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Abstract

Conventional models of weak polyelectrolytes are formulated in terms of either an average
degree of ionization or a rigid polymer conformation. While the decoupling of segment-level
ionization and polymer structure simplifies the theoretical procedure and is beneficial from a
computational perspective, it misses intra-chain correlations (i.e., interactions beyond adjacent
monomers) that are important for systems at low polymer concentration with strong electrostatic
interactions. In this work, we propose a hierarchical method that incorporates the liquid-state
methods with the site-binding model to account for the effects of the local ionic environment on
both inter- and intra-chain correlations. A worm-like chain model is introduced to describe the
coupling of polymer conformation with monomeric ionization with the long-range electrostatic
interactions accounted for by using the Gibbs-Bogoliubov variational principle. Through an
extensive comparison of the theoretical predictions with experimental titration curves for
poly(acrylic acid) in different alkali chloride solutions, we demonstrate that the hierarchical model
is able to quantify the charging behavior of weak polyelectrolytes over a broad range of solution
conditions.
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1. Introduction

Understanding the charging behavior of weak polyelectrolytes is critical to technological
applications such as bioadhesion!, drug delivery?, wastewater treatment® and thermal energy
storage*. In general, the performance of weak polyelectrolytes is dependent on the polymer charge
and conformation as well as their responses to subtle variations in the local chemical environment.

Due to the long-range nature of electrostatic interactions and intra-chain correlation effects and the



intrinsic coupling between polymer ionization and conformation changes, it remains a theoretical
challenge to accurately describe weak polyelectrolytes in dilute solutions. Further theoretical
development is needed for the rational design of “smart” polymeric systems to achieve their
specific functionality such as targeted drug delivery and controlled release, taking advantage of
the changes in the ionization and structure of the polymer backbone in response to variations in
the pH and composition of the intracellular fluids.>>

Ionization of a weak polyelectrolyte in a liquid environment is dependent on the polymer
conformation (and vice versa) because of intra-chain correlations. While the charge-conformation
coupling is relatively insignificant at high polymer volume fractions or high salt concentrations
due to the screening effects, the correlation effects are significant in dilute solutions as often
encountered in practical applications. For weak polyelectrolytes at large salt concentrations, the
site-binding model and its modifications have achieved great success to describe the titration of
individual polymer chains by representing each polymer as a one-dimensional lattice of ionizable
sites. Because the polymer segments are assumed to interact with each other only through the
nearest neighbor segments,®® the lattice model is not able to account for long-range electrostatic
interactions and ignores the charge effects on polymer conformation. The long-range intra-chain
interactions are particularly important at low electrolyte concentrations. In many cases, the good
performance of the site-binding model is likely fortuitous owing to the use of adjustable parameters
for different solution conditions.

We recently demonstrated that, coupled with a thermodynamic model for describing the
solution non-ideality, a nearest-neighbor site-binding model (nnSB) can accurately represent weak
polyelectrolyte titration at moderate to high salt concentrations using a single set of model

parameter.” While the thermodynamic model allows for the prediction of site-binding parameters



in response to variations in the ionic strength, the theoretical performance deteriorates at low salt
concentration because it ignores non-nearest-neighbor interactions among polymer segments. This
failure highlights the importance of non-neighboring intra-chain interactions in regulating the
charging behavior of dilute weak polyelectrolytes. While our model describes the thermodynamic
non-ideality due to the intermolecular interactions reasonably well, the intramolecular interactions
were truncated at the nearest-neighbor level similar to that in the conventional site-binding
methods and, as such, the polymer conformation was immaterial to the ionization states of
individual segments. The deficiency is expected because the coupling between the polymer
conformation and long-range intra-chain interactions is most significant for weak polyelectrolytes
in dilute salt solutions. The purpose of this work is to remedy this caveat such that the
thermodynamic model can quantify both the conformation and ionization of weak polyelectrolytes
across various salt concentrations.

Conventional site-binding models are not applicable to weak polyelectrolytes at a finite
polymer concentration. For such systems, the theoretical calculations are mostly based on mean-
field methods that account for the average charge density or, equivalently, the average degree of
polymer ionization. The mean-field methods have received considerable attention in recent years
leading to significant advancements in modeling weak polyelectrolytes in the bulk and under
inhomogeneous conditions.!%!* For example, the self-consistent field theory (SCFT) was used to
investigate the ionization and conformation of linear and star-like weak polyelectrolytes.!* The
mean-field approach provides a reasonable prediction of the polymer conformation, but shows
significant deviation from the experimental and simulation results for ionization in dilute
electrolyte solutions. The poor performance is understandable because, like other mean-field

methods, SCFT ignores long-range intramolecular correlations. Such effects are magnified for



weak polyelectrolyte systems at low salt concentrations due to strong Coulomb interactions. The
mean-field methods become even more problematic at low polymer concentration because, in that
case, both the polymer conformation and ionization behavior of weak polyelectrolytes are
dominated by long-range intrachain correlations.

Recently, we developed Ising density functional theory (iDFT) that treats the polymer
conformation and ionization on an equal standing through a multidimensional vector specifying
both the polymer ionization state and spatial configuration."” While iDFT shows noticeable
improvements over conventional mean-field methods for describing intrachain correlations, it is
not currently applicable to dilute solutions of weak polyelectrolytes due to the theoretical and
numerical difficulties in evaluating multibody correlations. To carry out iDFT calculations for
weak polyelectrolytes, we also truncated the intrachain correlations at the nearest-neighbor level
(the version of iDFT is referred to as iDFTnr). Because the excess Helmholtz energy is formulated
by truncating the intramolecular correlations at the nearest-neighbor level, iDFTnr becomes
inaccurate for polymer ionization at dilute electrolyte conditions when long-range intramolecular
interactions are most relevant. In principle, Monte Carlo (MC) simulations are able to handle the
coupling effects of the polymer ionization and conformation because the simulation accounts for
both inter- and intra-molecular correlations exactly.!’: 117 For example, Laguecir and coworkers
showed that MC results agreed well with the experimental data for the degree of ionization of
poly(acrylic acid) using a freely-jointed hard-sphere chain model with the electrostatic interactions
described through the screened Debye-Hiickel (DH) potential.'® Regrettably, the DH potential is
problematic to account for the ion concentration effects at high salt concentrations and the

computational burden to sample the ensemble space increases quickyly with the polymer chain



length. MC simulation is, in particular, computationally demanding when salt ions as well as the
protons and hydroxyl ions are explicitly considered.

In this work, we propose a hierarchical model to describe the titration of weak
polyelectrolytes by incorporating the liquid-state methods with a generalized site-binding model.
Unlike typical mean-field methods, our theoretical model is able to account for both short- and
long-range interactions within a single polymer chain explicitly. By considering the electric
potential near the polymer surface, we are able to describe the free energy of ionization for
individual segments in a local solution environment. As a result, the liquid-state methods allow
us to capture the effects of solution conditions on the ionization of individual segments.
Meanwhile, the generalized site-binding model accounts for both non-neighboring intra-chain
correlations and conformation of the polymer that are ignored in the conventional mean-field
methods.

In the remainder of this article, we will present the theoretical details and numerical results
as follows. We first describe the generalized site-binding model that incorporates the polymer
conformation and non-neighboring intrachain interactions. Next, we show how the solution
conditions can be accounted for by using the liquid-state methods to describe the inter- and intra-
molecular interactions and correlation effects governing the ionization and conformation of the
polymer chain. Subsequently, we discuss how the long-range intrachain interactions can be
described by a combination of the Gibbs-Bogoliubov variational principle and the worm-like-chain
model. Together, these different methods are referred to as the hierarchical site-binding model
(hSB) as we account for the polymer behavior from the segment (viz. interactions and ionization
of individual segments) to the macromolecular level (viz., average charge and polymer

conformation). After we have explained the methodology, the numerical results are discussed by



direct comparison with experimental titration curves for linear poly(acrylic acid) in different alkali
chloride solutions. Lastly, we investigate further the ionization and the conformation of the weak
polyelectrolytes at dilute and high salt conditions.
2. Thermodynamic model and methods

In this section, we first introduce a single-chain Hamiltonian for weak polyelectrolytes and
discuss the relevance of each term in the Hamiltonian to the ionization and conformation of the
polymer chain. The single-chain Hamiltonian can be understood as a generalization of the site-
binding model to include the polymer flexibility and non-neighboring interactions. The liquid-state
methods are then presented to account for the influence of solution conditions on the inter- and
intra-chain interactions within the framework of an augmented primitive model of electrolyte
solutions. Next, we use the Gibbs-Bogoliubov variational principle to decouple the Hamiltonian
into a solvable nearest-neighbor model and a perturbation that accounts for the non-neighboring
interactions. Lastly, a worm-like-chain model is adopted to describe how the polymer
conformation affects the average distances between the ionizable sites by using an effective
persistence length that depends on non-neighboring interactions and an entropic term due to the
chain expansion.
2.1 A generalized site-binding model

The conventional site-binding model for describing the ionization of weak polyelectrolytes
is built upon the one-dimensional Ising model.'*** With the assumption that the polymer chain
takes a rod-like conformation, each ionizable site exists in one of two charge states (viz. charged
or uncharged), reflecting the protonation of a basic group or deprotonation of an acidic group in a
polymer chain.?! The free energy of ionization depends on the solution pH, the intrinsic proton

binding energy, and nearest-neighbor interactions. Later modifications of the site-binding model



account for intramolecular interactions beyond the nearest-neighbor segments but the chain
conformation is typically assumed rigid (i.e., the distances between ionizable sites are exactly

known).??

The conventional site-binding model can be generalized to include chain flexibility and
non-nearest-neighbor interactions. Toward that end, consider a weak polyelectrolyte chain with M
ionizable sites with a specific architecture (e.g., linear or branched). The charge state of the

polymer is fully specified by a multidimensional vector S=(s,,s,,...,s,,), where s, =+1 or 0
denotes the charge state for a basic site (s, =—1 or 0 for an acidic site). In addition to the charge
numbers (viz., valence Z (s;) of segment i), the chain conformation depends on the positions of
all segments, R =(r,,r,,....,I,,) . For a bulk solution of weak polyelectrolytes, the system is uniform
thus we may locate one of the end segments (viz., segment 1) at the origin and specify the chain
conformation by R = R(r, =0), which differentiates that from the inhomogeneous counterpart R.

A unique feature of weak polyelectrolytes is that the polymer charge is a dynamic variable coupled

with the conformation.

The titration of weak polyelectrolyte chains can be described by using the semi-grand
canonical ensemble, i.e., the system of interest is in thermodynamic equilibrium with a reservoir
at a fixed pH. For simplicity, we consider a single weak polyelectrolyte chain consisting of only
one type of ionizable groups (e.g., either polyacid or polybase). The procedure can be easily
extended to bulk systems with a finite weak polyelectrolyte concentration. For each polymer
conformation, we can evaluate the degree of ionization from the semi-grand canonical partition

function similar to that in the conventional site-binding model



E(E)=;exp[—ﬁl“(f€,8')] (1)

where ' =k,T , ks and T are the Boltzmann constant and absolute temperature, respectively. In
our generalized site-binding model, the polymer is treated as flexible. Therefore, the grand

potential is determined by integration over all possible polymer conformations, Q =—In j Z(R)dR

We assume that a weak polyelectrolyte can be represented by a tangentially connected

chain with M hard spheres of equal diameter. The single-chain Hamiltonian can be written as

M=2

2

1
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For convenience, we have taken the absolute value of the segment state(s) so that the acidic or

basic monomers can be treated on an equal footing. The first term on the right side of Eq.(2),

V?(R), represents the bond potential

exp[ 1" (7)) = [IM_II 5(x,., il —0)}@{%2‘ (r., —mg;(r,-ﬂ —r,-)} . 3)

i dro

Similar to the freely-rotating chain (FRC) model, the one-dimensional Dirac-delta function ensures
a fixed bond length between the neighboring segments (viz., a tangent chain), and the exponential
term accounts for an energy penalty when two consecutive bonds are not in parallel (i.e., the
bending energy). In this work, we assume that there is no intrinsic stiffness to the polymer chain

when the polymer is fully uncharged (viz., £ =0), i.e., the polymer behaves as a freely jointed

chain in the neutral state. As the polymer segments become ionized, the intrachain repulsion may



be represented by an effective stiffening parameter £ . In Section 2.4, we will discuss the chain

conformation in more details.

The first summation on the right side of Eq.(2) accounts for the free energy change due to
proton binding (or release from the polymer) as well as the difference in the excess chemical
potential between charged and neutral segments. The one-body term is attributed to ionization
equilibrium and the interaction of the polymer segment with other chemical species in the solution.
The second and third terms on the right side of Eq.(2) account for the fact that the monomer
interacts with both nearest and non-nearest neighbors due to the chain connectivity. The
intramolecular interactions depend on the ionization states of segments i and j as well as the

distance between them (7, ; =|r; -1, |). Parameters 4, W,

iiu1» and W, . depend on the solution
condition. We will show in the following subsection how these parameters are derived from a

thermodynamic model for weak polyelectrolytes.

2.2 Solution effects
To capture the polymer behavior at different solution conditions, we must quantify
segment-segment interactions that define the parameters of the generalized site-binding model

(viz., 4., W, Y.

w10 ¥, 5 ete.). In this subsection, we introduce a molecular thermodynamic model to
account for the effect of thermodynamic non-ideality on the titration behavior of weak

polyelectrolytes.

Similar to our previous work for various ionizable systems® !> 2324

, we employ an
augmented primitive model (APM) for polyelectrolyte solutions to account for electrostatic

interactions and various forms of short-range interactions. The polymer segments are represented

by hard spheres that can be either charged or neutral depending on ionization state. We assume



that the separation between the nearest-neighboring segments is the same as the hard-sphere
diameter (viz., a tangent chain). For simplicity, the hard-sphere diameter of polymer segments is
assumed not dependent on the ionization state or salt concentration. Unlike alternative coarse-
grained models of polyelectrolytes, the salt ions, protons, and hydroxyl ions are explicitly
considered as charged hard spheres. The hydrated diameters for the salt ions were taken from

Simonin et al.?® (viz. o, =476 A, o, =390 A, o, =334 A, o, =189 A, and o, =3.62
A) and Gallegos et al.?* (viz. o, =5.00A and o, =322 A). The polymer and salt ions are

immersed in a continuum medium with a dielectric constant representative of liquid water at room

temperature (&, = 78.4). Charge neutrality of the solution is maintained by addition of salt cations

or anions to compensate for the difference in the proton and hydroxyl ions.

Thermodynamic non-ideality plays an important role in both the one- and two-body
potentials employed in our generalized site-binding model. In the conventional nearest-neighbor

model, A and W,

i,i+1

are treated as adjustable parameters changing with the solution condition. In

this subsection, we show that these terms can be predicted from APM.

2.2.1 One-body potential

The one-body potential arises exclusively from the interaction of a polymer segment and
the background solution. It depends on the difference in intermolecular interactions between the
charged and uncharged state of the monomer as well as a contribution due to the binding energy

of the proton:

A = —Sl.kBT(pKl. - pH) In10+Ap™" + Au 4)

1



where the first term on the right is affiliated with the change in free energy due to the binding of a
proton, the middle term results from change in intermolecular interactions of segment i with all
other monomers and ions in the system due to its ionization, and the last term arises from the
change in the excess chemical potential of segment i due to chain connectivity. At a finite polymer

concentration, the latter describes the change in intrachain correlation energy for all chains due to

segment i when it is ionized. Within APM, the monomeric contribution £"" can be decomposed

into an excluded volume term Ag/”, a contribution due to electrostatic correlations Ag , and

ch

additional contributions if other solvent-mediated interactions are included. In this work, Ay can
ch

be omitted because we consider weak polyelectrolyte titration in the single-chain limit (A is

proportional to the polymer density and thus vanishes in the dilute limit).
The negative logarithm of the equilibrium constant for the ionization reaction [i.e., pK; in

Eq.(4)] depends on the identity of the ionizable site and temperature, but not on the solution

composition. As mentioned above, s; = +1 corresponds to the protonation of a weak basic segment,
and s, =—1 for the deprotonation of a weak acidic segment. For all calculations in this work, we
adopt the pK; value for the acrylic acid monomer (viz., pKi = 4.756%%). The hard-sphere component
A,ul.hs is only relevant when the hard-sphere diameter of the monomer varies with the ionization

state (e.g., due to the change in hydration). Typically, this term is important only in highly

concentrated electrolyte solutions and therefore, for simplicity, we assume the hard-sphere

diameter is independent of the ionization state (i.e., Az =0).%

The electrostatic correlations term, A,ufl , arises from the non-uniform distribution of free

ions and other polymer segments around a charged monomer. This term can be calculated by



).27 MSA captures the finite-size effect of ions on

using the mean-spherical approximation (MSA
the electrostatic interactions while reducing to the Debye-Hiickel (DH) limiting law at dilute

electrolyte concentrations.?® According to MSA, the change in the excess chemical potential of

segment i due to ionization is given by

)

MSA4
ﬁ%M”=—&[ L 2200, }

+
1+, 1+,

1

where [, = e’ / 4re e, is the Bjerrum length (7.14 A for liquid water at room temperature), e is
the elementary charge; ¢, and & are the vacuum permittivity and dielectric constant of the
solvent, respectively; o, and Z; are the hard-sphere diameter and valence of the charged monomer;

n is a parameter related to the ionic asymmetry (i.e., differences in size and valence of the ionic

'™ is proportional to the

species); and '™ is the MSA screening parameter. Approximately,
square root of the ionic strength similar to that for the Debye screening parameter. As a result of

this square root dependency, the importance of electrostatics becomes relevant even at dilute

conditions (which will be seen in the two-body terms as well).

2.2.2 Intrachain potential

In addition to the one-body potential, the solution condition affects the nearest-neighbor

energy, W,

..+1» and non-neighboring energy, V', ;, used in the generalized site-binding model. The
intrachain potential accounts for the free-energy cost to ionize segment i given that segment j in

the same polymer chain is already ionized. It is different from the intermolecular interactions

discussed above that are accounted for by the one-body potential 4. .



As shown in our previous work,’ the nearest-neighbor interaction can be decomposed into

el
i,i+1

two contributions: W, =-Ing

i = (o) +u,,, (o) where the first term accounts for the electrostatic
work to bring to charged segments from infinity to contact (i.e., to form an ionic bond), and the
second term is non-electrostatic in origin and accounts for specific interactions (e.g., breakdown
of intramolecular hydrogen bonding®’). While a quantitative prediction of the non-electrostatic
energy is difficult to achieve from a molecular perspective, we expect that the short-range
interaction is relatively insensitive to solution conditions. In this work, the non-electrostatic

component u,,,, is estimated by fitting the experimental data across different solution conditions

i+l
and the value determined is used as the non-electrostatic energy between all paired segments. A
generalization of the nearest-neighbor interaction expression to account for non-neighboring

[

interactions results in W, () =—In g,.”j(r,.’ ;) where we have neglected the non-electrostatic

component since these are typically short-ranged. Thus, the electrostatic component of the two-

body interactions (#,,,, and ‘¥, ) are treated at the same level through the radial distribution
function which accounts for the electrostatic work to place two charges separated at a distance 7, ;

in the solution.

The usual choice for the electrostatic interaction between charges in a solution follows

from the Debye-Hiickel potential

BY,, (’;‘J ) B %Z’Zf eXp[_K’”l‘J] ' ©)
LJ

While Eq.(6) is convenient in theoretical development, the DH potential is valid only for dilute

18

electrolyte systems.”® While the DH potential captures qualitatively the long-range nature of

Coulomb interactions and the screening effect resulting from salt ions through the DH parameter



Kk, it is unable to capture salt-specific effects responsible for the differences in the titration
behavior of weak polymers in different electrolyte solutions.>® Intuitively, one can expect that
there is an accumulation of counterions within the vicinity of the charged polymer that leads to a
stronger electrostatic screening than that expected from the bulk salt concentration. The local ion
concentration near the polymer depends on the degree of ionization and electrostatic interactions
between the polymer segments and the surrounding ions. The local electric potential is not easily

determined without expensive computational procedures such as iDFT.!?

To account for long-range intra-chain interactions, we first determine the local electric

potential of a weak polyelectrolyte (WPE) using a test particle method

local __, _local
WPE ™ Ymon ><aWPE’ (7)

Where ¢local

mon

is the electrostatic potential at the surface of an isolated charged monomer (i.e., test
particle) in the background salt solution, and ¢, is the average degree of ionization for the

polymer. In principle, the local electric potential is segment-dependent (i.e., the electric potential
is not constant along the polymer chain); however, such considerations would be cumbersome
from a computational perspective. Alternatively, we may determine the electrostatic potential at
the surface of the isolated charged monomer by fixing a particle of absolute charge e and hard-

sphere diameter o, at the origin.’! Additional details on the electrostatic potential for the monomer

can be found in the SI.

With an approximate local electric potential for the entire polymer, we can estimate the

local concentration for each ion from the Boltzmann equation

e =c exp(—PBeZ g ®



where ¢, and Z, are the bulk concentration and valence of ion i. A general trend to note is that

when the polymer is uncharged, the local counterion concentration is similar to that in the bulk.

As the polymer charge increases, the counterions will accumulate at the surface at a rate dependent

upon the electrostatic driving force (i.e., ¢°“’). The strength of the driving force is greatest at

dilute salt concentrations when the electrostatic screening is weakest. Thus, at high salt
concentration, the electrostatic potential for the monomer will be small and the local concentration

of'ions will be only slightly greater than the bulk solution. As a result of this modification, the DH

parameter « is replaced by the local DH parameter x*“ = \/47rl BZ{CZ""“'Z? .

In addition to ion concentration in the vicinity of the ionizable polymer, we must account
for the salt-dependence of the long-range interactions. Experimental titration data for poly(acrylic
acid) indicates that the ionization behavior of the polymer at low salt concentration is sensitive to
the choice of counterions.*® In order to capture the ion-specific effect, we introduce an empirical

parameter z . that modifies the strength of electrostatic screening. The long-range intrachain

repulsion is strengthened in the presence of more hydrated ions (viz. lithium and sodium) than its
less hydrated counterparts (viz. potassium and cesium). It seems that the intrachain repulsion is
partially enhanced by the excluded volume of counterions with a large hydration shell.

Within the framework of the charged hard-sphere model, we can approximate the two-

body electrostatic potential between ionizable segments in the same polymer chain by

, I, 7 -no* Z,-nc’
st o) L el ] o
LJ

where ¢

N

is the local salt concentration, and 7_ . is the aforementioned screening parameter. It

should be noted that at the nearest-neighbor level (i.e., 7, ; =0), the electrostatic contribution is



equivalent to the expression used in our previous work since the exponential factor will be exactly

unity.” At infinite dilution, the radial distribution function reduces to the exponential of the
negative value of the electrostatic pair potential (i.e., —In gflj (r))=1,2Z,/r, ;). Using Eq.(9) to

calculate the two-body electrostatic potential, we are able to account for the intrachain interactions
between charged monomers at dilute salt conditions. Note that Eq.(9) does not reduce to the DH

limit for large  due to the presence of 7 . in the exponential term and the use of the local salt

local

concentration in k. As discussed above, the DH potential is not valid for strongly correlated
systems and does not account for ion-specific effects. Although the modification of the potential

of mean force from MSA with z . is strictly empirical, Eq.(9) allows us to capture non-

neighboring intrachain interactions and specific effects of salt ions.

As discussed above, while the nearest-neighbor term has shown to be sufficient at capturing
the titration behavior of polyacids in moderate to high salt concentrations, it misses the long-range
interactions among segments from the same polymer chain. As a result, the titration behavior is
noticeably overpredicted in dilute solutions because the additional resistance to ionization due to
the long-range interactions is not accounted for in the nearest-neighbor Hamiltonian. Thus, the
inclusion of non-neighboring interactions between segments is a necessary feature to our model
because we can capture the weak polyelectrolytes even at dilute conditions where the nearest-
neighbor model fails. In the following subsections, we will demonstrate a method to include these

long-range interactions and the coupling with the polymer conformation.

2.3 Incorporating long-range interactions
In this subsection, we introduce a coarse-grained procedure for describing non-neighboring

intrachain interactions in weak polyelectrolyte systems following the so-called local effective



interaction parameters (LEIP) method developed by Blanco and coworkers.?> 3335 For the
generalized site-binding model, we split the single-chain Hamiltonian in Eq.(1) such that the
potential for the interaction between the non-neighboring segments is separated from the other

terms
I'(R,S) =T, (R,S;{x,})+ AT(R,S; {x,}) (10)

where the reference Hamiltonian is composed of a bond potential and the nearest-neighbor energy

)—J

o(R.S:{x})=V"(R)+T,,(S:{x}) (11)

with

M M-1
L (Si{x 1) =D (A +x ) s, 1+ 2 W L8, s, - (12)
i=1 i=1

i=

The non-neighbor potential is given by

M=2

AF(RS: )= 3 3%, ()9, -3 Is,| (13)
i=1

i=l j>i+l
where {x,} represent a set of one-body potentials yet to be determined. Importantly, the reference
Hamiltonian fo depends on the polymer conformation only through the bond potential. It varies

with the ionization state of individual segments through the one-body potential (A +x,) and

nearest-neighbor energy (W, ,,,).

The Gibbs-Bogoliubov inequality 3¢ states that the true grand potential Q, i.e., one that

takes into account explicitly the coupling of ionization and conformation, has an upper bound

Q<Q where



Q=0 ({x})+(AT(R,S:{x})), (14)

where (---), represents the ensemble average with respect to the reference Hamiltonian fo.

Importantly, the Gibbs-Bogoliubov inequality has decoupled the non-neighboring interactions

(which are problematic to incorporate) from the reference system in which the conformation and

ionization of the polymer are independent from one another. The grand potential for this reference

system is given by

Q, ({x})=—k,Ttn [ 3" exp[-BT,(R)]dR (15)
S

For convenience, here we introduce the nearest-neighbor partition function

=,({x}) = D exp[—AT,,(S:{x,})] as used in the conventional site-binding model. This allows

us to write the reference grand potential as the sum of the ionization and conformation components
Q({x,}) =k, TInZ, ({x,}) —k,T'tn [exp[-BV *(R)IdR . (16)

The second term on the right side of Eq.(16) corresponds to the partition function of an ideal chain,

which can be evaluated analytically

O ({x,}) =k, TInE,({x,}) + [ dRp(R)| ke, Tin p(R)+V* (R) | (17)

where p(R) =exp[-fV*(R)]/ Iexp[—ﬂVB (R)]dR is defined in terms of the conformation of a

neutral chain with only the bond energy. Eq.(17) indicates that the grand potential of the reference
system depends on the nearest-neighbor interactions as well as the polymer conformation. As
discussed in the following, we can evaluate the statistics of polymer conformations by mapping

the weak polyelectrolyte into a worm-like chain.



To relate the long-range intrachain interactions with the conformation, we follow Flory’s
uniform expansion model.?” With the assumption that the intrachain interactions result in a uniform
expansion of the polymer backbone (i.e., all parts of the chain are considered to have their mean

dimensions changed by exactly the same factor), we can estimate the probability distribution

function for the end-to-end vector r, (or 7, in our tangent chain model) p, (7, ) from that of an

unperturbed Gaussian chain p(r,), i.c., p,(r,)=0"p(vr,), where the expansion factor v is
defined as the thermally averaged end-to-end distance of the uniformly expanded polymer
normalized by the thermally averaged end-to-end distance of an ideal chain,

v’ =(71?M>0 / (M -1)c®. The factor v’ is required for normalization of the conformation

probability. Accordingly, the change in the free energy a single polymer system can be determined

based on the ideal chain expression after further averaging over R (in the unperturbed Gaussian

chain state)?$4°

3 2

Fem(RO)=—kBT{5(M—1)1n[1—]MU J—?)lnu}. (18)

Here, R, represents the polymer configuration after the thermal average. In the uniform expansion
model, it is described in terms of the end-to-end distance (;fM>O . The first term on the right-hand

side of Eq.(18) represents the entropic contribution due to the compression of the polymer chain
while the second term arises from the resistance to chain compression as deduced by Flory.*!* A

combination of contributions from the ionization and chain conformation leads to the reference

grand potential

Q, (R, {x,}) =—k,TInE ({x, )+ F"" (R,). (19)



The first term on the right side of Eq.(19) represents the free energy due to the ionization and
nearest-neighbor interactions, and the second term accounts for the conformation of ideal chains.

Eq.(19) allows us to determine the grand potential of the reference system based on parameters x,
and o (or similarly RO) without sampling the polymer conformations explicitly. The
determination of these parameters depends on the non-neighboring potential AL yet to be

discussed.

Because the one-body and nearest-neighbor potentials are decoupled from the polymer

conformations, we can evaluate the ensemble average of AI' based on the reference system

analytically (see SI)
R M _ M R
<A1"(R,S;{xi})>0 = £ Z ¥, (’7',.1') i.j _in i (20)

where a, =(|s,|), and ﬁl ;=(Is;|ls;|) are the degree of ionization for segment i and the

correlation function for segments i and j in the reference system, respectively. Note that the
ensemble average of the non-neighboring component shown in Eq.(20) is an approximate of the
true ensemble average when non-neighboring interactions were considered explicitly. If the
nearest-neighbor interactions were not considered explicitly, the site-site correlation function
would be given by i;l] =(Is;1I's; Do =Is;[)6Is; |}y =a,@;. Note that the non-neighboring
interaction depends on the distance between sites 7, ; after thermal average. The coupling between

polymer conformation and ionization represents a key feature of our heirarchical model. We will

discuss the determination of 7; ; in the following subsection.



With the analytical expressions for refernce and perturbation free energies discussed above,

we can determine parameters {x,} through a minimization scheme. Specifically, we choose x,
such that it minimizes the upper bound of the grand potential given by Eq.(14), oQ/ ox, =0.
Because x, is affiliated with the change in free energy due to non-neighboring intrachain
interactions resulting from the ionization of segment i, the variational principle implies (given that
optimal values for {x,} are used) that all thermal averages (e.g., degree of ionization, correlation
functions, etc.) can be evaluated by replacing the thermal average (---) by (---),. In this work, we

determine these mean-field parameters numerically through a high-dimensional optimization
scheme. For the longest chain considered in this work (viz., M=1200), we evaluate the nearest-
neighbor site-binding model by assuming that all monomers are equivalent (i.e., we ignore end-
effects)??. At large chain lengths, the end-effects have less effects on the overall properties of the

polymer. As a result, there is no need to perform optimization with respect to all {x,} because the
segments are assumed equivalent. The assumption of x, =X, greatly simplifies the numerical

determination of the one-body mean-field parameter. We show how to determine the degree of

ionization and site-site correlation function with this simplification in SI. Note that although all
monomers are treated equivalently, correlation still exists between charged sites (i.e., ﬁl S Faa;))
because the intrachain interactions are considered only without end effects. Alternatively, we may

implement the Gibbs-Bogoliubov variational principle without an explicit evaluation of the mean-

field parameters (see SI for details).

The Gibbs-Bogoliubov variational principle allows us to incorporate the non-neighboring
interactions by using the nearest-neighbor model as a reference. While a similar method was

employed previously by Blanco and coworkers,?> 33-° the original work did not account for the



effects of solution conditions on the one-body and two-body terms, 4, and W, ,,.

In addition, the
polymer conformation was evaluated through the rotational isomeric state (RIS) model*® or by
simulating the stretching of the chain®*. In this work, we describe the solution conditions and the

inter- and intra-molecular interactions through a molecular thermodynamic model (Section 2.2).

We also account for the polymer conformation through 7 ,, which is determined by a worm-like

chain model to be discussed in the next subsection.

2.4 Spatial configuration of weak polyelectrolytes

To establish a connection between intrachain interactions and the polymer conformation,
we adopt a worm-like chain (WLC) model to approximate the conformation of a freely jointed
chain with long-range intrachain interactions. In other words, the WLC model is used to represent
the polymer expansion due to both excluded volume effects and long-range electrostatic
interactions. Assuming that the segment diameter is the same as the segment-segment distance in
the WLC, the distance between non-neighboring ionizable groups i and j can be expressed in terms
of the segment diameter and effective persistence length

23:<1;fi>0:2ﬁ€ff(j—i)a{l—%l}—exp(—%ﬂ} (21)

J—1
Since the non-neighboring interactions depend on the thermal average distance between
monomers, (z;i)o , which is a function of the effective persistence length (<, there is a coupling

between the ionization state of the polymer and the polymer expansion. Note that (¥ is related

to the mean polymer configuration, RO , and the expansion factor v through minimization of the

grand potential. In other words, we determine the effective persistence length (¥ by minimization



of the upper bound of the true grand potential Q, i.e., §8Q /8¢ =0 . The conformation entropy

of the polymer chain [see Eq.(18)] is determined by substituting the end-to-end distance
determined from Eq.(21). Besides the end-to-end distance, the WLC model also allows us to

determine the radius of gyration

) 1) o ol o T M-1
(R WM)e 3) =—(¢7) 1_(j\/_12£_1)a+2[(Mf—1)0} {I_GXP[(KT)GH )

Eq.(22) gives the correct limiting behavior for the radius of gyration of an ideal Gaussian chain

and rod-like chain (viz. R;d"”l =o.(M —1)/6 and R;"d =o(M-1)/ J12 , respectively).
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Figure 1. A schematic of the hierarchical model for the charge regulation of a weak polyelectrolyte
chain. The ionization-conformation consistency is achieved through the integration of the site-
binding model with a worm-like chain model to describe site-site distance and the liquid-state
theory to account for solution conditions.

To summarize our theoretical procedure, we present in Figure 1 a schematic flow chart to
determine the ionization and conformation behavior of a weak polyelectrolyte chain. The
hierarchical model employs a generalized site-binding model to describe the Hamiltonian of weak

polyelectrolytes in their different ionization states. Unlike the conventional nearest-neighbor site-



binding model, we consider additional contributions to the Hamiltonian due to the non-neighboring
interactions between ionizable sites and polymer flexibility. While usually the inclusion of non-
neighboring interactions is computationally expensive, we take advantage of the Gibbs-
Bogoliubov inequality to approximate the non-neighboring interactions (i.e., the interaction of a
segment with all other segments is described by a perturbation expansion). In addition, the

conformation of the polymer is coupled to the ionization of the polymer by employing a worm-

like chain model. By minimizing the free energy in terms of an effective persistence length (',
we are able to calculate the separation between ionizable segments self-consistently. Importantly,

the hierarchical model accounts for the effects of solution conditions on the one-body term, 4,
and the two-body terms, W, ., and ‘¥, , through a molecular thermodynamic model of electrolyte

solutions. The combination of segment-level correlation effects and intra-chain correlations allows
us to determine the ionization and conformation behavior of weak polyelectrolytes at arbitrary
solution conditions.
3. Results and Discussion

In the following, we illustrate the intra-chain correlation effects on the conformation and
the ionization behavior of weak polyelectrolytes. For the calibration of theoretical results, our
discussion is focused on the aqueous solutions of poly(acrylic acid) in presence of different
counterions. PAA is a linear polymer with a relatively low density of ionizable groups. At medium
to high salt concentrations, the weak interaction between monomers leads to a titration curve that
exhibits a smooth transition from the fully uncharged state to the fully charged state. Unlike that
)2

for strongly correlated weak polymers such as poly(maleic acid)””, PAA ionization lacks a step-

like feature in the titration curve. Its titration behavior has been well studied using different

130, 43-45 46-48

experimenta and computational methods™™°. The experimental results can be reasonably



described with various mean-field approximations owing to the weak interactions between
neighboring sites?">***. However, as discussed above and demonstrated in our previous work’,
the truncation of intramolecular correlations to the nearest-neighbor (or completely neglecting the
correlation effects like in some mean-field theories) results in a poor description of ionization at
low salt conditions'®. In this work, we demonstrate a more comprehensive model that fully
captures the ionization and conformation behavior of the weak polyelectrolyte at all solution
conditions.

Our thermodynamic model employs two parameters, 7 . and u,,,,, that are obtained by

i,i+1 2
matching the experimental data. As discussed above, the effective screening parameter and the
non-electrostatic energy account for specific ionic effects and are dependent on the salt counterion,
not salt concentration. Table 1 presents the numerical values for all parameters used to capture

the experimental data. In addition to salt-dependent parameters, the terms, pK; and o;, are the

thermodynamic equilibrium constant and the hard-sphere diameter of each segment, respectively.
These parameter are intrinsic to the polymer and are assumed the same for all monomers in the
poly(acrylic acid) chain (i.e., no difference in the monomer position or chain length). Unlike the
parameters employed in the conventional nearest-neighbor model, all parameters in our model are
independent of the solution conditions (viz. pH and salt concentration). In particular, the
thermodynamic equilibrium constant and monomer size are the same for all alkali metals (i.e.,
independent of the specific salt present in the solution).

Table 1. Model parameters for describing the ionization and conformation of poly(acrylic acid) in

different salt solutions.

Intrinsic ~ Salt-dependent
T oar U (ksT)

cat

Poly(acrylic acid)
parameters ~ parameters




pKi 4.756 LiCl 0.257 -0.053

o 4.874 A NaCl 0.273 0.081
KCl 0.462 0.507
CsCl 0.857 0.594

To minimize the number of unknown variables, the pK; value for PAA is assumed the
same as that of the free monomer acrylic acid (viz. pKi = 4.756%°). Therefore, our model is equally
applicable to ionization in the single monomer limit. This contrasts with our previous work using
a nearest-neighbor model where the pK; value was used as an adjustable parameter and determined
to be significantly larger the monomeric value (viz. pK;=5.22)°. The larger value is not surprising
since the long-range interactions were not included in the nearest-neighbor model and such
interactions inhibit polymer ionization. The hard-sphere diameter of monomers is an important
parameter in our model because it governs the distance between neighboring sites. In the nearest-
neighbor model, it was necessary to fit o, for PAA at different salt solutions (e.g., LiCl vs CsClI)
in order to capture the experimental titration curves. In this work, we determine the hard-sphere

diameter based off the excluded volume calculated by the molecular model of PAA using the

Molinspiration Cheminformatics 2018 software package (http://www.molinspiration.com). The

estimated volume for a monomer in PAA was 60.63 A3 which corresponds to a hard-sphere

diameter of o, =4.874 A. Thus, our model is free of fitting parameters for the intrinsic properties

of the polymer (i.e., pKi and size).

We find that the non-electrostatic energy and the effective screening parameter to be
dependent on the specific salt cation present in the solution. Since our coarse-grained model does
not account for specific chemical effects due to solvation, we expect that these parameters reflect

such effects in an approximate manner. Because cation hydration is highly dependent upon the


http://www.molinspiration.com/

Pauling radius (o, ~2/0 )%, the adsorption of cations to PAA is expected to have major

Pauling
impacts on the local water structure and the segment-segment interactions. The local modulation
of the water structure could contribute to the repulsive non-electrostatic energy between
neighboring sites. We find that the presence of strongly hydrated cations leads to less non-
electrostatic intrachain repulsion between neighboring monomers than the cations that are less
hydrated. In fact, the most hydrated counterion, Li*, shows a very weak non-electrostatic attraction
between two charged sites (note that this contribution is much less than the electrostatic repulsion).
The adsorption of the ions with small hydration shells near the neighboring charged sites may
interrupt local intermolecular hydrogen bonding between the displaced water molecules and the

functional groups. The non-electrostatic energy u,,,, was determined to be -0.064, 0.081, 0.507,

and 0.594 kgT for PAA in aqueous solutions of LiCl, NaCl, KCI, and CsCl, respectively. There is

a significant difference in u,,,, between Na" and K™ while the values are similar for K" and Cs".

These trends follow from more hydrated nature of Li" and Na* whereas K" and Cs" are minimally
hydrated. When cations are adsorbed near the polymer surface, Li* and Na” ions have little
influence on the hydrogen bonding network around the polymer chain due to their large hydration
diameters. However, K™ and Cs* will have more disruptive effects on hydrogen bonding due to
weaker hydration. Because our model does not explicitly account for the loss in the translational
entropy of displaced solvent molecules, we expect that other effects are also approximated within
u[,i+1 .

Besides the non-electrostatic energy, we assume that the effective screening parameter is
dependent on the salt type (but not on the salt concentration). This parameter is related to the ability

of the counterions to screen charge-charge interaction between monomers. We find that the

screening parameter increases in value (i.e., stronger electrostatic screening) in the order of



Li"'<Na'<K'<Cs". Since the counterions have their own unique hydration structure, we expect
that the ion size and local concentration must be responsible for the different effects of ion
screening. The stronger hydration of counterions leads to a larger hard-sphere diameter thus an
effective repulsion. In addition, the weakened screening of intrachain repulsion by Li" ions may
be attributed to its strong binding with water molecules reducing the screening effects on charge-
charge interactions. From best fitting of experimental titration data, we find the screening

parameter 7 . to be 0.257,0.273, 0.462, and 0.857 for Li",Na", K", and Cs", respectively. Thus,

the intrachain screening by the salt counterions is always weaker than the electrostatic screening

predicted by the DH potential (viz. 7 _, =1).

3.1 Titration of poly(acrylic acid) in different alkali chloride solutions

Experiments have demonstrated that the choice of alkali metal influences the charging
behavior of poly(acrylic acid). The ion-specific effect is particularly important at low salt
concentrations where long-range intrachain interactions play a key role in the ionization of the
polymer®’. Since previous methods have relied on the DH potential to describe long-range
interactions®?, they are unable to differentiate between different salt ions. In this work, we

introduce a non-electrostatic energy u, .,

to describe nearest-neighbor interactions and modify
the long-range electrostatic interaction [Eq.(9)] by including an effective screening parameter 7_,

to account for the effect of different alkali cations on the charging behavior.

Figure 2 shows the titration curves of PAA (MW=88 kg/mol; M~1200) in four types of
alkali chloride aqueous solutions (lithium, sodium, potassium, and cesium) at different salt
concentrations®’. With two adjustable parameters for each salt, the hierarchical model is able to
reproduce the experimental titration curves at all salt concentrations. As expected, the degree of

ionization increases at high pH or salt concentration. The salt concentration effect can be attributed



to the screening of Coulomb interactions between monomer segments along the polymer chain.
The specific ion effects on the charging behavior of the polymer are most significant at low salt
concentrations, suggesting that the long-range intrachain correlations lead to the difference in
polymer charge with different salt ions. Our model can well capture the titration behavior of
poly(acrylic acid) across all solution conditions owing to the successful description of both long-

range interactions and the polymer conformation in a self-consistent manner.
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Figure 2. Titration curves for poly(acrylic acid) at 25 °C in the aqueous solutions of (a) lithium
chloride, (b) sodium chloride, (c¢) potassium chloride, and (d) cesium chloride solutions from

experiment (MW=88kg/mol)** (symbols) and theoretical correlations (A~1200) (lines).



Figure 3a shows the difference in the degree of ionization between PAA in 5 mM and 20
mM alkali chloride solutions. The theoretical results are compared with the prediction from the
nearest-neighbor site-binding model (nnSB). Clearly, the ionization behavior of PAA differs
significantly in the presence of different alkali metals. The significant salt concentration effect on
ionization of PAA in LiCl compared to the other alkali metals originates from the weakened
screening of Li" ions on the long-range intrachain interactions as described by parameter T .-
Conversely, the nearest-neighbor model is not able to capture specific salt effects without changing

the polymer parameters; it predicts a much smaller change in the degree of ionization when the

salt concentration is increased from 5 mM to 20 mM.
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Figure 3. (a) The difference in degree of ionization of poly(acrylic acid) at 20 mM and 5 mM
lithium chloride solution in four different salt solutions (viz. LiCl, NaCl, KCl, and CsCl). The
dashed line is the prediction of the nearest-neighbor site-binding model (nnSB) for LiCl. (b) The
effective persistence length of poly(acrylic acid) in a 5 mM salt solution.

Different from conventional site-binding models, our hierarchical model captures

ionization effects on the conformation of the polymer at different alkali chloride solutions. Figure



3b presents the effective persistent length of PAA versus pH at a fixed salt concentration of 5 mM.
Because the effective persistence length is directly related to the polymer size [v in Eq.(18)],
Figure 3b shows the polymer expansion is greatest in LiCl, decreasing from LiCl to CsClI because
of different intrachain repulsion among ionizable segments. Our findings agree with a previous
experimental study indicating that, at the same salt concentration, the radius of gyration of PAA
decreases from LiCl to CsCI*,

3.2 Titration of poly(acrylic acid) in lithium chloride solution
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Figure 4. (a) The degree of ionization for poly(acrylic acid) in 5 mM and 20 mM lithium chloride
solutions. The solid and dashed lines are the theoretical results for the hierarchical site-binding
model (hSB) and the nearest-neighbor site-binding model (nnSB)’, respectively. The symbols are

experimental data for PAA (MW=88 kg/mol; M~1200). (b) The long-range contribution, x,, i.e.,

non-neighboring contribution, to the free energy per segment versus the degree of ionization at
four different lithium chloride concentrations.

To better understand the contribution due to long-range interactions, we compare the
theoretical predictions for the hierarchical site-binding model (hSB) and nearest-neighbor site-

binding model (nnSB) for the titration of poly(acrylic acid) (MW=88 kg/mol; M~1200). Figure 4a



shows the titration curves at two lithium chloride aqueous concentrations (5 mM and 20 mM), and
Figure 4(b) shows the free energy per segment due to long-range interactions. While the nearest-
neighbor model becomes unreliable at low salt concentration, the hierarchical model performs well
at all salt concentrations indicating that the long-range interactions are properly accounted for. In
general, the long-range contribution to the free energy of the system increases steadily with the
degree of ionization due to the increased charge-charge interactions. Such effect diminishes as the
salt concentration increases. At the lowest concentration considered in this work (viz. 5 mM), the
long-range free energy increases up to around 2.5 kgT per segment, which is equivalent to reducing
the pH by 1 unit at full ionization. At 1 M LiCl, the contribution due to long-range interactions is
negligible. In this case, the difference between the nearest-neighbor and our hierarchical site-
binding model becomes insignificant because the charge-charge interaction is effectively screened.

If the nearest-neighbor energy W, , is grouped with non-neighboring interactions in AL (i.e., our

model is developed by applying the perturbation to the non-interacting site-binding model thus

h , =a,a;), we find that the predicted results are quite similar to that shown in Figure 4a for our

hierarchical site-binding model. Since poly(acrylic acid) has a low line charge density, the
ionizable sites are not strongly correlated and an approximate treatment of site-site interactions is
still satisfactory. We expect that this approximation would not hold for strongly correlated
polymers such as poly(maleic acid) that exhibit a step-like titration curve.

The hierarchical site-binding model describes the ionization of a weak polyelectrolyte self-
consistently with the change in polymer conformation. As shown in Figure 5(a), the polymer size,
which is directly related to the effective persistence length, expands as the degree of ionization
increases. Because the polymer expansion is primarily due to the electrostatic repulsion among the

ionized monomers in the same polymer chain, it can be expected that the salt concentration plays



an important role in determining the size of the polymer chain. Figure 5(b) shows that the polymer
behaves like an ideal gaussian chain with <7;’2j> =(j—i)o’ at low ionization and high salt
concentration. On the other hand, the reduction in the salt concentration and increase in the degree
of ionization would lead to a stronger intrachain repulsion and the polymer behaviors more like a
rod-like chain with () =(j—i)’c”. Our hierarchical site-binding model interpolates between

these two limits by accounting for the entropic and electrostatic contributions to the polymer chain

expansion.
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Figure 5. (a) The effective persistence length (¢ and (b) the charge density for poly(acrylic acid)

as determined through the hierarchical site-binding model as a function of degree of ionization at

four different lithium chloride concentrations. Charge density is defined as M« e/ ﬁ; .

3.3 Effect of chain length on ionization and conformation of PAA

Lastly, we consider the polymer chain length effects on the ionization and conformation of
poly(acrylic acid). According to the original site-binding model (nnSB), the chain has no
significant effect on ionization when the weak polyelectrolyte contains more than 20 segments?®!,

However, experimental results indicate a substantial chain length dependence on the titration of



most weak polyelectrolytes'®. The failure of the nearest-neighbor model to capture the chain
length effects can be attributed to its neglection of the long-range intrachain interactions. To
illustrate, we show in Figure 6a the ionization behavior of PAA in a 0.1 mM lithium chloride
solution at three different chain lengths (viz. M = 25, 75, and 1200). Our model predicts that
increasing the chain length does lead to a noticeable reduction of the ionization at these solution
conditions. The chain length effect is most significant at high degrees of ionization. Even at low
degrees of ionization, there is a noticeable increase in resistance to ionization as the chain length
increases. The reason for this is that, at the same degree of ionization, a longer chain will have a

stronger intrachain repulsion due to the presence of more charged monomers (72,4,

=aM).

Because the nearest-neighbor model does not account for long-range interactions, the chain length

effect becomes irrelevant for PAA with M > 20.
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Figure 6. (2) The degree of ionization as a function of pH for three different chain lengths (M=25,
75, and 1200) in a 0.1 mM lithium chloride solution. The dashed line is predicted by the nearest-
neighbor site-binding model (nnSB) which is independent of chain length at A >20. (b) The
charge density of the polymer as a function of degree of ionization for three different polymer

chain lengths.



It has been previously demonstrated that the salt concentration has a substantial influence
on the role that chain length may play on the ionization of weak polyelectrolytes'®. The relevancy
of salt concentration for the chain length effect is because the salt concentration limits the distance
underpinning the long-range interactions. When the salt concentration is sufficiently high, a
monomer interacts only with its immediate neighbors. On the other hand, if the salt concentration
is low, the ionization is influenced by long-range interactions. Figure S1 shows the ionization
behavior of PAA with different chain lengths at 100 mM. As discussed above, the chain length
effect becomes less relevant as the salt concentration increases.

Owing to strong coupling between polymer ionization and conformation, the charge
density of a weak polyelectrolyte is also highly dependent on the polymer chain length. For
example, Figure 6b shows the charge density of PAA as a function of degree of ionization at three
different chain lengths. Interestingly, the charge density exhibits a non-monotonic dependence on
the degree of ionization when the chain length is sufficiently large. It decreases with the chain

length because the total charge linearly scales with M at the same degree of ionization while the

radius of gyration scales with M *® when the polymer is mostly neutral. Thus, the charge density

> at low degree of ionization. Similar to Figure 3b, the charge

approximately scales with M~
density increases almost linearly with degree of ionization when it follows the same behavior as
an ideal gaussian chain. However, beyond certain charge density, the polymer expands more

strongly due to intrachain repulsion and approaches another linear region when the polymer

volume (~ R;) changes proportionally to the degree of ionization (i.e., charge density curve does

not change with further ionization). The position at which the maximum in charge density occurs

depends on the degree of ionization, but corresponds to when the polymer has approximately 4-5



monomers charged regardless of the chain length. While the long chain polymer (M =1200)
shows a noticeable maximum in charge density with degree of ionization, the maximum is
relatively insignificant for the short chain (M =25) due to the small entropic penalty that occurs
for the expansion of the polymer as the chain length increases. Clearly a sufficient driving force

(viz. repulsive charge-charge interactions) is necessary to overcome the entropic penalty for

expansion of the polymer.
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Figure 7. The normalized expansion defined as the ratio of the difference in radius of gyration

between the worm-like chain (WLC) and the ideal Gaussian chain (R)"“ —R!*") over the

difference of the rod-like chain and the ideal Gaussian chain (R, —R:“) at different
concentrations of lithium ions for three different degrees of ionization and two different chain
lengths.

To better understand the difference in the conformation of the short chain (M =25) and

long chain (M =1200) weak polyelectrolytes, we show in Figure 7 the normalized expansion



AR;VLC / AR;”", where ARg =R:*—R;de“l , versus the Li" concentration at different stages of

ionization. When the normalized expansion is close to zero, the polymer conformation is similar
to that of an ideal chain, whereas a value close to unity means that the polymer adopts a rod-like
conformation, i.e., it is significantly stretched. As expected, an increase in ionization leads to a
higher value for the normalized expansion (i.e., towards to the rod-like limit) due to the stronger
intramolecular repulsion. On the other hand, the increase in salt concentration reduces the
normalized expansion (i.e., towards the ideal-chain limit). It should be noted that as the salt
concentration falls, we must increase the solution pH in order to maintain the same degree of
ionization. As a result, more counterions (i.e., lithium ions) must be added in order to satisfy the
charge neutrality due to the added hydroxyl ions. At high pH, the proton concentration is much

smaller than that of hydroxyl ions (¢, >>c,.), the actual concentration of lithium ions is much

higher than the chloride concentration. At dilute salt concentrations, the normalized expansion
approaches a limit different from that corresponding to the rod conformation due to the tradeoff
between intrachain repulsion and the entropic penalty in adopting a single polymer conformation.
Increasing the chain length generally results in further expansion (i.e., deviation from the gaussian
limit) at dilute salt concentrations since there is more charged monomers to interact with. However,
there is a limit since the repulsion between the monomers at large separation may not be enough
to compete with the entropic penalty for further expansion. As expected, a higher degree of
ionization (i.e., a closer spacing between charged sites in the polymer backbone) leads to a polymer
conformation closer to the rod limit.

Figure 7 indicates that the behavior of weak polyelectrolyte expansion is highly sensitive
to the salt concentration. At dilute salt conditions, a long chain is more responsive to the polymer

charge than a short chain. However, at high salt conditions, a long polymer chain does not expand



as significantly as the short chain. The reason for the weaker expansion at high salt concentration
can be attributed to the range and strength of the long-range interactions as well as the greater
conformational freedom when the chain length is increased. When the salt concentration is low,
the long-range intrachain interactions promote the polymer expansion and the polymer expands
relative to resistance due to entropic forces. At high salt concentration, the long-range interactions
quickly decay due to the shortened screening length (x ') and therefore these long-range
interactions are not as relevant. As shown in Figure 6b, at the same degree of ionization, the charge
density of the polymer decreases with an increase in chain length. Therefore, the smaller
expansion of the long chain polymer at high salt concentration can be attributed to the fact that the
charged sites are further apart from one another than in the short-chain case. In fact, the greater
separation between charged sites is also the reason that the normalized expansion begins to
decrease at an earlier salt concentration for the long chain than the short chain. A similar
explanation can be applied to why the salt concentration shows less influence on the short chain
expansion since the charged sites are closer to one another and therefore the interactions cannot be
sufficiently screened. Thus, a theoretical model that accounts for intrachain repulsion and polymer
conformation is vital to the correct description of weak polyelectrolytes.
4. Conclusions

We have developed a generalized site-binding model to account for the ionization and
conformational behavior of weak polyelectrolytes through a self-consistent description of the inter-
and intramolecular correlations, ionization energy and polymer conformation. The hierarchical
model improves upon conventional site-binding methods by incorporating the polymer
conformation and long-range intrachain correlations (i.e., between non-neighboring segments). It

achieves the ionization and conformation consistency by adopting a worm-like chain model with



the non-nearest neighbor interactions evaluated through the Gibbs-Bogoliubov variational
principle. Importantly, the hierarchical model captures the influence of solution conditions on the
inter- and intramolecular correlations of the polymer through the augmented primitive model of
aqueous solutions. With two parameters describing salt-specific nearest-neighbor interactions and
non-electrostatic screening effects, the hierarchical model provides quantitative predictions both
ionization and polymer expansion for weak polyelectrolytes in different salt solutions as well as at
different salt concentrations. With the ionization potential and nearest-neighbor energy changing
with solution conditions, the conventional site-binding model works well at moderate to high salt
conditions. However, the conventional model ignores polymer conformation and long-range
intrachain correlations that are deemed inadequate at low salt concentration. Our hierarchical
model maintains good performance at low salt concentrations since it accounts for polymer
expansion and the long-range correlations explicitly.

In this work, we have focused our attention towards poly(acrylic acid), a linear polyacid
with a relatively low density of ionizable sites along the backbone (i.e., weakly correlated).
Poly(acrylic acid) serves as a reasonable starting point to investigate other weak polyelectrolyte
systems including strongly correlated polymers like poly(maleic acid) that exhibit stereochemical-
dependent features as well as hetero-weak polyelectrolytes such as zwitterionic polymers. The
long-range correlations are particularly important for the latter since conventional methods that
truncate at the nearest-neighbor level will miss the attractive and repulsive interactions between
non-adjacent sites. Recently, Lunkad et al. demonstrated the importance of considering long-range
interactions by showing the similarity in titration behavior of a block copolymer with one block
containing acidic monomers and the other block containing basic monomers versus a polymer with

alternating acidic and basic monomers>!. Molecular architectures besides the linear polymer such



as star-like polymers or dendrimers are also of importance due to their practical interest” 4. While
this model is a significant advancement over conventional methods, the explicit coupling of long-
range interactions and spatial configuration of the polymer is only implicitly accounted for through
the effective persistence length parameter. We are currently pursuing further development along
these directions.
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