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Abstract. Galaxies and their dark-matter halos are commonly presupposed to spin. But it is
an open question how this spin manifests in halos and soliton cores made of scalar dark matter
(SDM, including fuzzy/wave/ultralight-axion dark matter). One way spin could manifest in
a necessarily irrotational SDM velocity field is with a vortex. But recent results have cast
doubt on this scenario, finding that vortices are generally unstable except with substantial
repulsive self-interaction. In this paper, we introduce an alternative route to stability: in
both (non-relativistic) analytic calculations and simulations, a black hole or other central
mass at least as massive as a soliton can stabilize a vortex within it. This conclusion may
also apply to AU-scale halos bound to the sun and stellar-mass-scale Bose stars.
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1 Introduction

Scalar dark matter (SDM, closely related to, or also known as superfluid, wave, and fuzzy
dark matter) models have seen substantial recent attention as a promising alternative to the
longstanding WIMP cold dark matter (WIMP CDM) model. Simulations of SDM show that
these alternative models behave similarly to WIMP CDM in large-scale structure formation
(where WIMP CDM has been successful), but ultralight scalars radically differ on galactic
scales. WIMP CDM encounters well-known issues on these scales; there is an apparent
deficit of observed satellite galaxies compared to simple estimates from N -body simulations
of WIMPs, and there is a disagreement between simulated and observed density profiles in
galactic cores [1–3]. Some work has suggested that baryonic effects could possibly account
for these discrepancies [4, 5], but this motivation for SDM or warm dark matter remains.
There also are other motivations for SDM, beyond addressing observational problems such
as the missing-satellite problem. They are well-motivated in string theory [6–9].

A crucial piece of SDM phenomenology, that distinguishes it from models such as warm
dark matter, is in the behavior of its velocity field, which is irrotational, except at vortices.
This is because its velocity is defined as a gradient, with zero curl. It is thus of interest
whether this picture is consistent with our understanding and observations of spin in the
Universe. Astronomical objects such as galaxies and stars in the Universe generally have some
nonzero angular momentum, whether they are made of dark matter or baryons. Intergalactic-
scale torques should spin up both baryons and dark matter similarly, e.g. with similar angular
momentum per unit mass. One way to understand this is that the torquing is gravitational,
which by the equivalence principle should affect all matter equivalently. If an object’s angular
momentum is drawn from some continuous distribution about zero, it has formally zero
chance of being exactly zero. this spin presents a question in a SDM scenario. How can an
object that is part of an irrotational flow be said to spin?

It is not trivial to explain cosmological-scale spin even in galaxies, because the primor-
dial velocity field is thought to have had negligible vorticity since it stretched away during
and after inflation, leaving only a gravity-sourced potential flow until collapsed (multistream)
objects form. These then have angular momenta distributed with some nonzero width around
zero. The standard, widely accepted explanation for how a cosmological-scale object comes
to rotate as it forms in a primordially irrotational velocity field is the tidal torque theory [10]:
protogalaxies and protohalos, the regions of the primordial, homogeneous density field that
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collapse to form galaxies and the dark-matter halos around them, are never perfectly spher-
ical. Their aspherical protuberances are generally torqued up by gravitational tidal fields.
This can also be understood as the protuberances carrying some nonzero primordial gravity-
sourced velocities, whose contribution to the final collapsed object’s angular momentum does
not cancel out [11].

Coming back to the question of spin in SDM, there are three mechanisms for a patch
of an irrotational fluid such as SDM to carry angular momentum. First, it can sport vor-
tices, where the density goes to zero, and the vorticity to infinity. This mechanism is unusual
from an astrophysical standpoint, but it is seen in laboratory superfluid-torquing experiments
(e.g. [12]). A second mechanism to exhibit angular momentum in SDM is in an inhomoge-
neous density field. If the density is spherically symmetric, the angular momentum will be
zero within a sphere. But if we increase the density in a moving lump near the edge of the
sphere, that will generally unbalance the angular momentum integral and make the total
nonzero. A third mechanism, possible even in a homogeneous density field, is if the patch
has an aspherical boundary. In this case, regions outside a maximal sphere about the center
generally will contribute angular momentum (e.g. [11]). An example of such an object is a
Riemann S-ellipsoid [13]. Torqued-up SDM subhalos in cosmological simulations have been
observed to resemble these ellipsoids [14].

While these latter two mechanisms exist, we imagine them not to be able to carry
arbitrarily large spin except in contrived cases. We are most interested in the first, i.e. ‘spin-
driven vortices’ that would be produced when an object is sufficiently spun up. They are
particularly interesting because of the exotic phenomenology, that has the most plausible
observational relevance. Spin-driven vortices contrast conceptually with ‘random vortices,’
meandering loci where the wave function happens to go precisely to zero; these are straight-
forward to study with random wave interference [15]. In an interfering jumble far from the
center of a dark-matter halo, it is not completely clear how to distinguish random from
spin-driven vortices apart from their different formation mechanism, i.e., from a single snap-
shot of the wave-function. But if the vortex threads a soliton core, another piece of SDM
phenomenology, it would be hard not to identify it with physical spin.

Solitons are stable structures thought to reside in the centers of SDM halos, from
both simulations and theoretical arguments [16–21]. They are supported against gravi-
tational collapse by “quantum” pressure [22, 23], and in some models, by repulsive self-
interactions [24] so long as certain soliton mass limits are not exceeded (in the case of at-
tractive self-interactions) [25–27]. These structures are long-lived, localized solutions which
are stable against perturbations, and so are commonly referred to as solitons. These solitons
are expected to form through gravitational thermalization in the centers of SDM halos, and
they have a variety of observational effects which could lead to their identification.

It would be a major change in the standard SDM soliton picture if vortices commonly
inhabited solitons. Some previous studies have argued that this arrangement is unstable (and
therefore uncommon) unless the SDM has sufficiently strong repulsive self-interactions [28,
29]. That is, a soliton with one vortex inside the core transitions to a system with the same
angular momentum and many vortices outside the soliton core. While vortices still exist in
such a system, when they are far away from the soliton core, they exist in regions of much
lower density, or can become lost in the chaotic halo that surrounds the soliton. Thus for all
practical purposes the vortex has decayed out of the system.

In this work, we show that there is another scenario besides strongly repulsive self-
interactions that can stabilize vortices within soliton cores: a background gravitational well
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generated not by the SDM itself, but by other matter. While this does not change the
energy analysis, and the rotating soliton still is not the energy minimum with fixed mass and
angular momentum, it does suppress the decay channel, causing the rotating soliton to have
an extremely long lifetime. When the soliton lives in such a gravitational potential sourced
by other matter (baryonic, black-hole, or ambient non-solitonic dark matter), the vortex can
have a long lifetime before decaying. This stabilizing mechanism is relevant because all SDM
solitons are expected to form in galactic cores where there is a concentration of other matter.
Particularly, supermassive black holes (mass 106 to 109 M�,) are thought to be present in the
centers of almost all galaxies (e.g. [30]), plausibly coincident with soliton centers. Simulations
exist that include SDM, hydrodynamics, and star formation [21, 31], but none as far as we
know that self-consistently include central black holes as well. Thus, even if the situation of
a vortex-soliton supported by a supermassive black hole were common, we would not expect
to find them in previous cosmological simulations.

Interactions between the angular momentum of supermassive black holes and their en-
vironments is important, for example to the merger of such black holes [32]. The literature
contains other studies of the interaction between scalar and ultralight dark matter and black
holes, including: dynamical friction due to black holes moving through scalar dark matter
fields [33–35]; the formation of black holes in scalar dark matter halos [36, 37]; the formation
of vortex-less solitons through accretion of dark matter on black holes and interpretation
as black-hole hair [38–49]; black-hole superradiance and interactions between spinning black
holes and scalar halos [45, 50–58], and the merger of black holes in wave dark matter en-
vironments [59–61]. The last two classes are particularly pertinent; they are scenarios with
significant angular momentum.

Another, recently found example of cosmological-scale rotation is in filaments (com-
prised of gas, dark matter, and small galaxies) that generally connect neighboring galax-
ies [62, 63]. Simulations in a SDM scenario that include hydrodynamics [21] have found that
intergalactic filaments often contain soliton tubes in their centers, although these seem to frag-
ment into cores on long timescales. It would be quite interesting if spin-driven vortex tubes
often resided in filaments. But in a 2D version of the 3D discussion above about halo spin, an
irrotational SDM velocity field could carry some amount of filamentary angular momentum
without vortex tubes, through velocity or density asymmetry in the filament’s cross section.

The route to stability we find in this paper does not immediately pertain to vortex
tubes within intergalactic filaments, because there is no known stringlike analog of a black
hole that would gravitationally support a vortex tube. Still, it would be interesting to further
investigate in simulations what form filament spin takes in SDM, and if vortex tubes might
often inhabit filaments. It is possible that they could have long decay/fragmentation lifetimes,
as the soliton tubes themselves have, or could be supported by repulsive self-interactions.

This paper is organised as follows. In section 2 we analyse theoretical considerations
for rotating solitons in the presence of a background potential. In section 2.1 we present an
approximate solution for vortices stabilised by the gravitational potential of a point mass. In
section 2.2 we discuss the energy and decay modes of a rotating soliton in an central gravi-
tational potential, making analytic arguments that support the results found in simulations.
In section 3, we use simulations from UltraDark.jl to demonstrate that vortex solitons can
be long-lived even in the presence of perturbations. We end with a discussion of possible
applications and future directions in section 4.
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2 Analytic description of vortices in SDM

2.1 Rotating solutions to Gross-Pitaevskii-Poisson equations

We are interested in scalar particles with mass ma and Lagrangian density

L =
1

2
gµν∂µφ∂νφ− 1

2
m2

aφ
2 − λ

4
φ4 . (2.1)

In the non-relativistic limit, the field φ can be rewritten as

φ =
1√
2m

(

e−imtψ + e+imtψ∗
)

, (2.2)

and transformed to a field ψ whose equations of motion are the Gross-Pitaevskii-Poisson
equations

i
∂ψ

∂t
= − 1

2m
∇2ψ +mψ (Φ + Φbg) +

λ

2m2
|ψ|2ψ (2.3)

∇2Φ(r) = 4πGρ(r) = 4π|ψ|2 . (2.4)

Here Φ is the gravitational potential sourced by the ULDM density |ψ|2, Φbg is the gravi-
tational potential due to a mass with density ρbg, and λ parametrizes the self-interactions
arising from a quartic term in the SDM Lagrangian, with λ > 0 corresponding to repulsive
self-interactions. Such a quartic self-interaction is common in axion models arising from string
theory [7]. We do not consider backreaction on the background density, instead treating ρbg

as a fixed background.
The simplest solutions to the Gross-Pitaevskii equations that carry non-zero velocity

circulation are axially symmetric solutions with a central vortex line, characterized by cir-
culation l, which is an integer defining the winding number of the phase around the vortex
line [28]. These solutions have the form

ψl(r, z)e
−iωlt+ilφ, (2.5)

where a vortex line of circulation l is located at r = 0. The phase-independent amplitude
ψl(r, z) can be explicitly written if self-interactions vanish (λ = 0) and the background
potential in eq. (2.3) is due to a central point mass with Φbg � |Φ|2. Then eq. (2.3) is
approximately

i
∂ψ

∂t
≈ − 1

2m
∇2ψ −mψ

Mbg

r
. (2.6)

The gravitational potential from the point mass is analogous to the Coulomb potential, so
in this limit, the rotating soliton is well-described by hydrogen atom wavefunctions [64–67].
The lowest energy solution exhibiting a vortex with circulation 1 is

ψ2,1,±1 =
1

2
√

6
a−3/2

(

r

a

)

e−r/2a

(

−
(

3

8π

)1/2

sin θe±iφ

)

(2.7)

where a = 1/Mbg, r is the radial coordinate, θ is the polar angle, and φ is the azimuthal
angle. Due to the nonlinearities in the Gross-Pitaevskii-Poisson equations, the exact solution
exhibits deviations from the hydrogen wavefunctions in its radial profile. Indeed, we observe
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in simulations that starting from a radial profile that deviates from that of the ground state
results in radial-profile oscillations, but not azimuthal perturbations. In the absence of a
background potential, there are significant deviations from these hydrogen-like solutions.
However, qualitative properties such as axial symmetry, and the presence of a central vortex
in the middle of the densest region of the soliton remain [68].

We refer to all such systems as “vortex solitons” to indicate the essential point that the
vortex is located in the center of the soliton, although we note that these objects may not
satisfy all properties normally associated with solitons, in particular, their stability against
collisions and perturbations.

When the vortex line passes through the soliton core, as it does in these hydrogen-like
wavefunctions, the angular momentum Ltot is quantized to integer multiples of the particle
number N in the soliton, Ltot = ~Nl. However, the system can carry a lower value of angular
momentum if the vortex line departs from the center of the soliton. In the limit that the vortex
is far from the soliton center, the angular momentum asymptotically approaches zero. When
the vortex is far away from the soliton, there is hardly any mass near the vortex. The mass,
and hence angular momentum density, is concentrated in the soliton core. But the velocity
field is highest near the vortex, because the velocity is proportional to the phase gradient, and
the velocity falls off as one over the distance from the vortex. Therefore when the vortex is dis-
placed from the soliton core, the total angular momentum can take any value L < Ltot = Nl.

2.2 Instability of vortex-solitons

Ref. [28] demonstrated that in the absence of repulsive self-interactions, the vortices in ro-
tating solitons of scalar field dark matter are unstable. They showed that the vortex state
is not the lowest energy state; it can attain lower energy by shedding angular momentum.
They did not consider the influence of a central background potential. We show first that
when an background potential Φbg caused by point mass Mbg is included, the vortex state is
still not the lowest energy state, so it cannot truly be stable. We then show that the decay
channel is suppressed, leading to the long lifetimes of the vortices.

Begin with an initial state in the configuration ψ′
s, with circulation l > 0 and particle

number Ns. We will construct a configuration with the same particle number Ns and total
angular momentum ~lNs, but lower energy, and without a vortex in the soliton core. This
shows that the vortex is not a global minimum energy state in the sector with angular
momentum l, so it is not stable to sufficiently large perturbations.

To construct the lower-energy configuration, we remove dNs particles from the initial
state, and add dN0 particles to the l = 0 mode and dNl′ to the l′ � l mode. In order to
conserve particle number, we require

dNs = dN0 + dNl′ . (2.8)

In order to conserve angular momentum, we require

ldNs = l′dNl′ . (2.9)

Thus the final wavefunction is

ψ′
s → ψ = ψs +

√

dN0Ψ0 +
√

dNl′Ψl′ , (2.10)

where the magnitude of the original soliton configuration has decreased, |ψs(x)| < |ψ′
s(x)|.
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We will show that the energy of the initial rotating soliton is greater than the energy
of this new configuration that has the same angular momentum. The energy of the final
configuration is

Ef = Es + ω0dN0 + ωl′dNl′ , (2.11)

where ωl′ is the energy of a single particle in state l′, and Es is the energy of all particles
remaining in the initial state of the rotating soliton. The initial energy is

Ei = Es + ωsdNs +O(dN2
s ), (2.12)

so the change in energy is

∆E = (ω0 − ωs)dN0 + (ωl′ − ωs)dNl′ . (2.13)

To show that this configuration has a lower energy than the vortex soliton, we must estimate
the energy differences ωl′ − ωs, for l′ = 0, and for l′ � 1.

The modes Ψl′ and energies ωl′ , are the solutions to the non-interacting Gross-Pitaevskii
equation with background potential generated by the soliton and (in our case) the background
central potential:

ωl′Ψl′ = −∇2Ψl′

2m
+m(Φs + Φbg)Ψl′ . (2.14)

For any l′ < l, where l is the angular momentum of the soliton, we must have ωl′ < ωs,
because the centrifugal barrier is weaker, while the other energy terms are the same. So for
l = 0, we have

ω0 − ωs < −
∫

d3x
l2|Ψl|2
2mr2

< 0. (2.15)

The background potential does not depend on l, so it does not affect this estimate of the
energy difference. In fact, it further lowers the energy of the l′ = 0 state, because that state
has more mass closer to the center of the potential.

Now consider the l′ � 1 state. The wavefunctions become more and more spatially
spread out as l′ increases, so we can approximate both the wavefunctions and the energies as
the eigenstates of the hydrogen atom with mass Ms + Mbg (since the soliton behaves like a
point mass when viewed from long distances). The energies are therefore

ωl′ ≈ −m3G2(Ms +Mbg)2

2(l′ + 1)2
∼ O(l′

−2
). (2.16)

Note that the background potential significantly increases the energy gaps between states
with increasing l′ (by adding a term proportional to M2

bg, but does not affect the scaling of
the energies with l′). In particular, as l′ → ∞, the energies asymptotically approach zero.

Returning to eq. (2.13), we can re-write the energy difference as

∆E = (ω0 − ωs)dN0 + (O(l′
−2

) − ωs)dNl′

= (ω0 − ωs)dN0 + (O(l′
−2

) − ωs)
l

l′
dNs

= (ω0 − ωs)dNs +O(l′
−1

)dNs < 0,

(2.17)

where in the second line we used eq. (2.9), which ensures conservation of angular momentum.
Therefore, for sufficiently large l′, the energy gap is dominated by the first term, which we
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estimated in eq. (2.15) is negative. This shows that the initial vortex state is not a global
energy minimum over l, so it is not stable against perturbations.

While the vortex state is not a global energy minimum, it might still be extraordinarily
long lived. To decay from the initial vortex state into the lower energy configuration con-
structed above, we would require transfers from the initial l = 1 state into an l′ � 1 state,
but these are not strongly coupled together. In simulations of vortex solitons without back-
ground potential (which do show an instability) [28], the decay has been demonstrated to
occur due to pairwise transitions from l state to neighboring l′ = l ± 1 states. In particular,
an initial l = 1 loses occupancy to l′ = 0, 2 states, whose occupation numbers grow. At later
times, the occupation of the l = 2 state slows while l′ = 1, 3 begins to grow.

The transitions from the initial state into a decay state can only take place when there
are finite transition matrix elements between the coupled states, so that there is a decay
channel between the coupled states. These transition matrix elements can be estimated in
a perturbation theory [69]. In the limit where the background mass is significantly greater
than the soliton mass, Mbg/Ms � 1, all transition matrix elements vanish, because the
background potential dominates the self-potential of the soliton and the Gross-Pitaevskii-
Poisson equations become linear equations with exact eigenstates corresponding to hydrogen
atom wavefunctions. Thus in this limit we expect the soliton to be long-lived and stable
against all perturbations. However, the transition matrix elements are suppressed to the first
order in perturbation theory even when the nonlinearities of the system are still significant.
In particular, the decay mode identified by ref. [28] is suppressed by the background potential.

At the first order in perturbation theory, the stationary states are the eigenstates of the
background potential. Since our background potential is that of a point mass, these are the
hydrogen atom wavefunctions. The self-gravity of the soliton creates a perturbative potential
∆V that introduces transition matrix elements between the unperturbed stationary states.
In our initial state in eq. (2.7), the mass distribution is axially symmetric, ρ(r, θ, φ) = ρ(r, θ),
and hence the gravitational potential is axially symmetric as well. In this case, the mass
distribution and gravitational potential admits a multipole expansion in terms of Legendre
polynomials Pn(cos θ),

ρ(r, θ) =
∑

n

ρn(r)Pn(cos θ) (2.18)

Φ(r, θ) =
∑

n

Φn(r)Pn(cos θ), (2.19)

where the components Φn of the potential are determined by

Φn(r) = − 2πG

n+ 1
2

r−n−1

∫ r

0
r′n+2

ρn(r′)dr′ − 2πG

n+ 1
2

rn
∫ ∞

r
r′1−n

ρn(r′)dr′. (2.20)

In our case, the initial state has a mass distribution with only P0 and P2 components
nonzero. Therefore these are the only nonvanishing components of the potential caused by
the rotating soliton. Moreover, the background gravitational potential caused by the point
mass is a central potential and so only has nonvanishing P0 component. These monopole
moments conserve angular momentum and do not lead to any transitions between states
of different l. The component proportional to P2 does allow transitions. The transitional
matrix element is

〈l′m′|∆V |lm〉 =

∫

f ′∗(r)Φ2(r)f(r)r2dr

∫

Y m′

l′
∗
Y 0

2 Y
m

l dΩ, (2.21)
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where f, f ′ are the radial wavefunctions of the initial and final states and Y m
l are spherical

harmonics. The integral over angles is a Wigner 3-j symbol,

〈l′m′|Φ|lm〉 ∝
(

l 2 l′

m 0 −m′

)

. (2.22)

The Wigner 3-j symbols are nonzero only when their selection rules are satisfied. For our
initial rotating soliton state |l = 1,m = 1〉, we have permitted transitions to |l = 2,m = 1〉,
|l = 3,m = 1〉, and no others. In particular, the pairwise transition which leads to the decay
of the rotating soliton without background potential is not permitted. Thus the dominant
instability mode observed by ref. [28] is not initially present in this system, and is suppressed
by the background potential, at least at first order in perturbation theory. This suppression
of the dominant instability mode of the soliton without background potential leads to the
long lifetime of our vortex solitons compared to those in other studies.

3 Simulations of vortex solitons

We use UltraDark.jl to simulate these approximate solutions and understand their dynam-
ics and stability. UltraDark.jl is a pseudospectral solver for the Gross-Pitaevskii-Poisson
equations that allows for contributions from background gravitational fields, such as the
potential Φbg in eq. (2.4) [70].

UltraDark.jl uses code units for time, length and mass,

T =

(

3

8π
H2

0 Ωm,0

)−1/2

≈ 74 Gyr (3.1)

L =

(

~

m

)1/2( 3

8π
Ωm,0H

2
0

)−1/4

≈ 38

(

10−22 eV

m

)1/2

kpc (3.2)

M =

(

~

m

)3/2 1

G

(

3

8π
Ωm,0H

2
0

)1/4

≈ 2.2 × 106

(

10−22 eV

m

)3/2

M� . (3.3)

In these units, which we write as primed, eqs. (2.3) and (2.4) become

i
∂ψ′

∂t′
= − 1

a2
∇′2ψ′ + ψ′

(

Φ′(r′) + Φ′
bg(r)

)

(3.4)

∇′2Φ′(r) =
1

a
4π|ψ′|2 . (3.5)

We use H0 = 70 km/s/Mpc and Ωm,0 = 0.3. In these units, the critical density of the
Universe today is 1 M/L3. These units are dependent on the mass m of SDM particle
considered, and so the following simulations can be interpreted as corresponding to different
scenarios for different values ofm. In the interest of clarity, units in figures assumem = 10−22,
with the understanding that a different choice of m would scale the units as above. We run
simulations with a resolution of 2563 and a box length of lbox = 22/Mbg set by the length
scale in the initial wavefunction eq. (2.7).

UltraDark.jl has periodic boundary conditions. The density at the edge of the grid
is . 1% of the maximum density, and so only a small amount of matter passes through
the boundary. The periodic boundary conditions also cause the solutions to see gravitational
fields due to the scalar field in neighbouring boxes; this adds a violation of spherical symmetry
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beyond that of the Cartesian grid. The gravitational potential due to the central mass does
not experience these effects.

Our simulations assume Newtonian gravity, but are sufficient to model black holes on
these scales. The characteristic length scale of a vortex-less soliton is [71–73]

rs

pc
= 7.6

(

m

10−22 eV

)−2( Msol

1011M�

)−1

. (3.6)

This is roughly the major radius of a vortex soliton. The ratio of the black hole radius and
vortex soliton radius then goes as

rs

rSchwarzschild

∼ 10

(

m

10−22 eV

)−2( Msol

1011M�

)−1( Mbg

1013M�

)−1

. (3.7)

With m ∼ 10−22 eV and Msol ∼ Mbg ∼ O(107) M�, this ratio is rs/rSchwarzschild ∼ 1010. Even
for Msol ∼ Mbg ∼ O(1010) M�, there is a large separation in scales with rs/rSchwarzschild ∼
105. This means that although our simulation setup cannot accurately describe cases with
sufficiently massive ALPs, solitons, or central masses, those considered here are within this
bound. Furthermore, the Schwarzschild radius of a black hole with Mbg = 107 M� would be
. 1 × 10−6 kpc, far smaller than the grid spacing of ∼ 10−1 kpc. In addition, the vortex has
vanishing density at the center so accretion would be minimal.

We consider a vortex to be stable up to a decay time tdecay if the winding number does
not change in this time interval. We measure the winding number by integrating the phase
difference between neighbouring grid points around a loop. The choice of loop around which
to compute the winding number is important but somewhat subjective. When perturbations
are introduced, the vortex orbits the central mass with a small but non-zero radius, even
when has not decayed (see for example the second snapshot in figure 3). If the loop is too
small, the vortex moves outside of it even though it has not decayed. If the loop is too large,
it includes transient vortices in the underdense outskirts of the soliton. These can increase
the winding number if the have the same chirality as the central vortex, or decrease it if they
have opposite chirality. We used loops with radius similar to the radius of a ground state
soliton of the same mass. In practice, this corresponded to a radius of 10 to 12 grid points.
Figures 1, 2 and 3 show a circle with a radius of 10 grid points.

In figure 1 we show the results of evolving the initial conditions of eq. (2.7) forward

with Mbg = 3.5 × 107 M� ×
(

10−22 eV/m
)3/2

and Msol =
√

2Mbg. One can see that although
there are radial oscillations, the vortex persists to the end of the simulation. There are also
perturbations aligned with the simulation grid; these break the axial symmetry of the ansatz,
so should not increase the stability of the vortex.

Verifying stability requires the addition of perturbations that break the cylindrical sym-
metry of the system. We perturb the simulation with 10 small Gaussian overdensities with
random position and velocity. In particular,

δψ = A

Npert
∑

j=1

ρc exp

(

−(rj − r)2

σ

)

exp (i(rj − r) · vj) , (3.8)

where σ = lbox/50, and for each perturbation the spherical radius rj is uniformly sampled
from the interval [lbox/2.5, lbox/2 × 0.9], the azimuthal angle from [0, 2π] and the polar an-
gle from [0, π]. Each perturbation is assumed to have an angular velocity ωj , where each
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Figure 1. (Stable vortex-soliton, with no initial perturbations.) Snapshots of a simulation with

initial conditions eq. (2.7) with Mbg = 3.5 × 107 M� ×
(

10−22 eV/m
)3/2

and Msol =
√

2Mbg. Time
increases from top to bottom. The x- and y-grids are the same in each panel. The left column
shows the density projected into the x-y plane. The right column is the phase in the x-y plane
in a slice through z = 0; the red curve is that used to compute the winding number. This ini-
tial condition is not an exact equilibrium because Msol > 0. One can see that although there are
radial fluctuations, the vortex persists. See https://www.youtube.com/watch?v=dEHL1Io0akY or
https://doi.org/10.5281/zenodo.7675830 for an animation.

– 10 –



J
C
A
P
0
7
(
2
0
2
3
)
0
0
4

t
=
0:
0
[ G
y
r]

t
=
3:
7
[ G
y
r]

x [kpc]
-20 -10 0 10 20

t
=
7
:6
[ G
y
r]

½=½crit

0 1.0×10⁴ 2.0×10⁴ 3.0×10⁴

y
[ k
p
c]

-20

-10

0

10

20

y
[ k
p
c]

-20

-10

0

10

20

x [kpc]
-20 -10 0 10 20

y
[ k
p
c]

-20

-10

0

10

20

arg(Ã)

¡ ¼ ¡ ¼=2 0 ¼=2 ¼

Figure 2. (Stable vortex-soliton, with initial perturbations.) Snapshots of a simulation with initial

conditions eq. (2.7) with Mbg = 3.5 × 107 M� ×
(

10−22 eV/m
)3/2

, Msol =
√

2Mbg and perturbations
as in eq. (3.8). Time increases from top to bottom. The left column is the projected density. The right
column is the phase in the x-y plane in a slice through z = 0; the red curve is that used to compute
the winding number. This scenario does not have axial symmetry, but the central vortex persists. See
https://www.youtube.com/watch?v=DYeL5UHQjdE or https://doi.org/10.5281/zenodo.7675830 for
an animation.
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Figure 3. (Unstable vortex-soliton, with initial perturbations.) Snapshots of a simulation with

initial conditions eq. (2.7) with Mbg = 3.5 × 107 M� ×
(

10−22 eV/m
)3/2

, Msol = 8Mbg and per-
turbations as in eq. (3.8). Time increases from top to bottom. The left column is the projected
density. The right column is the phase in the x-y plane in a slice through z = 0; the red curve
is that used to compute the winding number. The ratio of the soliton mass and central mass
is sufficiently large that the vortex is unstable even in the presence of the central mass. See
https://www.youtube.com/watch?v=g9NVU4LK2Lc or https://doi.org/10.5281/zenodo.7675830 for
an animation.
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Figure 4. Plot of decay time against the mass ratio Msol/Mbg. The solid blue curve with circles has

a central mass of Mbg = 3.5 × 107 M� ×
(

10−22 eV/m
)3/2

. The dashed orange curve with triangles

has a Mbg = 7.0 × 107 M� ×
(

10−22 eV/m
)3/2

. In each case, the bold (faint) curve has winding
number computed with an aperture of 10 (12) grid points. In both cases, increasing the mass of the
soliton relative to the central mass decreases the time taken for the vortex to decay.

component of ωj is drawn from a normal distribution with mean 0 and standard deviation
1; vj = rj × ωj . The same positions and velocities of random perturbations are used for all
simulations. The overall scaling A is set such that the ratio of the mass of the perturbations
and soliton is |δψ|2/|ψ|2 = 1/100. A realistic galaxy core might be subject to much larger
perturbations, but preliminary simulations suggest that a central mass prolongs the lifetime
of vortex-solitons even in the presence of much larger perturbations. We have not yet fully
investigated this area of parameter space.

Figure 2 shows the result of adding this perturbation to the approximate solution in
eq. (2.7) and evolving it forward. The other initial conditions are the same as in figure 1:

Mbg = 3.5×107 M�×
(

10−22 eV/m
)3/2

and Msol =
√

2Mbg. One may note that perturbations
are not obvious in the initial phase; this is because the perturbation densities and velocities
are small, and many of the perturbations lie outside the plane. The vortex persists until the
end of the simulation, 7.6 Gyr.

Figure 3 shows snapshots of a scenario which is unstable because the central mass is

not dominant. As in figures 1 and 2, Mbg = 3.5 × 107 M� ×
(

10−22 eV/m
)3/2

. However, the
vortex-soliton is much more massive, with Msol = 8Mbg. As the simulation proceeds, the
initial dark matter distribution contracts to form a genus 0 soliton. This soliton falls to the
bottom of the central potential. Even before the initial central vortex dissipates, it orbits
the central potential, instead of remaining centred.

To explore the relation between the mass ratio Msol/Mbg and decay time, we ran a set
of simulations with Mbg = 3.5×107 M� and Mbg = 7.0×107 M�, and varying Msol/Mbg; the
results of this are shown in figure 4. In the interest of computational time, we run simulations
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Figure 5. Plot of decay time against the central mass Mbg. In each case, Msol/Mbg = 8. The bold
(faint) curve has winding number computed with an aperture of 10 (12) grid points. Increasing the
central mass also decreases the stability time at fixed mass ratio.

for only 7.6 Gyr; we do not assign a finite decay time when the vortex persists up to the
end of our simulations, as in cases where Msol/Mbg . 1. The trend is as expected: vortices
persist for shorter times when the soliton mass is large relative to the central mass. There
is some scatter in the decay times, so the curves are not perfectly monotonic. This is due to
the nonlinear nature of this scenario.

In figure 5, we explore the relation between central mass and decay time, at fixed
Msol/Mbg = 8. We see a negative correlation between Mbg and tdecay. This appears to be

a power-law with tdecay ∼ (80 Gyr)(Mbg/107 M�)
−2.

, but we caution against extrapolating
outside this small mass range. This can be explained by the increased density of solitons with
higher mass. As the mass of the rotating soliton increases, the radius of the torus shrinks. So
at the location of the soliton’s maximum density, the soliton’s self-gravity is a higher fraction
of the background potential, leading to a greater influence of nonlinearities in the system’s
evolution and a shorter decay time.

4 Discussion

Our calculations show that a background gravitational potential suppresses the decay of
vortices in SDM. Our simulations show that this suppression is sufficient to give vortices
in soliton cores long lifetimes (compared e.g. to the dynamical/rotational time of the Milky
Way, ∼ 0.25 Gyr) when the central gravitational field is generated by a black hole with a
mass of order that of the soliton itself. The vortices are even longer-lived when the black-hole
mass is greater than the soliton mass. The lifetime of the vortices can exceed the Hubble
time [9, 74]. So, for all practical purposes, the vortices can be treated as stable, even though
they are not the true lowest-energy state that carries angular momentum.
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However, in an ultralight dark matter (ULDM) scenario of a 10−22 eV axion, using
current estimates, supermassive black holes would typically be a few orders of magnitude
too light to stabilize vortex-solitons in most galaxies. In the Milky Way, of halo mass ∼
1012M�, Sgr A* has a mass of ∼ 106M�, while its soliton is estimated from simulations to
be ∼ 109M� [16]. For other supermassive black holes, given fiducial scalings of Mcore ∝
M

1/3

halo [16] and Mblack hole ∝ M1.55±0.05
halo [75], we would expect black holes to typically achieve

equal mass to soliton cores only for the most massive halos, with halo mass & 1015M�,
and black-hole and soliton masses of & 1010M�. There are few halos thought to be as
massive as 1015M�; perhaps the largest cluster known, El Gordo, is thought to have mass ∼
2×1015M� (each of two merging parts with mass ∼ 1015M�). There are more than a handful
of ‘ultramassive’ (M ≥ 1010M�) black holes known currently (e.g. 7 in [76]). As candidates
for the most-massive, Abell 1201 has been measured at (3.27±2.12)×1010M� [77], TON 618
has been measured at ∼ 4×1010M� [78] and Phoenix A has mass perhaps 1011M� [79], even
though a theoretical upper limit of 5 × 1010 has been estimated for a black hole accreting
its mass through a disk [80]. Even the first-imaged black hole, M87*, has mass (6.5 ± 1) ×
109M� [81], within striking distance of 1010; recall that the stabilization mechanism turns on
gradually, still providing some stability when a black hole is lighter than the vortex-soliton.
The assembly histories in these extreme clusters may be particularly complicated, but still,
it seems worth considering whether these could have vortex-solitons. Several uncertainties
need to be kept in mind, though, e.g. the scaling of soliton-core mass with halo mass has
substantial uncertainty and scatter (e.g. [82]). The black-hole mass scaling is uncertain as
well; another estimate of the scaling exponent is 1.62 ([83], as used in ref. [84]).

We originally conceived this stabilization mechanism for central ULDM solitons in galax-
ies, since ordinary matter and black holes would typically inhabit their centers as well. But
it may be even more applicable to lower-mass solitons from higher-mass SDM particles. Due
to the scale-invariance of the Gross-Pitaevskii-Poisson equations, the simulations in section 3
solve the dynamics of a family of systems of characterized by the particle mass m. The QCD
axion has a much heavier particle mass, perhaps m = O(10−4) eV, and may form solitons
with mass on the order of 10−14M� and radius on the order of 300 km; the exact mass an
radius depends on other properties of the axion [85–89]. Our simulations suggest that in a
gravitational well caused by ordinary hadronic matter of comparable mass, the soliton can
support vortices in its cores with lifetimes of many dynamical times, going up to effectively
infinite lifetime if the central mass is far-dominant. In an intermediate-mass scenario, a
Solar-System-scale soliton may exist around the Sun. An axion mass of ∼ 10−14 eV would
give an AU-scale vortex-less soliton, possibly detectable even if it is ∼ 12 orders of magnitude
less massive than the Sun [90]. A rotating version of this soliton seems quite plausible and
would have maximum density at ∼ 1 AU.

All of our analysis was with zero SDM self-interaction. Previous work found that vortices
are stable with repulsive self-interactions, but only when the mass of the soliton is larger that
some critical mass [28]. Adding a central mass should reduce this critical mass. On the other
hand, we found that vortices without self-interactions are long-lived when the soliton mass is
less than a different critical mass, roughly equal to the central mass. Adding self-interaction
to our scenario would change this critical central mass too. Attractive self-interactions would
destabilize the vortex, increasing the central mass threshold giving stability, and repulsive
self-interactions would tend to stabilize the vortex, decreasing this threshold.

A full answer to the question of whether our gravitational route to SDM vortex stability
actually enables stable spin-driven vortices in our Universe may require self-consistent cos-
mological simulations including SDM, hydrodynamics in the baryons, and black holes. It also
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remains a question how a vortex-soliton around a black hole would form in the first place; it
is plausible but not clear quantitatively when dynamical friction from rotating baryons would
torque up SDM [91]. We think it possible that vortex-solitons naturally arise in a sufficiently
fast-rotating halo, but have not shown an explicit formation mechanism or investigated how
common the required level of rotation is in realistic halos.

In our study, we have treated the black hole as a nonrelativistic point mass poten-
tial, which is valid when the radius of the vortex-soliton is significantly longer than the
Schwarzschild radius. When this assumption does not hold, a richer phenomenology can en-
sue. In this case, superradiance can convert a rotating black hole’s spin to gravitational radi-
ation and may generate a rotationally synchronized bosonic dark matter halo, with stability
lifetimes possibly exceeding the age of the Universe [92, 93]. The gravitational stabilization
we show here may contribute to the stability of such systems of ‘black holes with synchro-
nized hair.’ On the other hand, if a vortex-soliton surrounding a black hole has radius much
larger than the black hole, the rotation would nearly evacuate the immediate surroundings
of the black hole of dark matter, suppressing its interaction with the black hole.

Also, if black holes sometimes carry dark-matter vortex-solitons around with them, that
is relevant to black-hole mergers and the role that dark matter plays in them [61] including
closing the ‘final parsec’ of black-hole mergers [32].

In conclusion, we have demonstrated an alternative mechanism for the long-term stabil-
ity of vortices in SDM: a background gravitational potential suppresses their dominant decay
mode. We have primarily concerned ourselves with stabilization of vortex-solitons at the
centers of dark matter halos comprised of particles with mass ∼ 10−22 eV by supermassive
black holes, but have highlighted other scenarios where this mechanism may be relevant.
This introduces a new mechanism by which black holes and other pointlike masses might
connect to their surroundings.
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