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Lψ =−
ε( )

(

µ( )

ψ
)

∈ ,

ε( ) µ( )

ε( ) = ε( + ), µ( ) = µ( + ).



π

•

•

•

•

•



L

L

L

( )

(ψ,φ) =

ˆ

ε( )ψ( )φ̄( ) .

φ̄( ) φ( )
[ , ]

( , ) =

ˆ

ε( ) ( )¯( ) .

B = [−π,π] [ ,π]
∈ B

Lψ( ) = ψ( ) ∈ ,

= { ∈ : ( + ) = ( )},

:= { :
´

ε( )| ( )| <∞, ∀ ⊂ } ∈ B

( )! ( )! · · ·! ( )! · · · .

( )
( )

ω = ω

ω

− = { ( ) : ∈ B}, + = { ( ) : ∈ B}.



L ( )

σ(L) =
⋃

!

[ −, +],

+ < −
+

( ) + ( )

∈ ψ , ψ ,

(L− )ψ , = , ψ , ( ) = ,
µ( )

ψ ′
, ( ) = ,

(L− )ψ , = , ψ , ( ) = ,
µ( )

ψ ′
, ( ) = .

∈

Ψ ( ) := (Ψ , ( ),Ψ , ( )) =

(

ψ , ( ) ψ , ( )

µ( )ψ
′
, ( ) µ( )ψ

′
, ( )

)

.

Ψ ( ) = ( + )Ψ ( ), Ψ ( ) = ,

=

(

−

)

, = ( ) =

(

µ( )

)

, = ( ) =

(

ε( )
)

.

ε( ) µ( )

Ψ ( )
ψ′

, ( )

µ( )ψ
′
, ( ) = , ∈

µ =

µ( )ψ
′
, ( )

µ( −)
ψ′

, (
−) =: → −

µ( )ψ
′
, ( )

µ( +)
ψ′

, (
+) =: → +

µ( )ψ
′
, ( )

Ψ ( ) µ( )ψ
′
, ( )

Ψ ( )
L−

L
( ) =Ψ ( )

L ×

∈ B ( ,ψ) L
(ψ( ), µ( )ψ

′( ))



( ,( , ) ) ∈ B ψ( ) =
ψ , ( )+ ψ , ( ) L

∈ B ( ,ψ) L

ψ( ) = ψ , ( )+ ψ , ( ), ∈ [ , ],

= ψ( ), = µ( )ψ
′( )

ψ( ) = ψ , ( )+ ψ , ( ) = ψ( ) = ,

µ( )
ψ ′( ) =

µ( )

(

ψ ′
, ( )+ ψ ′

, ( )
)

=
µ( )

ψ ′( ) = ,

( ) = , = ( , ) .

( , ) ψ

ψ L

=

= Ψ ( ) ′( ) =
Ψ ( ) Ψ ( ) =

( ) := ( ) = ψ , ( )+
µ( )

ψ′
, ( ).

λ , =
( )−

√

( ) −
, λ , =

( )+
√

( ) −
.

| ( )|! λ , λ , |λ , |= |λ , |=
∈ σ(L) | ( )|> λ , λ ,

|λ , |< < |λ , | |λ , |< < |λ , | '∈ σ(L)

L

∈ σ(L) | ( )|!

S = { ∈ : | ( )|< } I = { ∈ : | ( )|> }.

S
∈ ( ) = ′( ) = ( ) =

′′( )<
∈ ( ) =− ′( ) = ( ) =−

′′( )>



L

L

σ(L) =
⋃

!

[ −, +]

= − < + ! − < + ! − < + · · ·

= ( )

= ( )

∈ B ∈ [ −, +]
( ) (−π, ) ( ,π)

"

+ = { ( ) : ∈ B}= ( ), −
+ = { + ( ) : ∈ B}= + ( ),

+ = { ( ) : ∈ B}= (π), −
+ = { + ( ) : ∈ B}= + (π).

( ∗) =± ′( ∗) = ∗ = + = −
+ "

∗ = ( ) = + ( ) ( ∗) = ∗ = (π) = + (π)
( ∗) =−

σ(L)⊂ [ ,∞) | ( )|> <
S ⊂ ( ,∞)

S =
⋃

!

,

S
= ( −, +) = − < + ! − < + ! − < + · · ·

λ , =
λ , = −

+ = ( ) + = (π)
−
+ = + ( ) | ( )|>

( +, −
+ ) ( +) = ( −

+ ) =

= −
+ = + ( )

( ∗) =± ′( ∗) = | ( )|<
∗ ∗ S

∗ = + = −
+ " ∗ = + = −

+

" ∗ = ( ) = + ( ) ∗ = (π) = + (π)
( ∗) = ( ∗) =−



| ( )|! ∗

′( ∗) = ( ∗) =± ′( ∗) =

( , ( )) (π, (π))
(

(−π, (−π))
)

( )

( ∗, ∗) ∈ B×
L

" ( ∗) = + ( ∗) = ∗

α δ

( ) = ∗ −α| − ∗|+ (( − ∗) ),

+ ( ) = ∗ +α| − ∗|+ (( − ∗) ),

| − ∗|< δ

∗

∗

L

∗ = ∗ = π ( ∗) =± ′( ∗) = ( ∗ = , ∗)
′( ∗) = ( ∗) = ( ∗ = , ∗)

( ∗ = π, ∗) ′( ∗) = ( ∗) =−
∗ = ∗ = π

( ∗) =± ′( ∗) =
( ∗ = , ∗) ′( ∗) =

( ∗) = ( ∗ = , ∗)
∗ = + = −

+ " ( ∗) =

∗ = = − +
( )

= ( ) = + ′′( ∗)( − ∗) + ( − ∗) ,

( ) + ( )

( ) = ∗ − | − ∗|

√

| ′ ′( ∗)|
+ (( − ∗) ),

+ ( ) = ∗ + | − ∗|

√

| ′ ′( ∗)|
+ (( − ∗) ).

( ∗ = , ∗)



L
( , ( )) "

= = π λ , = λ ,

= ( ) λ , = λ , =
( ( )− ) = ( ) = + = −

+

( = , = ( ))
( ( )− ) =

L
∈ [ −, +]

[ ,π]

= λ , =
( )+

√

− ( )
,

(

ψ , ( ), −ψ , ( )
)

.

φ , ( ) := ψ , ( )ψ , ( )+ ( −ψ , ( ))ψ , ( ), ∈ [ , ],

ϕ , :=
φ ,

‖φ , ‖
.

φ , '≡ φ , ≡
= π ϕ ,

[ ,π]

L
φ , ≡ φ ,π ≡

→ +
ϕ , =

ψ ∗,

‖ψ ∗, ‖
, ∗ = ( ),

→π−

ϕ , =
ψ ∗,

‖ψ ∗, ‖
, ∗ = (π),

ψ ∗, = = π



φ , ≡ ψ ∗, ( ) = −ψ ∗, ( ) = ∗ = ( )

∂φ , ( )

∂
=

∂

∂

(

ψ , ( )ψ , ( )−ψ , ( )ψ , ( )+ ψ , ( )
)

′ ( )+ ψ , ( ).

= ∗ = ( ) ′ ( ) =

∂φ , ( )

∂
| = = ψ , ( ).

ϕ , + =
→ +

ϕ , =
ψ ,

‖ψ , ‖
.

ψ ∗, ψ ∗, ( ) = ψ ∗, ( ) =

µ( )ψ
′
∗, ( ) = = µ( )ψ

′
∗, ( )

ψ ∗, =

ϕ , =

{

φ
,

‖φ
,
‖ , φ , '≡ ,

ψ
,

‖ψ
,
‖ , φ , ≡ ,

[ ,π] L
∈ (−π, )

ϕ , = ϕ̄ ,− =
φ̄ ,−

‖φ ,− ‖ .

( + ) ( , ∗)

ϕ + , ( ) =−ϕ , ( ).

(π, ∗)

φ , = ( )
< ∗

= + + ( ) = − ( − ∗)

√

− ′′( ∗)+ ( − ∗) .

ψ , ( ) =
∂ψ , ( )

∂
( ∗)( − ∗)+ ( − ∗) ,

ψ , ( ) = +
∂ψ , ( )

∂
( ∗)( − ∗)+ ( − ∗) .

( ) :=
∂ψ , ( )

∂
, ( ) :=

∂ψ , ( )

∂
.



φ ,

φ , ( ) = ( − ∗)

(

( ∗)ψ , ( )+

(

−
√

− ′′( ∗)− ( ∗)

)

ψ , ( )

)

+ ( − ∗) .

ϕ , ( ) =−
( ∗)ψ ∗, ( )+

(

−
√

− ′′( ∗)− ( ∗)
)

ψ ∗, ( )

‖ ( ∗)ψ ∗, +
(

−
√

− ′′( ∗)− ( ∗)
)

ψ ∗, ‖
.

ϕ + , ( ) =
( ∗)ψ ∗, ( )+

(
√

− ′′( ∗)− ( ∗)
)

ψ ∗, ( )

‖ ( ∗)ψ ∗, +
(
√

− ′′( ∗)− ( ∗)
)

ψ ∗, ‖
,

ϕ , ( , ( )) ∈ B×
ϕ ,

ϕ , ( ) = , ( ),

, ( ) , ( ) = , ( + ) ,

ϕ ,

ϕ , −π π ϕ ,π ϕ ,−π

, ,π( ) = − π
,−π( ) ϕ ,π = ϕ ,−π

θ
( )

=
−
∑

=

−
(

, +
, ,

)

−
(

− π
, , , −

)

π,

=−π+
π

, = , , · · · − .

ϕ , ϕ ,−π = ϕ ,π

→∞

θ =

ˆ π

−π

(

∂ ,

∂
, ,

)

π .

θ ,
β( )

, β( )



, (−π, )∪ ( ,π)

= ,π

θ =

ˆ

−π

(

∂ ,

∂
, ,

)

+

ˆ π(∂ ,

∂
, ,

)

+ θ̂ π,

θ̂

θ̂ =− ( , , , −) − ( − π
,(−π)+ , ,π) .

, − = → − , ,(−π)+ = →(−π)+ ,

(L− )ψ =
/∈ σ(L) L + < −

+ ∈
( +, −

+ ) ( )>
|λ , |< |λ , |>

( )< λ , λ ,

ψ (L− )ψ = ∈ ( +, −
+ )

Φ( ) := (ψ( ),
µ( )

ψ′( )) .

Φ( + ) =Ψ ( + )Φ( ) =Ψ ( )Ψ ( )Φ( ) =Ψ ( ) ( ) Φ( ), ∈ [ , ].

( ) =

(

ψ , ( ) ψ , ( )

µ( )ψ
′
, ( ) µ( )ψ

′
, ( )

)

.

, ( = , )
λ , Φ( ) Φ( ) = , + ,

( ) Φ( ) = λ , , + λ , , .

Φ( + ) = λ , Ψ ( ) , + λ , Ψ ( ) , ,

ψ( + ) = λ , (ψ , ( ),ψ , ( )) , + λ , (ψ , ( ),ψ , ( )) , .

ψ , ( ) ψ , ( )
, >

< ‖(ψ , ( ),ψ , ( )) , ‖ [ , ] < , = , .

‖ψ( )‖ [ ,∞) =
∑

!

‖ψ( )‖ [ , + ], ‖ψ( )‖ [−∞, ) =
∑

"

‖ψ( )‖ [ − , ],



|λ , |< |λ , |>

‖ψ( )‖ [ ,∞) <∞,

= Φ( ) = ,

‖ψ( )‖ (−∞, ] <∞,

= ψ( ) = ,

ψ , ( ) = ψ , ( ) '=

, =

(

ψ , ( )
λ , −ψ , ( )

)

, =

(

ψ , ( )
λ , −ψ , ( )

)

,

∈ ( +, −
+ ) ψ , ( ) '= ψ Lψ = ψ

‖ψ( )‖ [ ,∞) <∞

ψ( ) = ψ , ( )ψ , ( )+ (λ , −ψ , ( ))ψ , ( ).

‖ψ( )‖ (−∞, ] <∞

ψ( ) = ψ , ( )ψ , ( )+ (λ , −ψ , ( ))ψ , ( ).

ψ , ( ) = = ∗

( ∗) =

(

ψ ∗, ( )

µ( )ψ
′
∗, ( ) µ( )ψ

′
∗, ( )

)

.

ψ ∗, ( ) = λ ∗, ψ ∗, ( ) = λ ∗, |ψ ∗, ( )|<
|ψ ∗, ( )|> ψ ∗, ( ) = λ ∗, ∗,

λ ∗,

λ ,
∗

, = − ∗
(ψ , ( ),λ , −ψ , ( )) ,

'= ∗

∗, =
→ ∗ − ∗

(ψ , ( ),λ , −ψ , ( )) ,

, ψ ∗, ( ) = λ ∗,

(L− )ψ =
(−∞, ] ψ ,

ξ ( ) :=
ψ , ( )

µ( )ψ
′
, ( )

, ψ′
, ( ) '= .

ψ ,

ψ′
, ( ) = ξ ( ) =∞ ψ′

, ( ) ψ , ( )
ψ , ≡



ξ ( ) ψ ,

ξ ( ) L (−∞, ]

ξ ( ) =
ψ , ( )

λ , −ψ , ( )
.

∗

ψ ∗, ( ) = λ ∗, −ψ ∗, ( ) =

ξ ( ∗) =
→ ∗

ξ ( ),

λ , ,ψ , ( ) ψ , ( )
Ψ ( ) ξ ( )

( +, −
+ ) ξ ( ) =∞

ξ ( )
L− (−∞, ] ψ (L− )ψ = (−∞, ]
−∞

ψ( )− ξ ( )
µ( )

ψ′( ) = .

ξ ( ) =∞

L
[ ,∞)

ξ ( ) :=
ψ , ( )

µ( )ψ
′
, ( )

=
ψ , ( )

λ , −ψ , ( )
,

ψ , [ ,∞)

L− L+ (ε−,µ−)
(ε+,µ+) L̃

L̃= L− < L̃= L+ ψ

L̃

ψ ∈ ( ) (L̃− )ψ ( ) = ∈ ,

ψ

L− L+ L̃
L− L+ ξ ,−( ) ξ ,+( )

=
L̃

ξ ,−( ) = ξ ,+( ).



ψ L̃ ‖ψ( )‖ ( ) <∞ ψ (−∞, ]
[ ,∞)

ψ( −)

µ−( −)ψ
′( −)

= ξ ,−( )
ψ( +)

µ+( +)ψ
′( +)

= ξ ,+( ),

±

ξ ,−( ) = ξ ,+( ) ξ ,−( ) = ξ ,+( ) ψ

ψ ‖ψ ‖ (−∞, ] <∞ ‖ψ ‖ [ ,∞) <∞

(L − )ψ = , (L − )ψ =

ψ ( −) = ψ ( +),
µ−( −)

ψ′ ( −) =
µ+( +)

ψ′ ( +).

ψ( ) ψ ( ) < ψ ( ) (L̃− )ψ =

L
( = , ∗)

+

∗ = + = −
+ = ( ) = + ( ).

( = π, ∗)

L
{

µ( )→ µ( )+ δµ̃( ),

ε( )→ ε( )+ δε̃( ),

|δ|, µ̃( ) ε̃( )
‖µ̃‖ ∞ + ‖ε̃‖ ∞ =

Lδψ( ) :=−
ε( )+ δε̃( )

(

µ( )+ δµ̃( )
ψ′( )

)′

.



L= L ∈ ψ , ,δ ψ , ,δ

(Lδ − )ψ , ,δ = , ψ , ,δ( ) = ,
µ( )+ δµ̃( )

ψ′
, ,δ( ) = ,

(Lδ − )ψ , ,δ = , ψ , ,δ( ) = ,
µ( )+ δµ̃( )

ψ′
, ,δ( ) = .

Ψ ,δ

Ψ ,δ( ) = ( + + δ˜)Ψ ,δ( ), Ψ ,δ( ) = ,

˜ =

(

ε̃( )
µ̃( )

)

.

Ψ ,δ( ) δ ( ,δ) =Ψ ,δ( )
λ , ,δ λ , ,δ

( ,δ) ( ,δ)
Ψ ∗, ( ) = , ( ∗, ) =

:=

(

ψ ∗, , ( )

µ( )ψ
′
∗, , ( )

)

, :=

(

ψ ∗, , ( )

µ( )ψ
′
∗, , ( )

)

.

∂

∂
( ∗, ) = ,

∂

∂δ
( ∗, ) = .

∂

∂
( ∗, ) =

(

ˆ

)

−
(

ˆ

)

·

(

ˆ

)

∂

∂δ
( ∗, ) =

(

ˆ

˜

)

−
(

ˆ

˜

)

·

(

ˆ

˜

)

∂

∂ ∂δ
( ∗, ) =

(

ˆ

)

·

(

ˆ

˜

)

−
(

ˆ

)

·

(

ˆ

)

−
(

ˆ

˜

)

·

(

ˆ

˜

)

.

:=
∂

∂
( ∗, ), :=

∂

∂ ∂δ
( ∗, ), :=

∂

∂δ
( ∗, ).



= ∂
∂

( ∗, )< .

ˆ

=

ˆ

ψ , ( )ε( ) > ,

ˆ

=

ˆ

ψ , ( )ε( ) > ,

ˆ

=

ˆ

ψ , ( )ψ , ( )ε( ) .

ψ , ψ ,

∣

∣

∣

∣

∣

ˆ

∣

∣

∣

∣

∣

<

ˆ

·

ˆ

,

<

L
δ

− > .

( +
,δ,

−
+ ,δ) ( + )

Lδ

+
,δ = ,δ( ) = ∗ + η−δ+ (δ ),

−
+ ,δ = + ,δ( ) = ∗ + η+δ+ (δ ),

η− =
− +

√

−
, η+ =

− −
√

−
.

( ,δ) = + ( − ∗) + ( − ∗)δ+ δ + ( − ∗,δ),

( ,δ) = ( − ∗) + (δ ) δ |δ|,
( ,δ) =

(

− ∗ + δ

)

=
−

δ − ( ,δ).

= − ∗

δ
( ,δ) =−

δ
( δ,δ)

(

+

)

=
−

+ ( ,δ).



− > ( ,δ) = (δ) = ( )
−

+ ( ,δ)>

= ( ) |δ|, ( ,δ) =

( ,δ) : = + −
√

−
+ ( ,δ) = ,

( ,δ) : = + +

√

−
+ ( ,δ) = .

δ δ ,

=− −
√

−
+ (δ), =− +

√

−
+ (δ).

( ,δ) =

= ∗ +
− ±

√

−
δ+ (δ ).

( ,δ)> ∈ ( ∗ +
− +

√
−

τδ, ∗ +

− −
√

−
τδ) < τ <

δ

+
,δ = ,δ( ) = ∗ +

− +
√

−
δ+ (δ ) = ∗ + η−δ+ (δ )

−
+ ,δ = + ,δ( ) = ∗ +

− −
√

−
δ+ (δ ) = ∗ + η+δ+ (δ ).

µ̃, ε̃ ‖µ̃‖ ∞ + ‖ε̃‖ ∞ = µ̃" , ε̃"
− " .

( + )
Lδ

= Lδ

(−∞, ] [ ,∞)

ξ ,δ( ) :=
ψ , ,δ( )

λ , ,δ −ψ , ,δ( )
, ξ ,δ( ) :=

ψ , ,δ( )

λ , ,δ −ψ , ,δ( )
.

ξ ,δ ξ ,δ



( +
,δ,

−
+ ,δ) τη−δ < − ∗ < τη+δ

< τ < η±

ξ ,δ( ) =
β ( − ∗)+ β̃ δ+ (δ )

√

( − ∗) + ( − ∗)δ+ δ −β ( − ∗)− β̃ δ+ (δ )
;

ξ ,δ( ) =
β ( − ∗)+ β̃ δ+ (δ )

−
√

( − ∗) + ( − ∗)δ+ δ −β ( − ∗)− β̃ δ+ (δ )
,

β =

ˆ

, β̃ =

ˆ

˜ ,

β =

ˆ

, β̃ =

ˆ

˜ .

<

( ,δ) = + ( − ∗) + ( − ∗)δ+ δ + ( − ∗) + (δ ),

( − ∗) + ( − ∗)δ+ δ > .

( ,δ)

λ , ,δ =
( ,δ)−

√

( ,δ) −
= −

√

( − ∗) + ( − ∗)δ+ δ + (δ ),

λ , ,δ =
( ,δ)+

√

( ,δ) −
= +

√

( − ∗) + ( − ∗)δ+ δ + (δ ).

λ , ,δ = −
√

( − ∗) + ( − ∗)δ+ δ + (δ ),

λ , ,δ = +
√

( − ∗) + ( − ∗)δ+ δ + (δ ),

ψ , ,δ( ) = +β ( − ∗)+ β̃ δ+ ( − ∗) + (δ );

ψ , ,δ( ) = β ( − ∗)+ β̃ δ+ ( − ∗) + (δ ).

ξ ,δ( ) ξ ,δ( )

δ

εδ,±( ) := ε( )± δε̃( ), µδ,±( ) := µ( )± δµ̃( ),

Lδ,±ψ( ) :=−
εδ,±( )

(

µδ,±( )

ψ
)

.



εδ( ) :=

{

ε( )− δε̃( ), < ,

ε( )+ δε̃( ), > ,
µδ( ) :=

{

µ( )− δµ̃( ), < ,

µ( )+ δµ̃( ), > ,

L̃δψ( ) :=−
εδ( )

(

µδ( )

ψ
)

, L̃δ :=

{

Lδ,−, < ;

Lδ,+, > .

=
∂ ( ,δ)

∂δ
( ∗, ) =

(

ˆ

˜

)

−
(

ˆ

˜

)

·

(

ˆ

˜

)

> ,

˜

( +
,δ,+,

−
+ ,δ,+)∩ ( +

,δ,−,
−
+ ,δ,−) Lδ,+ Lδ,−

<
ε̃, µ̃ ( +

,δ,±,
−
+ ,δ,±)

∗

Lδ,±

+
,δ,± = ∗ ± η∓δ+ (δ / ),

−
+ ,δ,± = ∗ ± η±δ+ (δ / ),

η± < , > η− < < η+ <
|η−|< |η+|

( +
,δ,+,

−
+ ,δ,+)∩ ( +

,δ,−,
−
+ ,δ,−) = ( ∗ − |η−|δ+ (δ / ), ∗ + |η−|δ+ (δ / )).

> |η−|> |η+|

( +
,δ,+,

−
+ ,δ,+)∩ ( +

,δ,−,
−
+ ,δ,−) = ( ∗ − |η+|δ+ (δ / ), ∗ + |η+|δ+ (δ / )).

L̃δ

L Lδ

L̃δ δ ∗ = π

∗ = <
<

( +
,δ,+,

−
+ ,δ,+)∩ ( +

,δ,−,
−
+ ,δ,−) =

(

∗ − η+δ+ (δ / ), ∗ + η+δ+ (δ / )
)

.



β̃ =
´

˜ =

β̃ = Lδ,+

[ ,∞) =

ξ ,δ( ) =
ψ , ,δ( )

λ , ,δ −ψ , ,δ( )
.

ξ ,δ( ) =
β ( − ∗)+ β̃ δ+ (δ )

−
√

( − ∗) + ( − ∗)δ+ δ −β ( − ∗)− β̃ δ+ (δ )
.

=

(

ˆ

˜

)

−
(

ˆ

˜

)

·

(

ˆ

˜

)

.

β̃ =

= β̃ .

< τ < η+ | − ∗|! τ δ

|
√

( − ∗) + ( − ∗)δ+ δ +β ( − ∗)+ β̃ δ|" δ

> ξ ,δ( ) | − ∗|! τ δ

δ

Lδ,−

(−∞, ] =

ξ ,−δ( ) =
ψ , ,−δ( )

λ , ,−δ −ψ , ,−δ( )
.

ξ ,−δ( ) =
β ( − ∗)− β̃ δ+ (δ )

√

( − ∗) − ( − ∗)δ+ δ −β ( − ∗)+ β̃ δ+ (δ )
.

ξ ,−δ( ) | − ∗|! τ δ

L̃δ

ξ ,δ( ) = ξ ,−δ( ).

= ( − ∗)/δ −τ ! ! τ

ξ( ) = ξ ,δ( )− ξ ,−δ( ) =
β + β̃ + (δ)

−
√

+ + −β − β̃ + (δ)

− β − β̃ + (δ)
√

− + −β + β̃ + (δ)
.

ξ( ) = ξ̃( )+ (δ),



ξ̃( ) =
β + β̃

−
√

+ + −β − β̃
+

−β + β̃
√

− + −β + β̃
.

ξ̃( ) ξ̃( )+ ξ̃(− ) =
< τ < |τ η+|< τ ξ̃(τ η+) '=

ξ̃(τ η+) · ξ̃(−τ η+)< .

δ

ξ(τ η+) · ξ(−τ η+)< .

ξ( ) = (−τ η+,τ η+)

β̃ '=
ξ ,δ( )

ξ ,−δ( )

ξ ,δ( )
=

ξ ,−δ( )
,

L̃δ

L
µ ε ( = , = ∗)

, µ̃ ε̃

(

ˆ

˜

)

·

(

ˆ

˜

)

= , =

(

ˆ

˜

)

.

µ̃ ε̃
ˆ

˜ '= .

L



L

PL= LP,

P

Pψ( ) = ψ(− ),

ψ

ε( ) = ε(− ) µ( ) = µ(− ) ε( ) =
ε( − ) µ( ) = µ( − )

ϕ , ( ) L
Pϕ , −

ϕ , = π

( ) = π ϕ , = ψ , ϕ , = ψ ,

[ , ] ϕ ,

ψ , ψ ,

ϕ , =

(L− ( ))ϕ , = , ϕ , ( + ) = ϕ , ( ).

Pϕ , =
= ϕ , Pϕ , =

±ϕ , ( )

ϕ , (− ) =±ϕ , ( ).

ϕ , ϕ′
, ( ) = ϕ , = ψ ,

ϕ , ϕ , = ψ ,

ϕ ,π

ϕ , ϕ ,

= π



, , ,
L [ , ]

ψ( ) = ψ( ) ψ′( ) = ψ′( )
ψ( ) =−ψ( ) ψ′( ) =−ψ′( )

ψ( ) = ψ( ) =
ψ′( ) = ψ′( ) = .

, , , ( = , , , . . .)
L

! < ! { , }! < ! { , }! · · ·

! − < − ! { , − }! < ! { + , }! + < · · · ,

! { , }! ! { , }! { , }!

L
( + )

( , +) ( , −
+ ) = π

= + = ( ) −
+ = + ( )

ϕ , ( , +) ϕ ,











(L− +)ϕ , = ,

ϕ , ( ) = ϕ , ( ),

ϕ′
, ( ) = ϕ′

, ( ) = .

+ L
ϕ + ,

ϕ + ,
−
+ L

+ < −
+

L
+ = − , −

+ = + = , −
+ = +

L
+, −

+

L ϕ + ,

= = π



L
L

ϕ , ( ) =











φ
,
( )

‖φ
,
‖ , ! ! π, φ , '≡ ,

ψ
,
( )

‖ψ
,
‖ , ∈ { ,π} φ , ≡ ,

ϕ ,− (− ), −π < < .

ϕ , , ( ) = ϕ , ( ) −

, ( ) = ,− (− ), −π < < .

ˆ

−π

(

∂ ,

∂
, ,

)

=−
ˆ π(∂ ,−

∂
, ,−

)

=−
ˆ π ˆ ∂ ,− ( )

∂
¯ ,− ( )ε( )

=−
ˆ π ˆ ∂ , (− )

∂
¯ , (− )ε(− )

=−
ˆ π ˆ ∂ , ( − )

∂
¯ , ( − )ε( − )

=−
ˆ π ˆ ∂ , ( )

∂
¯ , ( )ε( )

=−
ˆ π(∂ ,

∂
, ,

)

.

, −( ) =
→ −

, ( ) =
→ +

,− ( ) =
→ +

, (− ) = , (− );

,(−π)+( ) =
→(−π)+

, ( ) =
→π−

,− ( ) =
→π−

, (− ) = ,π(− ).

( , , , −) =

ˆ /

, ( )¯ , (− )ε( ) +

ˆ

/
, ( )¯ , (− )ε( )

=

ˆ /

, ( )¯ , (− )ε( ) +

ˆ

− /
, ( + )¯ , (− − )ε( + )

=

ˆ /

, ( )¯ , (− )ε( ) +

ˆ

− /
, ( )¯ , (− )ε( )

=

ˆ /

− /
, ( )¯ , (− )ε( ) =

ˆ /

− /

ϕ , ( )ϕ̄ , (− )ε( )

=

{

, ϕ , ( ) = ϕ , (− ),

− , ϕ , ( ) =−ϕ , (− ).



( − π
,(−π)+ , ,π) =

{

, ϕ ,π( ) = ϕ ,π(− ),

− , ϕ ,π( ) =−ϕ ,π(− ).

L

θ =

{

, ϕ , ( ) ϕ ,π( ) ,

π, ϕ , ( ) ϕ ,π( ) .

L
( + ) ( = , +)

θ + θ + =

{

, ϕ ,π( ),ϕ + ,π( ) ;

π, ϕ ,π( ),ϕ + ,π( ) .

( + ) ( = π, +)

( + ) L

γ := (− ) +'−
∑

= θ ,

θ 2

ψ , ( , +)
γ

L
( + )

γ ± γ −
( , +)

− = ( ) =
+ = (π) γ = −

ψπ, (π, +)
( ) < − ( )

( ) γ =− θ γ − θ π

− ( ) ( ) ( , −)

γ =− (θ − +θ )γ − θ − + θ = π



ξ ( ) =
ψ , ( )

λ , −ψ , ( )
, ξ ( ) =

ψ , ( )

λ , −ψ , ( )
,

L
+ ( +, −

+ )

∈ ( +, −
+ ) ψ , ( ) '= λ , −ψ , ( ) '= λ , −ψ , ( ) '=

ψ , ( ) = /∈ ( +, −
+ )

ψ′
, ( ) ·

∂ψ , ( )

∂
> .

ψ , ( ) '= ψ , ( ) =
ψ , ( − ) ψ , ( )

(L− )ψ = , ψ( ) = ψ( ) = .

ψ , ( − ) ψ , ( )
ψ , ( − ) =±ψ , ( ) ψ′

, (
−) =∓ψ′

, (
+) =∓µ( +) µ

µ( +) = µ( −) = µ( −)

( ) =

(

ψ , (
−) ψ , (

−)

µ( −)ψ
′
, (

−) µ( −)ψ
′
, (

−)

)

=

(

ψ , (
−)

µ( −)ψ
′
, (

−) ±

)

,

± ∈ {λ , ,λ , } |λ , |<
|λ , |>

λ , −ψ , ( ) '= λ , −ψ , ( ) = ( ( )−
λ , ) =

ψ , ( ) ·
µ( )

ψ′
, ( ) = ,

ψ′
, ( ) = ψ , ( − ) ψ ,

(L− )ψ = , ψ′( ) = ψ′( ) = .

ψ =±ψ ,

ψ , ( ) =±ψ , ( ) =± .

( ) =

(

ψ , ( ) ψ , ( )

µ( )ψ
′
, ( ) µ( )ψ

′
, ( )

)

=

(

± ψ , ( )
±µ( )ψ

′
, ( )

)

.

± ∈ {λ , ,λ , }
λ , −ψ , ( ) '=



{

(L− )ψ , = ,

ψ , ( ) = , µ( )ψ
′
, ( ) = .

ψ ( ) =
∂ψ

,
( )

∂
{

(L− )ψ = ψ , ,

ψ( ) = ,ψ′( ) = .

(L− )ψ = ψ , ε( )ψ , ( )
ˆ

(

(
µ
ψ′)′ + ε( )ψ

)

ψ , ( ) =−
ˆ

ψ , ( )ε( ) .

ψ( ) = ,ψ′( ) = ,ψ , ( ) =

µ( )
ψ′

, ( )ψ( ) =

ˆ

ψ , ( )ε( ) > ,

L
( + ) ∈ ( +, −

+ )

( , +) = π

ξ ( )< ξ ( )→ → + ξ ( )→−∞ → −
+

ξ ( )> ξ → → + ξ →+∞ → −
+

( , +) ξ ( )> ξ ( )→
+∞ → + ξ ( )→ → −

+ ξ ( )<

ξ ( )→−∞ → + ξ ( )→ → −
+

= ϕ ,

( , +)
ξ ( ) ξ ( ) ϕ , ( ) =

ψ +, ( ) ψ +, ( ) = ψ +, ( ) = ϕ ,

∂ψ , ( )

∂
( +) ·ψ′

+,
( )> .

ψ′
+,

( ) = ψ′
+,

( )>
∂ψ

,
( )

∂
( +)> ψ , ( )> ∈

( +, −
+ )

( ) := λ , −ψ , ( ).

ϕ + , ϕ + , = ψ −

+ ,

ψ −

+ , ( ) = ψ −

+ , ( ) = ϕ + ,

( −
+ ) = λ −

+ , −ψ −

+ , ( ) = − = .



λ , =
( )−

√

( ) −
,

′( ) = ′( )

(

− ( )
√

( ) −

)

− ∂ψ , ( )

∂
.

( )→ ′( )< → −
+

→ −

+

′( ) =∞,

( )< −
+ ( +, −

+ )

ξ ( ) =
ψ

,
( )

( ) < ( +, −
+ )

ξ ( )→ → + ξ ( )→−∞ → −
+

ψ +, ( ) = ( +) '= ( +) =

ξ ( )→ → +

→ +
ξ ( ) =

→ +

ψ , ( )

( )
=

→ +

∂ψ
,
( )

∂
′( )

= ,

→ +
′( ) =−∞ ( +) =

ξ ( )→ → +

ξ ( )→−∞ → −
+ ( −

+ ) =
ψ −

+ , ( ) '= ψ −

+ , ( ) = = ψ −

+ , ( )

ψ −

+ , ( ) =

( −

+ ) =





ψ −

+ ,
( ) ψ −

+ ,
( )

µ( )
ψ′

−

+ ,
( )

µ( )
ψ′

−

+ ,
( )



=

(

µ( )
ψ′

−

+ ,
( )

µ( )
ψ′

−

+ ,
( )

)

.

µ( )
ψ′

−

+ ,
( ) = =

µ( )
ψ′

−

+ ,
( ).

µ( ) = µ( ) ψ′
−

+ ,
( ) = ψ′

−

+ ,
( ) ψ −

+ ,

ϕ + , = ψ −

+ ,

ϕ + , = ψ −

+ ,

<

L ψ =−
ε ( )

(

µ ( )

ψ
)

, = , .



L̃ψ ( ) :=

{

L ψ ( ), < ,

L ψ ( ), > .

L̃
L = ,

( )
ψ
( )
,

L L

:= ( ( ),+,
( ),−

+ )∩ ( ( ),+, ,−
+ ) '= ∅

γ
( ) '= γ

( )
L L

L̃

ξ( ) := ξ
( )

( )− ξ
( )

( ) = ∈ .

L̃

ξ( ) := ξ
( )

( )− ξ
( )

( ) = .

L L = (
( ),+

,
( ),−

+ ) γ
( )

= γ
( )

=−
ψ
( )

, ( ,
( ),+

) L

ψ
( )

, ( ,
( ),+

) L

ξ
( )

( )< ξ
( )

( )→−∞ → ( ),+
ξ
( )

( )→ → ( ),−
+

ξ
( )

( )< ξ
( )

( )→ → ( ),+
ξ
( )

( )→−∞
→ ( ),−

+ ξ( )<
( ),+

ξ( )>
( ),−

+

ξ( ) =

L̃

2
( )

=

. 2
( )

= . ε
( )

= .

ε
( )

= µ
( )

= µ
( )

=

2
( )

= . 2
( )

= . ε
( )

= . ε
( )

= µ
( )

= µ
( )

=

γ
( )

= γ
( )

=−
L̃



L̃

L̃
L L

( , ) < <

ε( ) =











ε ( − ), < ,

ε ( ), < < ,

ε ( − ), > .

µ( ) =











µ ( − ), < ,

µ ( ), < < ,

µ ( − ), > .

L̃

Φ( ; ) =

(

ψ( ),
µ
ψ′( )

)

,

ψ (L̃ − )ψ =



= ,

( )
, =

(

ψ
( )
, ( )

λ
( )
, −ψ

( )
, ( )

)

( )
, =

(

ψ
( )
, ( )

λ
( )
, −ψ

( )
, ( ),

)

( )( ) ∈
( )
,

( )
,

˜( )
, =

( )
, /‖

( )
, ‖ ˜( )

, =
( )
, /‖

( )
, ‖

‖ · ‖
( ) ( , )

Φ( ; ) = ( )Φ( ; )

( )˜
( )
, = ˜( )

, ,

∈

L̃

L L := (
( ),+

,
( ),−

+ ) =

(
( ),+

,
( ),−

+ ) γ
( )

γ
( )

{

‖µ‖ ∞( , ), ‖ε‖ ∞( , )

}

· ( − )<
π
,

∈ L̃

Φ

Φ( ; ) = ρ [ θ, θ] = ρ [ θ̃, θ̃] ,

θ̃ := π − θ

Φ ρ θ

θ θ̃ π

ρ θ θ̃

( ρ) ′ = (µ− ε) ( θ),

θ ′ = µ θ+ ε θ,

θ̃ ′ =−µ θ̃− ε θ̃.

ρ θ θ̃

θ( ; ) = θ θ( ; ·)
θ̃( ; ·)

θ′ " θ̃′ ! Φ

θ ( ; ) θ ( ; )
! θ ( ; )! θ ( ; ) θ ( ; )! θ ( ; ) >

θ( ; ) = θ > θ( ; )



˜( )
,

:= (− , ) := ( , )

˜( )
,

:= ( , ) :=

(− , ) Φ( ; )

:= ( , ) L

L γ
( )

= γ
( )

=−
ψ
( )
, ψ

( )
, ( , +) L L

ξ
( )

˜( )
,

˜( )
, −˜( )

, := (− , ) := ( , )

˜( )
, −˜( )

,

˜( )
,

Φ( ; ) = ˜( )
,

Φ( ; ) := ( )˜
( )
,

θ( ; ) θ′ ! π
( − )

∈ ( , ) ∈

∆θ := θ( ; )− θ( ; )<
π ∀ ∈ .

Φ( ; ) Φ( ; )
θ( ; )

˜( )
, −˜( )

,

L L
ε ( )≡ ε µ ( )≡ µ

ε µ L̃ ε " µ " :=
− "



L L
:= ( , ) −

Φ( ; ) γ

˜( )
, −˜( )

, := ( , ) := (− , )
Φ( , )

γ

ε " µ "
˜( )

, −˜( )
,

( ) =





(ω )
µ

ω
(ω )

−ω

µ
(ω ) (ω )



 ,

ω =
√

=
√
ε µ ˜( )

, = (− ( ), ( )) ( )" ( )"
ω = ω

Φ( ; ) = ( )





− (ω )
ω

µ
(ω )



+ ( )

( µ

ω
(ω )

(ω )

)

.

Φ( ; ) =

(

− (ω , ),
ω

µ
(ω , )

)

, Φ( ; ) =

(

µ

ω
(ω , ), (ω , )

)

,

ω =
√

ω , = ω = ,

Φ( ; ) ω , ∈ π +
[

π ,π
]

" Φ( ; )
ω , ∈ π +

[

, π
]

> Φ( ; )

ω ∈ π +
(

π, π
)

ω ∈ π +
(

π , π
)

γ

Φ( , )

ε ( ) =

{

ε , , < < ∗,

ε , , ∗ < <
µ ( ) =

{

µ , , < < ∗,

µ , , ∗ < < ,

ε , µ , ( = , )
L L

:= ( , ) −
˜( )

, := (− , )

:= ( , )
Φ ( ; ) Φ ( ; ) (L̃ − )ψ =

Φ ( ; ) = Φ ( ; ) = θ̃ ( ; )
θ̃ ( ; ) ∆θ̃ := θ̃ − θ̃ ∆θ̃

(∆θ̃) ′ = ( ε −µ ) (θ̃ + θ̃ ) (∆θ̃) ( , ).



ε , µ , ε , −µ , > θ̃ ( ; )+

θ̃ ( ; ) = π θ̃ θ̃ ∗

θ̃ ( ∗; ) + θ̃ ( ∗; ) = π .

∆θ̃( ; ) = π (∆θ̃)′ < ( , ∗)

<∆θ̃( ∗, )<
π
.

π
< θ̃ ( ∗; )< π < θ̃ ( ∗; )<

π
.

ε , µ , ε , −µ , <

θ̃ ( ; ) =
π
.

< θ̃ ( ; )< π π < θ̃ + θ̃ < π (∆θ̃)′ <
( ∗, ) −

< θ̃ ( ; )<
π
.

Φ( ; ) := ( )˜
( )
,

˜( )
, −˜( )

,

∈

( , )
ε ( )

µ ( )

ε ( ) :=











ε ( ), < < ,

ε ( ), < < ,

, .

µ ( ) :=











µ ( ), < < ,

µ ( ), < < ,

, .

ε µ = ,

L̃ ψ :=−
ε ( )

(

µ ( )

ψ
)

.

ψ = ω ω

ψ = (ω) ω

ψ = (ω) − ω ψ = ψ +ψ < ψ = ψ >

(L̃ −ω )ψ = , < < .



ω

ω ψ

ψ =

(L̃ −ω )ψ = , < < ,

µ ( )

ψ ( )
+ ωψ( ) = ,

µ ( )

ψ ( ) − ωψ( ) = .

ψ = −
− ω ψ = +

ω < >

ω ∈ C\{ } ω

εψ̄

ˆ

µ

∣

∣

∣

∣

ψ
∣

∣

∣

∣

−ω ε |ψ | +
µ

ψ( )
ψ̄( )−

µ

ψ( )
ψ̄( ) = .

ˆ

µ

∣

∣

∣

∣

ψ
∣

∣

∣

∣

−ω ε |ψ | − ω |ψ( )| − ω |ψ( )| = .

ω = ω + ω ω ω

ω '=

−ω

(

ω

ˆ

|ψ | + |ψ( )| + |ψ( )|

)

.

ω " ψ( ) = ψ( ) =
ψ( )

=
ψ( )

=

ψ ≡ ( , ) ω < ω =

ˆ

µ

∣

∣

∣

∣

ψ
∣

∣

∣

∣

+ω |ψ | +ω |ψ( )| +ω |ψ( )| = .

ω > ψ ≡ ( , )

| |= =∞

L̃∞ψ ( ) =

{

L ψ ( ), < ,

L ψ ( ), > ,

L = , ε µ
ψ∞ ∞



∞

ω∞ =
√

∞

= ω ( )( )

(L − )ψ = λ
( )
, λ

( )
,

( )( )
( )
,

( )
, ∞

L L |λ
( )
, |< < |λ

( )
, |

∞ ψ
( )
, ( ) '=

( )
,

( )
,

( )
,

( )
,

= ω ω ∈ R
+ ψ

( )
, ( ) ψ

( )
, ( ) ω

|λ
( )

, |< < |λ
( )

, |
( )

,
( )

, ω

( ( )
, ,

( )
,

ω

)

>
( ( )

, ,
( )

,

ω

)

<

= {| |, } "

ω ω∞

| ω−ω∞|! −α(ω) ,

α(ω)>
ω

Φ( ) =
(

ψ( ), µ( )ψ
′( )

)

ψ

ω |λ
( )
, |< < |λ

( )
, | ω

ω∞ = ω Φ( )

Φ( ) = (ω)
( )
, + (ω)

( )
, ,

(ω) (ω)

(ω) =
(Φ( ),

( )
, )

(
( )
, ,

( )
, )

(ω) =
(

( )
, ,Φ( ))

(
( )
, ,

( )
, )

.

= Φ( ) = (ω)
(

λ
( )
,

)| |
( )
, + (ω)

(

λ
( )
,

)| |
( )
,

( )
,

( )
,

( )
, = (ω)

( )
, + (ω)

( )
, ,

( )
, = (ω)

( )
, + (ω)

( )
, ,

(ω) =

(

( )
, ,

( )
,

)

(

( )
, ,

( )
,

) , (ω) =

(

( )
, ,

( )
,

)

(

( )
, ,

( )
,

) ,

(ω) =

(

( )
, ,

( )
,

)

(

( )
, ,

( )
,

) , (ω) =

(

( )
, ,

( )
,

)

(

( )
, ,

( )
,

) ,



Φ( ) =

(

(ω) (ω)
(

λ
( )
,

)| |

+ (ω) (ω)
(

λ
( )
,

)| |
)

( )
,

+

(

(ω) (ω)
(

λ
( )
,

)| |

+ (ω) (ω)
(

λ
( )
,

)| |
)

( )
, .

=

Φ( ) =

(

(ω) (ω)
(

λ
( )
,

)| |

+ (ω) (ω)
(

λ
( )
,

)| |
)

(

λ
( )
,

)| |
( )
,

+

(

(ω) (ω)
(

λ
( )
,

)| |

+ (ω) (ω)
(

λ
( )
,

)| |
)

(

λ
( )
,

)| |
( )
,

=

(

ψ( )
ωψ( )

)

.



 (ω) (ω)

(

λ
( )
,

λ
( )
,

)| |(

λ
( )
,

λ
( )
,

)

+ (ω) (ω)

(

λ
( )
,

λ
( )
,

)





·
(

λ
( )
, −ψ

( )
, ( )− ωψ

( )
, ( )

)

+



 (ω) (ω)

(

λ
( )
,

λ
( )
,

)| |

+ (ω) (ω)





·
(

λ
( )
, −ψ

( )
, ( )− ωψ

( )
, ( )

)

= ,

(ω) =
(

( )
, ,

( )
,

)

·
(

( )
, ,

( )
,

)

(ω) = (ω) (ω) (ω) ·
(

λ
( )
, −ψ

( )
, ( )− ωψ

( )
, ( )
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