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EXPLICIT UNIFORM BOUNDS FOR BRAUER
GROUPS OF SINGULAR K3 SURFACES

by Francesca BALESTRIERI,
Alexis JOHNSON & Rachel NEWTON (*)

ABSTRACT. — Let k be a number field. We give an explicit bound, depending
only on [k : Q] and the discriminant of the Néron—Severi lattice, on the size of the
Brauer group of a K3 surface X/k that is geometrically isomorphic to the Kummer
surface attached to a product of isogenous CM elliptic curves. As an application,
we show that the Brauer—Manin set for such a variety is effectively computable.
Conditional on GRH, we can also make the explicit bound depend only on [k : Q]
and remove the condition that the elliptic curves be isogenous. In addition, we show
how to obtain a bound, depending only on [k : Q], on the number of C-isomorphism
classes of singular K3 surfaces defined over k, thus proving an effective version of
the strong Shafarevich conjecture for singular K3 surfaces.

RESUME. — Soit k un corps de nombres. On donne une borne explicite, dépen-
dant uniquement de [k : Q] et du discriminant du réseau de Néron—Severi, pour
la taille du groupe de Brauer de toute surface K3 X/k qui est géométriquement
isomorphe & la surface Kummer attachée & un produit de courbes elliptiques de
type CM isogenes. Comme application, on montre que ’ensemble de Brauer—-Manin
pour une telle variété est effectivement calculable. Sous I'hypothése de Riemann
généralisée, on peut de plus faire dépendre la borne explicite uniquement de [k : Q]
et supprimer la contrainte d’isogénéité des courbes elliptiques. En outre, on montre
comment obtenir une borne, dépendant uniquement de [k : Q], pour le nombre de
classes d’isomorphismes sur C de surfaces K3 singuli¢res définies sur k, prouvant
ainsi une version effective de la conjecture forte de Shafarevich pour les surfaces
K3 singulieres.

1. Introduction

Let k be a number field with a fixed algebraic closure k& and let X be
a smooth, projective, geometrically integral variety over k with structure

Keywords: Brauer groups, K3 surfaces, uniform bounds, Brauer—-Manin obstructions,
effective strong Shafarevich conjecture.

2020 Mathematics Subject Classification: 11G35, 14J28, 14F22.

(*) Francesca Balestrieri was partially supported by the European Union’s Horizon 2020
research and innovation programme under the Marie Sklodowska-Curie grant 840684.
Rachel Newton was supported by EPSRC grant EP/S004696/1 and UKRI Future Lead-
ers Fellowship MR/T041609/1.



568 Francesca BALESTRIERI, Alexis JOHNSON & Rachel NEWTON

morphism s : X — Speck. The Brauer group of X is defined as Br X =
HZ (X, G,,) and has a filtration

Bro X = im (Brk < BrX ) € Bry X == ker (Br X — Br X) C BrX,

where X := X x, k. In the 1970s, Manin proposed a systematic way to use
the Brauer group to study the set X (k) of rational points of X, as follows
(see [19]). Consider the pairing

<, >BM:X(AI<:) XBI‘X—)Q/Z

given by ((zv)v, @)BM = D, cq, Invy(z} () where, for each non-trivial
place v € Q, the map inv, : Br(k,) — Q/Z is the local invariant map
coming from class field theory. Then it is easily seen that the closure )Tk) of
X (k) in the adelic topology is contained in the left kernel of this pairing. We
call this left kernel the Brauer—Manin set of X and denote it by X (Ay)5.
If X satisfies the Hasse principle with Brauer—Manin obstruction, meaning
that X (A)B" = 0 if and only if X (k) = ), and if furthermore we have a
way to effectively compute the Brauer—-Manin set X (A)B", then it follows
that we can effectively decide whether X has a rational point or not. Such
effectivity results are related to Hilbert’s famous tenth problem and its
variations.

In this paper we focus on singular K3 surfaces and K3 surfaces that
are geometrically Kummer surfaces of products of CM elliptic curves. It
is conjectured by Skorobogatov (see [32]) that, for any K3 surface X over
k, we have X (k) = X (Aj)P". If this conjecture holds, then the problem
of determining the qualitative arithmetic behaviour of the set of rational
points of K3 surfaces is reduced to the problem of understanding their
Brauer—-Manin sets. A first step towards solving this problem is to study
the relevant Brauer groups. By [15, Theorem 1], it turns out that for effec-
tivity problems concerning the computation of these Brauer-Manin sets,
it suffices to effectively bound the size of Br X/ Brg X, which is finite for
K3 surfaces (see [33]). Moreover, for K3 surfaces, Vérilly-Alvarado has pos-
tulated the existence of uniform bounds for #(Br X/ Brg X), although he
makes no mention of effectivity of the bounds in the following conjecture:

CONJECTURE 1.1 (Strong uniform boundedness [40, Conjecture 4.6]).
Fix a positive integer n and a primitive lattice A — Agsz == UP3 @ E?Q.
Let X be a K3 surface over a number field of degree n such that NS X = A
as abstract lattices. Then there is a constant C(n, ), independent of X,
such that #(Br X/Bro X) < C(n, A).
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EXPLICIT BOUNDS FOR BRAUER GROUPS OF K3 SURFACES 569

When X is a K3 surface, explicit uniform bounds are already known for
the size of Br; X/ Bro X, see Remark 1.4. Hence the real content of Conjec-
ture 1.1 is the existence of uniform bounds for the so-called transcendental
part of the Brauer group, Br X/ Br; X. Conjecture 1.1 can thus be viewed
within the context of a more general question:

QUESTION 1.2 ([41, Question 1.1]). — Let k be a number field. Let Y
be a smooth, projective surface over k with trivial canonical sheaf. Is there
a bound for #im(BrY — BrY) that is independent of Y, depending only
on, say, h*(Y, Oy), the geometric Néron—Severi lattice NSY , and [k : Q]?

Our main aim in this paper is to give explicit uniform bounds on the size
of Br X/Brop X in the case where X/k is either a singular K3 surface or
geometrically isomorphic to the Kummer surface associated to a product
of CM elliptic curves. Following [27], we write M (n) for the smallest positive
integer N such that the order of any finite subgroup of GL,(Z) divides N.
Minkowski gave a formula for M (n) in [20]. Of particular relevance for our
results is the constant M (20) = 238 .3 .56.73.112.13.17-19. In our
statements of the following results, we refer to the theorems in the body of
the paper for more precise expressions.

THEOREM (Corollary of Theorem 7.3). — Let k be a number field. Let A
be the Néron—Severi lattice of the Kummer surface of a product of isogenous
(not necessarily full) CM elliptic curves over k and let X/k be a K3 surface
such that NS X =2 A as abstract lattices. Then

BrX
(1.1) #B:l < < 234.3% . 172 M(20)* - |disc A|* - [k : Q]*.

Remark 1.3. — The proof of Theorem 7.3 shows that the bound given
in (1.1) can be dramatically improved in special cases. For instance, if NS X
is generated by divisors that are defined over k then the M (20)* factor can
be eliminated from (1.1). If X is isomorphic over k to the Kummer surface
of a product of k-isogenous (not necessarily full) CM elliptic curves, then

Br X
#B;X <272 72 Akl L |disc A2 - [k QJ*
where K = Q(v/discA), and if, furthermore, the class number of K is 1
then

Br X

BI‘]_ X

Shafarevich [28] has conjectured that, for all d € Z~, there are only
finitely many lattices, up to isomorphism, which occur as the geometric
Néron—Severi lattice of a K3 surface defined over a number field of degree

# <274 |Ag|72 - |disc A7 - [k - Q)2
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at most d. If this conjecture is true then the dependence on the lattice in
Conjecture 1.1 can be eliminated. In the CM setting, Orr and Skoroboga-
tov proved the stronger statement (proved by Shafarevich for singular K3
surfaces) that there are only finitely many Q-isomorphism classes of K3
surfaces of CM type which can be defined over number fields of given de-
gree [22, Theorem B|. However, their methods are not effective and, in
particular, they do not enable us to eliminate the dependence on disc A in
the bounds we describe above. Nevertheless, under the assumption of the
Generalised Riemann Hypothesis, we can eliminate the dependence on the
lattice A and obtain the following result giving an explicit bound depending
only on the degree [k : Q], at the expense of a larger power of the degree
appearing in the bound.

THEOREM (Theorem 7.4). — Suppose that the Generalised Riemann
Hypothesis holds. Let k be a number field. Let X/k be such that X is a
Kummer surface with rank NS X = 20. Then there exists a finite extension
L/k such that X; = Kum(E x E') for some elliptic curves E,E’ over L
and we have

BrX

o < (34)°-10%-[L: Q- ((3.23) - log([L : Q]) + (273) 109)".

##

Moreover, we can choose L such that [L : k] < 2°-3- M(20).

For a generalisation of this result to singular K3 surfaces, see Theo-
rem 7.5. For an analogous result in the case where X is geometrically iso-
morphic to the Kummer surface associated to a product of non-isogenous
CM elliptic curves, see Theorem 7.6.

Remark 1.4. — For any K3 surface X over a number field, Pic X is a free
Z-module of rank r < 20, whereby the proof of [41, Lemma 6.4] shows that
#(Bry X/ Brg X) divides M (r)". Hence Theorems 7.3 and 7.4 yield uniform
bounds on the size of Br X/ Brg X. This bound can be greatly improved in
special cases — for example, if Pic X has a set of generators that are defined
over k then Bry X/ Brg X is trivial.

Using their proof of Shafarevich’s conjecture for K3 surfaces of CM type,
Orr and Skorobogatov proved Conjecture 1.1 for K3 surfaces of CM type
by showing the existence of a bound depending only on the degree [k : Q],
see [22, Corollary C.1]. However, it is not clear how to make their bound
effective, let alone explicit. The value of our results lies in their explicit
nature, which allows us to obtain the following effectivity result.

ANNALES DE L’INSTITUT FOURIER
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THEOREM (Theorem 7.7). — Let k be a number field and let X/k be
such that X is a Kummer surface with rank NS X = 20. Then X (A;)B" is
effectively computable.

Under the assumption of the Generalised Riemann Hypothesis, we obtain
a similar effectivity result for a wider class of K3 surfaces — see Theorem 7.8.
It is important to note that in results like Theorems 7.3 and 7.8 we allow
complex multiplication by orders other than the full ring of integers of the
CM field. In particular, our objects of study include varieties not tackled by

Valloni in [39, §11], where he gave an effective algorithm which computes

bounds on the size of Br X /" (and consequently on Br X/Br; X and

Br X/ Brg X) in the case where X/k is a principal CM K3 surface. For
examples of non-principal CM Kummer surfaces attached to products of
CM elliptic curves, see [12, Example 9.8] for some cases where the elliptic
curves are not isogenous, and [16] and [38, Theorem 3.2] for some cases
where the elliptic curves are isogenous. It would be interesting to investigate
whether Valloni’s work can be used to obtain explicit uniform bounds for
the transcendental parts of Brauer groups of principal CM K3 surfaces.

Our results for Kummer surfaces make use of the close relationship be-
tween the transcendental parts of the Brauer groups of abelian surfaces
and the associated Kummer surfaces (see [34]). One of the inspirations for
our work was the paper [41] of Vérilly-Alvarado and Viray, in which they
studied Question 1.2 for abelian surfaces and Kummer surfaces related to
products of isogenous non-CM elliptic curves. In this context, they showed
that the existence of uniform bounds (depending only on the degree of the
base number field) on the odd order transcendental parts of the relevant
Brauer groups is equivalent to the existence of a uniform bound on the
odd parts of integers n for which there exist non-CM elliptic curves with
abelian n-division fields. For a fixed prime ¢, they gave uniform bounds on
the /-primary subgroups of the transcendental parts of the Brauer groups.
In [2] Cantoral-Farfin, Tang, Tanimoto and Visse gave effective bounds
for Brauer groups of Kummer surfaces associated to Jacobians of genus
2 curves over number fields. Their bounds depend on the Faltings height
as well as the degree of the base field. For abelian varieties of arbitrary
dimension, Gaudron and Rémond obtained bounds on the transcendental
part of the Brauer group depending on the dimension, the Faltings height
and the degree of the base field [7].

Our next result is an example of the kind of bound we obtain in the
abelian setting, depending only on the degree of the base field and the
geometric Néron—Severi lattice.

TOME 73 (2023), FASCICULE 2
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THEOREM (Corollary of Theorem 7.1). — Let k be a number field and
let A/k be an abelian surface such that NS A contains a hyperbolic plane
and rank NS A = 4. Then

BrA
#
BI‘1 A

Conditional on the Generalised Riemann Hypothesis, we obtain the fol-

<218.3% . 772 |discA|* - [k : Q]*.

lowing uniform bound, which depends only on the degree of the base field:

THEOREM (Theorem 7.2). — Suppose that the Generalised Riemann
Hypothesis holds. Let k be a number field and let A/k be an abelian surface
such that NS A contains a hyperbolic plane and rank NS A = 4. Let L/k
be a finite extension such that End(Az) = End(A). Then

BrA
#—
BI‘1 A
Moreover, we can choose L such that [L: k] < 2*-3.

< (34)2-10° - [L: Q)'%- ((3.23) - log([L : Q]) + (2.73) - 109)".

In the course of our work, we obtain bounds for the conductors of endo-
morphism rings of CM elliptic curves over number fields, which may be of
independent interest.

THEOREM (Corollary 4.4). — Let k be a number field and let E/k be an
elliptic curve with CM by an order of conductor § in an imaginary quadratic
field. Then

f <min{3-[k: Q]*, max{[k: Q]* 7}}.

We use this and similar results to obtain bounds on the transcenden-
tal parts of Brauer groups related to products of CM elliptic curves. Our
bounds on conductors also yield an explicit version of the main result of [28]:

THEOREM (Corollary 4.9). — The number of C-isomorphism classes of
singular K3 surfaces defined over number fields of degree at most d is
bounded above by

3-M(20)% - d*- (log(3 - M(20)? - d*) + 1)
- #{K imaginary quadratic | hx < M (20) - d}.

Remarks 1.5.
(1) Using the Siegel-Tatuzawa Theorem [37], the quantity

#{K imaginary quadratic | hx < d}

can be bounded explicitly in terms of d.
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(2) In [36, Theorem 1], Soundararajan shows that for d sufficiently large

2
#{K imaginary quadratic | hx < d} = &() -d? + 0. (d2 - (log d)*%ﬁ) )

¢(3)

1.1. Notation and terminology

Throughout this paper, we use the following notation:

k is a field of characteristic 0,
k is a fixed algebraic closure of k,
[, is the absolute Galois group Gal(k/k) of k,
Q. is the set of non-trivial k-places, when k is a number field,
X is a variety over k,
X; is the base-change X Xgpecr Specl of X to I/k,
X denotes Xz,
Br; X denotes ker(Br X — Br X),
Brg X denotes im(Brk — Br X),
Bri X/ Bro X is the algebraic part of the Brauer group of X,

Br X/Brq X is the transcendental part of the Brauer group of X.

For an abelian group scheme A over k and an integer d € Z~(, we use
the following notation:

A[d] denotes the d-torsion subgroup of A(k),
A{d} denotes the d-primary part hﬂA[d”] of A(k).

For an elliptic curve E defined over k, we use the following notation:

End(E) denotes the full ring of endomorphisms defined over k,
Endg(FE) denotes the subring of endomorphisms defined over k.

We say that E/k has complex multiplication (CM) by an order O in an
imaginary quadratic field if End(E) = O. We say that E/k has full CM
if End(E) is isomorphic to the ring of integers of an imaginary quadratic
field.

For an imaginary quadratic field K, we use the following notation:

Ak denotes the discriminant of K,
hx denotes the class number of K,
Ok denotes the ring of integers of K,
Ok,; denotes the order of conductor f inside O,
O; denotes the order of conductor § inside O when K is clear,
K; denotes the ring class field associated to the order Ok ;,

TOME 73 (2023), FASCICULE 2
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and for an order O in K:
h(O) denotes the class number of O.

Throughout the paper we fix embeddings k¥ < k < C and consider all
field extensions of k of finite degree as subfields of .

1.2. Acknowledgements

The authors are very grateful to Eric Gaudron and Gaél Rémond for
pointing out some errors in a previous draft of this article and providing
some useful references. They are also indebted to the anonymous referee
whose helpful comments improved the article and its exposition. The au-
thors thank Tim Browning, Jennifer Berg, Titus Hilberdink, Adam Logan,
Jack Petok, Matthias Schiitt, Alexei Skorobogatov, Domenico Valloni, Tony
Viérilly-Alvarado and Bianca Viray for useful discussions.

2. Abelian surfaces of product type

DEFINITION 2.1. — Let k be a field of characteristic 0. Denote by <
the set of abelian surfaces A/k such that NS A contains a hyperbolic plane.
For a lattice A containing a hyperbolic plane, denote by <7, n the set of
abelian surfaces A/k such that NS A is isomorphic to A (as an abstract
lattice, with no Galois action).

The lemma below shows that 7, consists of the surfaces that are geo-
metrically isomorphic to products of elliptic curves.

LEMMA 2.2 ([41, Lemma 2.8]). — Let A be an abelian surface over an
algebraically closed field such that NS A contains a hyperbolic plane. Then
A is isomorphic to a product of elliptic curves. In addition,

e ifrank NS A = 2, then the elliptic curves are not isogenous,

e if rank NS A = 3, then the elliptic curves are non-CM, isogenous,
and the degree of a cyclic isogeny between them is % disc NS A, and

e ifrank NS A = 4, then the elliptic curves are isogenous and CM.

Next, we bound the degree of a number field over which an element of
a7, becomes isomorphic to a product of elliptic curves.

ANNALES DE L’INSTITUT FOURIER
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PROPOSITION 2.3. — Let k be a field of characteristic 0 and let A € <7},.
Then there exist a finite extension L/k with [L : k] < 2* -3 and elliptic
curves E and E’ over L such that

ALgEXE/.

Furthermore, if rank NS A = 2, then [L : k] < 2. If rank NS A = 3, then
[L: k] €{1,2,3,4,6,8,12}. If NS A is isomorphic (as an abstract lattice)
to the Néron—Severi lattice of a product of isogenous elliptic curves with
CM by K, then K C L, the elliptic curves E and E' have CM by K, and
End(Az) = End(A4).

Proof. — By Lemma 2.2, there exist elliptic curves E and E’ over k
such that A = E x E’. By viewing the projections onto E and E’ as
endomorphisms of A, one sees that if for some field extension L/k we have
End(Az) = End(A) then it follows that Ay is isomorphic to a product of
elliptic curves over L. As a consequence of [6, Theorem 4.3], there exists a
Galois extension L/k of degree at most 2%-3 such that End(Ay) = End(A).
(See also [24, Théoréme 1.1] for a result for abelian varieties of arbitrary
dimension.) If NS A is isomorphic (as an abstract lattice) to the Néron—
Severi lattice of a product of isogenous elliptic curves with CM by K then
End(Ar) ® Q & My (K) and, in particular, K is fixed by Gal(k/L).

For the cases where rank NS A < 3, we follow the proof of [41, Proposi-
tion 2.7]. Let My 1 :== A! denote the coarse moduli space of elliptic curves,
parametrised by the j-invariant. The coarse moduli space Ay of principally
polarised abelian surfaces contains the Humbert surface Hq := Sme Miq,
which is the locus of abelian surfaces with product structure. We have
an isomorphism Sym?® M, ; = A? given by sending the class of (ji,j2) to
(J1 + J2, J1 - J2)- _

Since A = Ex E’, the surface A gives rise to a point € H; (k), which has
coordinates (j(E) + j(E'),7(E) - j(E")) when viewed as a point in A%(k).
For any o € Ty, we have 0(A) = A, so E X E' 2 ¢(E x E'), and thus
x € Hi(k). Therefore j(E) + j(E') and j(F) - j(E') belong to k, and so
there is an extension ko/k of degree at most 2 such that j(F),j(E') € ko.
Therefore, we may assume that E and E’ are defined over ky. Now Ay,
is a twist (as an abelian surface) of E x E’ and hence corresponds to an
element, of H' (ko, Aut(E x E')). Let L/kq be a field extension. The abelian
surface Ay, is isomorphic to a product of elliptic curves over L if

[Az] € im(H (L, Aut(E)) x H' (L, Aut(E")) — H*(L, Aut(E x E"))).

CASE 1: tank NS A = 2. — In this case Aut(Ex E') = Aut(E)®Aut(E’)
and hence H' (ko, Aut(E)) x H' (ko, Aut(E")) — H'(ko, Aut(E x E’)) is an
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isomorphism. Therefore, Ay, is isomorphic to a product of elliptic curves
over kg.

CASE 2: tank NS A = 3. — This is the case treated in [41, Proposi-
tion 2.7]. The authors show that for any ¢ € H'(ko, Aut(E x E’)) there
exists a field extension L/ko with [L : ko] € {1,2,3,4,6} such that

Resp, /i, ¢ € im(H' (L, Aut(E)) x H'(L, Aut(E")) — H' (L, Aut(E x E7))).
Observing that [L : k| = [L : ko] - [ko : k] and [ko : k] < 2 yields the
result. 0

The following result is surely well known but we include it here for com-
pleteness since we will use it later.

LEMMA 2.4. — Let E and E’ be elliptic curves defined over a field k
of characteristic 0 such that End(E) ® Q C k. Suppose that there exists a
k-isogeny ¢ : E — E'. Then all isogenies between E and E’ are induced by

isogenies defined over k.

Proof. — Let ¢ : E — E’ denote the induced isogeny and let ¢V de-
note its dual. Then ¥ — ¢V o4 gives an injective map of Galois mod-
ules Hom(E, E’) — End(FE). Since End(E) ® Q C k, the action of 'y on
End(E) is trivial and hence all elements of Hom(E, E’) are fixed by 'y, as
required. O

The final results in this section show how to read information about the
CM orders of isogenous elliptic curves E; and Es from the Néron—Severi
lattice of their product.

PROPOSITION 2.5 ([14, Corollary 24]). — Let Ey and Es be isogenous
elliptic curves over an algebraically closed field of characteristic 0. Then
(2.1) disc NS(E; x Eq) = —(—2)~2 - disc Hom(FE}, Ey),
where p = rank NS(E; X E3) and Hom(FE1, Es) is a lattice with pairing
(. 9) = 3(deg(p + 1) — degp — deg ).

Note that Lemma 2.2 shows that p—2 = rank Hom(E1, Es). In [14], Kani

considers the pairing (p, ) = deg(p + 1) — deg v —deg 1) on Hom(E}, Es),
whence the power of 2 in (2.1).

PROPOSITION 2.6 ([13, Corollary 42]). — Let E; and Es be elliptic
curves over an algebraically closed field of characteristic 0 with CM by
orders with conductors {1 and fs, respectively, in an imaginary quadratic
field K. Then

disc Hom(Ey, Fy) = =272 -lem(f1,f2)? - Ak

ANNALES DE L’INSTITUT FOURIER
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where Hom(FE1, E») is a lattice with pairing (p,¥) = %(deg(gaJrz/J) —deg p—
deg ).

Proof. — This follows immediately from [13, Corollary 42] upon noting
that the author’s A(qg, g,) is equal to —4 - disc Hom(E1, E»). O

Combining Propositions 2.5 and 2.6 gives the following corollary.

COROLLARY 2.7. — Let E; and FE, be elliptic curves over an alge-
braically closed field of characteristic 0 with CM by orders with conductors
f1 and fa, respectively, in an imaginary quadratic field K. Then

discNS(E; x Fy) = lem(fy,2)? - Ak.

3. The associated Kummer surfaces

DEFINITION 3.1 ([35, Definition 2.1]). — Let k be a field of characteris-
tic 0. Let A be an abelian surface over k. Any k-torsor T under A[2] gives
rise to a 2-covering p : V' — A, where V is the quotient of A x;,T' by the di-
agonal action of A[2] and p comes from the projection onto the first factor.
Then T = p~1(O4) and V has the structure of a k-torsor under A. The
class of T maps to the class of V under the map Hg, (k, A[2]) — H, (k, A)
induced by the inclusion of group schemes A[2] — A and, in particular, the
period of V divides 2. Let o : V — V be the blow-up of V at T C V. The
involution [—1] : A — A fixes A[2] and induces involutions ¢ on V and T on
V whose fixed point sets are T" and the exceptional divisor, respectively.
We call KumV := V/7 the Kummer surface associated to V (or T). We
remark that the quotient Kum V' is geometrically isomorphic to Kum A, so
in particular it is smooth.

DEFINITION 3.2. — For a lattice A, denote by J¢, 5 the set of smooth,
projective K3 surfaces X /k such that NS X is isomorphic to A (as an ab-
stract lattice, with no Galois action). Let S be the set of lattices that occur
as the Néron—Severi lattice of the Kummer surface of a product of elliptic
curves over k, and let J#, = Unres H#rA-

DEFINITION 3.3. — Let X = KumY be a Kummer surface over k,
where Y — A is a 2-covering of some abelian surface A over k. Consider
the natural blow-up map X — ?/LE, where 17, : A — A is the antipodal
involution, whose exceptional divisor consists of 16 pairwise disjoint smooth
rational (—2)-curves and forms a sublattice Z' C NS X. The Kummer
lattice associated to X, denoted by Ay, is the saturation of this sublattice.

TOME 73 (2023), FASCICULE 2
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It can be shown that Ak is an even, negative-definite lattice of rank 16
and discriminant 2% whose isomorphism type is independent of the choice
of Y. (For more details about the Kummer lattice, we refer the reader to

e.g. [18].)

The next results allow us to bound the degree of a field extension over
which an element of %3, becomes the Kummer surface attached to a product
of elliptic curves.

PROPOSITION 3.4 ([41, Proposition 2.1]). — There is a positive integer
N such that for any number field k, and any K3 surface X/k with NS X
containing a sublattice isomorphic to Ak, there is an extension ko/k of
degree at most N such that Xy, is a Kummer surface.

THEOREM 3.5. — Let X := KumY be a Kummer surface over a field k
of characteristic 0, where Y — A is a 2-covering of some abelian surface A
over k. Assume that X € J#,. Then there exist a field extension L/k with
[L: k] <2*-3 and elliptic curves E and E' over L such that

ALgEXEl.

Furthermore, if rank NS X = 18, then [L : k] < 2. If rank NS X = 19, then
[L: k] €{1,2,3,4,6,8,12}. If NS A is isomorphic (as an abstract lattice)
to the Néron—Severi lattice of a product of isogenous elliptic curves with
CM by K, then K C L, the elliptic curves E and E' have CM by K, and

End(Ar) = End(A).
Proof. — There is an exact sequence of lattices
0—=Ax - NSX - NSY —0,

where Ag is the Kummer lattice and the map Ax — NS X is the natural
inclusion (see [34, Remark 2], for example). Since X € %, this implies that
NSY is isomorphic as an abstract lattice to NS(E x E’) for some elliptic
curves E and E’ defined over k. Since Y = A, this shows that A € <.
Now apply Proposition 2.3. O

COROLLARY 3.6. — There exists a positive integer My such that, for all
number fields k and all surfaces X € ¥}, there exist: a field extension Lo /k
of degree at most My, elliptic curves E and E’ over Ly, and a 2-covering
Y — E x E' such that

X, 2 KumY.

Proof. — This follows immediately from Proposition 3.4 and
Theorem 3.5. U
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Remark 3.7. — The proof of [41, Proposition 2.1] shows that one may
take N = 2- M (20) in Proposition 3.4. Therefore, by Theorem 3.5 one may
take My = 2°-3- M (20) in Corollary 3.6. With more information about the
K3 surface X, this bound can be improved. If, for example, X € J#; satisfies
rank NS X = 18 then one may take N = 2- M (18) and My = 22 - M (18).

PROPOSITION 3.8. — Let A be an abelian surface over a field k of char-
acteristic 0 and let Y — A be a 2-covering. Then there exists a field exten-
sion Ly /k with [Ly : k] < 2* such that Y, = Ar,.

Proof. — Since f : Y — A is a 2-covering, there exists a field extension
Ly /k with [Ly : k] < #A[2] = 2% such that Y, & Ap,. O

Remark 3.9. — In Proposition 3.8, if Y — A is the trivial 2-covering
then we can take L = k.

COROLLARY 3.10. — Let F and E’ be elliptic curves over a field k of
characteristic 0, let Y — E x E' be a 2-covering and let X = KumY.
Then there exists a field extension L1 /k with [Ly : k] < 2* such that, for
alln € Z~y,

BrXp,[n]  Br(EL, x B} )]

3.1 —
(3.1) Bry X1, [n] Bri(Er, x B )[n]’
and hence
Br X Br(E;, x B!
(32) T L1 ( Ly Ll)

— .
Br1 XvL1 Brl(ELl X E/Ll)

Proof. — By Proposition 3.8 there exists an extension Ly /k with [L : k] <
2% such that Yz, = Fp, x B} and therefore X1, = Kum(E, x Ef ).
By [34, Theorem 2.4], we have an injection
Br X, [n] . Br(Er, x E7)[n]

Bry X1, [n] Bri(EpL, X E’Ll)[n]

which is an isomorphism if n is odd. The statement (3.2) follows from (3.1)
since the Brauer groups in question are torsion by [9, Proposition 1.4]. O

Remark 3.11. — For n odd, (3.1) holds with Ly = k and, furthermore,
the injection in (3.1) is an isomorphism. Indeed, if n is odd, apply [41,

Proposition 3.3] to the 2-covering f : Y — E x E’ to get an isomorphism
% . Br(ExE')[n] BrY(n]
I BnExE] ~ BaYh

The next two results show how to obtain information about the CM
orders of isogenous elliptic curves F; and Es from the Néron—Severi lattice
of Kum(E; x Es).
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THEOREM 3.12 (|29, Theorem 3.3]). — Let Ey and E5 be elliptic curves
over an algebraically closed field of characteristic 0. Then

|disc NS(Kum(FE; x Fs))| = 2* - |disc Hom(Ey, Es)|,

where Hom(E1, E,) is a lattice with pairing (p, 1) = %(deg(p+1)—deg o —
deg1)).

COROLLARY 3.13. — Let E; and Ey be elliptic curves over an alge-
braically closed field k of characteristic 0 with CM by orders with conduc-
tors f1 and fa, respectively, in an imaginary quadratic field K. Then

|disc NS(Kum(FE; x Eo))| = 2% - lem(fy, f2)? - |Ak|.

Proof. — This is an immediate consequence of Theorem 3.12 and Propo-
sition 2.6. g

4. Bounds on conductors and the Shafarevich conjecture
for singular K3 surfaces

The main results of this section are Theorem 4.8 and Corollary 4.9 which
yield an explicit version of Shafarevich’s finiteness result for C-isomorphism
classes of singular K3 surfaces defined over a number field. We begin with
an auxiliary result giving bounds on conductors of orders in CM fields.
These bounds are used in Corollary 4.5 and Proposition 4.6 to bound the
number of C-isomorphism classes of elliptic curves defined over number
fields of bounded degree. They are also used in the proof of Theorem 4.8
and they appear again in Section 5 where they are used to obtain bounds
on the transcendental part of the Brauer group of a self-product of a CM
elliptic curve.

ProprosITION 4.1. — Let K be an imaginary quadratic field and let O;
be an order of conductor §f > 0 in Og. Let K; denote the ring class field
associated to O;. Then

(1) if K = Q(v/—T), we have f < max{[Kj : K|?,2};
(2) if K = Q(i), we have § < max{[Kj: K|?,5};
(3) if K = Q(¢3), we have f < max{[K;: K], 7};
(4) in all other cases, f < [Kj: K]?.
In all cases,
f<3-[K;: K]
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Remark 4.2. — We note that the bounds given in Proposition 4.1 are far
from optimal, as is clear by considering, for example, the case when f =1
(i.e. when O5 = Ok).

Proof. — Recall the well-known formula for the class number (see e.g. [4,
Theorem 7.24])

(4.1) [KfiK]Zh(Of):[Og(:gfx]'H(l_ (AK> 1)’

plf p p

where the symbol (ATK) denotes the Legendre symbol for odd primes, while

for the prime 2, the Legendre symbol is replaced by the Kronecker symbol
(%), defined as

0 if2]|Ag,

Ak .

(): 1 ifAg =1 (mod 8),
-1 if Ag =5 (mod 8).

Then
p

(4.2) f=hx' [Ki:K]-[0%:0%- ]| ———.
K f K Y lp_{p—(ApK)

On the other hand, since le ip < f we obtain

Hp@}ﬂ[KwK]-[O;ézO?]-H“

plf plf P~ ATK
and hence
A _
(4.3) H(p <pK>> ghKl.[Kf:Ky[OIX(:OfX].

plf
Now we prove statements (1) — (4). If we can show that
A\’
(4.4) [0§:0;]2-Hp<h§<.n<p_ (p))
plf plf

then rearranging gives
p - Ak
[[—F—~ ghi.[olﬁ:o;]?.l‘[( _<p>>
i P~ (7) plf

and substituting this into (4.2) and applying (4.3) yields f < [Kj : K]*. We
will show that (4.4) holds except in some exceptional cases as described in
statements (1) — (3).
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Since K is an imaginary quadratic field, #0O < 6. For any f, we have

£1 € Of, whereby [0 : Of] < 3. First, we consider the case where

0% : (9 ] = 1. For all primes p > 3, we have

p<<p—1>2<( ( ))
ATK

Moreover, if hx > 1, then 2 < h2. < h% - (2 — (
trouble in proving (4.4) if hx = 1 and ( ) = 1. The unique imaginary
quadratic field satisfying these two hypotheses is K = Q(v/—7) with A =

2
—7. In this case, we have 2 - p < (p — (777)) for all primes p > 3 so the

)) . We only run into

2
only way the product Hp‘f ( (%)) can be less than Hp”p isif f =2

for some n > 1. In this case, (4.1) gives

1
[Kj: K] =2"- (1 2) =2n 1
Hence, f < [Kj : K]? unless § = 2.
Now consider the special case where [0 : Ofx] =2, meaning that K =
Q(i), Ak = —4 and f > 1. For p = 3 and all primes p > 7 we have

2
4-p< (p— (%)) . For p € {2,5} we have p < (p— (%4)) . So we only
run into trouble in proving (4.4) if § = 2% - 5° for some a,b € Zx. In this
case, (4.1) gives

—4\ 1 201 if b =0,
[Kf:K}:2“—1-5b.H<1—<>>= '
T p/)p 20+l . 5b=1 ifp>1.

Now observe that [K;: K]? > § unless f € {2,5}.
Finally, consider the special case where [Oj : (’)fx] = 3, meaning that
K = Q(¢3), Ak = —3 and § > 1. Forp/llwehave9p (p—1)?

2
(p— (*73)) and for all p we have 3 -p < (p— (?)) . Therefore, the

only way that the product Hp‘f ( ( )) can be less than 9 - lefp is
if f €{2,3,5,7}.

To see that in all cases f < 3 [Kj : K2, observe that in the exceptional
cases with f > [K; : K]?, we have f < 7 and if f > 3 then [K;: K] =2. O

Remark 4.3. — An alternative bound is given by

fgmax{[Kf:K}g,Z-[O[X( L OF]- [Kf:K]}.

ANNALES DE L’INSTITUT FOURIER



EXPLICIT BOUNDS FOR BRAUER GROUPS OF K3 SURFACES 583

It can be easily checked that the inequality f < 5 - [0 : Of] - [K; : K]
holds in all the exceptional cases in the proof of Proposition 4.1.

COROLLARY 4.4. — Let k be a number field and let E/k be an elliptic
curve with CM by an order of conductor f in an imaginary quadratic field
K. Then K; C Kk and hence § satisfies the bounds of Proposition 4.1 with
[KEk : K] or [k : Q] in place of [Kj : K]. In particular,

f<max{[k:Q)%7} and f<3-[k: Q>

Proof. — The theory of complex multiplication tells us that K; =
K(j(E)). Since E is defined over k, we have K (j(E)) C Kk. O

COROLLARY 4.5. — Let d € Z~( and let K be an imaginary quadratic
field. Then the number of C-isomorphism classes of elliptic curves defined
over number fields of degree at most d with (not necessarily full) CM by
K is equal to

2ifd=1and K € {Q(v=7),Q(i)};
3ifd=1and K = Q({3);
9ifd=2and K = Q({3).

In all other cases, the number of C-isomorphism classes of elliptic curves
defined over number fields of degree at most d with (not necessarily full)
CM by K is bounded above by d®.

Proof. — Let Oy denote the order of conductor f in O . Then the theory
of complex multiplication shows that the number of isomorphism classes of
complex elliptic curves with CM by Oj is equal to the class number h(Oj).
We call a conductor § d-permissible if there exists an elliptic curve E defined
over a number field of degree at most d with End(E) = O;. In this case the
theory of complex multiplication shows that h(O5) = [K(j(E)) : K] < d.
The total number of C-isomorphism classes of elliptic curves defined over

number fields of degree at most d with CM by K is given by
S owops Y
d—permissible f d—permissible f

Corollary 4.4 and Proposition 4.1 show that in most cases if | is
d-permissible then f < d?, which gives the desired result. The exceptional
cases are

(1) K =Q(v/—7) and d = 1, in which case f < 2;

(2) K =Q(i) and d < 2, in which case f < 5;

(3) K =Q(¢3) and d < 2, in which case § < 7.
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The results for the exceptional cases listed above with d = 1 are well known
—see [31, Appendix A §3], for example. It remains to tackle cases (2) and (3)
when d = 2. For this, we use Corollary 4.4 and Proposition 4.1.

First we tackle case (2). The number of C-isomorphism classes of elliptic
curves defined over number fields of degree at most 2 with CM by Q(%) is
given by
(4.5) S h(oy).

f<5
2—permissible f

We calculate that h(Z[i]) = h(Z[2i]) = 1 and h(O5) = 2 for 3 < § < 5. So
Z?:l h(O;) =14 1+2+2+2=28=d? and so this case is compatible
with the usual bound for the non-exceptional cases.

Now we tackle case (3). The number of C-isomorphism classes of elliptic
curves defined over number fields of degree at most 2 with CM by Q((3) is
given by

(4.6) > o).

<7
2—permissible f

We calculate that h(O5) = 1 for 1 < f < 3, h(O5) = 2 for § € {4,5,7}
and h(Og) = 3, so 6 is not 2-permissible. Using Sage [25] for example, one
can check that the other values of f are all 2-permissible — there are two
non-rational CM j-invariants defined over Q(v/3) with CM by the order of
conductor 4 in Z[¢3], for example. O

PROPOSITION 4.6. — Let d € Z with d > 2. Then the number of C-
isomorphism classes of elliptic curves defined over number fields of degree
at most d with (not necessarily full) CM is bounded above by

d® - #{K imaginary quadratic | hx < d}.

The number of C-isomorphism classes of elliptic curves defined over Q with
(not necessarily full) CM is 13.

Proof. — We say that an imaginary quadratic field K is d-permissible
if there exists an elliptic curve E defined over a number field of degree
at most d with End(E) = O for some order O in K. In this case, since
hi | h(O) and h(O) = [K(j(F)) : K] < d, we have hx < d. The result will
follow from applying Corollary 4.5 and summing over d-permissible fields
K. The result for Q is well known. It follows from Corollary 4.5 and the
fact that there are 9 imaginary quadratic fields K with class number 1.
For d > 3, the result follows immediately from Corollary 4.5. Now suppose

that d = 2. Corollary 4.5 shows that the contribution from Q((3) is 9,
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rather than d®> = 8. However, this is compensated for by the fact that the
contribution from Q(y/—7) is at most 4, as we now show. The contribution

from Q(v/—7) is given by
D I(eh)

2—permissible f
and if § is 2-permissible then hA(O;) is at most 2, whence Proposition 4.1
shows that f < 4. Now (4.1) gives

o= II(-(5);)

whereby h(O3) = 4 and hence 3 is not 2-permissible. Thus, the contribution
from Q(v/—7) is bounded above by h(Ogq(/=7)) + MO2) + h(Os) =1+ 1+
2=4. O

Remark 4.7. — In [5, Theorem 1.1], Daniels and Lozano-Robledo show
that if k/Q is an extension of odd degree then the number of distinct
CM j-invariants defined over k is at most 13 4+ 2logs([k : Q]). However,
the odd degree case is very rare — in [5, Corollary 2.4] the authors show
that if K/Q is an imaginary quadratic field with odd class number then
K = Q(v/—d) where d is equal to 1,2 or a prime ¢ = 3 (mod 4). For a
numerical illustration of the scarcity of CM j-invariants defined over fields
of odd degree compared to those defined over fields of even degree, see [5,
Table 2].

THEOREM 4.8. — For a number field k, let S denote the set of C-
isomorphism classes of singular K3 surfaces X such that both X and a set of
generators for NS X are defined over k. For d € Z~q, let Sq = U[k:Q]gd Sk
Then

#S4<3-d*- (log(3-d*) + 1) - #{K imaginary quadratic | hx < d}.

Proof. — Let k be a number field of degree at most d and let X € Sj.
The isomorphism class of X¢ is determined by the isomorphism class of
its transcendental lattice T'(X¢) (see [10, §14, Corollary 3.21]). Let ¢ =
discT(X¢c) and let K = Q(v/c). Define § € Z~( by letting ¢ = 2 - Ag.
Then by [26, Theorem 2|, the ring class field Kj is contained in kK and
hence [K;: K| < [kK : K] < [k : Q] < d. Now Proposition 4.1 shows that

(4.7) f<3[K;: K] <3[k:Q)* <3-d°

Also, since the Hilbert class field is contained in Kj, we have hx < d.
Work of Shioda and Inose in [30] shows that T'(X¢) = T(A) for A =
C/Ok;s x C/a where Ok ; denotes the order of conductor f in Ox and a
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is a lattice in K with ring of multipliers Ok ;. with fq | f. The number of
homothety classes of lattices with ring of multipliers Ok 3, is equal to the
class number h(Ok j,). Our observations thus far show that

(4.8) #5a < > > > Ok,

K imaginary quadratic §<3-d? fq|f
hx<d

Since fq | f, we have K;, C Ky C kK. Therefore,
(4.9) WOk 5.) = [Ky, : K] < [k: Q) <d

Substituting (4.9) into (4.8) and writing 7 for the number-of-divisors func-
tion gives

(4.10) #S8a<d- > > (.

K imaginary quadratic §<3.d?
hr<d

Now recall that Zf\;[:l 7(n) = fol[ | < MZ 1< M(log M + 1).
Using this in (4.10) yields

#S4<3-d>- (log(3-d?) + 1) - #{K imaginary quadratic | hx < d}. O

COROLLARY 4.9. — The number of C-isomorphism classes of singular
K3 surfaces defined over number fields of degree at most d is bounded
above by

3-M(20)% - d®- (log(3 - M(20)? - d*) + 1)
- #{K imaginary quadratic | hx < M(20) - d}.

Proof. — Let X be a singular K3 surface defined over a number field k.
Recall that NS X = Pic X is a free Z-module of rank 20 whose generators
are all defined over some finite extension of k. Since the order of any finite
subgroup of GLyo(Z) divides M (20), the Galois representation p : Ty —
Aut NS X < GLgo(Z) factors through Gal(kg/k) for a Galois extension
ko/k of degree at most M (20). Now apply Theorem 4.8 to Xy, . O

5. The transcendental part of the Brauer group of the
self-product of a CM elliptic curve

In this section, we obtain uniform bounds for the transcendental part of
the Brauer group of F x F, where E is an elliptic curve over a number
field. The key result that we will use to compute the transcendental part
of the Brauer group of a product of elliptic curves is the following:
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THEOREM 5.1 (Skorobogatov—Zarhin, [34, Proposition 3.3]). — Let E
and E’ be elliptic curves over a field k of characteristic 0 and let n € Z~.
Then there is a canonical isomorphism of abelian groups

Br(E x E')[n] ., Homp, (E[n], E'[n])

Bri(E x E')[n]  (Hom(E,E") ® Z/nZ)F*

We will apply this result in the case where E = E’. The special case
where E has full CM was addressed in [21]. The following definition is
needed for the description of the ¢-primary part of Br(E x E)/Bri(E x E)
in Theorem 5.3 below.

DEFINITION 5.2 ([21, Definition 1]). — Let E be an elliptic curve over
a number field k with CM by the ring of integers of an imaginary quadratic
field K. For a prime number ¢ € Z~, define my(E) to be the largest integer
n such that for all primes q of kK that are of good reduction for E and
coprime to £, the Grossencharakter Vg, k satisfies

VYe/ki(q) € Ok e,

where Ok ¢ denotes the order in O of conductor (™.

THEOREM 5.3 (Newton). — Let E be an elliptic curve over a number
field k with CM by the ring of integers of an imaginary quadratic field K,
let ¢ be a prime number and let m := my(FE) be as defined in Definition 5.2.
Then

(5.1)
(/e Z) if K C k,
BUEXE) (nolgiomg «2/97 i K ¢ kot =2 and E2] = B[2](k
Bfl(EXE) - / X / 1 §Z [ an [}* []( )a
Z/{mZ otherwise.
Proof. — See [21, Theorems 2.5 and 2.9]. O
Remark 5.4. — Since the Grossencharakter determines the action of I'y i

on E[2], we note that E[2] = FE|[2|(k) implies mo(E) > 1. If K ¢ k,
then E[2] = E[2](k) also implies 2 | Ag. This is seen by taking a basis
{P, (%)P} for E[2] and considering the action of complex conju-
gation.

In order to use Theorem 5.3 to obtain uniform bounds on the size of
the transcendental part of the Brauer group of £ X E, we need to bound
[ prime ¢me(E) in terms of the degree of the field of definition of E. This
is achieved by the following lemma in combination with Proposition 4.1.
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LeEMMA 5.5. — Let k be a number field. Let E be a CM elliptic curve
over k with End(FE) = O for some imaginary quadratic field K/Q. Let
mg = my(E) be as in Definition 5.2. Let ¢ = [], . ¢™ and let K.
denote the ring class field associated to O.. Then

K. C kK.

Proof. — Let q be a finite prime of kK of good reduction for F and
coprime to c¢. We will show that g splits completely in kK./kK. Then [3,
Exercise 6.1] will allow us to conclude that K. C kK, as desired.

Recall that, given an abelian extension of number fields M/F and a
prime ideal v of O that is unramified in M/F, the Artin symbol (v, M/F)
is the unique element o € Gal(M/F) such that, for all & € Oy,

o(a) = a7/ (mod s)

where s is a prime of M above tr. Showing that q splits completely in
kK. /kK is equivalent to showing that (q,kK./kK) = 1. It will suffice
to show that the restriction (q,kK./kK)|k, € Gal(K./K) is trivial. Let
Nix/x(q) = plase, where p = qN Ok and fy/, = [Ork /9 : Ok /p]. Then
Nik/q(4) = Nk q(p)fa/r. We have

(5.2) (0. kK /RE) |k, = (p, Ko /K)o = (plar Ko/ K).

By [31, Theorems I1.9.1 and I1.9.2], the value ¥ ,x(q) of the Grossen-
charakter at q generates the principal ideal Ny, x(q) = pfa/v. By defini-
tion of my, we have ¥/ (q) € Opme = Z 4 £M*Of for all prime numbers
. Thus, Yk (q) € N, Oeme = Oc = Z + ¢Ok. By definition of the ring
class field K, this implies that (p/o/», K/K) = (Vg (q)), K /K) =1,
as required. O

Now we deal with the more general case where the elliptic curve E has

CM by an order in the ring of integers of an imaginary quadratic field. In
the next lemma we compute (End(FE) ® Z/nZ)"*.

LEMMA 5.6. — Let E be an elliptic curve over a field k of characteristic
0, with CM by an order of conductor f in an imaginary quadratic field K.
Let n € Z+y.

(1) If K C k then (End(E) ® Z/nZ)'* = End(F) ® Z/nZ = (Z/nZ)*.
(2) If K ¢ k then

(End(E) @ Z/nZ)"™ = {Z/"Z X Z/2Z if2|f-Ax and 2| n;

Z/nZ otherwise.
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Proof. — If K C k, then 'y acts trivially on End(E), and (1) follows
immediately. It remains to prove (2). Henceforth, we assume that K =
Q(v/=d) ¢ k. B

First suppose that 2 f Ag. Then any ¢ € End(F) is of the form a +
bf(@) for some a, b, € Z, and a simple calculation shows that the image
of ¢ in End(F) ® Z/nZ is fixed by I'y, if and only if 2b = fb = 0 (mod n). If
either f or n is odd then these congruences imply that b =0 (mod n) and
hence (End(E) ® Z/nZ)'* = Z/nZ. If both § and n are even then the two
congruences simply reduce to 2b = 0 (mod n) and (End(F) ® Z/nZ)'* =
Z/nZ x Z/2Z, as claimed.

Now suppose that 2 | Ag. Then any ¢ € End(FE) is of the form a+bfv/—d
for some a, b, € Z, and the image of ¢ in End(E) ® Z/nZ is fixed by T if
and only if 20 = 0 (mod n). This yields the desired result. O

To make use of Theorem 5.1, we must also analyse Endr, (E[n]). For this
we use some ideas from [41] and [42]. Let n be a positive integer and let E
be an elliptic curve over a field k of characteristic 0. Let

pEn : Ty = Aut(E[n]) = GLo(Z/nZ)

denote the Galois representation coming from the action of Galois on the
n-torsion of F.

DEFINITION 5.7 ([42, Definition A.1]). — Let n be a positive integer.
A subgroup H of GLs(Z/nZ) is liftable abelian if there exists an abelian
subgroup H < GLQ(Z) such that H surjects onto H under the natural
quotient map GLg(i) — GL2(Z/nZ). (In particular, a liftable abelian
subgroup is abelian.)

PROPOSITION 5.8 ([42, Corollary A.4]). — Let E be an elliptic curve
over a field k of characteristic 0 and let n € Z~. Then we have an isomor-
phism of abelian groups

Endpk(E[n]) = Z/TLZ X Z/SEmZ X (Z/tE,nZ)2

for positive integers tg ,, | Sg,n | n. Furthermore, sg ,, is the largest integer
s dividing n such that Gal(k(E[s])/k) is liftable abelian and tg , is the
largest integer t dividing n such that Gal(k(E[t])/k) C (Z/tZ)* where
a € (Z/tZ)* acts by P — aP.

Remark 5.9. — An example where im pg , is abelian but not liftable
abelian is as follows. Take k& = Q(v/2) and let E/k be the elliptic curve
64.1-a3 in the LMFDB tables (see [17, Elliptic Curve 64.1-a3]) with CM
by Z[v/—2]. Choose a basis of the form P,/—2P for E[4]. With respect to
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such a basis, one can calculate using the methods of [21] that the Z/4Z-
submodule of End(E[4]) generated by im pg 4 is equal to the Z/4Z-span
of I, (29) and (99). Thus, im pg 4 is abelian but [42, Lemma A.7] shows
that it is not liftable abelian.

LEMMA 5.10. — Let E and E’ be elliptic curves over a field k of charac-
teristic 0 and let ¢ : E — E’ be an isogeny of degree d defined over k. Then
for all primes ¢ and all n € Z>, ¢ induces a Galois-equivariant surjection

Q: E[€n+ordg d} s El[én]
and hence a surjection

Gal(k(E[emrorded)) /k) — Gal(k(E'[¢"])/k).

Proof. — Let P’ € E'[¢"]. Then P’ = ¢(P) for some P € E(k). Since
[P = ([*] 0 9)(P) = (p o [€"])(P),
we have [("|P € ker(p). Writing ¢ for the dual isogeny, we have
[de*]P = (g o @)([£"]P) = 0.

Therefore, P = Py + P, for some P; € E[("t"% "] and P, € E[z4=).
Since ¢(Py) is a point of E’ with order a power of ¢, the same is true for
©(Py) = P’ — ¢(Py). Since P, € E[Zor%], and £ { éor%’ we deduce that
©(Py) = 0, and hence P’ = ¢(P;). This proves the existence of the first
surjection. Since ¢ is defined over k, it is Galois equivariant, whence the
second surjection. O

The following fact is well known, but we give a proof here since we were
unable to find one in the literature.

LeEMMA 5.11. — Let k be a field of characteristic 0. Let E be an elliptic
curve over k with CM by an order O of conductor f in an imaginary qua-
dratic field K. Then there exists a cyclic k-isogeny ¢ : E — E' of degree f,
where E’ is an elliptic curve over k with CM by Ok.

Proof. — The complex elliptic curve E¢ corresponds to C/L for some
lattice L. Since E has CM by O, the lattice L is homothetic to b for some
invertible O-ideal b. In other words L = Ab for some A € C*. Now the
natural surjection C/Ab — C/AbOf corresponds to a cyclic C-isogeny
¢ : Ec = Eg where E¢ has CM by Og. Moreover, deg p = [AbOk : Ab] =
[OK : O] = f

Now let L’ be an arbitrary lattice containing Ab as a sublattice of index
f such that {z € C | zL' C L'} = Ok. Any such lattice corresponds to an
elliptic curve E¢& with CM by Ok and with a C-isogeny Ec — E{ of degree
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f. Now A"1b~1L’ contains O as a sublattice of index f. Furthermore, since
{z€ C|zL' C L'} = Ok, we know that L’ is homothetic to an invertible
Ok-ideal. Therefore, we can write A\™'b~!L’ = pa for some invertible Og-
ideal a and some p € C*. Since 1 € O C pa, we have = a~! for some
a € a. Writing out [a~!Ok : O] in two different ways gives
[a_l(’)K : OKHOK : O] = [a_l(’)K : a_lu][a_la : O]
Since [a™ta: O] = A" : O] = f = [Ok : O] we obtain
@10k : Og] = [a 'Ok : a ta.

Therefore A™'67 'L = a~'a = Ok and hence L' = AbOy. Thus any C-
isogeny of degree f to an elliptic curve with CM by Ok has the same kernel
as . In particular, noting that any C-isogeny is actually already defined
over k, if ¢ € T'j, then o opoo~! gives a C-isogeny of degree f to an elliptic
curve with CM by Ok Its kernel is o (ker ). Hence, by the argument above,
o(ker p) = ker . Since this is true for any o € T'y, we deduce that ker ¢

is defined over k. Now the natural surjection E — E/ker ¢ is our desired
k-isogeny. O

COROLLARY 5.12. — Let k be a field of characteristic 0. Let E be an
elliptic curve over k with CM by an order of conductor § in an imaginary
quadratic field K. Let ¢ : E — E' be an isogeny of degree f to an elliptic
curve with CM by Ok as in Lemma 5.11. Let £ be a prime and let n € Zx.
Then

SE gntordy f < gordgf . SE‘/’KH and tE gntordy § < gordgf . tE/ln.

Proof. — This follows from Lemma 5.10. 0
We will use the following well-known fact several times in the proof of
Theorem 5.13 below. Let E, E’ be elliptic curves over a number field. Then
(5.3) Br(E x E') = (Q/Z)5~"
where p = rank NS(E x E’). This follows from work of Grothendieck.

THEOREM 5.13. — Let E be an elliptic curve over a number field k
with CM by an order of conductor f in an imaginary quadratic field K. Let
¢ : E — E’ be an isogeny of degree f to an elliptic curve with CM by Ok
as in Lemma 5.11. Let ¢ be a prime.

(1) If K C k, then
Br(E x E)
Bri(E x E)
for some a < my(E'") 4+ ordy§.

{6} = (z/1°2)*
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(2) If K ¢ k, then

Br(EXE) . .
B (B < B) 4 =202
for some a < my(E’) 4+ ordy f, unless ¢ = 2 and E[2] = E[2](k), in
which case
Br(E x E) N "

for some a < mo(E’")+ords f4 1. In fact, a < ma(E’)+ords f unless
2 | Ak and E'[2] # E'[2)(k).

Remark 5.14. — Note that if K ¢ k, then E[2] = E[2](k) implies that
2| §- Ak. This is seen by considering the action of complex conjugation on
E[2], as in Remark 5.4. Furthermore, if 2 1 f then Lemma 5.10 shows that
E[2] = E[2](k) if and only if E'[2] = E'[2](k).

Proof of Theorem 5.13. — By [21, Lemma 2.1], we have

Br(E x E) (= Br(E x E){¢}
Bri(Ex E)"’  Bri(E x E){{}
Let n € Z>( and apply Theorem 5.1 to E X E. Let m = my(E").
(1). — If K C k then Lemma 5.6 and Proposition 5.8 give
Endr, (E[")
(End(E) ® Z/("Z)"*
To see this, apply Proposition 5.8 to get
Endpk (E[fn]) = Z/E”Z X Z/SE’gnZ X (Z/tE’(nZ)Q.

>~ (Z/tp.mZ)*.

Now, by Lemma 5.6, we have
(End(E) ® Z/("Z)'* = (Z/("Z)? C Endr, (E[("]).

Since tgn | sgen | £7, it follows that sg m = £, whence the claim.

Our task is now to bound tg ¢~ for n large. By Corollary 5.12 it suffices
to show that, for all r € Z>q, tg/ ¢ < ™. This follows from Lemma 5.6,
Proposition 5.8 and Theorem 5.3 applied to E’.

(2). — If K ¢ k and at least one of ¢, f- A is odd then Lemma 5.6 and
Proposition 5.8 give

n
Endr, (E[E"]) o Z/sp.Z % (Z/tg.mZ)>.
(End(F) @ Z/¢"Z)"*
By (5.3), Br(E x E)/Bri(E x E) is an abelian group of rank at most 2.
Therefore, tg g» = 1. It remains to bound sg ¢~ for n large. By Corol-
lary 5.12 it suffices to show that, for all r € Z>(, we have sg/ ¢~ < £™. This
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follows from Lemma 5.6, Proposition 5.8, Theorem 5.3 and Remark 5.4
applied to E’.

From now on, we assume that K ¢ k, { =2 and 2 | f- Ax. So Lemma 5.6
and Proposition 5.8 give

Ende, (E2") . Z/spanz x (2/tp2n2)
(End(E) ® Z/2nZ)T Z/27Z
Since Br(F x E)/Bri(E x E) has rank at most 2 we find that tgon < 2.

First suppose that E[2] # E[2](k). Then tgan = 1 for all n > 0 and
hence

Endpk(E[Z”]) ~ Z/SE,QnZ ~ Z
(End(E) ® Z/2nZ)'x  Z/2Z  (spon/2)Z
Now Lemma 5.6, Proposition 5.8 and Theorem 5.3 applied to E’ show that,
for all r € Z>g, we have sg/ or < 2™+1. Hence, Corollary 5.12 shows that,
for all € Zxo, we have sp grroray i < gmtltorda | Therefore, for large n
we have sp n /2 < 2mF0rd2 T a5 required.

Now suppose that E[2] = E[2](k), i.e. k(E[2]) = k. Then, by definition of
tgon, we have tgp on > 2 for all m > 1. We already saw above that tg on < 2.
Hence tgo» = 2 and

Endr, (E[2"]) W Z/spanZ x (Z)27)?
(End(E) ® Z/2"Z)Tx Z/2Z
Again, since Br(F x E)/Br;(F x E) has rank at most 2 we find that
Enﬁh“k (E[Qn]) o~ Z/SE 2nZ % Z/QZ
(End(E) @ Z/2"Z)Tx ’

By Corollary 5.12, for all 7 € Z>g, we have sg grtoras < 277927 - 5 o

For large n, it follows from Lemma 5.6, Proposition 5.8 and Theorem 5.3
applied to E’ that sg/on < 2™, When performing this calculation, one
observes that the upper bound on sgs on can only be achieved if 2 | Ag
and tgs on = 1. The latter condition is equivalent to E'[2] # E'[2](k). O

COROLLARY 5.15. — Let E be an elliptic curve over a number field k
with CM by an order of conductor f in an imaginary quadratic field K.
Then
Br(E x E
(5.4) # ( )

et AT | B

£ prime, 4[k:Q]
(= (25))|10z:07)kQ]

If [k : Q] > 2 then

(5.5)
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Remark 5.16. — Note that [O) : O] divides 6. Therefore 6 could be
used in place of [Of : O/ in (5.4).

Proof of Corollary 5.15. — We begin by proving (5.5). Let ¢ : E — E’ be
an isogeny of degree § to an elliptic curve with CM by Ok as in Lemma 5.11.
Let mg == my(E") and let ¢ :== [], ;. €™ First we consider the case where
K C k. Then taking a product over all primes in Theorem 5.13 gives

Br(E x E)

(56) Bri(E x E)

| §2 - %
By Lemma 5.5 we have K, C kK = k and hence 2- [K, : K] < [k : Q]. Now
Proposition 4.1 gives

¢ <3-[K.: K2 < [k: QP

which gives the desired upper bound in this case.
Now we assume that K ¢ k. Taking a product over all primes in Theo-
rem 5.13 gives

Br(E x E)

(5:7) #Brl(E x E)

|[4-f-c.

For K ¢ {Q(i),Q(¢3)}, Proposition 4.1 gives
(5.8) ¢ < [k: QP

since K. C kK by Lemma 5.5. (Note that (5.8) holds for K = Q(v/—7)
since [k : Q] > 2.) Now the desired upper bound follows by noting that
4§ [k: Q2 <f-[k:Q]* when [k: Q] > 2. For K = Q((3), Theorem 5.13
and Remark 5.14 yield

Br(E x E)

2
Bn(ExE) | ¢

(5.9) #
and Proposition 4.1 gives ¢ < 3 [K. : K]? < 3-[k: Q)2 < [k : Q]*. For
K = Q(i), Proposition 4.1 shows that the only possible value of ¢ violating
the desired bound ¢ < [k : Q]? is ¢ = 5. But if ¢ = 5 then Theorem 5.13
and Remark 5.14 give

Br(E x E)

m|2f2C=10f2<f2[kQ}4

(5.10) #

This completes the proof of (5.5).
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For the divisibility statement (5.4), we first claim that if m, > 1 then
me=1 | [k Q]. We have Kym, C K. C kK so [Kem, : K] | [k : Q]. By (4.1),

_ hi Ax
[(Kgme : K] =0 1'xx'(€_< )>
Ok : Opm,] 14

=0 K K,

because O, = {£1} for all n > 1. Thus, ¢™~ ! | [Kym, : K|, proving the
claim.

Now if my > 2 then ¢™¢ | (20me=1) | [k : Q]2. Tt remains to deal with the
primes ¢ for which m, = 1. By (4.1) we have

Ky : K] - (0% OF] = e - (z-(%)).

Therefore,

[k QP I i
£ prime, #[k:Q]
(- (25))|0%:07) k0l

Now observe that in all cases Theorem 5.13 and Remark 5.14 imply that

Br(E x E) 5 o
A1 — |2
(5.11) Formary 2T
to complete the proof of (5.4). O

Remark 5.17. — Similar results can be obtained for # Br(E x E)'*. For
example, if F has CM by O then [21, Theorems 2.6 and 2.8], Lemma 5.5
and Proposition 4.1 show that

#Br(E x B)'™ =|Ag|- [] ™ <32 |Ak|-[k: Q]".

¢ prime
COROLLARY 5.18. — Let E be an elliptic curve over a number field k
with CM by an order in an imaginary quadratic field K. Then, for k = Q,
4 if K =Q(vV-7);
(5.12) Br(E x E) 8 if K=Q(i);
' Bri(Ex E) =19 if K = Q(G);
1 otherwise.
For [k : Q] > 2,
Br(E x E) s
5.13 — < |k .
(5.13) b <[
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In all cases,

Br(E x E)

(5.14) #&ﬂExE)

|2-[k:QJE- 11 .

£ prime, [k:Q)]
(- (25)) | (05071 k)

Proof. — Let End(E) = O5 and let ¢ be as in the proof of Corollary 5.15.
To obtain (5.13) and (5.14), repeat the proof of Corollary 5.15 noting that
at each stage the bounds given for ¢ also apply to f by Corollary 4.4.
We finish by proving (5.12). By Lemma 5.5 and Corollary 4.4, we have
K. = K; = K; we will use this in our applications of Proposition 4.1. If
K ¢ {Q(v/-7),Q(¢3),Q(i)} then Proposition 4.1 shows that ¢ = f = 1. If
f =1 then the result follows from [21, Theorem 3.1], Theorem 5.3 and Re-
mark 5.4. Henceforth, suppose that f > 1 and K € {Q(v/~7), Q({3), Q(4)}.

If K = Q(v/=7) then Proposition 4.1 shows that ¢,f < 2. Thus, the
result follows from Theorem 5.13 if we can show that any elliptic curve
E/Q with End(E) = Z[\/=7] satisfies E[2] # E[2](Q). Up to a quadratic
twist (which does not change the Galois module structure of the 2-torsion),
we may assume that F is the elliptic curve [17, Elliptic Curve 49.a.1], which
has Mordell-Weil group Z/2Z.

If K = Q((3) then Proposition 4.1 shows that ¢,f < 3. For §f = 3, the
result follows directly from Theorem 5.13 and Remark 5.14 since 2 1 Ag.
For § = 2 we must verify that any elliptic curve E/Q with End(E) =
Z[\/—3| satisfies E[2] # E[2](Q). As above, we need only check this for
one specific curve since Aut E = {£1} and hence any twist of £/Q is a
quadratic twist. We can take E to be [17, Elliptic Curve 36.a.1] which has
Mordell-Weil group Z/27Z, for example.

If K = Q(7) then (4.1) shows that ¢,f < 2. By the same reasoning as
above, the result follows from the fact that the elliptic curve [17, Elliptic
Curve 32.a.1] has Mordell-Weil group Z/2Z. O

6. The transcendental part of the Brauer group of a
product of CM elliptic curves

In this section we give uniform bounds on the transcendental part of the
Brauer group of a product E; X Es of CM elliptic curves. The curves may or
may not be isogenous — we deal with these two cases separately. In the case
where F7 and Fs are isogenous we will use the isogeny to reduce to the case
where F; = E5, which was dealt with in the previous section. We begin by
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bounding the difference in size of the transcendental parts of the Brauer
groups of isogenous abelian varieties in terms of the degree of the isogeny.

PROPOSITION 6.1. — Let A and A’ be abelian varieties of dimension g
over a field k of characteristic 0. Suppose that there exists a k-isogeny ¢ :
A — A’ of degree d. Then the kernel of the induced map ¢* : Br A’ — Br A
is contained in Br A’[d]. Consequently,

#(Br A7) [ @900 . 4 (Br A)"*

and

4 Br A’ BrA
BI‘1 A’ BI‘1 147
2

where p is the rank of NS A’ and we have 1 < p < g°.

| d9R9=1=r . 4

Proof. — The isogeny ¢ induces an injection of function fields
o F(T) < F(A)
such that [k(A) : ¢*(k(A"))] = d. The map ¢* : Br A’ — Br A coincides with
the restriction map Resy : Brk(A’) — Brk(A). Since CoryoResy = [d],
the kernel of ¢* : Br A’ — Br A is contained in Br A’[d]. The proof of [1,
Lemma 4.2] shows that # Br A’[d] = d9(29=1)=F_ The fact that 1 < p < ¢°
is well known.

To complete the proof, recall that for any abelian variety B, there is an
injection Br B/ Bry B < (Br B)'* by definition of Br; B, and (Br B)"'* is fi-
nite by [33, Theorem 1.1]. The kernels of the induced maps ¢* : (Br A’)I'* —
(Br A)'* and ¢* : Br A’/ Br; A’ — Br A/ Br; A are contained in the kernel
of ¢* : Br A’ — Br A. O

Next, we bound the degree of an isogeny between CM elliptic curves in
terms of the CM data.

PROPOSITION 6.2. — Let F; and E5 be elliptic curves over C with com-
plex multiplication by an order O of conductor f in an imaginary quadratic
field K. Then there is an isogeny ¢ : F4 — Fo such that

degp <2-77 1§ /|Ak]

Proof. — First note that all elliptic curves over C with CM by O are
isogenous and that, up to isomorphism, any isogeny between elliptic curves
over C with CM by O is of the form ¢, : Ey — E-1y for invertible O-ideals
a and b. Here Ey, corresponds to C/b and ¢, is the natural map coming from
the inclusion of lattices b C a=1b. See [4, Corollary 10.20], for example. We
have deg ¢4 = N(a) = [O : a] by [4, Lemma 11.26], for example. Note that
replacing a by Aa for A € K* corresponds to replacing a~'b by a homothetic
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lattice and hence does not change the isomorphism class of F,-15. A simple
application of Minkowski’s theorem shows that there exists an O-ideal ¢ in
the same ideal class as a such that N(¢) < 2-771-§-/|Ak], since - |Ak]|
is the absolute value of the discriminant of O. Therefore ¢, is a suitable
isogeny. O

COROLLARY 6.3. — Let E; and Es be elliptic curves over C with com-
plex multiplication by orders with conductors f; and fa, respectively, in an
imaginary quadratic field K. Then there is an isogeny ¢ : E1 — F5 such
that

deg ¢ < 2.1 1 f2 - VIAK]

Proof. — Lemma 5.11 shows the existence of isogenies ¢ : £} — E} and
¢2 : Eo — E} with degrees f; and fo, respectively, where Ej] and E) have
CM by Ok. Proposition 6.2 shows the existence of an isogeny ¢ : Ef — E)
such that deg o < 2.7~ 1-\/[Ak]|. Let ¢y : By — E be the dual of ¢5. Now
the isogeny <£2 opo¢y : E; — Fy has degree at most 2- 7711 - fo - /| Ak],
as desired. O

Now we combine the results obtained so far to obtain bounds for the
transcendental parts of Brauer groups of products of CM elliptic curves. At
several points we use the fact that for a variety X/k and a finite extension
L/k we have

Br X N Br X,
BrlX BrlXL'

THEOREM 6.4. — Let k be a number field and let F'; and F5 be elliptic
curves over k with complex multiplication by orders with conductors f; and
fo, respectively, in an imaginary quadratic field K. Let M /Kk be a finite
extension such that all isogenies E5 — E; are induced by isogenies defined
over M. Then

BI‘(El X Eg)
Brl(El X Eg)

(6.1)

<22 - |Ak| - [M QI

Furthermore, if the class number of K is 1 then

BI‘(E1 X Eg)

mgﬁfg[Mer

In all cases we can choose M such that [M : Kk] | #0%.

Proof. — Let ¢ : Es py — Eq,m be an M-isogeny. For ¢ = 1,2 let 1); :
E; — E! be the k-isogeny of degree f; to an elliptic curve over k with CM by
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Ok provided by Lemma 5.11. Then ¢y propotpy y, + Ey yp — Ej s an M-
isogeny. Thus, by Lemma, 2.4, all isogenies E’y — E’; are defined over M.
Let 6 : E§7M — ELM be an isogeny of minimal degree. By Proposition 6.2,
(6.2) degf <2-7 1 \/|Ak]

Now (id, 6) o (1,0, %2,0m) : Erm X B2 v — B X By, is an M-isogeny
of degree f; - f2 - deg . Now by (6.1) and Proposition 6.1,

Br(E, x E») 4 Br(E1a X Eo ) Br(Bin x Eyn)
Bri(Ey x Bo) ' Bry(E1a % Far) Bri(E] 4 X B 3)
Recall that K C M and hence [M : Q] > 2, whereby Corollary 5.15 gives
Br(Ei,M X EiM)
Brl(Ei,M X E{M)

# | (f1-f2-deg 0)*-#

< [M Q.

Putting everything together yields the desired result. If the class number
of K is 1 then all elliptic curves with CM by O are isomorphic over k and

hence deg 6 = 1.
Finally, by [24, Proposition 1.3] all isogenies E» — FE; are induced by
isogenies defined over a Galois extension of Kk with degree dividing #Oj.
O

Under the assumption of the Generalised Riemann Hypothesis, the fol-
lowing result gives a bound that only depends on the degree of the base
field.

THEOREM 6.5. — Suppose that the Generalised Riemann Hypothesis
holds. Let k be a number field, let K be an imaginary quadratic field, and
let Ey, E5 be elliptic curves over k, each with (not necessarily full) CM by

K. Let M/Kk be a finite extension such that all isogenies Ey — E; are
Br(E; X Ey)
Brl(El XEQ)

(3.4)2-10% - [M : k]* - [k : Q)"+ ((3.23) - log([k : Q]) + (2.73) - 109)".

induced by isogenies defined over M. Then # is at most
Moreover, we can choose M such that [M : Kk] | #0.

Proof. — By [24, Proposition 1.3] and [8, Théoréme 1.4], there exists a
number field M with [M : Kk] | #0% and an M-isogeny ¢ : Ey ar — Eo
with

degp < (3.4) - 10* - [k : Q) - max {hF(El) + % -log([k : QJ), 1} )

where hp is the stable Faltings height. Under the assumption of the Gen-
eralised Riemann Hypothesis, [43, Corollary 2.18] gives hp(E;) < (2.73) -
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(109 + log([%k : Q])) and hence
(6.3) degip < (3.4)-10*-[k: Q)2 ((3.23) - log([k : Q]) + (2.73) - 109)°.
By (6.1) and Proposition 6.1,

BI‘(El X EQ) BI“(ELM X EQ’M)
BI‘l(El X EQ) Brl(El,M X E27M)

| (degp)?

) BF(ELM X El,M)
Brl(El,M X E17M) ’

(6.4) #

Since K C M, we have [M : Q] > 2 whereby Corollary 5.15 gives
BI‘(El M X El M) 2 4
s ’ < M - ,
Brl(ELM X El,M) fl [ Q]

where E; has CM by the order of conductor f; in K. Combining this
with (6.4) yields

BI‘(El X EQ)
Brl(El X EQ)

If K ¢ {Q(V/-7),Q(),Q(¢3)} then Corollary 4.4 gives f; < [k : QJ?,
whereby the result follows from (6.3) and (6.5). On the other hand, if

K e {Q(v—7),Q(i),Q(¢3)} then the result follows from Theorem 6.4 and
Corollary 4.4. 0

(6.5) < (deg)? -7 - [M : Q.

THEOREM 6.6. — Suppose that the Generalised Riemann Hypothesis
holds. Let E1 and E5 be geometrically non-isogenous elliptic curves over a
number field k such that F; has (not necessarily full) CM by an imaginary

quadratic field K;. Then #% is at most

2910 (241)*" - [RK1 Ko 5 QI - ((5.46) - (109 + log([k : Q])) +3) ™"

Proof. — By the definition of the transcendental part of the Brauer
group, we have

BI‘(El X Eg)

Br(E B GaI(E/kKlKQ).
BI’l(El X EQ) - I'( 1 2)

By [7, Théorémes 1.5(3) and 1.8] the exponent of Br(FE; x EQ)Gal(E/Klek)
is at most 2 - d*/2, with

(6.6) d< (241)*-2%% . [kK K, : Q]*
-max{log([kK1 K> : Q)), hr(E1 x Fy) + 3}4,
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where hp is the stable Faltings height, which satisfies hp(E; x E2) =
hp(E1) + hp(E2). Under the assumption of the Generalised Riemann Hy-
pothesis, [43, Corollary 2.18] gives

(6.7) hr(E;) < (2.73) - (109 + log([k : Q])).
By (5.3) we have Br(E; x Fy) = (Q/Z)* and hence

BI‘(El X Eg) 3
6.8 — = < 2. @32t = 2. b,
( ) BI‘l(El X Eg) ( )
Combining (6.6)—(6.8) gives the desired result. O

7. Uniform bound results for certain classes of abelian and
K3 surfaces

Let k& be a number field. In this section, we use the results obtained
for products of CM elliptic curves in Section 6 alongside the results of
Sections 2 and 3 to deduce bounds on the transcendental parts of the
Brauer groups of singular abelian surfaces in 7 and certain elements of
J, related to products of CM elliptic curves. We begin with the results for
abelian surfaces.

THEOREM 7.1. — Let A be a rank 4 lattice containing a hyperbolic
plane, let K = Q(vdiscA), let A € o, A and let L/k be a finite extension

such that End(Ay) = End(A). Then

BrA
<92, 2. -1 (3 2.1 . Q.
BrlA\Q 7% |Ak] |disc A|* - [L: Q]
If K has class number 1 then
BrA
— < |Ag|7? |disc A2 [L: Q%
Hpy < IBul P fdise AP L Q

In all cases we can choose L such that [L : k] < 2% 3.

Proof. — By Lemma 2.2 and Proposition 2.3 there exist a finite extension
L/k with [L : k] < 2% 3 and isogenous CM elliptic curves E; and Ey over
L such that

ALgE1XE2

and End(Az) = End(A). Furthermore, Corollary 2.7 shows that the CM
field is K and

disc A = dlSCNS(El X Eg) = lcm(fl,f2)2 . AK
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where E; and Ey have CM by orders in K of conductors §; and fo, respec-
tively. Proposition 2.3 shows that K C L. Since End(Ar) = End(A), all
isogenies between E; and E, are defined over L. Now the result follows

from (6.1) and Theorem 6.4 applied to Af. O

Under the assumption of the Generalised Riemann Hypothesis, the next
result gives a bound that only depends on [k : Q).

THEOREM 7.2. — Suppose that the Generalised Riemann Hypothesis
holds. Let A € o, with rank NS A = 4 and let L/k be a finite extension

such that End(Ay) = End(A). Then

BrA
BI‘l A

Moreover, we can choose L such that [L: k] < 2*-3.

# < (34)2-10° - [L: Q)'?- ((3.23) - log([L : Q]) + (2.73) - 109)".

Proof. — By Lemma 2.2 and Proposition 2.3 there exist a finite extension
L/k with [L : k] < 2% 3 and isogenous CM elliptic curves E; and Fy over
L such that

AL & E1 X E2
and End(Ay) = End(A). By (6.1) we have
BrA BI‘AL BI‘(El X Eg)

#BrlA | #Brl AL o Brl(El X EQ)

Now apply Theorem 6.5 to E; X E5 over L, noting that since End(Ar) =
End(A) we can take M = L in Theorem 6.5. O

Next we give our results for K3 surfaces related to products of CM elliptic
curves. The bounds obtained depend on whether the elliptic curves are
isogenous.

THEOREM 7.3. — Let A be the Néron—Severi lattice of the Kummer
surface of a product of isogenous (not necessarily full) CM elliptic curves
over k, let K = Q(v/discA), and let X € J#, n. Then there exist a finite
extension L/k and elliptic curves Eq, E5 over L with X;, & Kum(F; X Es)
and we have

BrX
BrrlX <272 772 [Ag|™t - |disc A - [L: QI
If K has class number 1 then
Br X 4 92 . 2 4
# <27% - |Ag|7? - |disc A7 - [L: Q).

Brl X
In all cases we can choose L such that [L : k] < 2°-3- M(20).
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Proof. — By Proposition 3.4, Theorem 3.5, and Proposition 3.8, there
exist a finite extension L/k and isogenous (not necessarily full) CM elliptic
curves Eq, F5 over L such that X & Kum(F; X E3). Corollary 3.13 shows
that the CM field is K and

|disc A| = |disc NS(Kum(E; x E5))| = 2% - lem(fy, f2)? - |Ak|,
where E; and F5 have CM by orders in K of conductors f; and fo, respec-
tively. By Remark 3.7, Theorem 3.5, and Proposition 3.8, we have K C L
and
[L:k] <2 -M(20)-2*-3-2% =23 M (20).
The result now follows from (6.1), [34, Theorem 2.4] (cf. Corollary 3.10),
and Theorem 6.4. g

THEOREM 7.4. — Suppose that the Generalised Riemann Hypothesis
holds. Let X € % be such that rank NS X = 20. Then there exists a finite
extension L/k such that X; = Kum(F; x Es) for some elliptic curves
FE1, Es over L and we have

Iy
Moreover, we can choose L such that [L : k] < 2°-3- M(20).

Proof. — By Remark 3.7, Theorem 3.5 and Corollary 3.10, there exists
an extension L/k with [L : k] < 2% -3 M(20) and elliptic curves E1, Eo
over L such that

< (34)2-10° - [L: Q)'%- ((3.23) - log([L : Q]) + (2.73) - 109)".

Br X . Br(E; x E»)

Br; X Bri(E; x E»)
and End(E; x E;) = End(E; x E3). Now the result follows from Theo-
rem 7.2. O

THEOREM 7.5. — Suppose that the Generalised Riemann Hypothesis
holds. Let X/k be a singular K3 surface, i.e. a K3 surface with rank NS X =
20. Then

BrX

# Bl"l X

< 2130 . 312 . 58 . (3.4)2 . M(20)12 . [k . Q]IQ

-((3.23) - 10g(2'0 - 3- M(20) - [k : Q]) + (2.73) - 109)".

Proof. — The proof of [28, Theorem 1] shows there is a double cover
¢ Y --» X such that Y and ¢ are defined over an extension k’/k of
degree at most 2- M (20) and Y is a Kummer surface with rank NSY = 20.
Then Theorem 7.4 gives

BrY

#

By S (3.4)2-10° - [L: Q"% - ((3.23) - log([L : Q]) + (2.73) - 109)"
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where L is a finite extension of k&’ built from the field extensions in Propo-
sition 3.4, Theorem 3.5 and Corollary 3.10. Comparing the proofs of [41,
Proposition 2.1] and [28, Theorem 1] shows that the field extension in
Proposition 3.4 is at most quadratic over %, since I'ys acts trivially on
NS X by construction. Consequently, [L : k'] < 2% -3 and hence [L : k] <
210.3. M (20). The proof of [11, Corollary 2.2] shows that ¢ induces a map
©* : Br X/ Br; Xj» — BrY/Br; Y whose kernel is killed by 2. Therefore,
ker ¢ < Br X[2] and, using (6.1), this yields

BrX — BrY
< #BrX[2]- .
Br,x SO 2 B Y

Now use that Br X 2 (Q/Z)?, as follows from work of Grothendieck. [

#

THEOREM 7.6. — Suppose that the Generalised Riemann Hypothesis
holds. Let X € J#; be geometrically isomorphic to the Kummer surface of
the product of two non-isogenous (not necessarily full) CM elliptic curves
over C. Then #B%rl))i is at most

2508.(241)%4. M (18)-[k : Q]**((5.46)-(109+1og(2°- M (18)-[k : Q]))+3)™".

Proof. — By Remark 3.7, Theorem 3.5, and Corollary 3.10, there exist
a finite extension L/k with [L : k] < 25 - M(18) and elliptic curves E; and
FE5 over L such that

Br X N Br(E1 X Eg)
Br; X  Bri(Ei x Ey)

Now apply Theorem 6.6. O

THEOREM 7.7. — Let k be a number field and let X/k be such that X
is a Kummer surface with rank NS X = 20. Then X (A)"" is effectively
computable.

Proof. — This follows from [15, Theorem 1], [23, Theorem 8.38], Theo-
rem 7.3 and Remark 1.4. 0

THEOREM 7.8. — Suppose that the Generalised Riemann Hypothesis
holds. Let X/k be a singular K3 surface or a surface that is geometrically
isomorphic to the Kummer surface of the product of elliptic curves E; and
FE5 over C, where E; has CM by an order O; in a CM field K; for i = 1,2.
Then X (Ay)P" is effectively computable.

Proof. — This follows from [15, Theorem 1], [23, Theorem 8.38], Theo-
rems 7.4, 7.5, 7.6, and Remark 1.4. O
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