e aw —g s Vil = i) -t e

By letting € | 0, direct calculation (using the L’Hoépital’s rule) gives that xq(t) = 1;% (note
that lime o y$(¢) = x1(t)), which concludes the proof. O

Even though not all the Assumptions 3.1, 3.3, 3.7 are satisfied in the case of (4.14), the
following result shows that the statement of Theorem 3.14 remains true.

Proposition 4.2. If (ut)iepo,1] s given by (4.14), then the statement of Theorem 3.14 holds,
and the corresponding SDE is explicitly given by

t t
X = Xo +/ 1ix, sai(s)}u(8, Xs—)(dNs — vsds) — / 1ix, <z (s))Vsds,
0 0

where (Ng)o<s<1 @S a unit size jump process with predictable compensated process (vs)o<s<1 given

by vs == ;—Z(S,XS,), with jq(s,z) = %‘il_ef(l +2¢%), ju(s,x) =€ —x, and Uy 1= %
In addition, if Assumption 2.2 and the integrability condition (3.12) are satisfied, then the
above process is the optimal solution for the primal problem (2.4) and the conclusion of Theorem

3.15 holds.

Proof. Since, for t € [0, 1], we have that m; = ¢, it follows that 11, )< x,_ <m.} = L{x,_>a1(6)}
a.s. We now determine (jq, ju)-

For ¢t € [0,1) and ¢ € (0,1 — ¢], we consider the one-period decreasing supermartingale
coupling PHe#e+< which is supported on the graphs of two functions Te(t, ) = THM (),
TS(t, ) = ThH""*(-); see Appendix B.1. On (z§(t),m(t) = r¢), (T5(t,-), T<(t,-) can be deter-
mined from the mass and mean preservation condition

TS (tx) TS (tr)
/ 2'ue(dz) = / 2 pye(dz), i=0,1.
T T5(t,x)

Note that, since T<(t, 2) > mc(t) = r; for x < 1y, we have that ffs(t’m) Zip(dz) = [1" 2 pe(dz)
for i = 0,1. Then direct calculation gives that

el —x  Ti(t,x)—Tg(t,x)
et + e2t - ette + e?(t—i—e)

o Ti(to) =zt = Tit,2), w € (xi(t)e').

It follows that

1 et —z
2 et + et

x—T5(t,x) = [e”é —et 42D 2 e (25(t), eb).

This further leads to

ja(t,x) :== 1Eiﬁ)1jj(t, x) = lelﬁ)l . =317 ¢ (14 2e), x€ (x1(t),e"),

Ju(t,x) = léiﬁ)l(Ti(t,x) —z)=¢e" -z, x€ (21(t),€").

Then also
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If we define T, by T, (t,x) := limejo T<(t, ), then T, (¢t,z) = e for x € (z1(t),e'), which is
clearly non-decreasing and continuous.
The definition of j4 on [0,1) x (¢, 21(t)] remains the same:
x—T5(t, x)
ja(t, ) == lm j§(t, ) = lim ——22 7 € (—e*, 21(2)].
ga(t,x) = lim jg(t, x) = lim . z € (—e, w1 (t)]
The explicit form is recovered by using the fact that T5(t,z) = F~(t +¢, F(t,z)) for z < x§(t).
Direct computation gives that

e?t —x(1 4+ 2¢)

T et , x € (—e* (1)

Ja(t,z) =

It follows that the statements of Lemmas 3.11, 3.12, 3.13(ii) (and consequently Theorem
3.14) hold, which proves the first part of the present proposition.

The second claim is established by following the arguments of the proof of Theorem 3.15.

In particular we need continuity of Ty, Lemmas 3.13(ii) and 3.16. However, these results (by

direct computation) also hold in the present setting, [l

Increasing supermartingale coupling Let (j):[0,1) be as in (4.14). Fix ¢ € [0,1) and
e € (0,1 —t], and denote by P#t:Ft+¢ the increasing supermartingale coupling of p; and s (see
Nutz and Stebegg [57] and Bayraktar et al. [4]).

The main difference between PH+:#++< and the decreasing supermartingale coupling Prespiete
is that P#e:t+< is constructed by working from left to right and mapping ft](—o0,2] tO the shadow

measure S#++< (fi¢|(— o0 4)), for each z € R. The construction of Presie+e ig similar, but works from
right to left and thus considers the measures (fi¢ |, 00))zcr and their corresponding ‘shadows’ in

tte-
lj +The main feature of PA:Ht+¢ is that there exists the unique point z(t) € (¢;,7;) such that
PHe-titte is a martingale on (—oo, 2 (t)] x R and strict supermartingale elsewhere. In particular,
e on (—oo, 7§ ()] xR, P+ t+< coincides with the left-curtain martingale coupling of [t | (— oo, (1)]
and S*+e (1] (— oo 2t (1))
e the support of (1 —fit](—co,x: (1)) is strictly to the right of the support of (fs+e—S"*< (pe]( oo,z (1)]));
e on (z5(t),0) x R, Pre:He+e coincides with the antitone coupling of (j; — ftl(— oo 2t (1)) and
(e — SHH (el (0,25 (1))
see Bayraktar et al. [4] for details. (In fact, these properties hold for any measures pu <.q v, and
not necessarily p; <.q fe+e as in (4.14).) The left-curtain martingale coupling was introduced
by Beiglbock and Juillet [12] (it is the symmetric counterpart of the right-curtain martingale

coupling; see Appendix A.2). The aforementioned antitone coupling of two measures 7, x (with
N(R) = x(R) and atom-less ) is denoted by 7®™X and given by

74X (dx, dy) = n(dx)éFgl(X(R)_Fn(w))(dy).
Note that 7%"X is supported on a graph of a decreasing funtion z — F_ ' (x(R) — F;(z)).
Lemma 4.3. If (ut)iefo,1) is defined by (4.14), then the phase transition x{(t) is given by

e3H(1 — e2¢) + et(2e€ + et (1 + €°))
14 e +ef(l+ e?)

x{(t) = , t€]0,1), e€ (0,11 (4.18)

In particular, under PHHite Nt|(£t,zi(t)] is mapped t0 flitel(ys (1),r,) 1 a martingale way, where

yi(t) = 2§ (t) — e — e,
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while put](zs (1),00)) 18 mapped 10 fiyel(—oco,ys(r)) M a strict supermartingale way.
Furthermore, the limit x1(t) := lim. o x{(t) exists and is given by

v (t) =e" =r;, te|0,1]. (4.19)

Proof. To determine z§(t) € (¢¢, ) we use the fact that x{(t) is the largest x € (¢, ;) for which
Pl (0. m)Se SHF (Bl 0,2)) and Fhat rseere (), e o) = SUPLR € supp(SHte (el 4, 1))} = 7o
Using that (f¢)1e[0,1) are given by (4.14) and te properties of the shadow measures, it follows
that (e, e () <c S*(1tl (0,00 (1)]) = Htveliys (0),rep.) for some (unique) yi(t) € (Liye,lr). In
particular, the pair (z§(¢),y$(t)) is uniquely characterized by the mass and mean preservation
condition

z1(t) . Tt+e
/ 2 (dz) = / 2 re(dz), i=0,1. (4.20)
b i)

Direct computation leads to

p{(t)+e* et oyi) @) et eI — (yi()?
et +e2t ette  e2(tte)’ et 4+ e2t T ptte 4 p2(t+e)

Solving the above equations gives

31— e%) + e'(2e€ + ef(1 + €€ . c e
( ) - (t 25( ))7 yl(t) _ ,Tl(t) _ et—i— _ 62t.
1+ e+ et(l+e?)

(1) =

Letting € | 0 gives that x1(¢) = e’ and y§(t) = —e?!, which concludes the proof. O

It is well-known (see Henry-Labordie and Touzi [42]) that the left-curtain martingale cou-
pling (of two measures in convex order) is supported on the graphs of two functions that can be
computed explicitly. The following gives an explicit representation of P#+#t+< in terms of the
supporting functions:

Lemma 4.4. Let (j1t)1e(0,1] be given by (4.14). Firt € [0,1) and €(0,1 —t]. Let x(t) be as in
Lemma 4.3.
Then PHe:Frte 45 given by

Protre (da, dy) = p(de) s 1).et) (2) 07 1.0) ()

Te(t,x) —x
Te(t,x) — TS(t, x)

+ p(dz) (2t e 1) { O (1,2) (dy) + =

where

. 1 [ef(14e™)(z +e?t)
Titta) = 5 { ST

2
Tj(t5 I) =T — e?t - T’S(ta I)a T e (_e2ta Ii (t))a

2t
Ts(t,x) = (et"’6 + 62(t+6)> (1 - u) —e?t oz e [xf(t),eh).

et + th

+x—e2t}, )

Proof. Since, on (£y, x5(t)) x (y5(t),ri1c), PHeFe+e coincides with the left-curtain martingale
coupling of fu| (¢, w¢(1)) and fiesel(ye(t),r,,.), the supporting functions (Tg(t,-), Ty (t,-)) can be
determined from the mass and mean preservation condition

T ) Ts(t,x) ]
/ 2'ug(dz) = / 2'pye(dz), =01
—e2t T5(t,x)
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The direct computation gives that

x + e B TS(t,x) —T5(t, x)

€ _ 2t € 2t €
T N (RS Tit,x)=x—e"" —Ti(t,x), x€ (—e xi(t)).

Solving for T'¢(t, x) (which is easy) gives the required representations of the supporting functions
_ .2t L€

on (—e?*, x(1)). B
To obtain T5(t,-) on [z5(t), ), we use that Prt#tt+e coincides with the antitone coupling

ﬂ_a,#t‘[zi(t),rt)nut+e|(lt+e’yf(t)] of “t|[$i(t)ﬂ) and /Lt+5|(€t+e7yf(t);rt+e]' Tt follows that
Tj(t,x):Fﬁl(t—l—e,l—F(t,I)), x € [x{(t), ),
with F(t,x) = (z + €%)/(e! + '), which proves the claim. O

Now define J§(t,z) = x—=T5(t, x) for € (¢4, 7,) and J5 (¢, x) = TS (¢, x)—x for & € (£, 2{(1)).
Then direct computation gives that

Ja(t,z) == Hg)l JS(t, ) = e* + lingi(t, r)=e+ux, we(l=—e 1 (t)=r=¢") (4.21)

and

Ju(l 1+ 2e? 2t
ju(t,x) -— lim U( 733) _ +2e“*rz+e 7
€l0 € 2 1—|—et

Proposition 4.5. Let (u:)iepo,1) be as in (4.14). For each n > 1, let P := P*" o (X*7)~1,
where P*™ is the n-period supermartingale coupling (w.r.t. partition m, ), obtained through the
Markovian iteration of one-period increasing supermartingale couplings PR R (Here X*™
is the piece-wise constant canonical process; see Section 3.)

Then the sequence (P™),>1 is tight w.r.t. the Skorokhod topology on .

Moreover, any accumulation point of (P"),>1, denoted by P°, is the law of the following
SDE:

r € (—e e, (4.22)

t
X, =Xo— / Ja(t, Xs—)(dNg — veds) — Z Tix, —esy(e® + e),
0

s<t

where (Ns)o<s<1 @S a unit size jump process, with predictable compensator vs = %(S,Xs,),
with ja, ju as in (4.21), (4.22).

Finally, if Assumption 2.2 holds with cyyy > 0 and cyy < 0, then PY solves Poo(p) and the
strong duality P oo (1t) = Do (1) holds.

Proof. The tightness of (P™),>; is guaranteed by Proposition 3.4.

The proof of the SDE characterization of P and its optimality use similar arguments as in
Theorems 3.14 and 3.15. Some notable difference arise due to the fact that the construction is
based on the one-period increasing supermartingale coupling (and not on he decreasing one).
For example, the drift part of X is determined by j, (and thus by the upward transitions of
the increasing supermrtingale coupling), while the jumps of X are governed by j,; (and thus
arise from the downward transitions of the increasing coupling). In particular, the terms v, ag
(which are defined as in the proof of Theorem 3.14) will determine the integral part of the SDE.
This does not introduce new arguments and thus we omit the details.

In order to explain the summation term that appears in the SDE, we turn to the term o
(see the proof of Theorem 3.14):

n

0 = By 00Xy — I (. X0) = oG ot )
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where €} =t} | —t}. Note that in the present setting x{(t) — e!, and thus in the limit, the
supermartingale region [25(¢), +) becomes a single point. Using this together with the fact that
J5(t,x) — e* + x, we obtain that

ag=Ep | D [e(=€*) = p(e”)] Lix.—ery | + O(er (e V pr(ef))),

te<s<tyi,

which, in the limit, determines the summation term ), 1¢x,_—cs)(e® + e?%) of the SDE.

For the optimality, the arguments are similar to those of Theorem 3.15. The candidate
optimal dual strategies should be redefined to reflect the fact that we are working with the
increasing supermartingale coupling (or the left-curtain martingale coupling in the martingale
region). In the limit, we have that X is a martingale on (¢4, 7), t € [0,1], and has a strict
supermartingale transition (a jump down to the lower boundary ¢;) only if it escapes to the
upper boundary r; at time ¢. Hence the dual strategies (see Section 3.3) in fact can be defined
as in Henry-Labordere et al. [41, Eq. (3.9), (3.10), (3.11)]:

_ Colw ) — co(w, Tu(t, x))

3zh*(t,$) - ]d(t x) ’ S (ét,Tt)v

lim  h*(t,z) = 0= h*(t,e").

ztay (t)=et

We remark that from the above definition, for all ¢ € [0,1],  +— h*(¢,z) is continuous. In
addition, ¥* is defined, up to a constant, by

0" (t,x) = —=h*(t,x), (t,z) e E={(t,x):t€[0,1],z € (I,r)}.
The limiting arguments that prove optimality of (h*,1*) are as in the decreasing case, and thus
we omit the details. O

¢

4.2 Bachelier dynamics with negative drift
In this section we consider the marginals (f¢)1e(0,1] such that each ji; has the density

1 _@+n)?
e 2t s
V2t

Note that Assumption 3.1 is almost satisfied; indeed puq is left undefined. We could overcome
this by introducing 6 > 0 and then working with ¢ € [4, 1]. Alternatively, we could specify fi; to
have density f(t+9,-) for each ¢t € [0,1]. For the convenience of notation we choose to work on
(0,1].

Fix t € (0,1) and € € (0,1 — t]. Since m.(t) and m(¢), as in Assumption 3.1, correspond to
two unique crossing points of the densities f(¢,-), f(t + ¢€,-), by direct computation one easily
obtains that

F(t,x) = te (0,1 (4.23)

t(t t
m? = 9 % S+t m e {mo(t), me (1)},
€
On the other hand, straightforward calculations show that m; (resp. 1), the minimizer (resp.
maximizer) of 9, F(t,-), is given by m;, = —m, = \/t(t + 1). Note that m, = lim. o m*(t),m, =
lim, g me(t), for each ¢t € (0,1). It follows that Assumption 3.3 holds.
Our next goal is to show that (u)se(0,1) also satisfies Assumption 3.7. Since, r; = oo for all

€ (0, 1], Assumption 3.7(ii) is immediate. For Assumption 3.7 (iii), simple calculations lead to

O f(t,2) = 150 <x\2t> {x+t+ %(t—x) ((Itty — 1>] :
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where ®(z) == [“_ \/%e’%dt is the c.d.f. of the standard normal random variable. Now using

that m; = \/t(t + 1), we consequently have that O f(t,m;) = t "2Vt + 1®'(Vt + Vvt + 1) > 0.
It is left to verify Assumption 3.7(i). Let x5(¢) be the unique phase transition point of the
decreasing supermartingale coupling of y; and p4¢; see Section B.1.

Lemma 4.6. Let (y1¢)¢c(0,1 be specified by (4.23). Then, x{(t) is uniquely determined by the
equation

1_(1)(&\}%“) :%(\/H—é_\/z)q)' (L\};t) te(0,1), ee(0,¢—1].

Furthermore, the limit x1(t) := limeyo 2§ (t) exists, and is uniquely determined by the equation

2Vt (1 —® (%)) = (%) . (4.24)

The proof of Lemma 4.6 requires the following auxiliary result.

Lemma 4.7. For each t € (0,1], the equation 2v/t(1 — ®(x)) = ®(z) admits a unique (real-
valued) solution x} € (—o0,2v/1).

Proof. The proof is an application of the intermediate value theorem. Let us consider the
function F(z) := 2v#(1 — ®(x)) — ®'(x). First, as F'(x) = ®'(x)(z — 2V/1), it is clear that
x + F(z) is continuous on R, decreasing on (—oc,2v/#], increasing on [2v/%,00). Furthermore,
lim, oo F(x) = 2v/t > 0 and lim,_,o, F(z) = 0. It follows that the equation F(z) = 0 admits
a unique solution in the interval (—oo, 2v/%). O

Proof of Lemma 4.6. To determine x5(t) € (¢;,7;) we use the fact that under the decreasing
supermartingale coupling PH-Fi+e
where y§(t) = y|""**° (see (B.51)). In particular, the pair (z§(t), y5(¢)) is uniquely determined

by the mass and mean preservation condition

[ (t),re) 1S mapped to Ve r,,,) 0 a martingale way,

re=00 Tipe=00
/ 2 (dz) = / 2 re(dz), i=0,1. (4.25)
5 (t) i ()

Note that due to the Dispersion Assumption (see Assumption 3.1), we must have that y§(¢) <
x{(t) <me(t).

Now apply the change of variables: Z{(t) = B+t y5(t) = % Then (4.25) with

O(27(1)) = @(4:1(1)). (4.26)
For (4.25) with ¢ = 1, we first re-write it as

i = 0 reads

oo

/OO (x+t)f(t,z)dx + € h f(t,a:)da::/ (x+t+e)f(t+e x)d,

i(®) z3(t) ()

by adding (¢ + €) times the equation (4.25) with ¢ = 0 on both sides. Then direct calculation
leads to

VIO (25 (1)) + €(1 — D(25(1))) = VE+ €@ (95(1)). (4.27)

From (4.26), we get 2(t) = 95(¢), or equivalently wii;);t = yi(\j)t'%ﬁ. By plugging this

relation ¢ (t) = 2:5(¢) into (4.27), we obtain that

1 @05 (1) = S (VI e~ VR (3 () (1.28)
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which is precisely the required algebraic equation that characterizes x5 (t).
We now deal with the limit x1(¢) := lim, o 25 (¢).
Recall that €y := €1 A €3, where €71, €5 are as in Assumptions 3.1 and 3.3, respectively.
For each (small) 6 > 0, define ' = F? : R® - Ron {(t,€): 0<e< ¢y, 6 <t <1—e} xRby

ViFe—Vt 1 2

F(t,e,z) = (1 —@(x)) ; me T, (t,e,x) €[0,1 —€] x (0,60] x R (4.29)

and
1 1 2
F(t,0,2) := (1 — ®(x)) 2\5\/%6 T, (t,x) € [d,1] xR. (4.30)
Note that, by (4.28), F(t,¢,25(t)) = 0 for all € € (0, €] and ¢ € [§,1 — €].

Using Lemma 4.7, we define 29(¢), for all ¢ € (0, 1], to be the unique solution to F(¢,0,x) = 0.
Then 29(t) is defined as 29 (t) := V129 (t) — t, for each ¢ € (0, 1]. Note that z9(-) is continuous if
and only if 29(-) is. Now since #{(¢) uniquely satisfies F(¢,0,z) = 0, we immediately have that
lim, o &5 (¢) exists, for all ¢ € (0, 1], and uniquely satisfies (4.24).

O

Lemma 4.8. Fore € [0,¢0] and t € (0,1], let x5(t) be given by Lemma 4.6 with 29(t) := z1(t) =
lime o 25 (¢).

Then, for each (small) § > 0, the map (t,€) — x5(t) is continuous on {(t,e) : 0 < e <
€, 0 <t<1l—¢€}xR.

Proof. Let F be defined as in (4.29) and (4.30). To prove the continuity of (¢,€) — z§(t) =
Vt#§ (t) —t, we will use the implicit function theorem and show that (¢, €) — 25 (¢) is continuous,
where F(t,¢e,25(t)) = 0.

We claim that (t,€,2) — F(t,e,2) is continuously differentiable.

First, for 0 < € < ¢y, we have that

OF 1 _2it+te2e—(Vite— Vi)

Z(t — _ &5
86 ( ,E,.I) /_27Te 2 62 I
and it follows that lim._,o 22 (t,¢,2) = —®'(2)1t~2. On the other hand,
F F(t —F(t 1 2 itre—(Vite— Vi 1
OF 1 0,0) = tim ELOD) —F00) 1 g 5tiie- (Vite \/):—fb’( )73
Oe e—0 € e—=0 /21 €2 4

and hence %—f is continuous. The continuity of %—f and ‘?9—1: follow similarly by the direct com-

putations.
Now we check that %—5(t, 6,2)|pt,e,0)=0 # 0. For € € [0, €], direct calculations show that

oF

e lremo = ) [o

1—®(x)

W_l}<07

1

;I()S) < L when z > 0 (for < 0 the inequality

where for the inequality we use the fact that
is trivially satisfied).

By the implicit function theorem, we get that (¢,€) — 2{(¢) is continuously differentiable on
a compact set {(t,e) : 0 < e < ey, 6 <t <1—¢€}, and consequently uniformly bounded and

continuous. The regularity of (¢,€) — x5(¢) follows from the regularity of (¢,z) — Z5(t). O

Since all the assumption required for Theorems 3.14 and 3.15 hold we have the following.
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Proposition 4.9. Let (11¢)ic(0,1] be specified by (4.23) and consider t — x1(t) as in Lemma 4.6.
Then the SDE as in Theorem 3.14 is explicitly given by

t

t
X = Xo +/ Ju(8, X5 )(dNs — veds)1 {4, (s)<X,_<m.} —/ 1ix, <o (s)}da(s, Xs—)ds,
0 0

where ms = /s(s+ 1), vs(s, Xs—) = ;—Z(S,XS_) with jyu(t,x) = Ty(t,z) — z, and jq(t,x) =
2 Ty(t,a)?

%ﬁ(fu(t,x) —2Vt)eT T — 2%@ + 1, for x € (21(8),ms), and ja(s,Xs—) = 5F for
x € (ﬁs,xl(s)],' here & = 1—\}'; and T,(t,x) = V1T, (t,x) — t is uniquely determined by the
equation

(Tu(t, ) — 2)(Tu(t, z) — 2VO)D (Tu(t, ) + 2V1 ((I)(Tu(t, x)) — @(@)) = &'(7) — ¥ (Tu(t, z)).

In addition, if Assumption 2.2(ii) and the integrability condition (3.12) are satisfied, then
the law PV of the above process is the optimal solution for the primal problem (2.4), and the
strong duality

holds.

Proof. As it has been verified that Assumptions 3.1, 3.3, 3.7 are valid (up to ¢ = 0), using
Theorems 3.14 and 3.15 we obtain the validity of the SDE and the optimality of PY. It is left
to derive the explicit expressions of the terms T, j,, j4 that define the SDE.

In the supermartingale region, i.e., for x € (¢;, z1(t)], we have that

\/Z T+t t—zx

6,5F(t,x)=(1),(z_j;) 1 D( NG )= 2t

In the martingale region, i.e., for « € (z1(t), m), using (3.8) we have that T, (¢, z) is uniquely
determined by

(Tou(t, ) — 2)(Tou(t, ) — 2V (Tu(t, 2)) + 21 (@(Tu(t, ) — cp(ge)) — &'(2) — ¥ (Tu(t, z)).
Finally, for x € (z1(t), my),

, _ O F(tz) - 0Pt Tu(tz) 1 - B 2 _Tuew? &
Ja(t,x) = o) = 2\/E(Tu(t,x) 2V/t)e Wi +1,

as required. [l

Remark 4.10. Let (p1)ic(0] be specified by (4.23) and for t € (0,1) and € € (0,1 —t], con-
sider the increasing supermartingale coupling of py and pyqe. Then there exists the unique
threshold x(t), such that (¢, 25(t)] is a martingale region, while (x§(t),r:) corresponds to the

supermartingale region.

By changing variables &5(t) = &\/);t and using similar arguments as in Lemma 4.6, we

have that x§(t) uniquely solves

€D (1)) = VID (25 (1)) + VI + e (=75 (1))
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Then letting € | 0 we have that &5 (t) — +oo (provided the limit exists). It follows that x5(t) —
400, and therefore one could expect that the supermartingale transitions of the limiting SDE
correspond to jumps from oo to —oo.

This is in-line with our observations in Proposition 4.5 obtained in the uniform case. In
particular, when the increasing supermartingale coupling is used in construction, and in the
case of unbounded support of marginals, the convergence results may fail in general. We will
consider these issues in our future research.

4.3 Geometric Brownian motion with decreasing average
In this section we consider the marginals (f¢)1e(0,1] such that each ji; has the density

1 _ (nz4t)?
2t

€ ) )
V271t

Similarly to the previous Bachelier case (see Section 4.2), we can introduce § > 0 and then work
with ¢ € [4,1] (or t € [§,1+ d]). For the convenience of notation we shall work on (0, 1].

Assumption 3.1 is clearly satisfied. Fix ¢ € (0,1) and € € (0,1 — ¢]. For m.(t) and m(t) (as
in Assumption 3.1), direct computation leads to

f(t,z) = € (0,1]. (4.31)

tt+e) t+e
€

(Inm)? = In — + (t+e)t, me{met),m(t)}.

On the other hand, straightforward calculations show that m; (resp. 7;), the minimizer (resp.
maximizer) of 0, F(t, ), is given by Inm; = —Inm; = /t(t + 1). It follows that Assumption 3.3
is also valid.

We now show that (u¢)ic(o,1) also satisfies Assumption 3.7. First, Assumption 3.7(ii) is
immediate, as r; = oo for all ¢ € (0, 1]. For Assumption 3.7 (iii), simple calculations lead to

O f(t,my) = %V (I)(\/_—I-\/t—i- e~ 2Vt 5 .

It is left to verify Assumption 3.7(i). Let x{(¢) be the unique phase transition point of the
decreasing supermartingale coupling of y; and p4¢; see Section B.1.

Lemma 4.11. Let (p1)ie(0,1) be specified by (4.31). Then, x{(t) is uniquely determined by the
equation

naf(t), 1. o i)+t
i )=e2°1 (I)(i\/f

Furthermore, the limit x1(t) := limeyo z§ (¢

1— @ —Vite)], te(0,1), e (0,t—1].

) exists, and is uniquely determined by the equation
_q) (lnacl() In a4 (t)
Vi Vi Vi

The proof of Lemma 4.11 requires the following auxiliary result.

Lemma 4.12. For each t € (0,1], the equation /t(1 — ®(z)) = ®'(x) admits the unique (real-
valued) solution x} € (—o0,\/t).

)=1-4( )- (4.32)

Proof. The proof is similar to Lemma 4.7 and is an application of the intermediate value theorem.
Hence we omit the details here. O
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Proof of Lemma 4.11. To determine z5(t) € (¢;,7;) we use the fact that under the decreasing
supermartingale coupling PHe-Fi+e
where y§(t) = y|""**° (see (B.51)). In particular, the pair (z§(¢), y5(¢)) is uniquely determined

by the mass and mean preservation condition

[ (t),re) 1S mapped to Ve r,,,) 0 a martingale way,

re=00 Tipe=00
/ 2'u(dz) = / 2 re(dz), i=0,1. (4.33)
g (t) i ()

Note that due to the Dispersion Assumption (see Assumption 3.1), we must have that y$(¢) <
z{(t) <me(t).
Now apply the change of variables: 4¢(t) = 22Dt gy — Iyt Fire ey (4.33) with

Vite
i = 0 reads

O(27(1)) = @(4:1(1)). (4.34)
For (4.33) with 7 = 1, it is equivalent to

oo q L 2 Y | 1 2
—Ly—VD? g, _ e =)
e 2 dy=e 2 / e 2 dy,
/ar(t) V2m g5 V2T

1

which leads to

1— @S (1) —VE) = e 31 — B(FE(t) — Vi €)]. (4.35)

From (4.26), we get 2<(t) = §<(t), or equivalently 2= (E)H = lnyi/(zr%t“. By plugging

Z9(t) = g5 (t) into (4.35), we obtain that

lnxi(t)) _ 67%6[1 B (I)(lnxi(t) +t

1= N

—Vt+e), (4.36)
which characterizes §(t).
We now deal with the limit x1(¢) := lim, o 2§ (¢).

Recall that €y := €1 A €2, where €1, €5 are as in Assumptions 3.1 and 3.3, respectively.
For each (small) § > 0, define G = G? : R® - Ron {(t,€): 0 <e< ¢y, 6 <t <1—e} xRby

1
G(t,e,x) = — {(1 —®(z)) —e 2 [l—B(x+VI— VIt 6)]} . (tye,x) €[6,1—¢€] x (0,60]) xR
€
(4.37)
and
G(1.0.0) 1= (1 = ¥(a)) = - ——e % (1.39)
,0,2) = (1= () — —=—=€" 7. .
Vi2er
Note that, by (4.36), G(t,¢,25(t)) =0 for all € € (0,¢g] and ¢ € [5,1 — €.
Using Lemma 4.12, we define 29(¢), for all ¢ € (0, 1], to be the unique solution to F(¢,0,z) =
0. Then z{(t) is defined as z9(t) := exp (V/t&9(t) — t), for each ¢ € (0,1]. Note that 2{(-) is
continuous if and only if 2(-) is. Now since #{(¢) uniquely satisfies F'(t,0,z) = 0, we immediately
have that lim. o 2 (t) exists, for all ¢ € (0,1], and uniquely satisfies (4.24).

O

Lemma 4.13. For ¢ € [0,¢9] and t € (0,1], let 25(t) be given by Lemma 4.11 with 29(t) =
T (t) = limew :vi (t)

Then, for each (small) § > 0, the map (t,€) — x{(t) is continuous on {(t,e) : 0 < e <
€, 0 <t<1l—¢€}xR.

Proof. Let G be defined as in (4.37) and (4.38). To prove the continuity of (¢,€) — z§(t) =
exp (Vta§(t) — t), we will use the implicit function theorem and show that (¢,€) — &{(t) is
continuous, where G(t, €, & (t)) = 0.
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We claim that (t,€,z) — G(t, €, ) is continuously differentiable. Indeed,

e B 1, s 1,
lgr(l) B¢ (t,e,x) = 8(1 O(z)) + 8(1) ()7 2(2t+1)+ 8(1) (x)t
= lim G(ta €, CC) — G(tv Oa I)

e—0 €

3

and hence %—f is continuous. The continuity of %—? and %—f follow similarly by the direct com-
putations.
Now we check that %—f(t, 6,2)|Gt,e,0)=0 # 0. For € € [0, €o], direct calculations show that

oG 1 D' (x) O (z+Vt—E+e)
(e e.x)= :_(I)/Ji—f—e 26(1)/ LL‘—}—\/E—\/t—i— = — + ,
817( € )|G(t,7)0 () ( 6) 1—(1)(17) 1—‘1)(I+\/E—\/H-—E)
and the desired conclusion follows. ,
We now study the monotonicity of the map = — %:
V() \'_ @)= 0@) + (@ @)P g, ) e B)

1-®(x)) (1—@(x))? a (1—@(x))? ’

where in the last step, in the case x > 0, we use the inequality 17,{():23)”) < % (the case x > 0 is

trivially satisfied). Hence z — 1?:&% is strictly increasing. It follows that %—f|g(t7e7m):0 < 0 for

€ € (0,¢p]. Similarly, for e = 0, we have that

%(t 0, )| =—9'(z) + L<I>'(:1c)9c =—®'(z) +2(1-P(x)) <0

8(17 s Uy G(t,O,z):O - \/Z - .
Finally, from the implicit function theorem, we have that (¢,¢) — Inz§(t) is continuously dif-
ferentiable on a compact set {(t,€) : 0 < e < ¢y, § <t < 1— €}, and consequently uniformly
bounded and continuous. O

Finally we have the following characterization and the optimality of the limiting process.

Proposition 4.14. Let (1t)1c(0,1] be specified by (4.31) and consider t — wx1(t) as in Lemma
4.11. Then the SDE as in Theorem 3.14 is explicitly given by

t t
X: = Xo +/ Ju(8, X5 )(dNs — vsds) 1z, (s)< X, <m.} — / 1ix, <o (s)}da(s, Xs—)ds,
0 0

where my = eVo6tY y (s, X, ) = g—i(s,XS_) with j,(t,z) = Ty(t,x) — x, and

(

. xT (In z+t)2 _ (1n(T5(tvl'))+t)2
]d(t7'r) = 5 e 2t 2t

In(T,(t,x)) Inx
T—\/Z)—(W—\/E)},
s=Inzx

for x € (x1(s),ms), and ja(s,Xs) := x*52% for x € (Cs,21(8)]; here Ty(t,z) is uniquely
determined by the following equation:

T _ (T (t,2))? T _ (n=)2
2t

m)e ln(Tu(t,CC)) = t(l—m)e 2t —¢f

e

(- o)) a2

Vi Vi
In addition, if Assumption 2.2(ii) and the integrability condition (3.12) are satisfied, then the

law P° of the above process is the optimal solution for the primal problem (2.4), and the strong
duality

E”’[C(X.)] = Poo (1) = Doo(p)
holds.
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Proof. As it has been verified that Assumptions 3.1, 3.3, 3.7 are valid (up to ¢t = 0), using
Theorems 3.14 and 3.15 we obtain the validity of the SDE and the optimality of PY. It is left
to derive the explicit expressions of the terms T, j,, jq that define the SDE.

The calculations are similar to those of Proposition 4.9, and we omit the details. O

A Brenier’s Theorem

A.1 Brenier’s Theorem in Optimal Transport (OT)

Let (X,Y) be a random vector in R? and let Py be the set of all (Borel) probability measures
on R2. We denote respectively u and v the (integrable) marginal distributions of X and Y.

Let ¢ : R? — R be a (measurable) cost, or payoff, function. The primal Optimal Transport
problem corresponds to

Por(u,v):= sup Ef[e(X,Y)], where Pa(p,v) :={PEPs:X ~ppu,Y ~pv}
PEPo(p,v)

The above optimisation problem has a dual problem, which is defined by

Dor(p,v) = o jpr;gps{u(w)w(w}, where Ds := {(¢,¥) : u(pV0)+v(4V0) < o00,o®1 > c}.

In the above, ¢ @& ¢(z,y) := p(z) + ¥ (y) and x(f) := [ fdx, for a (Borel) measure x on R
and a (Borel) measurable f : R — R. Under mild conditions, it can be proved that the duality
Por(p,v) = Dor(p,v) holds. (The notation Dy is motivated by the fact that, in financial
terms, (¢,1) € Dy corresponds to a static hedging strategy.)

The Brenier’s theorem gives the explicit expressions of the optimizers of both the primal
and dual problems. In the case u is atomless, a candidate primal optimizer is given by the
Fréchet-Hoeffding (or quantile) coupling P, defined by

P.(dz,dy) == p(dx)dr, () (dy), (A.39)

push-forward map from p to v is where T, := F, o F,,. Here F, ! is the right-continuous inverse
of (the c.d.f. of v) F,: F1(t) :=inf{y: F, > t}.
We further introduce candidate dual optimizers ¢. and v, (up to a constant) by setting

Qu(x) == c(x, Tu(x)) — w0 Tu(), ¥o(y) :=cy(T, ' (y),y), Va,yeR. (A.40)

Theorem A.1 (Brenier [18], Rachev and Riischendorf [61]). Suppose p has no atoms. Let ¢
be an upper semi-continuous function with (at most) linear growth. Assume that the partial
derivative cyy exists and satisfies the Spence-Mirrlees condition czy > 0.
Let P, be as in (A.39), (¢x, ) as in (A.40), and assume that (u(p. V0) + v (1. V0)) < 0.
Then P, € Pa(p, V), (ps,¥4) € Ds and

[ e Tu@)nlde) = Por(us.v) = Dor(p,v) = i) + v(0.).

Remark A.2. In the case cyy < 0, then Por = Dor and the optimal coupling is the antitone
coupling which is supported on x — T*(z) := F,; ' o (1 — F,(x)). The dual optimizers are still
defined through (A.40), but with T* in place of T.
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A.2 Brenier’s Theorem in Martingale Optimal Transport (MOT)

Two (integrable) probability measures p,v on R are increasing in convex order, denoted by
u <. v, if for all convex functions f : R — R, we have that u(f) < v(f). By the Strassen’s
classical result [62], 1 <. v is equivalent to non-emptiness of the set Ma(u,v) := {P € Pa(u,v) :

EF[Y|X] = X}.

In this section we suppose that p and v have finite first moments, u <. v, and the following
Dispersion Assumption holds:
Assumption A.3 (Dispersion). p,v admit densities f,, f, that satisfy

1. fu>0o0n (by,ry), fu>00n (by,r,), and b, <, <71, <T,.

2. There exists £, < m :=mM" <m :=m"" <r, such that
fu>f1/u on (m,m), fl/>fu on (fmm)U(mJ‘u)a fu:fuu on {m,m}

Remark A.4. Note that if m = U and Assumption A.3 holds, then p <. v. Furthermore,
the difference of distribution functions y — F,(y) — F,,(y) attains the (unique) mazimum and
minimum at m™Y and m*Y, respectively.

Given a (measurable) payoff function ¢ : R? — R, the primal problem of MOT is defined by

Puyor(p,v) ==  sup  E[e(X,Y)].
PEM?(Mv”)

The MOT problem also has a dual problem:

Dyor(p,v) = (w.w.if%feoss{“(@) + ()},

where the set of dual variables is defined as:
Dss = {(0, 0, h) : u(p VO) +v(yp V0O) < co,h: R = R, o @+ h® > ¢}

with o ®9Y(z,y) = o(z)+1(y), and h®(z,y) := h(x)(y — ). (The notation D is motivated by
the fact that, in financial terms, (¢, 1, h) € Dy corresponds to a semi-static hedging strategy,
where the static part is (¢, ) and the dynamic part corresponds to h.)
We now introduce candidate optimal quantities. We start with a pair of functions (7", T*)
that will support the optimal coupling in the case p <. v satisfy Assumption A.3.
Set
9 (0,y) = By (Fu(@) + Foy) — Fa®)), 7€ Gur)y € (Gr). (AdD)

Define
TV (x) =T (x) =2, xe [m"", r,). (A.42)

For z € (£,,,m""), let T}""(x) be the (unique) scalar such that

@ Tq(x)
[ [FJl(FH(§))—§]fu(§)d§+[ (oo mm1 (€)™ (,6) = €] (fu (§) — fu(€))dE = 0 (A.43)
and set
T (x) = g™ (2, T (x), € (£,,m""). (A.44)

Remark A.5. The existence and uniqueness of (A.43) is given by Henry-Labordére and Touzi
[42]. Furthermore, Ty(x) < x < T,(x) for all x € (£,,r,), and, under Assumption A.3, Ty, T,
are both continuous, Ty (resp. T,) is strictly increasing (resp. decreasing) on (£, m""]. See
Henry-Labordére and Touzi [[2, Section 4] (note, however, that [/2] constructed the left-curtain
martingale coupling, while in the present paper we are working with the right-curtain coupling.)
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Using the pair (74", T/") we now define a candidate martingale coupling through its dis-
integration w.r.t. the first marginal x. Define a measure P** on R? by

PrY(dx, dy) = p(de)Lign ) (2)0z (dy)

) ) (A.45)
o 0(dn) L0, o () [0 (2)0 (o (Ay) + (1= @ (2)) g ()]

where T ()
xr — Tz
q,u.-,l/(x) = [,V 4 [,V )
T () = T3 (2)
corresponds to the (conditional) martingale probability of jumping to T/¥(z) from x.
We now introduce a candidate triple (¢., %, hi) = (P47, ", hE") for the dual problem.
To ease the notation we will write (Ty,T,) = (T"", Ti").
Define h,, up to a constant, by

v € (L, "), (A.46)

ho=heo Ty +ey(- ) —cy(Ty ) on [, r,),

;o Cz('aTu) - CI('7Td) . (A47)
b, = T. -1, on (€, m"").

(Note that the constant can be chosen such that h, is continuous.) The (continuous) function
1, is then given (also up to a constant) by

WYL=, (T; ') —heo Tyt on [@*",r,),

A48
U= (T; 1) = heo T on (£, M), (A9

Finally the function ¢, is defined by
(@) =B [e(X,Y) = (V)X =], @€ (b, 70), (A.49)

Theorem A.6 (Henry-Labordeére and Touzi [42, Theorems 4.5, 5.1]). Suppose u <. v satisfies
Assumption A.3. Assume further that [, V 0dp + [, V 0dv < oo, and that the partial
derivative Cqyy exists and cpyy < 0 on R2. Let P, = P be as in (A.45) and («, P, hy) as in
(A.49), (A.48), (A.47).

Then P, € Ma(p,v), (¢, Vs, hi) € Dss and the strong duality holds:

E™[e(X,Y)] = Puor(p,v) = Duor(p,v) = ples) + v().

B One-period Supermartingale Optimal Transport

B.1 Solution to the primal SMOT problem and related properties

Let pu,v € P be in convex-decreasing order, i.e., pu <.q v (for two measures 7,y on R we also
write < x if n(A) < x(A) for all Borel A C R). Let Sa(u,v) := {P € Po(u,v) : EF[Y|X] < X}
be the set of supermartingale couplings with given marginals ;1 and v. The following theorem
defines the decreasing supermartingale coupling P=prres, (u,v).

Theorem B.1 (Nutz and Stebegg [57]). Suppose pn <q v and let P € Sy(u,v) be the decreasing
supermartingale coupling. It satisfies any, and then all, of the following properties

1. P solves (2.1) whenever ¢ satisfies Cryy < 0 and czy > 0;
2. For each x € R, I@’hmeR is the smallest element (w.r.t. <c.q) of {0 : pi[z,00)<ca 0 < V};

3. There exists T C R2 and M C R such that P, is second-order right-monotone and first-
order left-monotone w.r.t. (I, M) in the sense of Definition B.2.
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Definition B.2. Let (T, M) € B(R?) x B(R). We say

1. T is second-order right-monotone if for all (x,y1), (z,y2), (2',y") € T with 2’ < x we have
that y' & (y1,y2);

2. (T, M) is first-order left-monotone if for all (x1,y1), (x2,y2) € T with 1 < x2 and xo ¢ M
we have that y1 < ya.

The second property of P in Theorem B.1 implies that, for each = € R, ]f”|[w)oo)xR is the
shadow of fi|[; o0y in v: given po < p <cq v, the shadow measure, denoted by S¥(uo), is the
smallest element (w.r.t. <.q) of {0 : g <cq 0 < v}.

Furthermore, the set M, that appears in the third property of P in Theorem B.1, corresponds
to the martingale points of P in the sense that ]f”| MxRr is a martingale. The explicit constructions
of P and M were provided by Bayraktar et. al. [5, Theorem 6.1, Proposition 5.1]. In particular,
there exists (2,,)n>1 in R such that M = J,,~[@n+1,2r), so that P alternates between being a
martingale and supermartingale at most countably many times. For each n > 1, the transitions
of P on [£,41,2,) are of the right-curtain type (see (A.45)), while on R\ M, P mimics the
transitions of the quantile coupling (see (A.39)).

For a measure 7 on R let ), : R — R be given by C, (k) := [ (x — k)n(dz), k € R. Define
c*” R — R by

M () = 2u§{CM[mm)(k) -Cy(k)}, zeR.
€

Then, provided g is atom-less, ¢ is non-negative non-decreasing, continuous and

C(.I) = :u|[w,oo) - SU(M|[$)OO))

See Bayraktar et. al. [5, Lemmas 3.1, 5.1]. Then the first point (starting from the right,
ie., r,, and moving to the left towards ¢,,) where IP transitions from being a martingale to
supermartingale is given by

i =inf{r e R: "¥(x) =0} with inf( =r,. (B.50)

Furthermore, define
Yy = KSV(H‘[WVYOO)). (B.51)

Note that, since f[jpiv o) <ca S” (1217 o0)), We have that y"" < 2y
Lemma B.3. Suppose that p <.q v satisfy Assumption A.3. Let P be the decreasing super-
martingale coupling of Theorem B.1. R

Then the (u-a.s. unique) set of martingale points of P is given by M = [z"",r,). Further-

more, the second marginal of Plaxw s vjymv . ).

Proof of Lemma B.3. We assume that @ > 7, since otherwise p <. v, and there is nothing to
prove. Indeed, if 7 = 7, then #}"” = ¢, and P = P*" is the right-curtain martingale coupling;
see (A.45).

Suppose that 24" € (£,,7,]. Let i := m"". Note that p|pm, < v and thus plm )=
S (plm,r,y). Tt follows that 4" < m. In fact, since p and v — pljm,.,) both have strictly
positive densities in the neighbourhood of m and f, > f, to the left of m, we must have that
x‘f Y < m.

We now argue that S” (u[(piv 1)) = V|, (uw).r,)- First, using the associativity of the shadow
measure (see Bayraktar et al. [4]), we have that

S (Bl ) = Ml e,y 5% 0 (1] s 7).

s
1
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Thanks to the properties of the shadow measure (S~ #lmr) (11| (g 7)) has the smallest variance
among all possible target laws of M|[Ii""ﬁ) within v — uhmm)), we have that

Syl 0 (] 2o ) = Vs (o)) TV = pil )| @mro)

for some r¢ € (m,r,]. But if o < r,, then V—S”(uhmu,v r,.)) charges [ro,7,). Then, since xf’” <

m < ro < 1, we can find a small enough = < 2}, such that pu, zuv) <. 57 Wit ) (1w,
contradicting the minimality of 4" It follows that To =Ty

It is left to show that z{"" is the (u-a.s.) unique regime-switching point. For this we use
the following observations. The transitions of the decreasing supermartingale coupling P is
either those of the right-curtain (see (A.45)) or the quantile coupling (see (A.39)); see Nutz
and Stebegg [57] or Bayraktar et al. [5]. In particular, by the definition of /"”, we must have
that, (locally) to the left of xf"”, P corresponds to the quantile coupling of fl(—oo oy and
V|(~oo,yivy, denoted by ¢ (which is just a restriction of the quantile coupling of y and v to
(=00, 21"") X (—00,41™)).

Under 74, each = € (£, 2}"") is mapped to F, ' (F,(z)). Note that  — F,'(F,(x)) is non-
decreasing, continuous, and by construction (and the supermartingale requirement) we have
that F, '(F,(z]"")) = y}"" < 2!"". Let & be defined by F,(z) = F,(Z). Due to Assumption
A.3, Z is unique and satisfies € (m, ). In particular, F,, > F), on (—oo, ), while F}, < F,, on
(Z,00).

If 2" < Z, then F,'(F,(x)) < x for all z < z}"”, and the quantile coupling provides strict
supermartingale transitions on (—oo,z}""). Then using characterization of P, in terms of the
shadow measure, it follows that P =79 on (—oo, z""), which proves our claim. On the other
hand, z/"” > Z cannot happen, since then 4" = F, 1 (F,(z}"")) > 2/"", a contradiction. O

Finally, provided that p is atomless and using the construction of Bayraktar et al. [5], we
have that the decreasing supermartingale coupling is supported on the graph of two functions
Ty = T“’ T =T : (0, 7,) — (£y,7,). If, in addition, the Dispersion Assumption holds, then
using Lemma B.3 and utilising the construction and properties of the right-curtain martingale
coupling P*" (as in (A.45)) we have that (T}, T;,) satisfies some useful properties.

First,

Tu(z) <o < Ty(x) for all z € (€,,7,), and Ty=T, on [m,r,). (B.52)
Furthermore, R
Ty is continuous and strictly increasing on (¢,,r,), (B.53)
Ty(w) = F; " o Fy on (£, 24" '
and .
T, is continuous on (z}"”,r,), strictly decreasing on (", m), (B.54)

[ = v
T, = o0 on (£, )

]
In particular, in terms of (Ty, Tu), the decreasing supermartingale coupling P*+¥ is given by

P(dxvdy) (dx)l(é i "]U[mru)(w) ( )

+ p(da) L (g m) {ﬁ o (dy) + W%%u(m)(d )} :

v v

Equivalently, we can express P in terms of the right-curtain coupling plist” it of
i,y and v, ) (see (A.45)):

v

B(de, dy) = p(do)L g, o041 (@)8, 1 1y 0 (D) + Lo P00 08770 (4 ). (B.56)
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While the pair (Td,Tu) can be explicitly constructed using potential functions of the un-
derlying measures (see Bayraktar et al. [5]), the following representation is more useful in the
present context.

Recall the definition of g = g,,,, (see (A.41)).

Proposition B.4. For each x € [z}, m""), Tu(x) is uniquely characterised by the integral
equation:

o0

/muawa@»—ﬂn@may/(QWWMMQML@—aux@—n@»%—Q

and Ty(zx) = gz, T (x)).

Proof. Since pfgzuv . y<c V|[y, (up).r,) and the decreasing supermartingale coupling PUv of 4 <eq
v coincides with the right-curtain coupling of e .y <c Vliy, (uw),r,) o0 [, 7,), the result
follows immediately from the construction of the latter, which is given in Section A.2 (see (A.43)
and (A.44)). O

B.2 Optimal dual strategy for decreasing SMOT

We introduce now the optimal dual strategies to the dual problem (2.5) in the case the decreasing
supermartingale coupling P = P#* (see Theorem B.1) is optimal. Recall that the pair (7,4, 7%,)

""" is the unique threshold that separates

represents the supporting functions of ]f”, while z; =
martingale and supermartingale regions.

In the following we suppose that p <.q v satisfy Assumption A.3.

We introduce the following triple (@,1/3,?1) = (@(u,y),z/z(,u, V),ﬁ(u,y)), as the candidate

optimal dual strategies for Dy (p, ) (with Dy defined in (2.2)):

iL'(:L“) = e (2, A?(x)) — CAz(x’Td(x)), < x <
) Tu(x) — Ty(x)
Jim h(x) =0; (B.57)
(@) = h(T) " (@) = ¢y (T, (2), ), >3
h(z):=0, z<um

Note that, when z = x1, T},(z) = oo and therefore () = 0. Furthermore, h is continuous at
x € {x1,m} (note that ¢,(z,z) = 0 and lim, 7 (T,) " (z) = m).
Denoting L™ (z) := (Tu)*l(ac)l{xzm} + (Td)fl(ac)l{x<m}, we introduce ¥, up to a constant,
by
V(@) =y (L7 (@), ) = B(L™H(2)).

Note that 1/3 can be chosen to be continuous, which then also makes

c(, Tu()) = (T () = e, Tal)) + O(Ta()) = (Lul-) = Ta(-)h(")

continuous.
Finally, we define

Note that, for x1 <x <m

D *717_12(17) ez, Ty(x)) — O(Ty(x
bo) = 7 s (o Tule) — d(Tu(o))) +



and
@(x) = c(z, Ty(z)) — V(Ty(z)), =z <.

From our definitions, we immediately have that EF [e(X, V)] = u(3(X)) +v(h(Y)). Tt is left
to show that the triple (¢, 1, h) defines a superhedge.

Lemma B.5. Let u <.q v be such that Assumption A.3 holds. Suppose that the reward function
c: R* = R satisfy Assumption 2.2. Assume further that [ ¢V 0dp+ [V 0dv < oo.

We have that (gﬁ,z/;, }AL) € Da(p,v).

Proof. To obtain the proof we need to show that h > 0 and that ¢(z,y) < @(2)+(y)+h(z)(y—
x) for all z,y € R. The second point, however, follows immediately from the arguments of the
classical and martingale versions of Brenier’s theorem (see Theorems A.1 and A.6). We now
verify that h > 0; we will use that c(-,-) = ¢,(-,-) =0 and ¢z, > 0.

First, as ¢y > 0, we have that when z; <z <m,

R cw(x,ﬁf(w)) - Cz($7Td($))

h'(z) = () Tolo) > 0.

Hence, since h(x;) = 0, we have that h(z) > 0 for all z; < z < 7.
For x > m, as o1 < (T)"'(z) < m, we have that h((T,)"'(x)) > 0. In addition, as
cy(z,2) = 0 and cgy > 0, we have that ¢, ((T,,) ' (z),z) < 0. It follows that

hix) = h(Ta) " (@) = ¢y (Tu) ' (2),2) 2 0.

Since h = 0 on (—oc0, 1), the no short-selling constraint is satisfied. O
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