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We compare void size and clustering statistics for nDGP and fðRÞ gravity models and general relativity
(GR) using N-body simulations. We show how it is critical to consider the statistics derived from mock
galaxy catalogs rather than the dark matter halos alone. Marked differences between the void size functions
for GR and fðRÞ models which present when voids are identified using dark matter halos are removed
when voids are identified, more realistically, from mock galaxy tracers of the halos. The void radial
velocities and velocity dispersions in the fðRÞ and nDGP models are enhanced relative to GR in both halos
and mock galaxy identified voids. Despite this, we find that the redshift space void quadrupole moments
derived from the mock galaxy tracers are strikingly similar across the three gravity models. The Gaussian
streaming model (GSM) is shown to accurately reconstruct ξ2 in modified gravity models, and we employ
the GSM, using a functional derivative approach, to analyze the insensitivity of ξ2 to the gravity model.
Assuming linear theory, we show the void quadrupole to be an unbiased estimator of the redshift space
growth rate parameter β ¼ f=b in the modified gravity theories.
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I. INTRODUCTION

A century after Einstein dismissed the inclusion of a
cosmological constant, Λ, in his field equations, such a
term, equivalent to the addition of a nonzero vacuum
energy, has since become the default explanation for the
observed accelerated cosmic expansion [1–9]. When the
observationally inferred vacuum energy Λobs is compared
against theoretical calculations from quantum field theory,
however, there is a discrepancy of 120 orders of magnitude,
leading to the cosmological constant problem. This incred-
ible fine-tuning has led to the consideration of alternative
theoretical explanations for the observations.
One avenue of investigation is to induce deviations from

general relativity (GR) through the inclusion of new scalar
degrees of freedom (see, for example, [10]). These new
gravitational degrees of freedom, referred to as the “fifth
force,” typically lead to deviations fromGRon cosmic scales
∼1=Λobs. General relativity is incredibly successful at
predicting gravity on Solar System scales. Hence, to remain
viable,modified gravity theoriesmust pass a plethora of strict
Earth and Solar System scale tests [11]. Theories which
retain viability typically feature “screening” mechanisms
which suppress fifth-forcemodifications, and restore general
relativity, in Solar System–like environments.
InHu-Sawicki fðRÞ gravity [12], the “chameleon”mecha-

nism [13,14] acts to increase themass of the scalar fieldwhich
mediates the additional fifth force in regions of high density,
leading to a lack of propagation and suppression. Other
alternative theories such as Dvali-Gabadadze-Porrati (DGP)
gravity [15] rely on the “Vainshtein”mechanism [16], which

suppresses the fifth force whenever the derivatives of the
additional scalar field grow large, such as inside and
immediately surrounding a large overdense region. While
these screening mechanisms suppress modifications to GR in
high-density environments, potentialmodifications to gravity
would be expected to arise in cosmic voids, which are large
underdense regions of the cosmic web.
Cosmic voids have been observed in a wide range of

cosmological surveys including photometric galaxy surveys
(e.g., Dark Energy Survey [17]), spectroscopic galaxy
surveys (e.g., SDSS/eBOSS [18,19]), and cosmicmicrowave
background (CMB) surveys (e.g., Planck [20]). Voids can
have a direct impact on weak gravitational lensing [21–29],
redshift space distortions [30–41], CMB lensing [25,42,43],
the integrated Sachs-Wolfe effect [44–49], and the kinetic
Sunyaev-Zel’dovich effect [50] among others. Upcoming
galaxy surveys such as Euclid [51], the Dark Energy
Spectroscopic Instrument (DESI) [52,53], the Vera Rubin
Large Synoptic Survey Telescope [54], Roman Space
Telescope [55], and CMB surveys such as the Simons
Observatory [56] and CMB-S4 [57] promise to add a wealth
of cosmological data for void analyses.
Voids have been considered in the study of dark energy

models [58–72] and as probes of massive neutrinos [73–76].
The use of voids to identify potential modifications to gravity
has been considered for a variety of models including nDGP,
fðRÞ, symmetron, and Galileon models [77–89].
In previous work [78], we showed that in fðRÞ modified

gravity scenarios, the fifth force leads to an enhancement to
the void’s coherent radial velocity profile—the magnitude
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of which is dependent on the size of the void itself. While
the radial velocity is not directly observable in itself, it does
effect observable redshift space distortion statistics within
the void environment.
In this paper we consider the effects induced by

modifications to gravity on the void size function and on
the redshift space void quadrupole moment to assess
whether these effects might be observationally measurable.
We also consider the application of the measured void
quadrupole to recover a measure of the linear growth rate in
the modified gravity theories, by constraining β ¼ f=b,
where f is the cold dark matter (CDM) linear growth rate
and b is the bias of the observed tracers, as considered for
GR in [33], and similarly in [40,90].
This paper is structured as follows. Section II lays out the

formalism. In Sec. III, we present our main results centered
around the measurable void statistics in modified theories
of gravity. These findings are analyzed and contextualized
in Sec. IV. They are also used to determine potential
constraints on β derived from the void quadrupole. In
Sec. V we present the conclusions and implications of this
work for future research.

II. FORMALISM

In Sec. II A, we describe the two different modified
gravity models, fðRÞ and nDGP gravity, to be compared
with the baseline ΛCDM model in this work. The choice
of N-body simulations and application of halo occupation
distribution (HOD) is outlined in Sec. II B. The void
finding and void stacking procedures are described in
Secs. II C and II D, respectively. Finally, the Gaussian
streaming model is summarized in Sec. II E.

A. Modified gravity models

1. f ðRÞ gravity
We modify the standard Einstein-Hilbert action [91] to

instead take the form

SfðRÞ ¼
Z

d4x
ffiffiffiffiffiffi−gp

"
1

16πG
½Rþ fðRÞ& þ Lmðψ iÞ

#
; ð1Þ

where f is some function of the Ricci scalar R and Lmðψ iÞ
is the standard model matter Lagrangian composed of fields
ψ i. In this paper, we consider the fðRÞ form specified by
Hu and Sawicki [12],

fðRÞ ¼ −m2 c1ðR=m2Þn

c2ðR=m2Þn þ 1
: ð2Þ

Here m ¼ H0

ffiffiffiffiffiffiffiffiffi
Ωm0

p
is a characteristic mass scale, with H0

the Hubble constant, Ωm0 the fractional matter energy
density today and free parameters c1, c2, and n that are
specified to fully define fðRÞ.

The modified field equations are obtained by varying the
action with respect to the metric gμν:

Gμν þ fRRμν − gμν

$
1

2
fðRÞ −□fR

%
−∇μ∇νfR ¼ 8πGTμν:

ð3Þ

Here Gμν is the Einstein tensor Gμν ¼ Rμν − 1
2 gμνR, with

Rμν the Ricci tensor, □ ¼ gμν∇ν∇μ with ∇μ the standard

covariant derivative with respect to gμν, and fR ≡ dfðRÞ
dR .

In the limit of high curvature, fR is given by

fR ≃ −n
c1
c22

"
m2

R

#nþ1

: ð4Þ

In order to match the observed expansion history, R̄ must
remain unchanged from its ΛCDM value, which gives

f̄R ≃ −
nc1
c22

$
3

"
1

a3
þ 4

ΩΛ0
Ωm0

#%−ðnþ1Þ
: ð5Þ

This expansion history matching condition also fixes the
ratio c1

c2
≈ 6 ΩΛ0

Ωm0
, as shown in [12], leaving two free model

parameters: c1
c22

and n. It is common in the literature to

specify f̄R0, the background value of the field today
(a ¼ 1), rather than c1

c22
. Smaller background field values

lead to more screening of the fifth force and a smaller
deviation from GR. In this work, we consider a fðRÞ
gravity model with a background field value of 10−5. We
refer to the scenario as “F5.”
To consider perturbations, we assume a spatially flat,

Friedmann-Robertson-Walker metric using the Newtonian
gauge with Φ and Ψ denoting the gravitational potential
and spatial curvature perturbations, respectively:

gμνdxμdxν¼a2ðτÞ½−ð1þ2ΦÞdτ2þð1−2ΨÞγijdxidxj&; ð6Þ

where τ is the conformal time, a is the scale factor set to
a ¼ 1 today and γij is the 3D metric on spatial slices of
constant τ.
In GR, the gravitational potential appearing in the metric

which determines geodesics in the low-energy limit is the
Newtonian potential Φ ¼ ΦN , which obeys the subhorizon
Poisson equation

∇2ΦN ¼ 4πGa2δρ; ð7Þ

where δρ ¼ ρ − ρ̄, the deviation of the cold dark matter
density from its mean background value. In fðRÞ gravity,
the new scalar field fR acts to source a fifth force through
modifications to Φ so that instead of the total Φ satisfying
(7), we have
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Φ ¼ ΦN −
1

2
fR; ð8Þ

where ΦN still satisfies (7) but the new scalar field fR
satisfies a nonlinear field equation given by

∇2fR ¼ 1

3
a2δRðfRÞ −

8

3
a2πGδρ; ð9Þ

where δRðfRÞ ¼ RðfRÞ − R̄, and RðfRÞ is solved for by
inverting (4).
In fðRÞ gravity, the chameleon mechanism is responsible

for increasing the mass of the scalar fR in regions of high
density thereby limiting its propagation. The flip side is that
in regions of low density, this suppression shuts off and one
may linearize the field equation for fR in order to gain
intuition for the fifth forces in void environments. Defining
δfR ¼ fR − f̄R and linearizing (9) gives

∇2fR ¼ a2μ2δfR −
8

3
πGa2δρ: ð10Þ

Solving this equation for a δ-function source yields the
Yukawa potential, which features exponential suppression
of fR far from the source. Thus, while the ratio of coupling
constants says gravity is enhanced by at most 1=3 in fðRÞ
over its GR value, we should expect the fifth force in fðRÞ
gravity to be short ranged relative to the Newtonian force.

2. Dvali-Gabadadze-Porrati (nDGP) gravity

nDGP gravity [15] assumes our 4D Universe is confined
to a 4D brane in a larger 5D spacetime with an action that
includes both a 4D and a 5D term:

SnDGP ¼
Z

d4x
ffiffiffiffiffiffi−gp

"
1

16πG
Rþ Lmðψ iÞ

#

þ
Z

d5x
ffiffiffiffiffiffiffiffiffiffi
−gð5Þ

q
1

16πG
Rð5Þ: ð11Þ

The first integral contains both the standard Einstein Hilbert
4D action as well as the matter fields, constrained to live on
the 4D brane, while the second integral is the 5D Einstein
Hilbert action. gμν is the induced 4D metric on the 4D brane

consistent with the total 5D metric gð5ÞAB.
Varying the action with respect the full 5D metric yields

the 5D modified Einstein equations, while applying the
Israel junction conditions across the 4D brane gives rise
to the standard 4D Einstein equations on the braneworld
plus a modification coming from the 5D bulk. A detailed
analysis can be found in [92].
On the brane, the 4D induced metric still takes the form

(3), meaning in the low-energy limit, particle geodesics are
still determined by Φ, where we now have

Φ ¼ ΦN þ 1

2
φ ð12Þ

with φ the “brane bending mode” referred to in [92] andΦN
the standard Newtonian potential obeying (7). As can be
seen from (12), the fifth force is now sourced by φ, which
obeys the nonlinear field equation

∇2φþ r2c
3βa2

½ð∇2φÞ2 − ð∇i∇jφÞð∇i∇jφÞ&

¼ 8πGa2

3β
δρ: ð13Þ

Here, rc is the crossover scale, defined by the ratio of the
5D and 4D Newton constants [92]

rc ¼
1

2

Gð5Þ

G
; ð14Þ

and β is a time-dependent function given explicitly by [93]

β ¼ 1þH0rc
Ωm0a−3 þ 2ΩΛ0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm0a−3 þΩΛ0

p : ð15Þ

The screening mechanism employed by nDGP gravity is
the Vainshtein mechanism. That this mechanism causes
suppression to the additional scalar degree of freedom
scalar wherever its derivatives become large can be seen
explicitly in (13), in which the term in the square brackets,
responsible for the screening, depends not on the value of φ
but on its derivatives. This is in contrast to the chameleon
mechanism in fðRÞ gravity which depends on the value of
the additional scalar fR itself.
Within the literature, different models of nDGP gravity

are specified by the value of rcH0. Larger values of rc mean
a stronger coupling to the screening term in square brackets
and a smaller coupling to matter in (13). Hence, larger
values of rcH0 lead to weaker modifications to gravity. In
this work we consider the parameter value rcH0 ¼ 1,
which we refers to as “N1,” consistent with other work
in the literature.
Similar to our study of fðRÞ gravity, we may linearize

the nDGP field equation to gain intuition about the
behavior of the fifth force in void environments.
Linearizing (13) gives us

∇2φ ¼ 8πGa2

3β
δρ: ð16Þ

The term in square brackets in (13) has been dropped as it is
Oðφ2Þ. At linear level, the fifth force in nDGP gravity
features no additional screening and thus should have long-
range solutions comparable to the Newtonian force within
void environments. Comparing the matter coupling con-
stants in (16) and (7) along with the extra factor of 1=2
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in (12), with H0rc ¼ 1, ΩM ∼ 0.3, and ΩΛ ∼ 0.7, gravity is
increased by approximately 12% in nDGP gravity when in
the linear regime.

B. Modified gravity simulations and HODs

In this paper we use the MG-GLAM simulations described
in [94–96] to investigate nDGP and fðRÞ gravity scenarios
in comparison with a ΛCDM baseline. MG-GLAM is a
particle-mesh code created to quickly simulate fully non-
linear N-body simulations of modified gravity. MG-GLAM

uses a multigrid relaxation technique to solve the nonlinear
field equations of these models, (9) and (13) for fðRÞ and
nDGP gravity, respectively.
The simulations consist of 100 realizations each for

baseline GR with a ΛCDM cosmology, nDGP gravity with
H0rc ¼ 1 (N1), and fðRÞ gravity with jf̄Rj ¼ 10−5 (F5).
The cosmological parameters are also the same as those
described in [95] and are chosen to match the 2015 Planck
cosmological parameters [97]. Explicitly, Ωm ¼ 0.3089,
h ¼ 0.6774, ns ¼ 0.9667, and σ8 ¼ 0.8159. The exact
simulations used in this paper are larger than those
presented in [95], although with the same mass and force
resolutions. Each realization evolves 20483 particles of
identical mass 1.1 × 1010Msun=h in a periodic box of
comoving size Lbox ¼ 1024 Mpc=h, initialized at a redshift
of zinitial ¼ 100 with initial conditions generated using the
Zel’dovich approximation [98]. All of our analysis is
performed using the z ¼ 0.5 snapshot.
Particles are grouped into halos using the bound den-

sity maxima halo finder described in [99]. Each halo
catalog is complete down to a minimum halo mass of
MMin ≃ 1012.5Msun=h, which is taken as the minimum halo
mass for all analysis involving dark matter halos [100].
While different modified gravity models will change the

growth of dark matter large-scale structure, as captured in
the halo one-point and two-point functions [101,102], it is
the galaxies within dark matter halos, not the dark matter
itself, that are observable. In order to get results which can
be indicative of the statistics measured observationally with
a galaxy survey, we must first augment the halo catalog
with an appropriately tuned halo occupation distribution
(HOD) function to model how a realistic galaxy population
is assigned to the halos [103,104]. A HODmust be tuned to
the simulations of each gravity theory separately so that the
two-point galaxy correlation function matches that of a
given, target observational dataset. We implement the HOD
prescription laid out in [105], which is explicitly given by

hNcenðMÞi ¼ 1

2

$
1þ erf

"
logM − logMmin

σlogM

#%
; ð17Þ

hNsatðMÞi ¼ hNceni
"
M −M0

M1

#
α
; ð18Þ

where hNcenðMÞi and hNsatðMÞi are, respectively, the
number of central galaxies and satellite galaxies a halo
of massM will hold on average. The model parameters are
obtained by fitting to the simulation’s two-point function
against observational survey data. Here, parameter values
for ½MMin;M0;M1; σlogM; α& for GR, F5, and N1 are taken
from Table II in [106], with the GR parameter values
representing the best fits to the BOSS CMASS DR9
dataset [107] and modified gravity parameters tuned to
match the resulting GR projected galaxy two-point corre-
lation function.
We compute the probability that a given halo of mass M

hosts a galaxy as

hNtotðMÞi ¼ hNcenðMÞiþ hNsatðMÞi: ð19Þ

IfhNtotðMÞi ≥ 1, that halo is assumed to have at least one
galaxy with certainty. IfhNtotðMÞi < 1, we assign a galaxy
with probability hNtotðMÞi.

C. Void finding procedure

We identify voids using the two different populations of
tracers: the full set of halos and the subset of halos
containing an HOD-identified mock galaxy.
Voids are identified in real space using the void finding

package VIDE (void identification and examination tool-
kit) [108]. VIDE implements ZOBOV (zones bordering on
voidness) [109] which uses a Voronoi tessellation followed
by a watershed algorithm to divide all of space into cells
around each tracer and then merge neighboring cells into
“zones” to identify depressions in the local matter density.
All zones are identified as individual voids, with no
additional merging of zones. For VIDE users, this means
we select all “bottom-level” voids, excluding all parent
voids which are formed by joining regions with multiple
child voids. This approach avoids overlaps within our void
population and facilitates a more direct comparison
with Ref. [33].

VIDE assigns each void an effective radius Reff such that a
sphere of radius Reff ¼ ð3Vvoid=4πÞ1=3 would have equal
comoving volume Vvoid to the void in question (which may
not be spherical in itself).
Each void’s location is specified by its circumcenter,

defined as the center of the largest sphere entirely empty of
tracers which can be circumscribed inside the void in real
space [110]. Note this is different from the void macro-
center, which is the VIDE default and defined as the volume
weighted average position of all tracers within the
void [108]. As shown in [111] (Appendix A), void circum-
centers have been found to have a higher correlation with
the maxima of the void gravitational potential than the
macrocenters.
Note that the circumcenter of each void is empty of

biased tracers by definition. This means that, consequently,
we do not impose the optional central density threshold for
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void identification within VIDE (typically requiring that a
void must have a central density less than 0.2n̄sim).

D. Void stacking and multipole moments

Although any particular void located in real space is not
perfectly spherical, the lack of a preferred axis means that
when many voids are averaged or stacked together, the
resulting matter distribution will be highly spherically
symmetric. When computed numerically, the average
density contrast for stacked voids in real space is given by

δrðrÞ ¼ NhðrÞ
Nvn̄hVðrÞ

− 1: ð20Þ

The superscript r denotes real space, nh is the average
number density of tracers (either of all halos or the subset of
halos containing mock galaxies), VðrÞ is the volume of the
spherical shell ranging from r − dr to rþ dr, NhðrÞ is the
total number of tracers in the shell, and Nv is the total
number of voids in the stack.
In redshift space, spherical symmetry is no longer

maintained. Using the distant observer approximation,
tracer positions will shift from real space to redshift space
according to

s ¼ rþ v · l̂
H

l̂; ð21Þ

where v is the tracer velocity, l̂ is the line of sight direction,
commonly taken as x̂, ŷ, or ẑ, s is the position in redshift
space, r is the position in real space, and H ¼ d ln a=dτ ¼
aHðaÞ is the conformal time Hubble factor.
The density contrast for stacked voids in redshift space is

computed numerically using

δsðs; μsÞ ¼
Nhðs; μsÞ

Nvn̄hVðs; μsÞ
− 1; ð22Þ

where tracers are now binned using both a radial coordinate
relative to their void center, s, and angular coordinate
relative to the line of sight (LOS), μs ¼ cosðθLOSÞ.
The superscript “s” is used to denote the redshift space
quantity. In both real space and redshift space, we use 50
equally separated radial bins of widthΔr¼Δs¼2.4Mpc=h,
and in redshift space, 100 equally separated angular bins
for μs ¼ cosðθLOSÞ ranging from ½−1; 1&. Nhðs; μsÞ, and
Vðs; μsÞ are defined similarly to their real space counter-
parts now with the inclusion of angular dependence.
The void-galaxy multipole moments ξlðsÞ for δsðs; μsÞ

are defined as

ξlðsÞ ¼
2lþ 1

2

Z
1

−1
δsðs; μsÞPlðμsÞdμs; ð23Þ

where Pl is the lth Legendre polynomial. In this analysis,
we focus our attention on the void quadrupole ξ2, the first

nonzero redshift space multipole moment induced entirely
by the effects of redshift space distortions. In this theo-
retical analysis we consider the average ξ2 signal over all
100 realizations and three independent line of sight
directions.
We note that the commonality of void density profiles

under a rescaling by each void’s effective radius r̃≡ r=Reff
has been used in the literature to motivate stacking voids
using the “rescaled” coordinate r̃ [64,112]. In the main text
of this paper, we present results for voids stacked without
such a rescaling; however, in the Appendix, we also
provide the accompanying results for voids stacked using
rescaled coordinates.

E. Gaussian streaming model

We employ the Gaussian streaming model (GSM)
[113,114] to model the redshift space void quadrupole
moment from the simulated real space data.
The coordinate change from real to redshift space

coordinates, r and s, respectively, for transverse (⊥) and
line of sight (k) directions are given by

s⊥ ¼ r⊥;

sk ¼ rk þ
vrðrÞμr

H
þ
vk
H

: ð24Þ

Here r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2⊥ þ r2k

q
, μr ¼ rk=r, vr is the coherent radial

velocity flow in real space and vk models random line of
sight deviations around the coherent radial velocity.
The probability density function for vk, P, is taken as a

zero-mean Gaussian wholly specified by the dispersion in
the line of sight velocity, σvkðr; μrÞ, which has both radial
and angular dependence. In practice, however, we find that
the angular dependence is extremely weak compared to the
radial dependence, with σvkðr; μrÞ an increasing function of
μr but with σvkðr; μr ¼ 1Þ only greater than σvkðr; μr ¼ 0Þ
by on average ∼1% when considering above median size
voids in GR. Because of this, we neglect the angular
dependence in σvk and use σvkðrÞ ≃ σvkðr; μr ¼ 1Þ≡ σvrðrÞ
to quantify σvk from the simulations in the remainder of this
work. We find that this approximation does not change any
of the results presented.
Explicitly, this means the probability density function for

vk is given by

PðvkÞ ¼
1ffiffiffiffiffiffi

2π
p

σvkðrÞ
exp

"
−

v2k
2σvkðrÞ

2

#
; ð25Þ

where the distribution P is always implicitly a function of
r. The GSM allows us to write the redshift space density
distribution in terms of the real space quantities as
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1þ δsðs; μsÞ ¼ H
Z

drkð1þ δrðrÞÞPðvkðrk; s; μsÞÞ; ð26Þ

where, using (24), vk is given by

vk ¼ ðsk − rkÞH − μrvrðrÞ: ð27Þ

We note that (26) is equivalent to the expression used
in [33] (prior to expansion), where vk is directly integrated
over through the inclusion of the Jacobian from (27). This
is also consistent with integrating over a (nonzero mean)
velocity variable vk → vk þ vrμr as in [31,115].

III. RESULTS

In this section, results related to the impact of the HOD
on the void size function are discussed in Sec. III A. The
dynamical properties of the HOD-identified void popula-
tions are described in Sec. III B. Section III C presents the
redshift space quadrupole results across each theory of
gravity.

A. Void size function

While halos provide a useful mechanism for studying
dark matter properties, we also need to consider how
surveys will sample the halos with the galaxy tracers they
observe. We connect the two by considering a HOD that
assigns mock galaxy tracers to dark matter halos in such a
way as to reproduce a target (would-be observed) two-point
galaxy correlation function, as described in Sec. II B.
In this section we compare the void count statistics for

voids identified from halos and HOD derived mock
galaxies in GR and the modified gravity models. We then
assess how the imposition of a HOD modifies the predicted
size and number density of identified voids, which will be
important for the subsequent analysis.
The total void population counts and average sizes are

summarized in Table I for both halo and HOD-identified
voids. When halos, rather than HOD mock galaxies, are
used we have more voids with a smaller median size and
larger differences between each theory of gravity. When
voids are identified using HOD mock galaxies, the number
of voids decreases by ∼60%, while the median size of the
void populations increases by about 40%. The results in

Table I show how using HOD mock galaxies as tracers
eliminates differences in the median void size across
theories of gravity and brings the total number of voids
per realization back into agreement across all three theories.
Figure 1 provides more detail by showing the effect that

tracer selection in the void identification process has on the
resulting void size function (VSF), which we define as
the number density of voids as a function of their effective
radius.
Relative to the statistical uncertainties, the void size

function for voids identified from halos can clearly dis-
tinguish between GR and F5 but not between N1 and GR.
In fðRÞ theories structure growth is enhanced relative to
GR, leading to a larger number of halos above the
minimum mass cutoff. The total number of voids identified
with VIDE (or essentially any other void finder) is heavily
dependent on the number density of tracers used to identify
voids, as higher densities enable the identification of
smaller voids [116,117]. Given a set of tracers on which
a watershed algorithm has been run, adding additional
tracers can only ever increase, or leave unchanged, the
number of catchment basins identified. As such, the relative
increase of 13% in the number of voids identified in F5
relative to GR follows naturally from the 12% increase in
the number of halos in the F5 simulations. N1, by contrast,
has a 2% fractional increase in number of halos relative to
GR, and this gives rise to a 1% increase in the number of
voids, indistinguishable from GR when considered relative
to the estimated errors.
When we switch from halos as tracers to HOD-populated

mock galaxies, Fig. 1 shows that the differences between
GR and F5 disappear; the VSF for GR, N1 and F5 generally
aligns well within the statistical uncertainties for the GR
sample. This dramatic change in the HOD-derived void
number function relative to that derived from halos high-
lights the need to take care in the void identification
process.

B. Void density and velocity properties

Given that the void size function is equalized between
GR and both N1 and F5 when voids are identified using
HOD mock galaxies as opposed to halos, it is natural to ask
how other void properties might be affected in each
modified gravity model relative to their GR values. Due

TABLE I. Comparison of the mean number of voids per realization, and their median effective radius Reff , for
voids identified using halos [left] and HOD mock galaxies [right] as tracers, for each of the GR, F5 and N1 models.
The 1σ statistical variations in the average values in one realization are also given.

Halo-identified HOD-identified

Model Number of voids Median Reff (Mpc=h) Number of voids Median Reff (Mpc=h)

GR 9034' 76 24.7' 0.1 3811' 50 34.9' 0.2
F5 10 206' 74 23.7' 0.1 3775' 46 35.0' 0.2
N1 9118' 73 24.6' 0.1 3776' 52 35.0' 0.2
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to the differences in the fifth-force screening mechanism
between each modified gravity theory [chameleon in fðRÞ,
Vainshtein for nDGP], the application of an HOD has the
potential to effect void properties in F5 and N1 in distinctly
different ways.
Figure 2 shows the effects of the modifications to gravity,

as well as the effects of tracer selection in the void
identification process (halo or mock galaxy), on the radial
velocity and velocity dispersion as a function of void size.
The ratio of the peak radial velocities,vr;peak;MG=vr;peak;GR,

between F5 or N1 with respect to the GR value demonstrate
the scale-dependent nature of each of the respective screen-
ing mechanisms. As shown in Ref. [78], the screening
mechanism in fðRÞ gravity is size dependent, and the
magnitude of the fifth force to that of the Newtonian
force for similarly shaped void density profiles is a decreas-
ing function of Reff . By contrast, when linearized, the
field equation for the fifth force in N1 (16) shows no
scale dependence. Accordingly, the peak velocity ratio
vr;peak;N1=vr;peak;GR is much more constant with respect to
Reff compared to the F5 case.

The use of an HOD also dampens the F5 radial velocity
profiles to a much larger degree than for N1. The screening
mechanism in fðRÞ gravity is known to be environmentally
dependent [101,118], whereas the use of an HOD prefer-
entially selects more massive halos to receive a mock
galaxy and thus be used as tracers. Hence, we attribute the
reduction in vr;peak;F5=vr;peak;GR in the HOD selected sample
relative to the halo selected one, seen in Fig. 2, to the
preferential selection of more massive (and therefore more
screened) halos, where the effect of the fifth force is
reduced in F5.
The effect of the HOD on the N1 velocities is much less

pronounced and provides neither a consistent increase nor
decrease to vr;peak;N1=vr;peak;GR. In nDGP gravity, the nature
of the Vainshtein screening mechanism is fundamentally
different than that of the chameleon mechanism in fðRÞ
gravity. The Vainshtein mechanism heavily screens short-
wavelength φ modes, such as those generated within halo
environments, while leaving long-wavelength modes to
remain mostly unscreened. For the N1 parameter value,
almost all halos are already screened [101,119]—consistent

FIG. 1. The average void size function at z ¼ 0.5 for GR [blue] and fðRÞ F5 [orange] and nDGP N1 [green] in each model. Left: Voids
are identified using halos with a minimum mass 1012.5Msun=h. Right: Voids are identified using a HOD tuned to ensure consistency in
the galaxy two-point correlation function. Error bars represent statistical uncertainties on one realization.

FIG. 2. Left: ratio of the peak radial velocity in F5 [orange] and N1 [green] to that in GR as a function of void effective radius Reff for
voids identified from halos [solid] and from halos containing mock galaxies identified by the HOD [dashed]. Right: ratio of the average
asymptotic value of the velocity dispersion, at r ≳ 40 Mpc=h, as a function of Reff .
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with the previously mentioned modest 2% fractional
increase in the number of halos in N1 over GR. This
means that the preferential selection of more massive halos
through an HOD provides no additional suppression to the
N1 velocities. Despite all halos in N1 appearing as
screened, the derivative shift symmetry present in (13),
∂νφ → ∂νφþ cν, enables long-wavelength φ modes from
distant sources in superposition with the φ profile sourced
by a screened halo to together solve (13). This in turn
allows these screened halos to move in response to the
long-wavelength φ modes as if they were unscreened point
particles, which allows for increases to vr in N1 despite
each tracer being screened [120]. This is also what allows
the use of the linearized field (16) within void environ-
ments, as all relevant φ modes are long wavelength,
sourced by the void environment itself or from dis-
tant halos.
Figure 2 also shows the relative change to the asymptotic

value of σvk;N1 or σvk;F5 with respect to the GR value as a
function of void size. In both N1 or F5, and using either
halos or mock galaxies to identify voids, there is no scale
dependence in this value.
The greater velocity dispersion in modified gravity

scenarios relative to GR is well documented (e.g., [121])
and can be traced back to the action of the fifth force
increasing peculiar velocities. While the void environment
is the driving factor in determining the average vr, the same
is not true of the velocity dispersion. Immediately outside
the void, regardless of void size, we find that σvk returns to
its background value across the simulation as a whole,
indicating that void environments themselves do little to
determine the asymptotic value of σvk .
Given the scale-dependent nature of vr in each modified

gravity theory, it is informative to investigate behavior in

two groups distinguished by size. We break the sample into
two populations of smaller and larger voids, respectively, of
sizes below and above the median size, Reff ¼ 35 Mpc=h.
The top row of Fig. 3 shows the real space density profile

δr, the void radial velocity profile vr, and the velocity
dispersion profile σvk for the large and small void pop-
ulations, for mock galaxy identified voids in GR, while the
bottom row displays the change in each of these quantities
in F5 or N1 over the respective GR value. In order to align
most closely with, and inform, potential observation, all
quantities in Fig. 3 are calculated using the population of
mock galaxies as tracers, and not the underlying halo
population or dark matter particles. We note that, taken
together, Figs. 2 and 3 are consistent with Figs. 9–11 in
Ref. [122], who perform a similar analysis of voids in
modified gravity with a different set of simulations.
From the point of view of theses biased tracers, the

interiors of the voids are extremely rare with 1þ δr ≈ 0. At
the void edge, the density rapidly increases, with a mild
overdensity at the void edge, which is more pronounced in
small voids than large. The modified gravity models do not
significantly change the density profile.
The radial velocity vr is an increasing function inside the

void interior before reaching its peak value just around the
void edge, where the density contrast increases rapidly.
The radial velocity from the large void sample is constantly
larger in magnitude than that of the small voids, in
accordance with linear theory. We find that both F5 and
N1 increase the size of the velocity peak relative to GR,
with both providing comparable increases in the small void
population but N1 providing a larger and more spatially
extended increase within the large voids.
The relative effects of the modified models can be

understood through the linearized field equations. For

FIG. 3. Top row: void density [left], radial velocity [center] and velocity dispersion [right] profiles in GR for voids identified in halos
with HOD-identified tracers. The void population is split into those with void size above [solid] and below [dashed] Reff ¼ 35 Mpc=h,
the median void size found in each of the three theories. Gray lines indicate the first radial bin below which no tracers are found. Bottom
row: differences between F5 [orange] and N1 [green] quantities with respect to those in GR.
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the fðRÞ field (10) yields the Yukawa potential, and the
resulting fifth force is short ranged in comparison with
Newtonian gravity. In contrast, the linearized N1 field
equation (16) features no screening term and is thus longer
ranged than its F5 counterpart. This leads to a modification
to the radial velocity profile Δvr, which remains nonzero in
N1 gravity over a much larger spatial extent compared to
F5. This phenomenon can be seen in Fig. 3 for both small
and large void populations alike. The Reff -dependent
enhancement to vr seen in Fig. 2 can also be seen in
Fig. 3 by comparing the various curves in the bottom
middle panel to those in the upper middle panel. In F5, the
value of Δvr=vr;GR is largest in the small void population,
while this quantity is much more similar in both void
populations for N1.
While the qualitative changes to the radial velocities are

quite distinct, the changes to the velocity dispersion
induced by the modified gravity models are similar in
F5 and N1. While Δvr is largest within the void interior
and the exact shape is sensitive to the intricacies of the
particular model, increases in Δσvk relative to GR are
largely independent of the distance from the void, with σvk
tending toward a value determined by the large-scale
properties of the simulated density field rather than the
void itself.
In Fig. 3, ð1þ δrÞ is at most ∼1% different between GR

and either modified theory in both void populations shown
while peak values of vr are increased at roughly the
5%–10% level over the GR values depending on the void

population and theory of gravity considered. In the large
void population, vr;peak is increased by 9% in N1 and 6% in
F5, while in the small void population, these numbers
change to 8% in N1 and 9% in F5, respectively. For σvk, the
asymptotic values increase by 10% in N1 and 4% in F5
independent of void population. In the following section we
discuss the implications of these differences on the void
quadrupole statistic.

C. Void quadrupole moments

In real space, stacked voids are spherically symmetric,
and therefore the only nonzero multipole moment will be
the monopole ξ0, equal to the real space density contrast
δrðrÞ. For stacked voids in redshift space, Redshift Space
Distortion(s) (RSD) effects under the distant observer
approximation break this spherical symmetry along the
line of sight, while preserving reflection symmetry across
the plane which passes through the center of the void
orthogonal to the LOS direction. The consequence of this
reflection symmetry is that δsðs; μsÞ ¼ δsðs;−μsÞ, which
sets all redshift space ξl with odd l identically equal to 0.
Thus, the quadrupole ξ2ðsÞ is the first nonzero multipole
moment induced entirely by redshift space distortions and
will be the focus of the remainder of this work.
Given two of the three functions used by the GSM to

predict δsðs; μsÞ and ξ2 see changes under modifications
to gravity at roughly the 10% level, as discussed in the
previous section, one might intuit a similar level of change

FIG. 4. Top row: the void quadrupole moment ξ2 at z ¼ 0.5 for GR [blue] compared against F5 [left, orange] and N1 [right, green] in
voids both below [dashed] and above [solid] the median void size. Bottom row: difference in ξ2 between GR and each modified gravity
theory in small [dashed] and large [solid] voids.
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in ξ2 for at least some of the void populations and modified
gravity scenarios considered.
In Fig. 4 we present ξ2ðsÞ for mock galaxy identified

voids in GR, F5 and N1 in both the large and small void
populations (defined with respect to the median void size,
Reff;median ≃ 35 Mpc=h). Figure 4 is qualitatively consistent
with the void quadrupoles shown in both Refs. [33,122].
For N1 gravity, given Fig. 2, we expect the largest

deviation between ξ2;N1 and ξ2;GR to occur in large voids.
Examining the population of larger voids, we find ξ2;N1 is
on average 8% larger than ξ2;GR for s ∼ 35–65 Mpc=h.
In the small void population, we see little to no difference

between ξ2 for N1 and GR, except for a very localized
change in the minimum at the void edge.
Comparing F5 versus GR, we find ξ2;F5 and ξ2;GR are

strikingly similar in both the void populations except for
some variation tightly located at the void edge. Although
this might have been expected for the large voids, given the
scale-dependent screening produces the largest Δvr=vr in
small voids (as in Fig. 2), the fact that there is little
difference between ξ2;F5 and ξ2;GR in the below median size
void population does not follow that simple intuition.

IV. ANALYSIS

A. Gaussian streaming model predictions
in modified gravity

We seek to understand why differences on the order 10%
in the velocity variables vr and σvk (which both feature

drastically different spatial profiles) do not induce compa-
rable variations in ξ2 between GR and the modified
theories. To do this we employ the Gaussian streaming
model which takes as inputs δrðrÞ, vrðrÞ, and σvkðrÞ and
returns a prediction for ξ2ðsÞ.
We first assess howwell the GSM performs in each theory

of gravity. Figure 5 compares the simulation-derived quadru-
poles with the theoretical GSM predictions for N1 and F5 for
both the large (above-median radius) and small (below-
median) populations of voids identifiedwith halos containing
HOD-identified galaxies. Note that, to assess the accuracy
and precision of the GSM prediction for each model, we
compare the differences of the mean values relative to the
errors on the mean signal from the full 100 realizations.
When taking the values of δr, vr, and σvk directly from

the simulations, the GSM performs exceptionally well in all
three gravity scenarios (GR not shown) and for both void
size groups.
In both the small and large void population, at radial

distances exceeding 15 Mpc=h, the GSM rarely exceeds
statistical uncertainties in the mean estimated from the 100
realizations. As such, the GSMmodel is shown to provide a
robust method with which to model the contributions to the
quadrupole.

B. Dissecting the quadrupole

Given the GSM allows us to accurately model the
quadrupole, we now use it to dissect and explain why

FIG. 5. Top: theoretical value of ξ2 in voids both above [dashed] and below [solid] the median void size in F5 [left, orange] and N1
[right, green] calculated using the GSM compared to average ξ2 from the simulations. Bottom: difference between the GSM-derived
quadrupole and that from the simulated data, Δξ2 ¼ ξ2;GSM − ξ2;Data, with respect to the statistical uncertainties for the model, σξ2 .
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the differences between ξ2 in GR and modified gravity are
so much smaller than the differences in the contributing vr
and σvk might suggest.
As a mathematical object, the GSM is a functional,

which we will denote with F. For each model of gravity, at
a given redshift space radial coordinate s, it takes the three
void density and velocity functions and returns the quadru-
pole Fðs; δr; vr; σvkÞ → ξ2ðsÞ. The functional picture of the
GSM allows us to mix and match quantities from different
gravitational scenarios to predict the hypothetical ξ2. For
example, we could compute Fðs; δrjGR; vrjF5; σvk jGRÞ in
order to isolate the effect that F5’s increased radial velocity
has on ξ2 while holding the density and velocity dispersion
fixed at their GR values. These expressions, in turn, where
one function takes on its F5 or N1 value and the others
remain fixed at their GR values, can be calculated by
taking the appropriate functional derivative of the GSM
and integrating against the change in the corresponding
quantity.
The total change in ξ2;F5ðsÞ or ξ2;N1ðsÞ relative to

ξ2;GRðsÞ can be approximated to a high degree of accuracy
as the sum of the individual first-order changes to ξ2
induced by the individual changes to δr, vr, and σvk in the
modified gravity (MG) theories,

ξ2;MG − ξ2;GR ≡ Δξ2ðsÞ ¼ Δδrξ2 þ Δvrξ2 þ Δσvk
ξ2; ð28Þ

where Δxξ2 ≡ ðFðxjMG;…Þ − FjGRÞ for x ¼ δrðrÞ, vrðrÞ,
or σvkðrÞ. Each of the terms in (28) can be written as

Δxξ2ðsÞ ¼
Z

dr
δF
δx

Δx

¼ 5

4

Z
1

−1
dμsð3μ2s − 1ÞΔxδsðs; μsÞ: ð29Þ

Here Δx indicates the difference in values of variable x
between the MG and GR models and Δxδs denotes the
change induced in δs induced by the change in x.
Suppressing the arguments of vkðrk; s; μsÞ for brevity, these
functions are given by

Δδrδs ¼ H
Z

drkPðvkÞΔδrðrÞ; ð30Þ

Δvrδ
s ¼ H

Z
drk

μrvk
σvkðrÞ

2
PðvkÞð1þ δrðrÞÞΔvrðrÞ; ð31Þ

Δσvk
δs ¼H

Z
drk

σvkðrÞ
PðvkÞ

" v2k
σvkðrÞ

2
− 1

#
ð1þ δrðrÞÞΔσvk :

ð32Þ

Figure 6 shows the changes induced in ξ2 independently
by changes to δr, vr, and σvk , respectively, as calculated

using the functional derivative approach and compares
them to the total changes in ξ2 from the simulations. The
figures show results for the small void population in F5 and
the large void population in N1 motivated by Fig. 2, in
which it is small voids in F5 and large voids in N1 which
would receive the greatest increases in their radial velocity
profiles and therefore provide the most interesting case
studies. The total Δξ2, as calculated from the simulation
data directly, is shown to be accurately reproduced by the
sum of the individual changes as calculated using the
functional derivative approach described in (28). As a
result, we use this approach to examine the individual
terms to understand their respective roles in inducing
changes to ξ2 in the modified gravity scenarios.
To get an intuitive understanding of the individual

changes shown in Fig. 6, we can consider the contributions
from the line of sight, μs ¼ μr ¼ '1. This is where the bulk
of the contribution to both Δvrξ2 and Δσvk

ξ2 is derived,

which can be understood by noting that μs ¼ '1 is where
P2ðμsÞ ∝ ð3μ2s − 1Þ is maximized, and also where vr may
have the greatest impact on the real to redshift space
coordinate change in accordance with (24).
Figure 6 shows that changes induced by Δvr provide the

dominant contribution to Δξ2 outside the void in both small
F5 voids and large N1 voids. Physically, the positive
increases induced by the MG models to the outflowing
radial velocity vr shift matter further away from the void
under redshift space distortions. This causes a negative
spike in Δvrδ

sðs; μs ¼ 1Þ [and therefore Δvrξ2ðsÞ] closer to
the void (where tracers streamed to without the increase)
and a positive spike at larger s (where tracers stream
to now).
The negative and positive peaks in Δvrξ2ðsÞ are roughly

localized to the radial positions with coincident large
positive ΔvrðrÞ and nonzero ð1þ δrÞ. In F5, due to the
short range of the fifth force, Δvr is also short ranged and
does not extend far beyond the void interior. Hence,
Δvrξ2ðsÞ is also spatially limited to the void edge region
when considering F5 modifications. In N1, the fifth force is
longer ranged, and thus so is Δvr—extending well beyond
the void edge out to almost 80 Mpc=h as shown in Fig. 3.
This causes Δvrξ2ðsÞ to decouple from the void edge region
and to have a much longer spatial extent in the N1 voids
considered, as can be seen in Fig. 6.
As shown in Fig. 3, in contrast to Δvr, Δσvk is a roughly

constant function of r regardless of void size or model of
gravity. In theory then one might expect this to induce
changes in ξ2 at all radii. Nevertheless, as shown in Fig. 6,
the effects of changes to the velocity dispersion are
principally focused around the void edge. To understand
why the signal is suppressed at larger radii, we note that in
this region δrðrÞ, vrðrÞ, and σvkðrÞ are all effectively
constant. In this limit, (32) can be simplified to read (using
subscript 0 to denote variable constant values)
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Δσvk
δs ≈

Hð1þ δr0ÞðΔσvk;0Þffiffiffiffiffiffi
2π

p
σ2vk;0

exp
"
−

v2k
2σ2vk;0

#
vk

&&&&
þ∞

−∞

¼ 0: ð33Þ

We therefore expect that Δσvk
ξ2ðsÞ will be very close to

zero except where at least one of δrðrÞ, vrðrÞ, σvkðrÞ, or
Δσvk is changing rapidly with radial position in the vicinity
of the associated r ∼ s. The functions with the biggest
potential impact in this regard are Δσvk and δ

r, as they both
enter (32) as overall multiplicative factors. In Fig. 3, we
find Δσvk in both theories of gravity and both void
populations is almost constant, while δr changes rapidly
near the void edge. This in effect tethers the changes
induced in ξ2, by Δσvk to this region, despite the fact that
Δσvk remains nonzero far outside of the void.
Examining this void edge region, increasing σvk

increases the amount of “shuffling” of matter between
neighboring radial bins which occurs during the move from
real to redshift space. Near the void edge, however, this
shuffling is highly asymmetrical between the void interior
and exterior. The void interior is mostly empty and, thus,
has very little matter which can stream out. The void
exterior, by contrast, has ð1þ δrÞ ∼ 1 and, thus, has some
of its own matter shifted into the void while receiving

almost none in return from the void center in the move from
real to redshift space. This phenomena is again most
pronounced along the line of sight, and increasing σvk
increases the severity. This means that Δσvk

δs will be

positive for s values within the void interior, negative
for those s values just outside of the void edge, and 0
for large s values, with Δσvkξ2 following the same
phenomenology.
Δδr is small compared to ð1þ δrjGRÞ, as shown in Fig. 3.

As such, Δδr plays only a minor role in determining the
total Δξ2 through (30).
The discussion above outlines why increases in the radial

velocity and velocity dispersion due to the modifications to
gravity combine to give only minimal or no effect on ξ2 in
most instances. In summary, Δvr and Δσvk have opposing
effects on ξ2. Increases to vr drive material outward while
increases to σvk lead to the net movement of material
inward from the overdensity at the void edge. The end
result is cancellation between Δσvk

ξ2 and Δvrξ2, leading to

the total Δξ2 being much smaller than the individual
changes to vr and σvk . An exception to this occurs in
the large N1 voids at intermediate scales, ∼35–65 Mpc=h.
In N1, Δvr is long ranged, which similarly extends the
spatial range of Δvrξ2 and lessens its cancellation against
Δσvk

ξ2—yielding the observed Δξ2=Δξ2;GR ∼ 8% over this

FIG. 6. Two scenarios are considered: [left] below median size voids in F5 and [right] above median size voids in N1. Top row: the
changes to ξ2 relative to GR induced independently by Δδr [blue], Δvr [orange], and Δσvk [green] as calculated using GSM functional
derivatives. Bottom row: comparison of the differences, Δξ2, between the modified gravity model and GR obtained from the simulated
data in F5 [left, violet] and N1 [right, violet] and the summed GSM integrated functional derivatives [black].
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range. In both F5 void populations, there is no significant
difference from GR. The effects of the MG model are
constrained to the void edge region where there is a direct
cancellation, discussed above.
We have focused on the behavior of the quadrupole

moment ξ2 justified by noting that it is the first nonzero
multipole moment induced entirely by redshift space
distortions, as ξ0 ¼ δr, ξl≥1 ≡ 0 for stacked real space
voids. We note that the functional derivative approach can
be applied similarly to higher-order even moments by the
appropriate substitution of the Legendre polynomials in
(29) to isolate the effect of Δδr, Δvr, and Δσvk on Δξ0ðsÞ,
ξ4ðsÞ, or any higher-order even multipole moment (all odd
moments are still identically 0 by symmetry). We find that
the impact of the modified gravity model on the hexadeca-
pole, ξ4, is much smaller than that for the quadrupole
largely due the greater spatial oscillation in the higher-order
Legendre polynomial. As such, ξ2 provides the best-case
scenario to test modified gravity with void multipole
moments.

C. Fitting ξ2 with the ðβ;σ0Þ model

In this section we consider the application of themeasured
void quadrupole to constrain the underlying cosmological
theory. We use the quadrupole to constrain the cosmological
parameter β ¼ f=b, where f ¼ d ln δDM=d lna is the dark
matter logarithmic growth rate and b is the galaxy tracer
bias [33,40,90].
Within the context of GR and linear theory, the void

radial velocity profile is given by

vrðrÞ ¼ −
β
3
HΔðrÞr; ð34Þ

where ΔðrÞ is the average density within a radius r,

ΔðrÞ≡ 1
4
3 πr

3

Z
r

0
4πδrðr0Þr02dr0: ð35Þ

Here β ¼ f=b is employed instead of f since we calculate
ΔðrÞ using the galaxy number density contrast δr instead of
the underlying dark matter density contrast itself.
Before considering the constraints from ξ2, we first

consider how well a constant β is able to model the radial
velocity profile. We can do this because the simulations
provide complete knowledge of all tracer velocities and can
explore the connection between β and vr directly. We find
that for the above median size voids the linear relationship
in (34) holds very well. We find for the below-median size
void population that (34) does not provide a good fit for the
entirety of vr. This is consistent with findings presented
in Ref. [117], where vr in the smaller void populations,
similar to our sample, was found to be fit less well by linear
theory compared to larger voids due to sparce tracer
sampling.

In Table II, we show the best-fit values of β inferred from
a fit of the average radial velocity, vr, using (34) for the
above-median size void population for each theory of
gravity along with the uncertainty in β given the covariance
in the mean vr. Modifications to gravity increase vr, which
in the context of (34) lead to an increase in the inferred β.
While the simulations give us direct access to the velocity

information, real world observational programs do not.
However, we can still use the measured quadrupole moment
ξ2 along with the GSM to constrain the cosmological
parameter β. We use a modified version of the GSM where
only an average void density profile δr is assumed alongwith
two cosmological parameters β and σ0, which replace direct
knowledge of both functions containing velocity informa-
tion. An effective vr is then constructed using β in con-
junction with (35), while the velocity dispersion is set to a
constant effective value σvkðrÞ ¼ σ0. This ðβ; σ0Þmodel is a
simple parametrization used to capture the dynamics within
void environments without having to have an exact knowl-
edge of the two functions containing velocity information.
To determine the theoretical applicability of this

approach, we consider the mean ξ2 measured across the
100 simulations but estimate the signal covariance using
the uncertainties from a jackknife from a single realization
with volume of ∼ð1 Gpc=hÞ3.
Figure 7 shows the best-fit values and the corresponding

68% confidence interval for β and σ0 recovered from the
joint 2D fit to ξ2. The plot also shows the value of β
recovered directly in each theory from fitting the average
void vr profile using (34). The 1D projected constraints on
the ðβ; σ0Þ fit parameters for the three gravity models are
summarized in Table II.
The 1D value of β recovered by each method match,

showing that the ξ2 fit, including σ0, does not bias
the recovered value of β. The values of σ0 do not match
the asymptotic values of σvk shown in Fig. 3. This is due
to the fact that, as previously discussed, as long as σvk is
constant, ξ2 is fairly insensitive to its exact value away from
the void center. Thus, the value σ0 takes is more sensitive to
dynamics near the void edge and less to the actual
asymptotic value of σvk . It is to be expected therefore that
the value of σ0 should be lower than the asymptotic value
far from the void center. This is consistent with what

TABLE II. Comparison of the constraints [left] on the ðβ; σ0Þ
model fit to the void quadrupole ξ2ðsÞ in each theory of gravity
and [right] with the purely theoretical value of β obtained from
the void velocity profile, vr, which is not a survey observable.

Fit from ξ2 Theory fit to vr

Model σ0 (km=s) β β

GR 278' 17 0.36' 0.03 0.36' 0.003
F5 287' 18 0.37' 0.03 0.37' 0.003
N1 304' 18 0.39' 0.03 0.39' 0.003
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we find. For GR, for example, σvk asymptotes to a value of
305 km=s while σ0 is 278 km=s, while for F5 the values are
318 and 287 km=s, respectively.
In this analysis we jointly constrain β and σ0 and assume

our knowledge of the density comes from the observed
galaxy tracers. We note recent work [122] considered
monopole and quadrupole constraints on β in modified
gravity models but assumed perfect knowledge of σvkðrÞ
and the underlying CDM density Δ.
While N1 and F5 have larger predicted values of β than

GR, the values obtained for the three models are indis-
tinguishable within the estimated uncertainties at the
68% confidence level considering the volume observable
within this z ¼ 0.5 redshift slice. This opens up the
possibility, however, that combining data from multiple
redshift slices (to increase the observational volume and
lower the level of statistical uncertainties) could provide a
way to increase sensitivity and allow the application of the
void quadrupole to distinguish between models in this way.

V. CONCLUSIONS

In this paper we utilize the large-scale, high-precision
N-body MG-GLAM simulations [94–96] of GR, fðRÞ, and
nDGP gravity to compare real space dynamical properties
of voids and the resulting redshift space quadrupole
moments, as might be measured from upcoming spectro-
scopic galaxy survey such as from the DESI, Euclid and
Roman experiments. This work builds on of our previous
work [78], where scale-dependent effects were observed in
void peculiar velocities within fðRÞ gravity.
While the properties of voids can be investigated using

dark matter halos as biased tracers of the underlying dark
matter distribution itself, in order to compare with

observations, we consider how the void statistics are
modified by the inclusion of a HOD. We find that it is
vital to include the effects of a HODwhen identifying voids
and calculating the resulting statistics. The application of a
HOD significantly effects the void size function in the fðRÞ
model. The fðRÞ model predicts more halos for given
initial conditions; however, the HOD equalizes the void
size function so that it becomes consistent with GR. The
HOD approximately normalizes the total number of tracers
between the two theories when assigning mock galaxies,
which in turn equalizes the number of voids identified with
a watershed void finder.
The radial velocity vr in all models has the same

qualitative form, rising to a peak around the void edge
and then tending to zero as one moves out away from the
void. In both nDGP and fðRÞ theories the radial velocity is
enhanced relative to GR. In fðRÞ the enhancement is most
pronounced in smaller voids. While the magnitude of the
increase in vr;peak for fðRÞ in HOD-identified voids is
suppressed relative to those identified from all halos, the
difference between GR and the two MG models remains
present in voids of all sizes. The relative reduction in the
velocity for fðRÞ results from the HOD preferentially
populating larger mass halos with mock galaxies, where
these larger halos experience more chameleon screening
compared to their smaller counterparts. In the N1 nDGP
gravity model there is less scale dependence in the
enhancements to the void peculiar velocity vr, in accor-
dancewith the linearized nDGP field (16). The addition of a
HOD has less impact; while the HOD still preferentially
populates more massive halos, the shift symmetry present
in (13) allows halos of all sizes to respond in a similar
fashion to slowly varying background fields which source
the fifth force [unlike fðRÞ gravity]. Voids identified with
halos and after the HOD is applied therefore yield similar
enhancements to vr from N1 gravity.
The velocity dispersion σvk also has a common quali-

tative form in all models, being largely constant as one
moves out from the void edge. The velocity dispersion is
enhanced relative to GR in both the fðRÞ and nDGP
models, with ∼5% and 10% enhancements relative to GR,
respectively, and in both cases has little dependence on
void size.
Given the scale-dependent enhancements observed in vr

in the fðRÞ model, we consider two size-based samples in
our analyses, those above and below the median radius
of Reff ¼ 35 Mpc=h.
We perform a detailed analysis of the void quadruple

moment ξ2 to understand how sensitive redshift space
statistics are to changes in the void dynamical properties
within modified gravity. While we find increases in void
velocity statistics of ∼5%–10% relative to GR in both void
size populations and both modified theories, we find that
changes to ξ2 in both F5 or N1 are far more muted. For F5,
the differences in velocities do not yield comparable

FIG. 7. The linear growth rate-dependent parameter, β, calcu-
lated from vr directly using linear theory [dashed lines], com-
pared with the best fit [star] and the 68% confidence ellipses [full
line] from ξ2 modeled using the GSM with the (β; σ0) para-
metrization, in GR [blue], F5 [orange], and N1 [green]. The
model is fit to the mean quadrupole from 100 realizations for the
above-median size void sample with confidence ellipses derived
from statistical uncertainties estimated for one realization, with
volume ð1.024 Gpc=hÞ3.
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differences in ξ2 to that in GR. In N1, we find a difference
for the large void population of approximately 8% in ξ2 in a
limited region, 35–65Mpc=h away from the void center.
We utilize the GSM to determine the origins of these

findings. We first study the accuracy of the GSM in
reproducing the redshift space void quadruple moment
for modified gravity models. We find that the model is
highly accurate in reproducing ξ2, in both large- and small-
size void samples and for both theories of modified gravity.
We apply the model to understand how differences in the
velocities and densities propagate to cause differences in ξ2
in both modified gravity theories. Specifically, we isolate
the changes induced in ξ2 individually by δr, vr, and σvk
using the first-order functional derivatives of the GSM.
In the functional derivative approach, the effects of Δvr

and Δσvk on ξ2 are opposite in sign and therefore act to
counter each other in the same spatial region. Using this
approach further, we find that changes to ξ2 induced by
changes to the line of sight velocity dispersion Δσvk are
found to be limited to the void edge region, despite that fact
that the velocity dispersion continues to be enhanced at
distances much further from the void center. The basis for
this is that changes to ξ2 cannot be driven by a constantΔσvk
unless the other GSM functions (primarily δr) simultane-
ously have nonzero radial gradients. Far from the void, all
three GSM functions are slowly varying, which restricts
changes induced in ξ2 by the increased velocity dispersion to
the void edge, where δr does have a large radial gradient. By
contrast, the changes to ξ2 induced by changes to the radial
velocity Δvr are not, in principle, confined to the area
surrounding the void edge but instead extend throughout the
entire regionwhereΔvr is nonzero. The spatial extent ofΔvr
in both our fðRÞ and nDGP model can be qualitatively
related to the amount of screening present within the
linearized field equations, (10) and (16), respectively. For
fðRÞ, (10) experiences Yukawa screening, and, thus, Δvr is
short ranged and fails to extend far beyond the void edge.
This in turn means that the changes induced in the quadru-
pole by Δvr and Δσvk are both confined to the same spatial
region near the void edge and, being of opposite sign, cancel
heavily and leave ξ2;F5 largely unchanged from ξ2;GR. On the
other hand, in nDGP, (16) is unscreened at the linear level.
This means that in nDGP gravity, particularly in the above-
median size voids, that Δvr has a large spatial range. For
nDGP, therefore, the changes to Δξ2 induced by Δvr and
Δσvk are not confined to the same spatial region and avoid
substantial cancellation. This leads to differences arising
between ξ2;N1 and ξ2;GR in the above-median size void
population for s ∼ 35–65 Mpc=h.
We translate differences between ξ2 in each gravitational

theory into constraints on the cosmological growth rate
parameter β through the use of linear theory and the
ðβ; σ0Þ model. We find that within the large void population
vr can be accurately fit with linear theory, resulting in

increased values of β for each modified gravity theory over
the GR value. Although vr is not an observable statistic, we
can use it in the simulations to verify that a two-parameter
fit to ξ2 within the context of the GSM, with vr ∝ β and
σvkðrÞ ¼ σ0, can recover, in an unbiased manner, the same
value of β as that recovered from vr directly. Increased values
of β are recovered in both fðRÞ and nDGP gravitational
scenarios.
When statistical uncertainties are computed correspond-

ing to an observational volume of ∼1ðGpc=hÞ3 at z ¼ 0.5,
we find the values of β recovered from the ξ2 fit in each
modified gravity theory lie within the projected 1D error
bars of the GR value. Applying this approach to an analysis
of multiple redshift slices, akin to the full redshift range
probed by upcoming spectroscopic surveys, will no doubt
provide greater distinguishing power, although this is
beyond the scope of this paper.
Our results show how the theoretical GSM model works

remarkably well at modeling void dynamics in theories
beyond GR. It also details, however, the challenges present
in utilizing redshift space distortion data around cosmic
voids to constrain the properties of gravity. The work also
demonstrates the importance of considering the statistics
derived from realistic HOD-derived tracers rather than the
dark matter halos directly. We anticipate that the results
from this paper will have broader applicability for accu-
rately determining the constraining potential of cosmic
voids for other nonstandard cosmological models.
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APPENDIX: RESCALED ANALYSIS

In the main analysis we present results where the radial
coordinate of the stacked voids is given in terms of the
standard comoving distance, with units of comovingMpc=h.
Due to the symmetry properties of voids, there is a common-
ality in their density profiles when they are stacked using an
alternative radial coordinate rescaled by each void’s effective
radius [112]. This rescaling allows voids to be conveniently
stacked with each other in a way that draws on the void
similarities and can alleviate effects caused by differences in
void size when stacking voids of largely different Reff .
In this appendix, we present results using this rescaled

coordinate system as the partner results to those in the main
text. The rescaled coordinates are defined as r̃ ¼ r=Reff for
physical space and s̃ in redshift space variables, with the
relevant transformation being
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s̃ ¼ r̃þ v · l̂
HReff

: ðA1Þ

When we perform the analysis binning tracers using the
rescaled coordinates our definition of δr and δs slightly
changes to reflect that, for voids of differing Reff , spherical
slices at equal r̃ or s̃ are different sizes. Interpreting the term
NvVðrÞ in the denominator of (20) as the “total volume
averaged over,” we use

δr̃ðr̃Þ ¼ Nvhðr̃Þ
n̄h
P

voidsViðr̃Þ
− 1 ðA2Þ

and

δs̃ðs̃; μsÞ ¼
Nvhðs̃; μsÞ

n̄h
P

voidsViðs̃; μsÞ
− 1; ðA3Þ

where Viðs̃; μsÞ is the volume (in unscaled space) of the bin
at ðs̃; μsÞ in the ith void. For rescaled voids, we use
30 radial bins extending from 0 to 3Reff away from the
void center, with the same angular binning as used in the
unscaled analysis.
The Gaussian streaming model is also easily adapted for

the purpose of analyzing redshift space distortions around
rescaled voids. The only real differences from (24) are that
vr→vr=Reff≡ ṽr, vk → vk=Reff ≡ ṽk, which then requires
P → P̃ with σvk → σvk=Reff ≡ σ̃vk . It should be noted that,
in computing these quantities, each void rescales the
velocities of its own tracers by its ownReff before averaging
to calculate ṽr and σ̃vk .
Figures 8–13 show the rescaled counterparts to

Figs. 2–7. The results obtained using the rescaled quantities
are all consistent with those presented in the main text using
unscaled quantities, although there are some differences

FIG. 8. Left: ratio of the peak rescaled radial velocity in F5 [orange] and N1 [green] to that in GR as a function of void effective radius
Reff for voids identified from halos [solid] and from halos containing mock galaxies identified by the HOD [dashed]. Right: ratio of the
average asymptotic value of the rescaled velocity dispersion, at r̃ ≳ 1.5, as a function of Reff .

FIG. 9. Top row: void density [left], rescaled radial velocity [center] and rescaled velocity dispersion [right] profiles in GR for voids
identified in halos with HOD-identified tracers. The void population is split into those with void size above [solid] and below [dashed]
Reff ¼ 35 Mpc=h, the median void size found in each of the three theories. Gray lines indicate the first radial bin below which no tracers
are found. Bottom row: differences between F5 [orange] and N1 [green] quantities with respect to those in GR.
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FIG. 10. Top Row: The void quadrupole moment ξ2 at z ¼ 0.5 for GR [blue] compared against F5 [left, orange] and N1 [right, green]
in rescaled voids both below [dashed] and above [solid] the median void size. Bottom Row: Difference in ξ2 between GR and each
modified gravity theory in small [dashed] and large [solid] voids.

FIG. 11. Top: theoretical value of ξ2 in rescaled voids both above [dashed] and below [solid] the median void size in F5 [left, orange]
and N1 [right, green] calculated using the GSM compared to average ξ2 from the simulations. Bottom: difference between the GSM-
derived quadrupole and that from the simulated data, Δξ2 ¼ ξ2;GSM − ξ2;Data, with respect to the statistical uncertainties for
the model, σξ2 .
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caused by the rescalings which we comment on here,
below.
Figure 8 shows the same patterns as shown in Fig. 2.

Comparing the two figures, we can see that the effects
caused by the transition from voids selected from halos to
instead HOD mock galaxies are more clear when using
rescaled variables.
Figure9 shows the rescaled real spacedensity profile δr̃ðr̃Þ,

the rescaled void radial velocity ṽr, and the rescaled velocity
dispersion profile. In Fig. 3, we saw that the unscaled vr
displayed a strong dependence on void size in fðRÞ, with its
peak value increasing almost linearly withReff in accordance
with linear theory. Concurrently, σvk was independent ofReff

andplateaued to the samevalue for both small and largevoids.
In Fig. 9, with rescaled quantities, these properties are
reversed. Dividing by a factor of Reff effectively makes ṽr
scale independent, with differences in ṽr instead coming from
differences in δr̃ðr̃Þ and not differences in Reff between the
two void populations. Whereas previously σvk was scale
independent, dividing byReff introduces scale dependence in
σ̃vk , causing smaller voids, which divide by a smaller Reff, to
have larger values of σ̃vk than larger voids.
The bottom row of Fig. 9 shows the spatial extent of Δṽr

is consistent with that of the unscaled Δvr. Δṽr extends out
past 1.5r̃ in the large N1 voids and is more confined, to
r̃ < 1, in both the large and small radius F5 void samples.

Figure 10 shows that the trends in the void quadrupole
moments for rescaled coordinates are the same as seen for
unscaled coordinates in Fig. 4 in both the large and small
void populations in each of the three theories of gravity
considered.

FIG. 12. Two scenarios are considered: [left] below-median size rescaled voids in F5 and [right] above-median size rescaled voids in
N1. Top row: the changes to ξ2 relative to GR induced independently by Δδr̃ [blue], Δṽr [orange], and Δσ̃vk [green] as calculated using
GSM functional derivatives. Bottom row: comparison of the differences, Δξ2, between the modified gravity model and GR obtained
from the simulated data in F5 [left, violet] and N1 [right, violet] and the summed GSM integrated functional derivatives [black].

FIG. 13. The linear growth rate dependent parameter β,
calculated from ṽr directly using linear theory [dashed lines],
compared with the best fit [star] and the 68% confidence ellipses
[full line] from ξ2 modeled using the GSM with the (β; σ̃0)
parametrization, in GR [blue], F5 [orange], and N1 [green]. The
model is fit to the mean quadrupole from 100 realizations for the
above-median size void sample with confidence ellipses derived
from statistical uncertainties estimated for one realization, with
volume ð1.024 Gpc=hÞ3.
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Figures 11 and 12 demonstrate that the GSM approach and
functional derivative analysis canbe accurately used topredict
the quadrupole using rescaled quantities across both void
populations and all theories of gravity (GR not shown).
In order to reproduce Fig. 7 for rescaled voids, we fit ṽr

with linear theory. The rescaling slightly modifies (35), so
that for ṽr, we have

ṽrðr̃Þ ¼ −
β
3
HΔgalðr̃Þr̃; ðA4Þ

Δgalðr̃Þ≡ 1
4
3 πr̃

3

Z
r̃

0
4πδrgalðr̃0Þr̃02dr̃0; ðA5Þ

where δr̃ðr̃Þ is computed as in (A2).

Figure 13 shows the confidence ellipses for ðβ; σ̃0Þ from
rescaled voids in GR, F5, and N1, as well as the best-fit
values of β calculated directly from fitting (A5) to the true
rescaled radial velocity profile ṽr. There is only a slight
difference between the vertical lines shown in Fig. 13 and
those in Fig. 7, indicating consistency in the methods used
to calculate vr and ṽr from linear theory. When comparing
scaled versus unscaled, the recovered β from the ðβ; σ0Þ fit
is closer to the “true” value in unscaled voids (Fig. 7),
although both are well within the 1σ confidence ellipse for
all three theories of gravity. The difference arise due to the
σvkðrÞ ¼ σ0 assumption providing a better fit to the true
σvkðrÞ profile in unscaled voids compared to rescaled ones
(Fig. 3 vs 9).
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