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A B S T R A C TA R T I C L E I N F O

Dense suspensions of particles in a liquid, with industrial examples including coatings or precursors to solid ceramics

and cements, can be quite difficult to process because their flow properties are very sensitive to particle surface inter-

actions.We focus on the extreme rate dependence known as “discontinuous shear thickening” (DST) where the viscos-

ity undergoes a finite and typically large discontinuous jump in viscosity at some shear rate. Simultaneous with DST,

there is a large increase in the normal stress, including the nonequilibriumosmotic pressure, or ‘particle pressure’, lead-

ing to the historical name of `dilatancy’ for shear thickening. Our computational simulations inclusive of the three in-

gredients of i) lubrication hydrodynamics, ii) repulsive interparticle forces (e.g. due to surface charge) and iii) contact

with friction have been shown to reproduce the primary features of DST found experimentally; this is called lubricated-

to-frictional (LF) rheology. We describe the main features of the shear thickening transition in the LF scenario, includ-

ing the observation of extreme fluctuations. Using our simulation results, we explore the microscopic basis for the LF

transition in the force network developed under flow.
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Fig. 1. Flow curve for a concentrated cornstarch-in-water dispersion. Figure taken from Khandavalli & Rothstein [1].
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Fig. 2.The relative viscosity of a suspension of 520 nmdiameter silica particles in nearly-indexmatched (hence negligible van derWaals forces) 200MWpoly-ethylene glycol

as function of a) dimensionless shear rate, Pe; and b) shear stress. Figure taken from Cwalina & Wagner [3].

Fig. 3. The shear rate dependence of the relative viscosity of polyvinylchloride particles of diameter 1.4 μm in dioctylphtalate (also studied in Hoffman's seminal work [2]), at

two temperatures, 20 °C (left curve) and 50 °C. Figure taken from Boersma et al. [4].
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Fig. 5. Data from simulation method of Mari et al. [10] illustrating shear thickening regimes.

Fig. 6. Shear rate dependence from Stokesian Dynamics simulations of Brownian hard sphere suspensions at the volume fractionsϕ shown, in comparison with experimental

data [7,8]. Figure from Foss & Brady [5] (similar to Phung et al. [6]).

Fig. 4. The time series of the relative viscosity at 20 °C from Fig. 3, showing very large fluctuations returning to a relatively constant baseline. Figure taken from Boersma

et al. [4].
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Fig. 7. Lubrication breakdown: the minimum gap for a ϕ = 0.51 suspension of monodisperse hard spheres interacting only by Stokes flow, using different integration

schemes for the particle motion (A-F), showing the inability of lubrication to keep surfaces from reaching scales for which continuum theory breaks down in O(1) strain.

Figure from Melrose & Ball [9].

Fig. 8. Unpublished work showing the relative viscosity response for different interparticle friction coefficients shown by the legend as a function of the imposed stress σ,

normalized by the repulsive force and particle size, σ0 = FR/a
2. For σ/σ0 << 1, no effect of friction is seen.

Fig. 9. Summary of flow curves obtained by the simulation model LF-DEM [10]: relative viscosity as a function of dimensionless shear. Blue+ points are at controlled shear

rate and others at controlled stress, with ϕ values labeled.
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Fig. 11. Dimensionless stress as a function of shear rate from simulation [12,13] and fitting to the Wyart & Cates [11]. The shaded region shows a transition from single-

valued to multivalued behavior as a function of shear rate with varying stress and is analyzed below.

Fig. 12. Stress susceptibility defined as the rate of variation of stress with shear rate, deduced from theWyart& Cates model [11] fitted to simulation data (figure taken from

[13]). The susceptibility diverges first at the ϕ ~ 0.553 value noted on the plot and is multivalued for larger ϕ.

Fig. 10. Flow state diagram [11,12] on volume fraction-dimensionless stress axes for a friction coefficient of 1 and bidisperse suspension of half large and small particles at

radius ratio 1.4. The solid vertical lines at ϕ ~ 0.58 and 0.65 are the frictional (large stress) and frictionless jamming (low stress) fractions.
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Fig. 13. Dimensionless stress fluctuations as a function of strain (dimensionless time) at fixed shear rates. (left) ϕ = 0.55 (DST onset) and (right) ϕ = 0.56 (fully in DST).

Figure taken from [13].

Fig. 14. Probability of dimensionless stress corresponding to the time series of Fig. 15: (left) ϕ = 0.55 (DST onset) and (right) ϕ = 0.56 (fully in DST). Note the flat

distribution at intermediate shear rates for ϕ = 0.55, and bimodal distributions for ϕ = 0.56 [14].Figure taken from [14].

Fig. 15. Unpublished results (similar in [10]) showing that very similar pair distribution function across the DST onset, i.e. a strong shear thickening transition.

J.F. Morris Science Talks 3 (2022) 100031

6



Acknowledgments

• Morton Denn (Levich Institute, City College of New York)

• Hernan Makse (Levich Institute, City College of New York)

• Ryohei Seto (Levich Institute, City College of New York; now at Wenzhou

Institute)

• Romain Mari (Levich Institute, City College of New York; now at CNRS

Lab. Interdisciplinaire de Physique, Grenoble, France)

• Abhinendra Singh (Levich Institute, City College of New York; now Uni-

versity of Chicago)

• Omer Sedes (Levich Institute, City College of New York)

• Nelya Malbranche (Levich Institute, City College of New York)

• Bulbul Chakraborty (Brandeis University)

• Lou Kondic (New Jersey Institute of Technology)

• Konstantin Mischaikow (Rutgers University)

Funding

This work was supported by the National Science Foundation [grant

number 1916879].

Declaration of interests

The authors declare that they have no known competing financial inter-

ests or personal relationships that could have appeared to influence the

work reported in this paper.

References

[1] S. Khandavalli, J.P. Rothstein, Large amplitude oscillatory shear rheology of three dif-

ferent shear-thickening particle dispersions, Rheol. Acta 54 (7) (2015) 601–618.

[2] R.L. Hoffman, Discontinuous and dilatant viscosity behavior in concentrated sus-

pensions. I. Observation of a flow instability, Trans. Soc. Rheol. 16 (1) (1972)

155–173.

[3] C.D. Cwalina, N.J. Wagner, Material properties of the shear-thickened state in concen-

trated near hard-sphere colloidal dispersions, J. Rheol. 58 (4) (2014) 949–967.

[4] W.H. Boersma, P.J.M. Baets, J. Lavèn, H. Stein, Time-dependent behavior and wall slip

in concentrated shear thickening dispersions, J. Rheol. 35 (6) (1991) 1093–1120.

[5] D.R. Foss, J.F. Brady, Structure, diffusion and rheology of Brownian suspensions by

Stokesian dynamics simulation, J. Fluid Mech. 407 (2000) 167–200.

[6] T.N. Phung, J.F. Brady, G. Bossis, Stokesian dynamics simulation of Brownian suspen-

sions, J. Fluid Mech. 313 (1996) 181–207.

[7] P. d’Haene, J. Mewis, G.G. Fuller, Scattering dichroism measurements of flow-induced

structure of a shear thickening suspension, J. Colloid Interface Sci. 156 (2) (1993)

350–358.

[8] J.C. Van der Werff, C.G. De Kruif, Hard-sphere colloidal dispersions: the scaling of rhe-

ological properties with particle size, volume fraction, and shear rate, J. Rheol. 33 (3)

(1989) 421–454.

[9] J.R. Melrose, R.C. Ball, The pathological behaviour of sheared hard spheres with hydro-

dynamic interactions, EPL (Europhys. Lett.) 32 (6) (1995) 535.

[10] R. Mari, R. Seto, J.F. Morris, M.M. Denn, Shear thickening, frictionless and frictional

rheologies in non-Brownian suspensions, J. Rheol. 58 (6) (2014) 1693–1724.

[11] M. Wyart, M.E. Cates, Discontinuous shear thickening without inertia in dense non-

Brownian suspensions, Phys. Rev. Lett. 112 (9) (2014), 098302.

[12] A. Singh, R. Mari, M.M. Denn, J.F. Morris, A constitutive model for simple shear of

dense frictional suspensions, J. Rheol. 62 (2) (2018) 457–468.

[13] O. Sedes, A. Singh, J.F. Morris, Fluctuations at the onset of discontinuous shear thicken-

ing in a suspension, J. Rheol. 64 (2) (2020) 309–319.

[14] M. Gameiro, A. Singh, L. Kondic, K. Mischaikow, J.F. Morris, Interaction network anal-

ysis in shear thickening suspensions, Physical Rev. Fluids 5 (3) (2020), 034307.

Further Reading

[1] A.S. Baumgarten, K. Kamrin, A general constitutive model for dense, fine-particle sus-

pensions validated in many geometries, Proc. Natl. Acad. Sci. 116 (42) (2019)

20828–20836.

[2] E. Guazzelli, J.F. Morris, A Physical Introduction to Suspension Dynamics, Cambridge

University Press, 2011.

[3] J.R. Melrose, R.C. Ball, The pathological behaviour of sheared hard spheres with hydro-

dynamic interactions, EPL (Europhys. Lett.) 32 (6) (1995) 535.

[4] L.C. Hsiao, S. Jamali, E. Glynos, P.F. Green, R.G. Larson, M.J. Solomon, Rheological

state diagrams for rough colloids in shear flow, Phys. Rev. Lett. 119 (15) (2017),

158001.

[5] C.P. Hsu, S.N. Ramakrishna, M. Zanini, N.D. Spencer, L. Isa, Roughness-dependent tri-

bology effects on discontinuous shear thickening, Proc. Natl. Acad. Sci. 115 (20)

(2018) 5117–5122.

[6] R. Mari, R. Seto, J.F. Morris, M.M. Denn, Discontinuous shear thickening in Brownian

suspensions by dynamic simulation, Proc. Natl. Acad. Sci. 112 (50) (2015)

15326–15330.

[7] S. Pednekar, J. Chun, J.F. Morris, Simulation of shear thickening in attractive colloidal

suspensions, Soft Matter 13 (9) (2017) 1773–1779.

[8] B.M. Guy, M. Hermes, W.C. Poon, Towards a unified description of the rheology of

hard-particle suspensions, Phys. Rev. Lett. 115 (8) (2015), 088304.

[9] J.F. Morris, Lubricated-to-frictional shear thickening scenario in dense suspensions,

Physical Rev. Fluids 3 (11) (2018), 110508.

[10] J.F. Morris, Shear thickening of concentrated suspensions: Recent developments and re-

lation to other phenomena, Annu. Rev. Fluid Mech. 52 (2020) 121–144.

[11] R. Seto, A. Singh, B. Chakraborty, M.M. Denn, J.F. Morris, Shear jamming and fragility

in dense suspensions, Granul. Matter 21 (3) (2019) 1–8.

[12] E. Del Gado, J.F. Morris, Preface: Physics of dense suspensions, J. Rheol. 64 (2) (2020)

223–225.

[13] P.A. Cundall, O.D. Strack, A discrete numerical model for granular assemblies,

Geotechnique 29 (1) (1979) 47–65.

Fig. 16. a) Frictional contact network in DST response of a 2D suspension at ϕ2D =0.78, with b) the direction of flow and (red lines) frictional contacts shown for point 1 at

σ/σ0 = 0.5, and c) the contacts for points 2–4, at σ/σ0 = 1, 2, and 100 (left to right). Figure adapted from [14].
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