
MNRAS 524, 6004–6014 (2023) https://doi.org/10.1093/mnras/stad2122 
Advance Access publication 2023 July 14 

Multiwav elength after glo w emission from bursts associated with magnetar 

flares and fast radio bursts 

Yujia Wei( � � � ) , 1 , 2 , 3 ‹ B. Theodore Zhang( � � ) 4 and Kohta Murase 

5 , 6 , 7 , 8 , 4 

1 Key Laboratory of Dark Matter and Space Astronomy, Purple Mountain Observatory, Chinese Academy of Sciences,Nanjing 210023, China 
2 School of Astronomy and Space Science, University of Science and Technology of China, Hefei 230026, China 
3 School of Astronomy & Space Science, Nanjing University, Nanjing 210023, China 
4 Center for Gravitational Physics and Quantum Information, Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan 
5 Department of Physics, The Pennsylvania State University, University Park, PA 16802, USA 
6 Department of Astronomy & Astrophysics, The Pennsylvania State University, University Park, PA 16802, USA 
7 Center for Multimessenger Astrophysics, Institute for Gravitation and the Cosmos, The Pennsylvania State University, University Park, PA 16802, USA 
8 School of Natural Sciences, Institute for Advanced Study, Princeton, NJ 08540, USA 

Accepted 2023 July 7. Received 2023 June 10; in original form 2023 January 26 

A B S T R A C T 

Magnetars have been considered as progenitors of magnetar giant flares (MGFs) and fast radio bursts (FRBs). We present detailed 

studies on afterglow emissions caused by bursts that occur in their wind nebulae and surrounding baryonic ejecta. In particular, 
following the b ursts-in-b ubble model, we analytically and numerically calculate spectra and light curves of such afterglow 

emission. We scan parameter space for the detectability of radio signals, and find that a burst with ∼10 
45 erg is detectable 

with the Very Large Array or other next-generation radio facilities. The detection of multiwavelength afterglow emission from 

MGFs and/or FRBs is of great significance for their localization and revealing their progenitors, and we estimate the number of 
detectable afterglow events. 

Key words: stars: neutron – fast radio bursts. 
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 INTRODUCTION  

agnetars are young highly magnetized neutron stars (e.g. Kaspi &
eloborodov 2017 , for a re vie w). Their emission is typically ob-

erved at X-ray and soft gamma-ray bands, which are powered by the
ecay of magnetic fields. The magnetars can be phenomenologically
ivided into two classes, which are anomalous X-ray pulsars and soft
amma repeaters (SGRs), and SGRs are characterized by weak and
ecurring short bursts. They are known to produce giant flares in the
amma-ray band, which we call magnetar giant flares (MGFs). A
mall fraction of gamma-ray bursts (GRBs) originate from MGFs,
nd examples include GRB 790305B (e.g. Mazets et al. 1979 ),
RB 980 827 (e.g. Hurley et al. 1999 ; Mazets et al. 1999 ), and
RB 041 227 (e.g. Palmer et al. 2005 ; Frederiks et al. 2007 ) for
alactic events, and GRB 200415A has been thought to be a most

ikely extragalactic MGF (e.g. Minaev & Pozanenko 2020 ; Yang
t al. 2020 ; Roberts et al. 2021 ; Svinkin et al. 2021 ; Zhang et al.
022 ). 
Magnetars have been thought to be the most promising progenitors

f fast radio bursts (FRBs; e.g. Petroff, Hessels & Lorimer 2019 ;
hang 2022 , for re vie ws). In 2020, FRB 200 428 detected by CHIME

CHIME/FRB Collaboration 2020 ) and STARE2 (Bochenek et al.
020 ) was confirmed to be associated with a Galactic magnetar SGR
935 + 2154. This evidence indicates that magnetars are at least one
f the origins of FRBs. 
 E-mail: yjwei@pmo.ac.cn 
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Detecting multiwavelength counterparts of FRBs is crucial for
etter understanding the progenitors and mechanisms, and more
edicated multiwavelength search campaigns are necessary (Nicastro
t al. 2021 ). Ho we ver, theoretical predictions are highly model de-
endent. Among various possibilities, possible connections between
RBs and gamma-ray transients have often been discussed (e.g.
opov & Postnov 2010 ; Zhang 2016 ; Murase, M ́esz ́aros & Fox
017 ), but clear associations have not been established so far (e.g.
eLaunay et al. 2016 ; Acciari et al. 2018 ; Martone et al. 2019 ;
enere et al. 2021 ). Detecting longer-lasting afterglow emission

rom outflows launched with transient activities is also helpful
or identifying the FRB counterparts. Some studies have been
roposed to predict the detectability of afterglow emission based on
RB-like models. F or e xample, Yi, Gao & Zhang ( 2014 ) studied
ultiwavelength afterglows from GRB-like outflows, and Lin &
otani ( 2020 ) studied the detectability of afterglows in light of the
inary neutron star merger model for FRBs. Li et al. ( 2022 ) discussed
 possible connection between FRB 180916B and a possible optical
ounterpart AT2020hur of FRB assuming a collimated outflow. 

In this work, following the b ursts-in-b ubble model proposed by
urase, Kashiyama & M ́esz ́aros ( 2016 ), we study week-to-month

cale afterglow emission caused by outflows that may be associated
ith MGFs and/or FRBs. Magnetars may inject rotation and/or
agnetic energy into their nebulae. If there is a burst (e.g. FRB

nd/or MGF) inside such a nebula, an associated outflow will sweep
he nebula with a mass of ∼10 −9 –10 −5 M � (Murase et al. 2016 ),
orming trans-relativistic ejecta. This may be consistent with radio
fterglow emission observed from SGR 1806 −20, for which a fading
© 2023 The Author(s) 
lished by Oxford University Press on behalf of Royal Astronomical Society 
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Figure 1. A schematic picture of afterglow emission following a burst, which 
may be associated with an MGF and/or FRB. A magnetar is surrounded by 
its wind nebula and baryonic SN/merger ejecta (external baryonic ejecta). A 

burst-dri ven outflo w sweeps the nebula and forms a trans-relativistic shell, 
which is quickly decelerated by the dense baryonic ejecta, and afterglow 

emission is generated by the refreshed forward shock. 
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adio source VLA J180839-202439 was identified (Gaensler & 

lane 2006 ). According to Kaspi & Beloborodov ( 2017 ), of the
3 magnetars identified, eight are reliably related to supernova (SN) 
emnants. If magnetars are as young as ∼10–100 yr, it is rather natural
o expect that the outflow interacts with dense baryonic SN ejecta. 

We use both analytical and numerical methods to calculate the 
ynamic evolution of the refreshed forward shock and the corre- 
ponding afterglow emission. We also study whether such afterglow 

mission from a nearby galaxy like M 81 can be detected in the radio,
ptical, and X-ray bands. We then scan the parameter space to find the 
etection horizon for current and next-generation radio telescopes, 
hich include the Atacama Large Millimeter/sub-millimeter Array 

ALMA), the Very Large Array (VLA), the Square Kilometer Array 
SKA), and the Next Generation Very Large Array (ngVLA). Finally, 
e calculate the expected number of afterglow events detected with 

hese radio telescopes. 
We use notations as Q x = Q /10 x in the CGS unit except t yr ≡

 t /1 yr) and M ej , 1M � = M ej / 1M �. 

 MODEL  

n this section, we describe the details of the model and methods that
re used to calculate multiwavelength afterglow emission. 

In Fig. 1 , we show the schematic picture of the b ursts-in-b ubble
odel (Murase et al. 2016 ). The magnetic and/or spin-down activity 

f magnetars powers relativistic winds that are accelerated mainly 
n the wind zone between the light cylinder and the nebula, leading
o the formation of a wind bubble embedded in the SN or merger
jecta. Then an impulsive burst that may be associated with an MGF
nd/or FRB may be accompanied by an outflow that will sweep 
p the nebula. The pre-existing non-thermal particles in the nebula 
ay be boosted by the outflow, which may lead to the gamma-ray

mission (e.g. Lyubarsky 2014 ; Murase et al. 2016 ). The swept-up
ebula can still be trans-relativistic, which may eventually interact 
ith the baryonic SN/merger ejecta, by which afterglow emission is 

xpected, as shown in Fig. 1 . 
.1 Dynamics 

t early times, the merged shell is in the free-expansion phase where
he velocity v s of the forward shock keeps constant and its value is
qual to the initial velocity of the merged shell. During this free-
xpansion phase, the radius of the shock is 

 s ≈ v 0 t � 2 . 6 × 10 15 cm t 5 , ( t ≤ t dec ) , (1) 

here t is the observation time after the burst and v 0 � 2 . 6 ×
0 10 cm s −1 is the initial velocity of the shock corresponding to
he initial Lorentz factor � 0 = 2. When the accumulated mass is
qual to the initial mass of the merged shell, the merged shell begins
o decelerate. This deceleration time t dec and the corresponding 
eceleration radius r dec are (e.g. Nakar & Piran 2011 ), 

 dec = 

(
3 E k 

4 πn ext m p c 2 � 
2 
0 

)1 / 3 

� 1 . 6 × 10 15 cm E 1 / 3 k, 47 n 
−1 / 3 
ext, 3 , 

t dec = 

r dec 

v 0 
� 6 . 1 × 10 4 s E 1 / 3 k, 47 n 

−1 / 3 
ext, 3 , (2) 

here E k is the kinetic energy of the merged shell, n ext is the number
ensity of the external baryonic ejecta. This number density can be
stimated through the following formula 

 ext = 

3 M ext 

4 πR 
3 
ext m p 

� 2 . 9 × 10 5 cm 
−3 M ext, 1M �V 

−3 
ext, 8 . 5 T 

−3 
age , 10 yr , (3) 

here R ext = V ext T age � 1 . 0 × 10 17 cm V ext, 8 . 5 T age , 10 yr is the radius
f SN ejecta, V ext is the velocity of SN ejecta, M ext is the mass of SN
jecta, and T age is the age of the magnetar at the time of a burst. 

During the deceleration phase, the evolution of the forward shock 
ollowing the Sedov–Taylor solution, where the shock velocity is 

 s � 3 . 7 × 10 9 cm s −1 E 1 / 5 k, 47 n 
−1 / 5 
ext, 3 t 

−3 / 5 
6 , ( t > t dec ) , (4) 

nd the shock radius r s is 

 s � 1 . 0 × 10 16 cm E 1 / 5 k, 47 n 
−1 / 5 
ext, 3 t 

2 / 5 
6 , ( t > t dec ) . (5) 

ote the abo v e Sedo v–Taylor solution will not be valid when the
adius of the forward shock is larger than the extension of the external
aryonic ejecta, which means r s should be smaller than R ext . 
The abo v e estimates are not accurate in the trans-relativistic

ase and become invalid in the relativistic case, where the shock
ropagates a distance of d r = βc /(1 − β)d t during the time interval
 t when measured in the observer frame. In order to have better
odelling of the transition from the free-expansion phase to the 

eceleration phase, we numerically solve the dynamical evolution of 
he interacting shell (e.g. Nava et al. 2013 ). The total energy of the
nteracting shell is 

 tot = � M ej c 
2 + � m ext c 

2 + 

ˆ γ� 
2 − ˆ γ + 1 

� 

E ′ int , (6) 

here E tot is the total energy, � is the Lorentz factor of the
erged shell, M ej is the mass of the merged shell, m ext is the mass

f accumulated external baryonic ejecta, ˆ γ = (4 + � 
−1 ) / 3 is the

diabatic index, and E ′ int is the internal energy. Considering energy 
onservation, i.e. d E tot = d m ext c 

2 where the change of E tot is due to
he accumulation of the external baryonic ejecta, we can establish the
ifferential equation to describe the evolution of �. See the details
n Zhang et al. ( 2021 ). 

Throughout the work we assume � 0 = 2, corresponding to v 0 
 0.87 c . We compare the analytical (green lines) and numerical

yellow lines) dynamic evolution for E k = 10 47 . 5 erg and T age =
00 yr in Fig. 2 . For analytical curves, we do not show the result in the
MNRAS 524, 6004–6014 (2023) 
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(a) (b)

Figure 2. Analytical and numerical results for the thin-shell approximation on the dynamic evolution of the forward shock caused by interaction with the 
external baryonic ejecta. The yellow line represents the numerical result, while the green line indicates the analytical result. 
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ransition phase since it is not accurate. Ho we ver, the free expansion
hase and the deceleration phase could be smoothly connected via
olving the dynamical evolution of the interacting shell numerically.

In abo v e case, we adopt the thin-shell approximation of the inner
jecta, which are formed when energetic relati vistic outflo w merged
nto the nebula. According to the b urst-in-b ubble model (Murase et al.
016 ), after the burst, the shocked nebula is highly compressed and
onfined into a thin layer with a width depending on the ratio of the
ressure between the energetic relativistic outflow and the nebula. To
ake into account the thick shell evolution, we modify the differential
quation on the evolution of the Lorentz factor equation A2 used
n Zhang et al. ( 2021 ). In particular, we use the method proposed
n Nava et al. ( 2013 ), and assume that the ejecta have a width of
R ej = R nb / 12 � 

2 
0 measured in the engine frame and t cross = � R ej / v 0 

s the crossing time of the reverse shock without spreading. The
mission will peak at t × = max[ t cross , t dec ]. 

.2 Synchr otr on emission 

agnetic fields may be amplified via the shock, as indicated in GRBs
e.g. Mizuno et al. 2014 ; Santana, Barniol Duran & Kumar 2014 ).
he downstream magnetic field is estimated to be 

 fs ≈ (9 πεB n ext m p v s 
2 ) 1 / 2 

� 0 . 026 G E 1 / 5 k, 47 n 
3 / 10 
ext, 3 t 

−3 / 5 
6 ε

1 / 2 
B, −3 , (7) 

here εB is the magnetic energy fraction transferred from post-shock
hermal energy. The minimum Lorentz factor of the accelerated
lectron is 

m − 1 ≈ max 

[
1 , 

m p εe ( s − 2) 

2 m e f e ( s − 1) 

(v s 

c 

)2 
]

� max 
[ 
1 , 0 . 24 E 2 / 5 k, 47 n 

−2 / 5 
ext, 3 t 

−6 / 5 
6 εe, −1 f 

−1 
e, 0 

] 
, (8) 

here s = 2.2 is the spectral index, εe is the fraction of post-shock
hermal energy transferred to electron energy, and f e is the fraction of
hermal electrons accelerated to the non-thermal distribution. Note
hat the minimum Lorentz factor is fixed to γm, min = 2 in the deep-
ewtonian phase (e.g. Huang & Cheng 2003 ; Granot et al. 2006 ;
ironi & Giannios 2013 ). The corresponding minimum synchrotron
NRAS 524, 6004–6014 (2023) 
requency is 

m = 

3 

4 π
γ 2 

m 

eB fs 

m e c 

� 1 . 6 × 10 5 Hz E k, 47 n 
−1 / 2 
ext, 3 t 

−3 
6 ε

1 / 2 
B, −3 ε

2 
e, −1 f 

−2 
e , 0 , (9) 

here e is the electron charge. Note, we use γm = 1 +
m p εe ( s−2) 
2 m e f e ( s−1) 

(
v s 
c 

)2 
to derive the second line of abo v e equation but here

m should be 2. The synchrotron cooling frequency is 

c = 

3 

4 π
γ 2 

c 

eB fs 

m e c 

� 1 . 5 × 10 17 Hz E −3 / 5 
k, 47 n 

−9 / 10 
ext, 3 t 

−1 / 5 
6 ε

−3 / 2 
B, −3 , (10) 

here γc = 6 πm e c/ ( σT B 
2 
fs t) is the synchrotron cooling Lorentz

actor. The maximum synchrotron frequency is 

νmax = 

3 

4 π
γ 2 

max 

eB fs 

m e c 

� 1 . 3 × 10 20 Hz E 2 / 5 k, 47 n 
−2 / 5 
ext, 3 t 

−6 / 5 
6 , 

(11) 

here γmax = 

√ 

9 πv 2 s e / (10 σT B fs c 2 ) is the maximum Lorentz factor.
The synchrotron peak flux F 

max 
ν is 

 
max 
ν � 0 . 6 

√ 

3 e 3 B fs 

m e c 2 

4 πr 3 s f e n ext 

3 × 4 πd 2 L 

⎧ ⎪ ⎨ 

⎪ ⎩ 

1 β 
 βDN 

(
β2 

β2 
DN 

) s−1 
2 

β � βDN 

(12) 

here d L is the luminosity distance from the observer to the source
nd βDN = 

√ 

(2 m e f e ( s − 1)) / ( m p εe ( s − 2)) � 0 . 26 f 1 / 2 e, 0 ε
−1 / 2 
e, −1 is the

ritical velocity below which the interacting shell is in the deep-
ewtonian phase (e.g. Sironi & Giannios 2013 ; Matsumoto & Piran
021 ). Note that when t = t DN � 3 . 0 × 10 5 s E 1 / 3 k, 47 n 

−1 / 3 
ext, 3 f 

−5 / 6 
e, 0 ε

5 / 6 
e, −1 ,

he interacting shell will enter into the deep-Newtonian regime. 
Besides, synchrotron self-absorption (SSA) is important for the

ttenuation of low-frequency synchrotron emission. The SSA optical
epth can be estimated by τ ssa ( ν) = 

∫ 
ανd s , where αν is the SSA

oefficient and the integral is along the width of the shocked region.
e can then get the SSA frequency νa by using τ ssa ( νa ) = 1, and we

ave 

a � 7 . 3 × 10 8 Hz E 1 / 5 k, 47 n 
(3 s + 22) / [10( s + 4)] 
ext, 3 t 

( −3 s −2) / [5( s + 4)] 
6 

×ε
( s + 2) / [2( s + 4)] 
B, −3 f 

2 / ( s+ 4) 
e, 0 , (13) 
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Figure 3. Light curves at ν = 1 GHz calculated with both analytical (blue 
lines) and numerical (red lines) methods for an external baryonic density of 
n ext � 2900 cm 

−3 . The solid lines represent the results without considering 
SSA and FF absorption. The dashed line considers the effect of SSA 

absorption only. In the dash–dotted line, both SSA and FF absorption are 
taken into account. The microphysical parameters used here are s = 2.2, f e = 

0.05, εe = 0.01, and εB = 0.001. 
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or s = 2.2 and γ m = 2 in the deep-Newtonian phase. Note that
he number of electrons contributing to the SSA process in the deep-
ewtonian phase should be corrected accordingly similar to equation 

 12 ). The synchrotron emission spectrum can be analytically calcu- 
ated as 

 ν = F 
max 
ν

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

(
ν
νm 

)2 (
νa 

νm 

)−s/ 2 −2 
ν ≤ νm (

ν
νa 

)5 / 2 (
νa 

νm 

)−( s−1) / 2 
νm < ν ≤ νa 

(
ν
νm 

)−( s−1) / 2 
νa < ν ≤ νc (

ν
νc 

)−s/ 2 (
νc 

νm 

)−( s−1) / 2 
νc < ν < νmax 

, (14) 

n the slow cooling case. 
The free–free (FF) absorption is also important when the density 

f the external baryonic ejecta are so high that free electrons 
ump to higher-energy states via absorbing low-energy photons. The 
orresponding optical depth is (e.g. Lang 1999 ; Murase et al. 2017 ) 

ff ( ν) � 8 . 5 × 10 −28 Z̄ 
2 ( R ext − r s ) 

( ν

10 10 Hz 

)−2 . 1 
n e n i 

×
(

T ext 

10 4 K 

)−1 . 35 (1 − e −hν/kT ext 

hν/kT ext 

)
, (15) 

here Z̄ = 1 is the average charge number, T ext is the temperature of
he external baryonic ejecta, R ext is the size of the external baryonic
jecta, n e is the free electron number density, and n i is the ion number
ensity. In the singly ionized state, we have n e = n ext / μe , and we
ssume μe = 1 for simplicity. Then we take into account the FF
bsorption by multiplying exp ( −τff ). 

.3 Numerical calculations 

n the following, we describe the details of our numerical calcula- 
ions. We employ the numerical code developed initially for GRB 

fterglows (Murase et al. 2011 ; Asano, Murase & Toma 2020 ; Zhang
t al. 2021 ), but modified it to treat the non-relativistic regime self-
onsistently. 1 We obtain the steady-state electron distribution by 
olving the kinetic equation in the momentum space 

∂ 

∂ p e 

(
n p e ( t) 

d p e 

d t 

)
+ 

n p e ( t) 

t esc 
= ṅ inj 

p e 
( t) , (16) 

here n p e ( t) = 4 πp 
2 
e f p e ( t) is the number density of electrons

er momentum bin, d p e / d t = p e t 
−1 
cool is the electron cooling rate

nd ṅ inj 
p e 

( t) ∝ p 
−s 
e exp 

(−p e /p e, max 

)
for p e > p e , min is the electron

njection rate which follows a power-law distribution with expo- 
ential cutoff at the maximum momentum p e , max . The value of the
inimum momentum p e , min is determined with equation ( 8 ) and 

he value of p e , max could be determined by γ max as mentioned in 
quation ( 11 ). The total number of electrons is normalized by matter
onservation N e = (4 π/ 3) r 3 s n ext f e , where n e ≈ N e / (4 πr 2 s t dyn βs c) is
he comoving frame electron number density in the shocked region 
nd t dyn ≈ � s t is the comoving frame dynamical time-scale. The 
dvantage of using equation ( 16 ) is that the number of electrons
till follows power-law distribution even in the deep-Newtonian 
hase when γ m < 2. In the deep-Newtonian phase, the minimum 

lectron momentum p e , min dominates the total number of electrons, 
hile only electrons with Lorentz factor γ e � 2 contribute to the 

ynchrotron emission. In the no escape limit where t esc = ∞ , the
 The code will be made public as a part of the GRB code used in Asano et al. 
 2020 ) and Zhang et al. ( 2021 ). 

d  

d
u  

s

lectron distribution can be determined from the following function 
e.g. Dermer & Menon 2009 ; Murase et al. 2011 ; Zhang et al.
021 ), 

 p e ( t ) = 

1 

p e t 
−1 
cool 

∫ ∞ 

p e 

dp 
′ 
e ̇n 

inj 
p ′ e ( t ) , (17) 

here t −1 
cool = t −1 

syn + t −1 
IC + t −1 

ad including synchrotron cooling,
nverse-Compton cooling and adiabatic cooling, respectively. 
nce we get the non-thermal electron distribution, we can 

alculate the synchrotron emission. The effect of SSA and 
F is self-consistently considered in the numerical calcula- 

ions. 

.4 Comparison between the analytical and numerical method 

e compare the resulting synchrotron light curves at ν = 1 GHz
alculated with both analytical and numerical methods for the thin- 
hell approximation in Fig. 3 . For demonstrative purposes, we assume
he kinetic energy is E k = 10 47 . 5 erg with a luminosity distance of
 L = 10 26 cm and an initial Lorentz factor of � 0 = 2. 
In Fig. 3 , the light curves are calculated with T age = 100 yr

here the corresponding external baryonic number density is 
 ext � 2900 cm 

−3 . We can see the consistency of the flux at
eceleration phase between numerical (red-solid line) and ana- 
ytical (blue-solid line) light curves without absorption. We do 
ot show the analytical light curves at the early times since the
alculation of analytical method in early time is not accurate. 
ote that when t ≈ 1.7 × 10 −2 yr, the shock velocity βs be-

omes smaller than βDN ≈ 0.18. We show the effect of both 
F absorption and SSA for the numerical light curve (red dash–
otted line), which is important at the early times. When the
ensity of the external baryonic matter becomes larger, which 
sually occurred at smaller T age , the FF absorption would be more
ignificant. 
MNRAS 524, 6004–6014 (2023) 
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Figure 4. Light curves of afterglow emission at 1 (upper panels) and 100 GHz (lower panels), respectively. The light curves are calculated for different values 
of T age , as indicated in the caption. We show the sensitivity curves of VLA (solid line) and SKA (dashed line) at 1 GHz in the upper panels and those of 
ALMA (solid line) and ngVLA (dashed line) at 100 GHz in the lower panels. We show the light curves with E k = 10 44 erg (left-hand panels) and E k = 10 47 erg 
(right-hand panels), respectively. Note that the light curves at the 1 GHz band are significantly reduced when T age � 30 yr due to strong FF absorption, which 
are not shown in the upper panels. The corresponding physical parameters are � 0 = 2, d L = 4 Mpc, s = 2.2, f e = 0.05, εe = 0.01, and εB = 0.001. 
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 RESULTS  

.1 Light cur v es and spectra 

e consider bursts with outburst energy of E k = 10 42 − 10 47 erg
nd assume that the outflows are largely isotropic. For ob-
erved GRBs that presumably originate from MGFs, such as
RB 200415A, according to the summary of Burns et al.

 2021 ), the range of their isotropic energy is from a few
0 44 to 10 46 erg. Considering the relationship between kinetic
nergy and isotropic energy, the energy interval we choose
s reasonable. The quasi-isotropic assumption is also reason-
ble for MGFs although the isotropic-equi v alent energy can
e larger if beamed. In the following sections, we present
ur results based on numerical calculations with s = 2.2 and
 0 = 2. 
Bhardwaj et al. ( 2021 ) reported a repeating FRB 20200120E and

hey suggested that M 81, which is a spiral galaxy at 3 . 63 ± 0 . 34 Mpc,
s the most likely host of FRB 20200120E. We then consider there is
 burst that occurred at d L = 4 Mpc which is similar to the luminosity
istance of galaxy M 81. 
NRAS 524, 6004–6014 (2023) 
.1.1 Thin shell 

n Fig. 4 , we show the light curves of the observed flux at 1 and
00 GHz, respectively. The kinetic energy of the burst is assumed
o be E k = 10 44 erg . For comparison, we also consider the case
ith E k = 10 47 erg even though it is rare for bursts related to
GFs and/or FRBs. As shown in the previous section, the external

aryonic ejecta density has a significant effect on the observed
ux due to the SSA and FF effect, and it is determined by the
ass of the SN ejecta M ext and the age of the magnetar T age as

hown in equation ( 3 ). In this work, we fix M ext = 10 M �, which
s reasonable for SN ejecta. Considering the uncertainty of the
nset time of the MGFs and/or FRBs since SN explosion, we
onsider T age = 10 , 30 , 100, and 300 yr, respectively. Note that
he shock will turn into the radiative phase when t = t cool (e.g.
londin et al. 1998 ), where t cool � 0.69 kT sh /( n ext 
 cool ) is the cooling

ime, 
 cool ∼ 10 −16 erg cm 
3 s −1 T −1 

sh is the temperature-dependent
olume cooling function, T sh � 1 . 9 × 10 10 K E 2 / 5 k, 47 n 

−2 / 5 
ext, 3 t 

−6 / 5 
6 is the

emperature of the shock-heated gas for an adiabatic shock. Noting
hat the shock crossing time is comparable to the dynamical time t dyn 

r s / v s , the transition time from the adiabatic phase to the radiative
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Figur e 5. Ener gy spectra of the after glow emission predicted in the b urst-in-b ubble model for E k = 10 44 erg (left-hand panel) and 10 47 erg (right-hand panel), 
respecti vely. The sensiti vity curv es of Chandr a (blue line) and XMM–Ne wton (black line) are calculated with an exposure time of 10 5 s (Lucchetta et al. 2022 ). 
The purple lines show the r-band sensitivity of the Vera C. Rubin Observatory with a point source exposure time of 30 s in the 3 d revisit time (Yuan et al. 2021 ). 
In the upper panels and lower panels, we set T age to be 30 and 100 yr, respectively. The corresponding physical parameters are � 0 = 2, d L = 4 Mpc, s = 2.2, 
f e = 0.05, εe = 0.01, and εB = 0.001. 
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hase is t tr � 59 yr E 4 / 17 
k, 47 n 

−9 / 17 
ext, 3 . For T age = 10 –100 yr, the radiative

ransition time is ∼ 1 –10 yr. Therefore, we just show the light curves
t t ≤ 10 yr. 

The sensitivity of current and next-generation radio telescopes are 
onsidered. 2 For VLA and ALMA, the root-mean-square (RMS) 
ensitivities could be obtained using the calculators 3 with expo- 
ure time t exp = 10 4 s . For SKA and ngVLA, we found the RMS
ensitivities with t exp = 3600 s from their official websites, and the 
orresponding RMS with t exp = 10 4 s could be derived using the 
elation RMS ∝ t −1 / 2 

exp . The 3 σ upper limits S = 3 RMS are indicated
s black lines in Fig. 4 , which are 16 . 0 μJy (for VLA at 1 GHz),
 . 6 μJy (for SKA at 1 GHz), 19 . 7 μJy (for ALMA at 100 GHz), and
 . 72 μJy (for ngVLA at 100 GHz), respectively. 
In Figs 4 (a) and (c), we show the light curve with E k = 10 44 erg .
e can see that the afterglow emission with T age = 10 and 30 yr
 The official website of these radio telescopes: VLA ( http://www.vla.nrao.e 
u ), SKA ( ht tps://www.skat elescope.org ), ALMA ( ht tps:// public.nrao.edu/ te 
escopes/alma/), and ngVLA ( https://ngvla.nrao.edu/). 
 The calculator website of VLA: ht tps://obs.vla.nrao.edu/ect , and that of 
LMA: https://almascience.nr ao.edu/proposing/sensitivity-calculator . 

e
 

E  

a  

p  

1  
t ν = 1 GHz is almost reduced to zero since the FF absorption is
trong when T age becomes smaller. Due to the smaller value of the
urst kinetic energy, the detection is still dif ficult e ven with larger T age 

here the FF absorption could be neglected. Ho we ver, the detection
f the afterglow emission for ngVLA at ν = 100 GHz is possible at
arlier time t � 1.0 × 10 4 s if T age = 30 yr where the effect of FF
bsorption is not important at higher frequency band. In Figs 4 (b)
nd (d), we show the light curve with E k = 10 47 erg . Different from
he previous case, both VLA and SKA could detect the afterglow
mission with T age = 100 and 300 yr for ν = 1 GHz. For ν = 100 GHz,
he afterglow with T age = 10–300 yr could be detected by ngVLA,
ut for ALMA detecting the afterglow with T age = 300 yr is difficult.
ote that the increase of the light curve in Fig. 4 (d) with T age = 10 yr

red solid line) in late time is due to the gradual weakening of FF
bsorption when the forward shock propagates near the edge of the
xternal baryonic ejecta (that is r s /R ext ∼ 30 per cent ). 

In Fig. 5 , we show the energy spectra of the afterglow emission for
 k = 10 44 erg (left-hand panel) and E k = 10 47 erg (right-hand panel)
t dif ferent observ ation times from one day to one year. In the upper
anels and lower panels, we show the spectra with T age = 30 and
00 yr, respectively. At the X-ray band, we added the sensitivity
MNRAS 524, 6004–6014 (2023) 
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Figure 6. Light curves (upper panels) and energy spectra (lower panels) of FRB afterglow emission with E k = 10 47 erg, respectively. The corresponding 
physical parameters are � 0 = 2, d L = 4 Mpc, s = 2.2, f e = 0.05, εe = 0.01, and εB = 0.001. 
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urves of Chandra (blue curve) and XMM–Newton (black curve)
hich are calculated with an exposure time of 10 5 s. We can see that

he detection of the afterglow emission with T age = 30 yr (100 yr) at
he X-ray band is promising for E k = 10 47 erg when the observation
ime ranges from 1 d to 1 yr (1 month), but the X-ray flux is too low
o be detected for E k = 10 44 erg. Ho we ver, the X-ray emission may
ot be detected since the neutral SN ejecta could absorb the X-ray
mission even for E k = 10 47 erg. In order to judge the significance
f the X-ray absorption, we calculate the column density N ext ≈
 R ext − r s ) n ext assuming the SN ejecta are uniformly distributed. For
 age = 30 yr, we can get N ext � 3 . 2 × 10 22 cm 

−2 (3 . 0 × 10 22 cm 
−2 )

or t = 1 d (1 yr) where the corresponding external baryonic number
ensity is n ext � 1.1 × 10 5 cm 

−3 . For hydrogen gas, the effect of
-ray absorption can be neglected if the column density is smaller

han K X /m H ∼ 6 . 7 × 10 21 cm 
−2 ( hν/ 10 keV) −3 (e.g. Murase et al.

015 ). Our results indicate that it is possible for XMM–Newton
nd Chandra to detect the afterglow emission in the hard X-ray
and. 
We also show the sensitivity curve of the Vera C. Rubin Obser-

atory in Fig. 5 . The detection with the Vera C. Rubin Observatory
t the optical band is promising for E k = 10 47 erg at t � 1 month
1 d) for T age = 30 yr (100 yr). F or the flux es with E k = 10 44 erg, the y
ould be too faint to be detected with the Vera C. Rubin Observatory.
NRAS 524, 6004–6014 (2023) 

s  
.1.2 Thick shell 

he typical value of the nebula width � R ej could be estimated as 

R ej = 

R nb 

12 � 
2 
0 

� 2 . 1 × 10 14 cm R nb , 16 , (18) 

here R nb � 1 . 6 × 10 16 cm P 

−2 / 5 
i, 0 M 

−1 / 5 
ext, 1M �V 

3 / 5 
ext, 8 . 5 T age , 10yr is the ra-

ius of nebula (e.g. Murase et al. 2016 ), and P i is the initial rotation
eriod of magnetar. When the inner ejecta propagates into the SN
aryonic ejecta and spreading is ne gligible, the rev erse shock finishes
rossing the inner ejecta at the shock crossing time 

 cross = 

�R ej 

v 0 
� 1 . 3 × 10 4 s R nb , 16 . (19) 

f t cross > t dec , the thin-shell approximation is not valid, where the
bserved flux peaks at t × ≈ t cross . Here, we consider the thick-shell
pproximation. 

In the upper panels of Fig. 6 , we show the light curves with
 k = 10 47 erg at 1 GHz (left-hand panel) and 100 GHz (right-
and panel) for the thick-shell approximation. Compared with
igs 4 (b) and 4 (d), we see that the late-time fluxes are similar.
o we v er, the flux es peak at later times around t cross , and the

elativ e flux es around the peak are lower than those in the thin-
hell approximation by a factor of ∼1–5. For 1 GHz, VLA and SKA
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Figure 7. Parameter space in the d L − E k plane with the colour indicating the observed flux at 100 GHz with s = 2.2. The corresponding microphysical 
parameters are f e = 0.05, εe = 0.01, and εB = 0.001 (left-hand panels), and f e = 0.1, εe = 0.1, and εB = 0.1 (right-hand panels). The kinetic energy has 
range E k = 10 42 –10 48 erg , while the distance ranging from d L = 10 −2 –10 2 Mpc. In each plot, the green lines are the contour lines in which we write the 
corresponding value of flux, and the solid and dashed black lines mean the sensitivity of the radio telescopes. In the upper panels and lower panels, we set T age 

to be 30 and 100 yr, respectively. 
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an detect the afterglow with T age = 100 –300 yr. For 100 GHz,
LMA (ngVLA) can detect the afterglow with T age = 10 –100 yr

 T age = 10 –300 yr). 
In the lower panels of Fig. 6 , we show the spectra with E k =

0 47 erg for T age = 30 (left-hand panel) and T age = 100 yr (right-
and panel). At the X-ray band, XMM–Newton and Chandra may 
etect afterglow emission with t � 1 month for T age = 30 and 100 yr.
t the optical band, it is possible for the Vera C. Rubin Observatory

o detect afterglow with t � 1 month ( t � 1 d) for T age = 30 yr
 T age = 100 yr). 

.2 Detection horizon for radio after glo ws 

n the following sections, we adopt the thick-shell approximation to 
erform the calculations. 
The detectability of afterglow emission is affected by E k . For a

iven burst kinetic energy, the detection horizon d L, lim considering 
he sensitivity curves of radio telescopes is given by 

 L, lim = 

(
νL ν( t peak ) 

4 πF lim 

)1 / 2 

, (20) 

here νL ν( t peak ) is the observed luminosity at t = t peak , t peak is the time
hen the luminosity reaches maximum value during the time interval 

rom 10 −3.5 to 10 2 yr, and F lim is the detector sensitivity at a given
requency. In Fig. 7 , the detection horizon at 100 GHz for ALMA
solid curve) and ngVLA (dashed curve) are indicated as black curves 
n the d L − E k plane where the colour indicates the flux observed at
 peak , respectively. The green contours are the corresponding values 
f the logarithm of the observed fluxes. 
In the left-hand panels, we show the results for f e = 0.05, εe =

.01, and εB = 0.001, which can be regarded as the conserv ati ve case.
e see that the corresponding detection horizon is more e xtensiv e

or T age = 30 than 100 yr for both ALMA and ngVLA. The detection
orizon is larger for ngVLA compared to ALMA. F or e xample, in
MNRAS 524, 6004–6014 (2023) 
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Figure 8. Similar to Fig. 7 , the colour indicates the observed flux at 1 GHz with s = 2.2. The corresponding microphysical parameters are f e = 0.05, εe = 0.01, 
and εB = 0.001 (left-hand panel), and f e = 0.1, εe = 0.1, and εB = 0.1 (right-hand panel). 
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Table 1. Expectation numbers of detectable afterglo w e vents. The 
observational time window of radio telescopes is assumed to be 
�T = 10 yr. In the upper and lower parts, we assume f e = 0.05, 
εe = 0.01, and εB = 0.001, and f e = 0.1, εe = 0.1, and εB = 0.1, 
respectively. 

T age 

ν
30 yr 100 yr 

1 GHz VLA 0 0.020 
SKA 0 0.17 

100 GHz ALMA 0.054 0.0021 
ngVLA 7.6 0.35 

T age 

ν
30 yr 100 yr 

1 GHz VLA 0 0.013 
SKA 0 0.13 

100 GHz ALMA 2.0 0.086 
ngVLA 270 12 

(  

t
f  

r

w
a  

B  

T
 

e  

d  

a  

3  

w  

0  

b  

t  

b  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/524/4/6004/7224608 by guest on 09 August 2023
ig. 7 (a), the values of d L , lim for T age = 30 yr are 0.01 Mpc (0.06 Mpc)
or E k = 10 42 erg , 1.2 Mpc (6.7 Mpc) for E k = 10 45 erg and 59 Mpc
310 Mpc) for E k = 10 47 . 5 erg for ALMA (ngVLA), respectively. 

In the right-hand panels, we show the results for f e = 0.1, εe =
.1, and εB = 0.1, in which the detection horizon becomes larger.
 or e xample, in Fig. 7 (b), the values of d L , lim for T age = 30 yr
re 0.026 Mpc (0.13 Mpc) for E k = 10 42 erg , 3.8 Mpc (20 Mpc) for
 k = 10 45 erg and 190 Mpc (980 Mpc) for E k = 10 47 . 5 erg for ALMA
ngVLA), respectively. 

In Fig. 8 , we show similar plots for ν = 1 GHz. Because the
bserved flux at 1 GHz is more strongly affected by the effect of
F absorption than that at 100 GHz for T age = 30 yr, we only show

he results for T age = 100 yr. The detection horizons at the 1 GHz
and for VLA (solid curve) and SKA (dashed curve) are indicated
s black curves in the d L –E k plane. Contrary to the 100 GHz band,
he detection horizon at the 1 GHz band is comparable for bursts
ith a kinetic energy of E k � 10 45 erg for both parameter sets of the
icrophysical parameters. 

.3 Expected numbers of after glo ws detected with current and 
ext-generation radio telescopes 

he total number of detectable events, N burst , could be obtained from
he following equation 

 burst = �T 

∫ E k, max 

E k, min 

d E k 
∫ d L , lim ( E k ) 

0 
d d L 4 πd 2 L 

d R burst 

d E k , (21) 

here � T is the observation time of the telescope, E k, min is the
inimum kinetic energy, E k, max is the maximum kinetic energy,
 L , lim ( E k ) is the detection horizon for a given E k and d R burst /d E k 
s the differential event rate of the bursts. 

.3.1 MGF scenario 

n this section, we consider bursts driven by MGFs. According to
urns et al. ( 2021 ), the best-fitting volumetric rate of MGFs is
 MGF ≈ 3.8 × 10 5 Gpc −3 yr −1 assuming the energy distribution of
GFs follows a power-law distribution with spectral index α ≈ 1.7.

he lowest considered value of the isotropic-equi v alent energy of
he MGFs is E iso , min = 3 . 7 × 10 44 erg and the maximum isotropic-
qui v alent energy could be as high as E iso , max = 5 . 75 × 10 47 erg
NRAS 524, 6004–6014 (2023) 
Burns et al. 2021 ). Here, we assume E k ≈ E iso . This is conserv ati ve in
he sense that the radiati ve ef ficiency is less than unity, e.g. E k ∼ 5 E iso 

or GRBs (e.g. Kumar & Zhang 2014 ). For a given age T age , the burst
ate density d R burst / d E k can be estimated as 

d R burst | T age 

d E k = f age R MGF 
(1 − α) E −α

k 

E 1 −α
iso , max − E 1 −α

iso , min 

, (22) 

here f age = T age / T life represents the fraction of magnetars with T age 

nd T life ∼ 10 4 yr is the typical life time of magnetars (e.g. Kaspi &
eloborodov 2017 ). We assume that the value of f age is 0.01 for
 age = 100 yr while it is 0.003 for T age = 30 yr. 
In Table 1 , we show the total number of detected events using

quation ( 21 ) and ( 22 ) with �T = 10 yr. We can see that the expected
etection number is more prominent at the 100 GHz band by ALMA
nd ngVLA. In particular, ngVLA could detect N burst ∼ 7.6 for T age =
0 yr and N burst ∼ 0.35 for T age = 100 yr in the conserv ati ve case,
hile the corresponding number is ∼35 times larger for f e = 0.1, εe =
.1, and εB = 0.1. The detection number with ALMA is expected to
e N burst ∼ 2 for f e = 0.1, εe = 0.1, and εB = 0.1 with T age = 30 yr. At
he 1 GHz band, the expected detection number is less than unity for
oth VLA and SKA with � T = 10 yr. The results are consistent with
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Table 2. Similar to Table 1 , but the difference is that here we 
assume that the observation is conducted 1 d after the burst. 

T age 

ν
30 yr 100 yr 

1 GHz VLA 0 0.020 
SKA 0 0.17 

100 GHz ALMA 0.0085 0.0021 
ngVLA 1.4 0.35 

T age 

ν
30 yr 100 yr 

1 GHz VLA 0 0.013 
SKA 0 0.13 

100 GHz ALMA 0.21 0.085 
ngVLA 36 12 
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Table 3. Similar to Table 1 , but the detection number N burst is 
obtained by assuming that the burst is driven by an FRB with 
�T = 10 yr. 

T age 

ν
30 yr 100 yr 

1 GHz VLA 0 4.8 × 10 −4 

SKA 0 0.0041 
100 GHz ALMA 0.0012 5.0 × 10 −5 

ngVLA 0.18 0.0081 

T age 

ν
30 yr 100 yr 

1 GHz VLA 0 3.2 × 10 −4 

SKA 0 0.0032 
100 GHz ALMA 0.046 0.0020 

ngVLA 6.3 0.28 

Table 4. Similar to Table 3 , but the difference is that here we 
assume that the observation is conducted 1 d after the burst. 

T age 

ν
30 yr 100 yr 

1 GHz VLA 0 4.8 × 10 −4 

SKA 0 0.0041 
100 GHz ALMA 2.0 × 10 −4 4.9 × 10 −5 

ngVLA 0.033 0.0080 

T age 

ν
30 yr 100 yr 

1 GHz VLA 0 3.2 × 10 −4 

SKA 0 0.0032 
100 GHz ALMA 0.0049 0.0020 

ngVLA 0.82 0.27 
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he conclusions derived in the previous section where the detection 
t the 1 GHz band for smaller T age is largely affected by the effect
f FF absorption. Note the effect of FF absorption could be reduced
onsidering the spatial distribution of the SN ejecta is asymmetric or
lumpy, where a fraction of photons are expected to escape freely. 

Because the observation time of radio telescopes cannot be easily 
djusted to the peak time of afterglow emission, we calculate the 
otal number of detected events assuming that the observation is 
onducted 1 d after the burst, for which the results are shown in
 able 2 . W e find that the corresponding values of N burst are decreased
y a factor ∼1–10, but the expected detection number for ngVLA at
he 100 GHz band could be N burst � 1. 

.3.2 FRB scenario 

n this section, we consider the scenario, in which bursts are 
ssociated with FRBs. The burst rate density d R burst / d E k can be
stimated as 

d R burst | T age 

d E k = f age R FRB 
E −α

k 

E 1 −α
k, cr 

, (23) 

here R FRB ≈ 339 Gpc −3 yr −1 is the characteristic volumetric rate 
f FRBs at E k, cr , where E k, cr is the critical kinetic energy and α

1.79 is the index (Luo et al. 2020 ). The critical energy can be
stimated as E k, cr = ( δt/ηFRB ) L cr ∼ 2 . 9 × 10 46 erg with δt/ηFRB =
00 s, where δt is the duration of FRB, ηFRB is the radiative efficiency
nd log 10 ( L cr [ erg s −1 ]) � 44 . 46 is the logarithmic of the critical
uminosity of GRB (Luo et al. 2020 ). Here we use E k, min = 10 42 and
0 47 . 5 erg to calculate N burst . 
The results are summarized in Tables 3 –4 . Compared to Tables 1 –

 , the total number of detectable afterglo w e vents decreases by a
actor of ∼50, which is consistent with the difference in the measured
olumetric rate between MGFs and FRBs adopted in this work. 

 SUMMARY  AND  DISCUSSION  

n this work, we performed detailed studies on the afterglow emission
aused by bursts that may be related to MGFs or FRBs occurring
n their wind nebulae and surrounding baryonic ejecta. Based on 
he b ursts-in-b ubble model, we used both analytical and numerical 

ethods to calculate the dynamical evolution of the trans-relativistic 
hell formed when the nebula swept by the burst-driven outflow 

ropagates within the dense baryonic ejecta, and the energy spectra 
nd light curves of the afterglow emission from refreshed forward 
hock. We adopted the thick-shell approximation considering the 
erged shell has an initial width � R ej after compressed by the FRB
nd/or MGF bursts. 

Moti v ated by the detection of FRB 20200120E, we calculated the
ight curves and spectra assuming there is a burst occurred at d L =
 Mpc with different kinetic-energy E k and age T age . The detection
f the afterglow emission for energetic bursts with E k = 10 47 erg is
romising, where the flux is abo v e the detection threshold of current
nd next-generation radio telescopes for reasonable values of T age . 
ue to FF absorption, the detection of the afterglow emission with
LA and SKA at the 1 GHz band would be challenging when T age 

 30 yr. 
We also studied the detectability of afterglow with current X-ray 

elescopes, such as Chandra and XMM–Newton . Our results show 

hat the X-ray telescopes have the ability to detect X-ray afterglow
mission with T age = 30 and 100 yr at t � 1 month for E k = 10 47 erg .
he detection of the afterglow with T age = 30 yr (100 yr) at the
ptical band with the Vera C. Rubin Observatory is also promising
t t � 1 month (1 d) for E k = 10 47 erg . The joint observations at
he multiwavelength bands, including radio, optical, and X-ray, will 
llow us to unveil the details of the b ursts-in-b ubble model. 

We then studied the detection horizon and expected number 
f events with current and next-generation radio telescopes. We 
ound the detection horizon d L , lim could range from 0.010 (0.059) 
o 59 Mpc (310 Mpc) for bursts with kinetic energy from 10 42 to
0 47.5 erg for ALMA (ngVLA). The detection horizon could be larger
or microphysical parameters f e = 0.1, εe = 0.1, and εB = 0.1.
he detection horizon at 1 GHz band with VLA and SKA is also
MNRAS 524, 6004–6014 (2023) 
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romising for energetic bursts, except for the effect of FF absorption
hen T age � 30 yr. 
We calculated the number of detectable afterglow events for

urrent and next-generation radio telescopes, as shown in Section
.3 . If we assume that the burst rate follows MGFs, the expected
umbers of burst afterglows for ALMA and ngVLA could be larger
han unity with a few decades of operation. In the FRB scenario,
he expected numbers would be less, but ngVLA has the possibility
o detect the afterglow emission within a few ten years. Ho we ver,
adio telescopes such as ngVLA and ALMA cannot follow up on a
urst immediately, so we also consider the observation is conducted
 d after the burst, as shown in Table 2 and Table 4 . We found
he detection number becomes smaller than the ideal case, but still
ossible for ngVLA to detect the afterglo w dri ven by MGFs and/or
RBs with suitable parameters within a few ten years. Our theoretical
 xpectation re garding the number of afterglows detected with ALMA
nd VLA is consistent with the current observation that no similar
ignals are detected by these two radio telescopes. Note that our
esults on the expected numbers of afterglow depend on T age , and
ere we just show the results with T age = 30 and 100 yr. The values
f E k, min and E k, max we adopted in this work for both MGFs and FRBs
ould affect the number of detected events, where future observations
re needed to unveil the mysteries. 

In this study, we focused on the forward shock component in
fterglow emission. In addition, the reverse shock component could
e significant in the thick-shell limit around t × ≈ t cross , which could
nhance the flux at the radio band. The afterglow emission may
lso be outshined by the quasi-steady nebular emission. According
o Murase et al. ( 2016 ), if the nebula is powered by magnetar
otation, the observed energy flux of the nebular emission νF 

nb 
ν

epends on the spin-do wn po wer of the magnetar L sd � 2 . 4 ×
0 39 B 

2 
∗, 15 P 

−4 
−0 . 5 erg s −1 , where B ∗ is the magnetic field of magnetar,

 = P i (1 + T age / T sd ) 1/2 is the rotation period of magnetar, P i is the
nitial rotation period and T sd � 2 . 5 yr B 

−2 
∗, 15 P 

2 
i, −0 . 5 is the spin-down

ime. We found with P i = 1 –10 s, the nebular emission can be lower
han afterglow fluxes for energetic bursts with E k � 10 44 − 10 45 erg
iven that f e = 0.1, εe = 0.1, and εB = 0.1. The nebular emission
s model dependent, and the number of detectable afterglo w e vents
ould be dominated by sufficiently energetic bursts, in which the
ebular component is subdominant. 
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