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ABSTRACT. We show that strong approximate lattices in higher-rank semi-
simple algebraic groups are arithmetic.
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1. INTRODUCTION

An [-approximate subgroup, in the sense of Tao [44], is a symmetric subset X
of a group GG that contains the identity and that is closed under multiplication up
to an error contained in a finite subset F' of size at most [ i.e. such that the set
of products X? := {z1x2|z1,72 € X} is contained in FX := {fz|f € F,x € X}.
The theory of expander graphs and of group growth [46], additive combinatorics
[47] and model theory [24, 49] motivated the study of finite approximate subgroups,
eventually leading to the structure theorem proved in [11] (see also, [415]). More
recently, investigations of certain types of infinite approximate subgroups of locally
compact groups have gained attention, see e.g. [3, 17, 18], [5, 21], [13, 26].

In particular, a very natural family of examples of infinite approximate groups
arises already in the early work of Yves Meyer [34] on harmonious sets and has
since become a key concept in the theory of aperiodic order and mathematical
quasi-crystals [35, 41, 42]. Aperiodic order is concerned with the study of Delone
sets in Euclidean spaces, namely relatively dense and uniformly discrete subsets of
R™. A subset X C R" is uniformly discrete if there is r > 0 such that the distance
between any two distinct points of X is bounded below by r, and relatively dense
if there is R > 0 such that any point of R™ is within distance R of some point of
X. We note, in particular, that de Bruijn’s [15, 14] showed that the set of vertices
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of the Penrose rhombus tiling (P3) is a Delone set that is also an approximate
subgroup of R2.

Meyer proved in [34] that a Delone set A C R™ that is also an approximate
subgroup must be commensurable to a cut-and-project set (also known as model
set), i.e. a set of the form mgra (I'N (R™ x W)), where T is a lattice in R” x R™,
e R” X R™ — R™ is the projection to the first factor and W is a compact
neighbourhood of the origin in R". Here, two subsets A1, Ay of a group G are said
to be commensurable if there is a finite subset I’ of G such that A; is contained
in FA; N AF for i # j € {1,2}. Meyer also characterized such Delone sets in
Fourier-theoretic terms as harmonious sets (see [35, 40, 27]).

There are many striking consequences of Meyer’s theorem, see [35]. One of them
is a kind of sum-product phenomenon - proved ten years before the seminal paper
by Erdds and Szemerédi [19]. It asserts that:

Theorem ([34, Thm VI and X]). If A C R is a Delone approzimate subgroup
of (R,+) and is stable under product (AA C A), then there is a number field K
such that A is contained in and commensurable to the set PVS(K) of primitive
Pisot—Vijayaraghavan—Salem numbers of K.

The Pisot—Vijayaraghavan—Salem numbers are those algebraic integers a such that
every Galois conjugate of « is either a or has modulus < 1. We denote by PVS(K)
the set of those Pisot—Vijayaraghavan—Salem numbers in K that are primitive i.e.
of degree [K : Q. It is easy to see that they form a Delone set of R for every real
number field K. Furthermore, PVS(K)U {0} is an approximate subgroup of R (see
Subsection 2.1).

The sum-product phenomenon for finite fields [9] was used in [23] to establish a
structure theorem for approximate subgroups of SLy(F,). Similarly, Meyer’s sum-
product theorem above hints at the possibility of a structure theory for uniformly
discrete approximate subgroups in non-commutative Lie groups. In this vein, it
was observed by Bjorklund and Hartnick [5] that the cut-and-project construction
above generalises very naturally to arbitrary locally compact groups: if R™ and
R™ are replaced by locally compact groups G and H respectively, W is a compact
symmetric neighbourhood of the identity in H, and I' is a lattice in the product G x
H, then the model set A := g (I' N (G x W)) is a uniformly discrete approximate
subgroup in G.

Taking I'" co-compact in the above construction forces A to be Delone. More
generally, the above construction makes sense if I is not assumed co-compact, but
only of finite co-volume. This has been investigated in [5] and it has been shown
in [7] that for a model set A defined as above with the help of a lattice I' (of finite
co-volume, but not necessarily co-compact), the closed G-orbit

Qp = {gA, g € G},

of A in the Chabauty space of closed subsets of G (see Section 2), carries a finite
G-invariant Borel measure pp. The corresponding measure space (24, 1) is called
the invariant hull of A in G. The existence of an invariant hull of finite volume for
an arbitrary Delone set A in the classical setting of Euclidean spaces is a natural
condition studied for instance in [28, 39, 1].

Following [5] we will say that a uniformly discrete approximate subgroup of a
locally compact group is a strong approximate lattice if its invariant hull admits a



APPROXIMATE LATTICES IN HIGHER-RANK SEMI-SIMPLE GROUPS 3

finite G-invariant Borel measure. Note that a subgroup of GG is a strong approximate
lattice if and only if it is a lattice in . This naturally suggests the following:

Question 1 (Bjorklund—Hartnick). Let A be a strong approximate lattice in a locally
compact group G. Is A commensurable to a model set arising as above from a locally
compact group H and a lattice ' C G x H?

We answer this question affirmatively for semi-simple algebraic groups whose
simple factors have higher-rank. This complements previous work by the author
that dealt with nilpotent Lie groups [30], soluble Lie groups [29] and amenable
locally compact groups [31]. Note moreover that in the companion paper [31,
Thm 1.10] we also prove that every strong approximate lattice in a connected Lie
group can be decomposed into an amenable part and a semi-simple part, extending
classical theorems of Bieberbach and Auslander in the setting of discrete subgroups.

Our approach in this paper takes advantage of rigidity and arithmeticity results
available in higher rank. Our method thus yields a result that is simultaneously
reminiscent of Meyer’s sum-product theorem and a generalisation of Margulis’ arith-
meticity theorem [33].

Theorem 1. Let A be a strong approzimate lattice in the R-points G(R) of an
absolutely almost simple algebraic group G defined over R with R-rank > 2. There
are a number field K C R, a finite set of places S of K, and an absolutely almost
simple group G’ defined over K with G'(R) = G(R), such that

A is commensurable to G'(PVS(K)) and (A) is commensurable to G'(Ok s)

where Ok g denotes the ring of S-integers of K and (A) denotes the group generated
by A.

Recall that to define the subgroup G'(Ok, s) we implicitly choose a K-group
embedding 7 : G'(K) — SL,,(K) for some integer n > 1 and we write G'(Ok s) =
7 1(SL,(Ok.s)) [33,1.3.1]. Likewise, we define the approximate subgroup G'(PVS(K))
as the inverse image via 7 of the following subset of matrices of SL,, (K):

(1) {A € SL,(K)|I — A and I — A~" have entries in PVS(K) U {0}}.

Then G'(PVS(K)) is always strong approximate lattice (Lemma 1). Furthermore,
replacing PVS(K) in (1) with any subset of K commensurable to PVS(K') would
simply yield another approximate subgroup commensurable with G'(PVS(K)).
This shows, for instance, that we could very well consider a similar construction
based on the Pisot—Vijayaraghavan numbers of K - those algebraic integers whose
Galois conjugates have absolute value < 1 - rather than PVS(K) without changing
the content of Theorem 1.

Note moreover, that if A is [-approximate and not commensurable to a lattice,
then using the recent non-abelian Brunn-Minkowski inequality proved by Jing,
Tran and Zhang [26] we can show:

e dimG (|{ Arch. places v s.t. G'(K,) non-compact }| — 1) < 9log?();
e if, moreover, A is not relatively dense, then dim G ([K : Q] — 1) < 181log?(l).

In both formulae, log denotes the base 2 logarithm.

We now state the main theorem of this paper. Theorem 2 below is concerned
with a larger class of subsets than the strong approximate lattices, the class of
*-approximate lattices defined in Section 2. This includes sets of the form X ' X,
where X is a subset of G with a G-invariant hull of finite volume and such that
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(X ~1X)3 is uniformly discrete. It turns out that under these assumptions alone,
the set X ' X is an approximate subgroup:

Fact (Corollary 5). Let X € C(G) be such that (X ~1X)? is uniformly discrete and
Qx admits a finite G-invariant measure. Then X ~!X is an approximate subgroup.

We prove:

Theorem 2. Consider a finite set A, characteristic 0 local fields (ka)aca and al-
most kq-simple algebraic groups (Gg)aca defined over ko of ko-rank > 2. Let A
be a x-approzimate lattice in G =[], c 4 Ga(ka). Then there are B finite, char-
acteristic 0 local fields (kg)gen, absolutely almost simple algebraic groups (Hg)sen
defined over kg and a lattice I' C Ga x [[5c5Hp(kg) whose intersection with
[1sep Hp(kp) is trivial and such that

(A) = pa(T") and A is contained in and commensurable to pa | TN G4 x H Us
BeB

where pa ts the natural projection to Ga and the Ug’s are symmetric compact
neighbourhoods of the identity in Hg(kg).

Theorem 2 states that both A and the group (A) it generates have an arithmetic
origin. Combined with Margulis’ arithmeticity theorem this yields the number
theoretic information needed to show Theorem 1.

Note that the local fields kg may be Archimedean or non-Archimedean. However,
when A is l-approximate, a result of Carolino [13] in combination with Theorem 2
ensures that one can find A’ C A* such that C := C(I) translates of A’ cover A,
both A” and (A’) are commensurated by the elements of (A) and the conclusions of
Theorem 2 hold for A’ with all local fields ks Archimedean.

Note moreover that all fields considered in this article will be of characteristic
0. In fact, in positive characteristic every strong approximate lattice is a lattice,
see [25]. Tt also turns out that a theorem similar to Theorem 2 holds as well in
rank one, or when factors of rank one are allowed. This is shown independently
by Hrushovski in [25] using model-theoretic tools. Our ergodic method however
requires the higher rank assumption on each factor.

Approximate lattices in G 4 provide examples of tilings in the symmetric space,
for example by considering Voronoi cells around a A-orbit, which can sometimes be
shown to be aperiodic. Although it is not directly related to our work, we note that
in [36] Mozes constructed a finite set of tiles with matching rules that can tile the
symmetric space G 4 /K only aperiodically. His Theorem 2 also required the higher
rank assumption (this time because of its reliance on quasi-isometric rigidity).

Theorem 2 is proved following Margulis’ original strategy for arithmeticity: we
prove first a superrigidity result and then a finite generation result (see [33]). To
derive these two results we use Zimmer’s superrigidity for cocycles [51] (we use, in
fact, a version due to Fisher and Margulis [22] that does not require connectedness
of the algebraic hull of the cocycle considered). As in the case of lattices, given a
strong approximate lattice A and a Borel section s : Q5 — G such that s(X) € X
we define the natural cocycle as on Q by as(g, X) := s(gX) 'gs(X). Note that
a(-, X) takes values in X 71X and, hence, in A™tA C (A).

A crucial ingredient in Zimmer’s proof of Margulis’ superrigidity is a result of
Mackey [32] describing the structure of cocycles arising from a transitive action.
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This fails in our situation. Indeed, Mackey’s proof crucially uses the existence
of large stabilisers, whereas {25 typically has trivial stabilisers. Circumventing
this difficulty is the central point of our work. Given a group homomorphism
T : (A) — H with target a topological group we first relate the range of the cocycle
T o as to T(A) as follows.

Theorem 3. Let A, G4 be as in Theorem 2. Let T and « be as above. Suppose
that T o aig is cohomologous to a cocycle taking values in a closed subgroup L C H.
Then there is h € H such that for all neighbourhoods of the identity V C H there
is A C A? commensurable to A such that

T(A') € VRLh™ V™!

Theorem 3 gives more than enough information when applied to group homo-
morphisms taking values in the group of isometries of a CAT(0) space (Propositions
9 and 10). In particular, this puts us in a position to apply cocycle superrigidity
(e.g. [51]) and obtain the following:

Theorem 4. Let A, G4 be as in Theorem 2. Take a local field k and a simple
(centreless) algebraic group L defined over k. Let T : (A) — L(k) be a group
homomorphism. Then one of the following is true:

(1) there is a continuous group homomorphism 7 : G4 — IL(k) extending T';
(2) T(A) is bounded.

This result directly extends Margulis’ superrigidity from lattices to x-approximate
lattices. We prove in fact a special case first: Theorem 3 together with cocycle
superrigidity yield the case when dimL < dim G,. We use it in combination with
a finiteness statement (Proposition 15) which is itself a consequence of one of the
main results of our companion paper [31, Thm. 4.1]. This special case is central in
the proof of Theorem 2, which in turn yields the general case of Theorem 4.

If we assume instead that 7" is a unitary representation of (A) on a Hilbert space
H, we can introduce a unitary representation of G'on L?(Qx,H) by

(@) (HX) =T oas(g™, X)™" (fls7'X)),

for all g and almost all X. Theorem 3 enables us to transfer information from the
induced representation of GG to the representation of A: if 7 fixes a unit vector, then
there is a unit vector x such that T'(A)(z) is totally bounded (Proposition 12).
We build upon this remark to define a notion of property (T) for approzimate
subgroups: an approximate subgroup A has property (T) if for any unitary rep-
resentation 7 of (A) almost with invariant vectors there is a sub-representation o
with o(A) totally bounded in the strong topology (Definition 6). Property (T) for
approximate subgroups implies the relative Kazhdan property of the pair ((A), A)
as defined by Cornulier [16] and reduces to the usual property (T) when A is a
subgroup. Moreover, a x-approximate lattice has property (T) if and only if the
ambient group has property (T). This fact is key and leads to the following;:

Theorem 5. Let A be a x-approximate lattice in a locally compact group with
property (T). Then (A) is finitely generated.

Theorem 5 is instrumental in the proof of Theorem 2. As in the proof of Mar-
gulis’ arithmeticity [33] and following an idea of Vinberg [50], we use it to prove
that the Galois automorphisms of the field of traces of Ad A give rise to group
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homomorphisms between simple groups over local fields, to which we can apply the
above-mentioned superrigidity result for target groups of dimension at most dim G,
(Theorem 4).

2. *-APPROXIMATE LATTICES

2.1. Definition and First Properties. For any two subsets X and Y of a group
G we define XY = {zylz € X,y € Y} and X" := {x1 - - zp|21,..., 2, € X} for all
non-negative integers n. We write (X) the subgroup generated by X. We say that
two subsets X, Y of a group G are commensurable if there is a finite subset F' of
G such that X C FY and Y C FX. A subset A of a group G is a (I-)approzimate
subgroup for some positive integer 1 if (i) the identity element e belongs to A, (ii)
the subset A satisfies A = A~! and (iii) there is a finite subset F' C G with |F| <1
such that A% C FA.

A subset X of a locally compact group G is locally finite if for all compact
subsets K C G we have |X N K| < oco. The subset X is said (left) uniformly
discrete if e is isolated in X ~!X. Equivalently, X is uniformly discrete if there
exists a neighbourhood of the identity V' with |[gV N X| <1 for all g € G.

Equip now the space C(G) of closed subsets of G with the Chabauty—Fell topology.
The Chabauty—Fell topology on the space C(G) of closed subsets of G is defined as
the topology generated by the subsets

Uk = {CeC(@)|CNK =0} and UY = {C e C(G)|C NV # 0}

for all K C G compact and V' C G open. When G is second countable, the
Chabauty-Fell topology makes C(G) into a compact metrizable G-space with the
obvious action (g, X) — ¢gX. To any Xy € C(G) one can therefore associate a
compact metrizable G-space {1y, called the (left)-invariant hull and defined as
the closure of the orbit of Xy. A strong approzimate lattice is thus defined as a
uniformly discrete approximate subgroup A of G such that the G-space 2, admits
a G-invariant Borel probability measure that is proper i.e. v({0}) = 0. See [5] for
this and more.

Note moreover that a sequence (X,,)n>0 of elements of C(G) converges to X if and
only if (1) for all € X there are z,, € X,, for all integers n > 0 with x,, — x; (2)
for all increasing sequences of positive integers (iy)reny and any sequence (2, )ken
with x;, — 2, we have x € X ([20],[37, Prop. 1.8]).

In what follows, we will often work with almost simple algebraic groups defined
over a field k and we refer to the preliminary section of [33] (and references therein)
for background. In this article we will always consider that almost simple algebraic
groups are both connected and linear. When the word “almost” is omitted, we
mean that the group is centreless. Nevertheless, to avoid any ambiguity, we will
sometimes add “centreless”.

2.1.1. PVS numbers. We will rephrase now the definition of PVS numbers using
valuations following a treatment due to Meyer (see [34, §11.13.3]). This will allow
us to quickly show that the PVS numbers provide examples of strong approximate
lattices. This point of view will become handy later on in the proof of Theorem 1.

Let K C R be a number field and let vy be the Archimedean place on K inherited
from the inclusion into R. Let O denote the ring of algebraic integers of K and
Soo denote the set of all Archimedean places of K. Write S = S \ {vo}. For all
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v € So, let | -], be an absolute value associated with v. Then the set of Pisot
numbers PVS(K) adjoined with 0 is equal to the set

{a € Okg|Vv € S, |al, < 1}.

It would appear at first glance that the condition that « be primitive has been
omitted here. However, when a € Ok is not primitive, there is always v € S
such that |af, > 1. In short, if « is not primitive, then there exists a non-identity
field embedding ¢ : K — C such that ((a) = a. The Galois action on the set of
valuations then provides v € So, different from vy such that |af, = |aly, > 1.

This point of view works equally well when considering sets of matrices. Define
for any v € S the subset U, of SL,,(K,) as

{g € SL,(K,)|g — I,g~* — I have entries in O,}

where O, is the unit ball of | - |, in the completion K. Then for any K-subgroup
G C SLy, the subgroup G(PVS(K)) is simply G(Ox) N[, cg Py ' (Uy) where p,, :
SL,(K) — SL,,(K,) denotes the natural map. It was proved in [34, §I1.13.3] that
the set PVS(K) U {0} is a Meyer set in R. We prove here:

Lemma 1. Let G C SL,, be a K-subgroup that is either reductive or unipotent.
Then the subset G(PVS(K)) is a strong approzimate lattice in G(R).

Proof. By the Borel-Harish-Chandra theorem (see e.g. [33, Thm I1.3.2.7]), the
diagonal embedding of G(O) into [[,cs. G(K,) makes G(Ok) into a lattice.
Now, G(PVS(K)) C G(K,,) = G(R) is equal to

Doy <G((’)K) N (G(KUO) < [Jv.n G(Kﬁ)) .
veS
Thus, we are in a situation to apply [7, Thm. 1.2], which implies that G(PVS(K))
is indeed a strong approximate lattice. (|

While we will be interested in the semi-simple case only, we have included unipo-
tent groups in Lemma 1 as it provides a proof that PVS(K) U {0} is a Meyer set.
Indeed, this reduces to the case where G is the additive group G,.

Remark 1. Note, finally, that the above definition of G(PVS(K)) depends on an
embedding of G in some SL,,. This is very similar to the definition of the subgroup
G(Ok,s). It is well-known that, while it is not possible to provide an intrinsic
definition of G(Ok,s) (i.e. independent of the chosen embedding) from the K-
structure only, all definitions provide commensurable subgroups of G(K), see [33,
§1.3.2] for a more in-depth discussion and proofs. Following a similar path, one could
show that any two definitions of G(PVS(K)) provide commensurable approximate
subgroups. Since we will not use this fact, we do not provide details here.

2.1.2. Extended hull. We define now a generalisation of the invariant hull.

Definition 1. Let Xy be a closed subset of a locally compact second countable
group G. The extended invariant hull Q! o of Xo in G is the subset of C(G)
defined by

{(X eC(G)| XX C Xy X0}

. . . . . t
When the group G considered is clear from context we will simply write Q.
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The extended invariant hull is a natural generalisation of the invariant hull de-
fined above:

Lemma 2. Let Xq be a closed subset of a locally compact second countable group
G. Then Q%?Ot,g is a closed subset of C(G) stable under the G-action. Thus, the set
Q?&G is a metrizable compact continuous G-space. Moreover, the invariant hull
Qx, is contained in Qf;g”ot)c.

Proof. Stability under the G-action is clear. Now, consider a sequence (X,,),>0 of
elements of Q%!  that converges towards X € C(G) and take z,y € X. There are
T, Yn € X, for all integers n > 0 such that x,, — x and y, — y. Note that for

all integers n > 0 we have x;lyn S X(;lXO. So we have 7'y = lim,, > x;lyn S
Xo_lXo. Hence, the closed subset X belongs to Qggotc Finally, we have the X, €
Q%! ¢ 50 Qx, C QA (. O

Questions of continuity and measurability of maps between hulls will be central.
We record here a simple result that enables us to prove that some maps are Borel.

Lemma 3. Let X be a topological space, let G be a locally compact second countable
group and let ® : X — C(G) be a map. If ® Y (Uk) is a Borel subset for every
compact subset K C G, then ® is Borel measurable.

Proof. Let V' C G be any open subset. Then V is o-compact since G is second
countable locally compact. So let (K,,),>0 be any sequence of compact subsets such
that Ko C K1 C ... and |J,,~q K, = V. Then one checks that UY =, ~, G\ Uk,

so ®~1(UV) is Borel. We conclude that ® is Borel. O

2.1.3. x-Approximate lattices. Given a closed subset X of some locally compact
group we want to study the ergodic theory of Qf;g”ot. Note that not every invariant
measure on Qgg”gt is interesting however, as the measure Jy is always a well defined G-
invariant Borel probability measure on Qi?ot This observation leads to the following;:

Definition 2. We say that a left-invariant Borel probability measure v on Q!
05

is proper if v({0}) = 0.

Definition 3. Let A be a subset of a locally compact second countable group G.
We say that A is a x-approzimate lattice if:

(1) A is an approximate subgroup;
(2) A is uniformly discrete;
(3) there is a proper G-invariant Borel probability measure v on Qf{”é

We refer the interested reader to Subsubsection 2.1.4 for comments and motiva-
tions regarding Definition 3.

Note here again that condition (1) of Definition 3 is quite natural and follows
from (3) and a slight strengthening of (2) according Corollary 5 from Subsection
2.2. In addition, proper G-invariant Borel probability measures on the extended
invariant hull can be related to proper G-invariant Borel probability measures on
the invariant hull (in the sense of [5]) of some subset.

Proposition 1. Let A be a uniformly discrete approzimate subgroup of a locally
compact second countable group G. The following are equivalent:

(1) the approximate subgroup A is a *-approximate lattice;
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(2) there is Xo C A% with XO_IXO C A? such that there is a proper G-invariant
ergodic Borel probability measure v on Qx, the invariant hull of Xo in G.

Proof. Let us start by showing (1) = (2). Since A is a x-approximate lattice there
exists a proper G-invariant ergodic Borel probability measure on the metrizable

compact G-space Qf\wg Let S denote the support of v. Since v is ergodic there is

an element X € S whose orbit is dense in S. We thus have S = G - X = Qx. But
X # () since v is proper. So v gives rise to a proper G-invariant Borel probability
measure on Qx. Define now X := 27! X for some 2 € X. We have Xg =2"'X C
A% X' Xy = X71X € A? and Qx = Qx, admits a proper G-invariant ergodic
Borel probability measure.

Conversely, the inclusion i : Qx, — Qf\wg is injective, continuous and satisfies
i~1({0}) C {0}. So i*v is a proper G-invariant ergodic Borel probability measure
on Q% O

Proposition 1 will enable us to utilise tools developed for strong approximate
lattices (from e.g. [5, 7, 31]). As a first and immediate consequence of Proposition
1 (and [6, Cor. 2.7]) we have the implications:

strong approximate lattice = x-approximate lattice = approximate lattice in the
sense of Bjorklund—Hartnick [5, Def. 4.12].

We moreover have a straightforward corollary of a result from [5]:

Corollary 1. Let A be a x-approximate lattice in a locally compact second countable
group G and V' C G be any neighbourhood of the identity. Then there is a compact
subset K C G such that VAK = G.

Proof. Apply [5, Cor. 4.22] to the closed subset Xy given by Proposition 1. O

The following additional consequence of Proposition 1 and results from [31] will
be key.

Corollary 2. Let A be a x-approximate lattice in a locally compact second countable
group G. Let H C G be a closed normal subgroup such that the projection pcp(A)
of A to G/H is locally finite. Then pe g (A) and H NA? are x-approzimate lattices
in G/H and H respectively.

Proof. The fact that H N A2 is a x-approximate lattice is a consequence of Proposi-
tion 1 and the proof of [31, Prop. 6.1]. In addition, since pg,p(A) is locally finite,
the map

Pom : Q86 — Qo' (n).e/m
X — pa/u(X)

is well-defined and easily seen to be Borel (e.g. by Lemma 3). One thus readily
checks that the push-forward of any proper G-invariant Borel probability measure
on Qf\wg is a proper GG/ H-invariant Borel probability measure on foé JH- O

2.1.4. A remark concerning x-approzimate lattices, strong approximate lattices and
commensurability. We believe that there are substantially more x-approximate lat-
tices than strong approximate lattices. In practice, this is illustrated by the fact
that intersections of *-approximate lattices with certain closed normal subgroups
are also x-approximate lattices (Corollary 2). This particular feature will have a
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direct impact in the proof of Theorem 2 as it will enable us to reduce to the case
of irreducible x-approximate lattices (Lemma 13).

Note that such stability properties are not at all obvious and, in general, showing
that there exists a proper invariant probability measure on the (extended) hull of
a given uniformly discrete approximate subgroup is difficult. Indeed, this problem
reduces to the challenge of understanding invariant measures on the Chabauty
space. Let us briefly mention some open questions along those lines.

Suppose that Ag is a strong approximate lattice in a locally compact group G.

(1) If Ay is an approximate subgroup commensurable to Ag, is A a strong
approximate lattice?

(2) If Ay C Ap C As are two approximate subgroups commensurable to Ay,
must A; be a strong approximate lattice? what about Ay?

It is the guess of the author that answers to both questions should be negative
- even when Ag is a lattice in a simple Lie group.

The notion of x-approximate lattices partially solves this issue and makes sure
that, in the set-up of (2), Az is then also a x-approximate lattice. It is our
guess, however, that the answer to question (1) should be negative as well for
*-approximate lattices. Here are two further questions that we believe are more
reasonable. Let Ay be a x approximate lattice in a locally compact group G:

(3) let Ay be an approximate subgroup commensurable to Ag, is AT a *-
approximate lattice for some m > 07

(4) If so, is there an absolute m (i.e. depending only the ambient group G for
instance)?

When Ag is commensurable to a model set, we can answer affirmatively question
(3) (an elementary proof follows from ideas developed in [31, §3] but would be too
long to be included in this remark). In particular, if Ag is a x-approximate lattice
in an ambient group that is a semi-simple algebraic group with higher-rank factors,
then Theorem 2 asserts that it is commensurable to a model set. Thus we can
solve question (3) when the ambient group is a semi-simple algebraic group with
higher-rank factors. However, even in that case question (4) remains open.

2.2. The Periodization Map. Given a locally compact group G and a closed
subgroup H one may use the quotient map I that sends a continuous function
f : G — R with compact support to the function I(f) : G/H — R defined by
I(f)(gH) := [, f(gh)dpum(h) to naturally relate the Haar measure on G and the
Haar measure on G/H (see e.g. [38, Section I]). Here as well, we can define a map
called the periodization map, inspired by [5, 43], that will allow us to exploit the

strong connections between measures on the extended hull Q5! and measures on

G.

Definition 4. Let X be a uniformly discrete subset of a locally compact second
countable group G. Then the periodization map defined by

Px, : CUG) — CO(QEN)

fr— <XH Zf(x))

zeX
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where C?(G) is the set of continuous functions on G with compact support and
CO(Q§E!) is the set of continuous functions on Q* is well-defined, continuous and
left-equivariant.

2.2.1. Measures on the hull vs. measures on the group. Our first crucial observation
is that the periodization maps show how to relate the measure of basic open subsets
of the Chabauty-Fell topology in the extended invariant hull with the measure of
open and compact subsets of G through a simple formula:

Lemma 4. Let X be a uniformly discrete subset of a locally compact second count-
able group G and let v be a Borel probability measure on Qg?ot. Take an open subset
V C G and a compact subset K C G. Then

(Pxy) v(V) :/ X NV]|dv(X) < |[V'V N X5 Xo|v(UY),
ozt
and

(Px) V() = /Q X N Kdv(X) < | KK N Xy ' Xol(1 - v(Ux)).

Proof. Choose a sequence of non-negative continuous functions with compact sup-
port (én)n>0 that point-wise converges increasingly to 1y. For all integers n > 0
and all X € Qx, we have

Pxo(f)(X) =Y dul@) = > énla).
z€X T€EXNV
We have
lim Px, (¢a)(X) = > Lv(x)=[XNV].
zeXNV
In addition, the sequence (Px,(¢n))n>0 is increasing. Hence, the map X — | XNV
is measurable and, according to the monotone convergence theorem, we have

(Px,) v(V) = /Q | X NV|dv(X).

Similarly, choose a sequence of non-negative continuous functions with compact
support (¢, )n>0 that point-wise converges decreasingly to 1. Again

lim Py, ()(X) = Y 1g() = |XNK].
reXNK
So as above
(Pxo)* v(K) :/ X N K|dv(X).
ag
Finally, the right-hand inequalities follow from the facts that for any X € Qggot
and any subset Y C G we have
IXNY|<|X'XnY Y| <X, ' XonY Y.
O

This formula is of particular importance when applied to a proper G-invariant
Borel probability measure, as, in this situation, the pull-back by the periodization
map is always a Haar measure (see also [5, 413] for similar facts in other frameworks):
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Corollary 3. Let X be a uniformly discrete subset of a locally compact second
countable group G and let v be a proper G-invariant Borel probability measure on
Q%' Then (Px,)*v is a Haar-measure on G.

As a first application of the periodization we show a generalisation of the well-
known fact that groups containing a lattice are unimodular (see also [5] for a version
for strong approximate lattices):

Proposition 2. Let G be a locally compact second countable group and suppose
that G contains a *-approximate lattice A. Then G is unimodular.

Proof. Take a proper G-invariant Borel probability measure v on Q§** and set
= (Pa)*v. We know by Corollary 3 that p is a left-Haar-measure on G and let
A¢g denote the modular function of G. Choose a neighbourhood of the identity
V C G such that V="'V N A* = {e}. Then for all A € A we have

AcNu(V) = u(VA) = (Pa)v(VA) <1

according to Lemma 4. We thus find Ag(\) < u(V)™L. But Ag : G — Ryg
is a continuous group homomorphism. So Ag has bounded image according to
Corollary 1. Hence, the modular map A is trivial. (|

Since x-approximate lattices generalise lattices in locally compact groups, one
would like to think of them as discrete approximate subgroups with finite co-volume.
We achieve this by showing that x-approximate lattices admit a finite volume fun-
damental set of sorts:

Proposition 3. Let A be a x-approximate lattice in a locally compact second count-
able group G. Then there is a Borel subset B C G with finite Haar measure such
that BA? = G and B~*BN A% = {e}.

Proof. Let v be a proper G-invariant Borel probability measure on 2, and let
pe denote the Haar-measure (Py)*v. Let V' be a compact neighbourhood of the
identity such that V=1V N A? = {e} and let (gn)n>0 be a sequence of elements
of G such that G = |J,,~y9.V. Define inductively B, := ¢,V \ U, B,,,A?
and B := (J,~oBn. Then B"'BN A? = {e} and BA? = G. Now the Haar
measure jig is inner regular so there is a sequence of compact subsets K,, C B with
sup,,~o e (Kp) = pe(B). But pug(K,) <1 for all integers n > 0 by Lemma 4 so
na (5) <1. 0

Remark 2. Proposition 3 shows that x-approximate lattices are, in particular, ap-
proximate lattices in the sense of Hrushovski [25].

2.2.2. Hulls and commensurability. We prove now a result, used extensively in the
rest of the paper, that can be seen as a version of Ruzsa’s covering lemma (see e.g.
[48]) for x-approximate lattices. Furthermore, the proof provides a good illustration
of the strategy used later on to prove Proposition 6.

Proposition 4. Let Xy be a uniformly discrete subset of a locally compact second
countable group G and let Y be a subset such that XoY is uniformly discrete.
Suppose that there is a proper G-invariant Borel probability measure on Qg?ot. Then

Y s covered by finitely many right-translates of XngO.
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Proof. Let F' C Y be such that the subsets (Xof)ser are disjoint. Since XoF C
XoY there is a neighbourhood V' C G of the identity such that the subsets (Xo fv) fepvev
are disjoint. Hence,

X; ' XoNFVVIE! = {el}.
By Lemma 4 we thus have (Px,)*v(V-1F~!) < 1. Since v is G-invariant the
measure (Px,)*v is a left-Haar measure on G by Corollary 3. But G is unimodular
according to Proposition 2 so (Px,)*v is also right-invariant. Therefore,

1> (Px,) w(VTIF™Y) = (Px,) w(VH|F]

since the subsets (fV') fer are disjoint. The subset F' is thus finite and according to

Ruzsa’s covering lemma Y is covered by finitely many right-translates of X 1 X,.
O

Corollary 4. If A1 C Ay are two x-approzimate lattices in a locally compact second
countable group G, then Ay and Ay are commensurable.

Corollary 5. Let Xy be a closed subset of a locally compact second countable group
G such that (XO_IXO)?’ is uniformly discrete. If there is a proper G-invariant Borel
probability measure on Qg?ot (or Qx, ), then X 1X, is an approzimate subgroup,
hence a x-approximate lattice.

Proof. In particular, Xo(X, 1XO)2 is uniformly discrete. By Proposition 4 applied
to Xo and (X, ' X0)?, (X' Xo)? is contained in finitely many right translates of
X071X0. Since Xngo is symmetric, Xngo is an approximate subgroup. But
Qg C Q;Iofl , and Q%! admits a proper G-invariant Borel probability measure.

So X, 1 X, is a x-approximate lattice. (|

Remark 3. The proof of Corollary 5 uses only that Xo (X, 1XO)2 is uniformly dis-
crete, rather than (X, 'Xp)3. It is therefore natural to wonder whether the expo-
nent 3 is minimal or not. A beautiful result of Lagarias [27] suggests that 3 could
be replaced by 1 with some effort. We investigate this in a forthcoming paper.

Corollary 5 is striking as it shows that the approximate subgroup assumption is a
natural one when studying the dynamics in the Chabauty-Fell topology of discrete
subsets of a group.

2.2.3. Upgrading model sets. In the proof of Theorem 2 we will embed a x-approximate
lattice A in a certain specific way in an arithmetic group I' - thus generating some
discrete Zariski-dense subgroup. It will be key to be able to show that the subgroup
generated by A has, in fact, finite index in I':

Lemma 5. Let T be a discrete subgroup of a product of locally compact second
countable groups G x H. Suppose that I' projects densely to H and that G is
unimodular. Take a compact neighbourhood of the identity Wy in H and suppose
that there is F' C G with finite Haar-measure such that F - pg (TN (G x Wy)) =G
where pg : G x H — G is the natural projection. Then T" is a lattice in G x H.

Proof. We know that for all (g, h) € G x H thereis y; € T such that (g, h)y; ' € Gx
Wo. By assumption we now have vo € I'N(G'x Wy) such that pa((g,h)y; 'v5 ) € F.
Therefore, we have (g,h) € (F x WOWJl) [. But F' x WyW, ' has finite Haar
measure, so [ is a lattice. (I
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Corollary 6. Let I' be a discrete subgroup of a product of locally compact second
countable groups G x H. Suppose that I' projects densely to H and injectively
to G. Take a compact neighbourhood of the identity Wy in H and suppose that
pa (TN (G x Wy)) contains a x-approzimate lattice. Then T is a lattice in G x H.

Proof. Proposition 2 shows that GG is unimodular and Proposition 3 proves that
there exists F' C G as in Lemma 5. The subgroup I' is therefore a lattice by
Lemma 5. (]

Remark 4. Lemma 5 is also discussed in more details in [31] along with several
questions around this topic.

3. COCYCLES AND *-APPROXIMATE LATTICES

3.1. Cocycles Associated to Sections of Extended Hulls. We will now define
certain cocycles that will mimic properties of cocycles on transitive spaces as studied
by Mackey [32] and Zimmer [51]. A classical route to build cocycles consists in using
sections (see for instance [32, 51], or [1] for a framework closer to ours). We start
by defining a suitable notion of sections of the set C(G).

Definition 5. Let G be a locally compact group and B be a Borel subset of C(G).
A Borel section of B is a Borel map s : B — G such that for any X € B we have
s(X) e X.

Precisely, the cocycles we are interested in are:

Lemma 6. Let X¢ be a uniformly discrete subset of a locally compact group G. Let
5: QLN {0} — G be a Borel section. Then the map

st G x (N {0}) — G
(9, X) — s(gX)'gs(X)

is a strict Borel cocycle that takes values in X(;lXO.

Proof. The map « is Borel since s is Borel. For all g,h € G and X € Q' \ {0}
we have
as(g, hX)as(h, X) = s(ghX) 'gs(hX)s(hX) 'hs(X) = s(ghX) 'ghs(X) = a,s(gh, X).
So «ay is a strict cocycle. Moreover, we have
as(g, X) =s(gX) 'gs(X) € (¢X)'gX c X 'X C ﬁ.
O

It remains only to prove the existence Borel sections of extended invariant hulls.

Proposition 5. Let Xy be a uniformly discrete subset of a locally compact second
countable group G. Then there is a Borel section s : Qf;g”ot \ {0} - G.

Proof. Since Xy is uniformly discrete there is an open neighbourhood V of the
identity in G such that X;'Xo N V=V = {e}. Thus, we have | X NgV| < 1 for
any X € Q¢! and any g € G. If X € U9V NQSE, then define s,(X) as the unique
element of the subset X N gV. The maps s, : U9 NQ§EF — G are well-defined.
Moreover, if W C G is any open subset, then s, (W) = U9V N QL. So the
maps s, are continuous. Take a sequence (g;)i>o such that (J,~,9:V = G. Then
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Uiso U%Y = C(G)\ {0}. Now define B; := Q! 1 (U%V \ (U0§j<z‘ Ung)) for all
integers ¢ > 0 and s : Qggif \ {0} — G as the unique map such that sz, = (Sm)\Bi'

Since the subsets B; are Borel and the maps s, are continuous, the map s is Borel.
Moreover, for all X € Q%" \ {#} we indeed have s(X) € X. O

3.2. A Reduction Lemma. Before we move on with our study of the cocycles
defined in the previous section, we make an elementary observation about the range
of Borel maps that satisfy some functional equation with respect to a cocycle. To
this end we first recall a well known fact about ergodicity and dense subgroups:

Lemma 7. Let G be a locally compact group, D C G be a dense subgroup and X be
a compact G-space. If v is an ergodic G-invariant Borel probability measure, then
the D-action on (X,v) is also ergodic.

We now prove the fact that will be used as the starting point of the proof of
Proposition 6 in Subsection 3.3.

Lemma 8. Let G and H be two locally compact second countable groups. Let X be
a compact metric G-space and v be a G-invariant ergodic Borel probability measure
on X. Let a: G x X — H be a Borel cocycle that take values in a subset A C H
and let B C H be another subset. Suppose that there is a Borel map ¢ : X — H
such that for all g € G and v-almost every x € X we have

¢(gz) = alg, x)o(z)B.
Then there is h € H such that for every neighbourhood of the identity V' in H we

have
v—ae v €X,o(x) € AVRB™L.

Proof. Consider the measure ¢,v. It is a Borel probability measure on the locally
compact second countable group H. So ¢,v has a well-defined non-trivial support
S C H and we can choose h € S. Then for any open neighbourhood V of e we have
b.v(Vh) = v(p~H(Vh)) > 0.
So for all g € G and v-almost every = € ¢~ 1(Vh) we have
#(gr) € AVhB™L.

But for any countable dense subgroup D of G there is Y C ¢~ (Vh) with v(Y) =
v(¢~1(Vh)) > 0 such that for all z € Y and all d € D we have ¢(dz) € AVhB™1L.
So DY C ¢! (AVAhB™!). And we know that v(DY) = 1 by Lemma 7. O

Likewise, we prove a result for cocycles taking values in unitary groups that will
be at the heart of our investigation of property (T) for x-approximate lattices.

Lemma 9. Let G be a locally compact group that acts continuously on a compact
metric space and let v be a G-invariant ergodic Borel probability measure on X .
Let H be a separable Hilbert space and let oo : X x G — U(H) be a Borel cocycle
with target a subset A of the unitary group of H. Suppose that there exists a Borel
map ¢ : X — H such that for all g € G and v-almost every x € X we have

P(gz) = alg, ©)p(x).
Then there is & € H such that for every ¢ > 0 we have
v—ae. x€ X, p(x) € AB(, ¢€))
where B(&, €) denotes the ball of centre & and radius e.
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Proof. Consider the measure ¢,v. It is a Borel probability measure on the separable
Hilbert space H whose (strong) topology is second countable. So ¢.v has a well-
defined non-trivial support S C H and we can choose £ € S. Then for any ¢ > 0
we have v(¢~1(B(&,€))) > 0. For all g € G and v-almost every z € ¢~ (B(E,€))
we have

6(9) = alg, 2)8(x) € A(B(E, 6)).

And we conclude as above. O

3.3. Range of Cocycles and Compact Cocycles. Throughout this section we
fix a x-approximate lattice A in a locally compact group G and a proper G-invariant
ergodic Borel probability measure vy on Q§*. Let s : Q5% \ {0} — G be a Borel
section given by Proposition 5 and let o : G x Q5% \ {0} — G be the strict Borel
cocycle associated to s (Lemma 6). Since vo({0}) = 0 the cocycle ay gives rise to
a Borel cocycle, that we denote by a, as well, over (Q5**,1p). Finally, we fix an
abstract group homomorphism 7T : (A) — H with target a locally compact second
countable group. Our goal is to prove the following result linking the set T'(A) to
the range of the cocycle T o ag.

Proposition 6. Suppose that the Borel cocycle T o ag is cohomologous to a cocycle
B that takes values in a subset L C H. Then there is hg € H such that for every
neighbourhood of the identity V in H there is a compact subset K C H with

T(A) C Vho(L™'L)*hy ' K.

The proof reduces to two steps. First, we build a cocycle o cohomologous to
as, taking values in some power of A (here A®) but such that T'o o/ takes values in
some thickening of L~'L.

Lemma 10. There is hg € H such that for every neighbourhood of the identity
V C H we can find Borel maps f : Q5*" — G and h : Q§*" — H defined vo-almost
everywhere such that for all g € G and vo-almost every X € QS we have

ar(g, X) = f(gX) gf(X) € A and T(ays(g,X)) € VhoL ' Lh(X) ™.
Proof. First of all, note that o, takes values in A% by Lemma 6 and that the subset
A? is countable. So T'oay is a well-defined Borel cocycle that takes values in T'(A?).

Choose a measurable map ¢ : Q5** — H such that for all g € G and vp-almost every
X € QF" we have

Toas(g,X) = ¢(9X)B(g, X)p(X) .

By Lemma 8 there is hg € H such that for every neighbourhood V' of the identity
in H and vp-almost every X € Q5" we have

#(X) € T(A*)VhoL™t.
Consider an enumeration (A, ),>0 of A? and define
py : T(A?)VhoL™' — A?
9 Amin{neN|geT(A\n)VhoL—1}-

Since py' ({Xos- -5 An}) = Uo<icn T(An)VhoL ™" the map py is Borel measurable.
We can thus define the map h : Q§** — VhoL™! for vp-almost every X € Q5** by
#(X) =T (pv(¢(X)))h(X). We have for all g € G and vy-almost every X € Q5**,

Toas(g,X) =T (pv(6(9X))) h(9X)B(g. X)h(X) "' T(pv(¢(X))™").
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So
T(f(9X) 'gf(X)) = h(gX)B(g, X)h(X) ",

where f is defined for vp-almost every X € Q5% by f(X) := s(X)pv(o(X))™ .
Then one checks that f and i work. O

We then show that the range of such a cocycle ay must be large in some power
of A, thus proving that the set of elements A € A such that T'(\) belongs to some
thickening of L~!L is large. However, the range of a; as defined by the map
QL — C(G) given by X +— {as(g,X)|g € G} might not be well-behaved (e.g.
non-Borel) so we proceed more carefully.

Proposition 7. Let f : QF't, — G be a Borel measurable map and let ay : G <
Q5Et, — G denote the cocycle defined by as(g, X) = f(9X) 'gf(X) for all g € G
and vp-almost all X € Qi”ftc Suppose that A : Qi”ftc — C(Q) is a Borel measurable
map defined vy-almost everywhere such that :

(1) ay takes values in A™ for some integer n > 0;
(2) for all g € G and vo-almost all X € QF' we have af(g, X) € A(X).

Then there is a finite subset F' C A such that

Ac | AMAX)TIF

XeQys
where we set A(X)A(X)™t =0 when A(X) is not defined.

We will also make an independent use of this proposition in our study of property
(T).
Proof. We first show that we can suppose that A takes values in Qf{”nt_’G. The map
A’ Q5 — C(G) defined by X — A(X)NA" satisfies (A') " (Ux) = A/ (A"NK)
for all compact subsets K C G. So A’ is Borel by Lemma 3. Since in addition
ap(g, X) € A(X)NA" for all g € G and vp-almost all X € QF'¢, we get the desired
result. So suppose from now on that A takes values in Q¢ . Let @ : Q5" — Qg%
be the map defined by X —— f(X)A(X)™!. We know that ® is Borel and well-
defined vp-almost everywhere since both f and A are. The crux of the proof is
to deduce a simple equation involving f, A (or equivalently ®) and intertwining
the G-actions on QF’¢ and QFi ;. We know that for all g € G and vp-almost all

X € QFf we have
ar(g, X) € A(X).

So we obtain
(%) f(gX) € gf(X)A(X) ™ = g®(X).

We will now use (*) to show the existence of a real number e > 0 such that
(Pan)* (Pyrg) > epe where g is a Haar-measure on G (fixed from now on) and
Pan denotes the periodization map introduced in Definition 4. So let vy denote the
push-forward of 1y by ®. For all open subsets W C G and all elements g € G we
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have

v (gU") :/ Lyw (g7 '@(X)) duo(X)

Qset

2 [ w0 )

_ /Q Lw (f(X))dio(X) = fuvo(W).

where the second-to-last line is implied by () and the last one is obtained by G-
invariance of 1. Since gU"W = U9" | the above inequalities imply that for all h € G
and all open subsets W C G we have v, (U") > po(hW) where pg := f.1p. Define
11 := (Pan)*r1 where Pan is the periodization map. Since A™ is uniformly discrete
there is an open neighbourhood of the identity W C G such that W—1W N A%" =
{e}. By Lemma 4 for all g,h € G we have

pi(gW) = 1 (U™Y) > po(hW).
Furthermore, given any Borel probability measure y on G we have
1 (gW) = ps po(hW).
In fact, the above proves that for any W’ C W open we have
pn(gW') > ok puo(hW').

By outer regularity of finite Borel measures on second countable spaces, for any
B C W Borel we thus have,

p1(gB) = p* po(hB).

Now take p that has density a continuous compactly supported function § : G — R
with respect to ug on GG. We know that u * uo is absolutely continuous with
respect to ue and has continuous density, p say, with respect to ug. Since p is a
non-trivial non-negative continuous function we can find h € G, a neighbourhood
of the identity W’ C W and a real number € > 0 such that pj,p» > € > 0. Hence,
for all g € G and all Borel subsets B C gW' we have

p1(B) > p po(hg ™' B) > enc(hg™ ' B) = euc(B).

But G is second countable so we can find a sequence (g;);>0 of elements of G and a
countable Borel partition (W;);>0 of G such that W; C ¢;W’ for all integers i > 0.
Thus, for all Borel subsets B C G we have

pr(B) = i (BAW:) > €Y g (BNW:) = eug(B).
i>0 >0

We will now prove Proposition 7 as a consequence of a version of Ruzsa’s covering
lemma. Let B C Q5" be a co-null Borel subset such that ® is well-defined for
every X € B. Let FF C A be such that for every X € B the subsets (®(X)f)ser
are pairwise disjoint. Choose moreover a symmetric neighbourhood of the identity
W C G such that W=2W N A?"2 = {e}. We know that for X € B we have

FH(@(X)) T (R(X)) F C A*F2,

SO
WW N F'o(X) (X)) F = {e}.
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Therefore,
FW'WFEno(X) 'e(X)=FF ' neX) 'o(X).
But the subsets (®(X)f);er are pairwise disjoint so
FW'WFno(X) 'o(X) = {e}.

Recall that we defined 3 = (Pan)*v1 so that, by Lemma 4 and the above discussion,
we have

1> (UVF ) = y(WE™) > eug(WF).
But G is unimodular and F~! ¢ A ¢ A", so
1> eua(WF™) = eug(Wf1) = €|F| pa(W).
feF
We thus have

1
FI<— < 0.
| |_€MG(W)

So take one such F' maximal for the inclusion. The subset F' is finite and for all A €
A there are f € F and X € Bsuch that ®(X)AN®(X)f # Die. A€ &(X) 1d(X)f.
But ®(X) = f(X)A(X)™! so we have the inclusion A € A(X)A(X)" F. O
Proof of Proposition 6. Let hg, f and h be as in Lemma 10 and define the map
A QT — Q5
X — ASNT Y (VhoL 'Lh(X))

which is well-defined vp-almost everywhere and such that for all ¢ € G and 1p-
almost every X € Q5" we have

F(gX) g f(X) € A(X).
For any compact subset K C G we have
AN Ug) ={X € Q¥ |AX)N K =0}
={X € Q¥ T(A°NK)NVhoL 'Lh(X) = 0}
= QU \ A (LT 'Lhy 'V (T(A° N K))) .

So A is Borel measurable according to Lemma 3. We may now conclude the proof
of Proposition 6. Indeed, by Proposition 7 we have F' C A finite

TA)CT U amax)|r
Xeqget

cl|l U r@axax)) | 1w
Xenget
C Vho(L™'L)*hy 'V IT(F).
(]
Corollary 7. Suppose that the Borel cocycle T o as is cohomologous to a cocycle

that takes values in a compact subgroup L C H. Then T'(A) is a relatively compact
subset of H.
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Proof. Take a compact neighbourhood of the identity V' C H. There are hg € H
and K C H given by Proposition 6 such that T'(A) C VhoLhy ' K. But VhoLhy 'K
is compact. 0

3.4. Constant Cocycles. We end this section with an application of Proposition
6. Along with Corollary 7 these will enable us to use the strength of Zimmer’s
cocycle superrigidity.

Let A,G,H,T and s be as in Subsection 3.3. Assume that the cocycle T o ay
is cohomologous to a constant cocycle associated to a continuous group homomor-
phism 7 : G — H. We start by showing that in general a conjugate of 7 extends T’
modulo a two-sided error.

Proposition 8. There is h € H such that for alln € N and for all neighbourhoods
of the identity V. C G x H there exists a compact set Ky, C G x H with

YA e A", T(\) € Va(\) Ky,
where 7 (g) := hn(g)h~'.

Proof. Let us first prove the case n = 1. Let i : (A) — G denote the inclusion map
and consider the diagonal map i x T : (A) — G x H. The cocycle (i x T') o ag :
G x Q" — G x H is cohomologous to the constant cocycle associated to the
continuous group homomorphism id X7 : G — G x H. By Proposition 6 there is
(g,h) € G x H such that for all neighbourhoods of the identity V' C G x H there
is a compact subset K C G x H such that

ixT(A) CV(g, W) T(g” R YK = VI -1 K.

Here, 'y C G x H denotes the graph of 7 (equivalently, the image of id X7). So a
quick computation shows that for all neighbourhoods of the identity W C H there
is a compact subset Ky C H such that for all A € A we have

T(\) € Walh™@ ™ (N Ky

The case n > 1 follows readily noticing that there is a finite subset F' C (A) such
that A™ C AF. O

Following [33, Def. V.3.5] we will say that a continuous group homomorphism
7 : G — H almost extends T if T(y)m(y)~! is centralised by m(G) for all v € (A).
When H is abelian the error term from Proposition 8 becomes simpler. So we find
that 7" almost extends 7' and the error term is bounded on A (in the spirit of the
extension results from [35] and [30]). To deal with the non-commutative case we
first draw another formula from Proposition 8:

Corollary 8. With h given by Proposition 8. Choose v € (A) and let §(vy) =
T(y)~*7"(y). Then for all neighbourhoods of the identity V C H there is a compact
subset K such that

Vg € G,6(y)r"(g9) € V' (g)K.

Proof. Take A € A. By Proposition 8 we know that for all neighbourhoods of the
identity W C H there is a compact subset Ky C H such that

(YN € WIT(AN Ky ¢ WAT ()W (W) Kw Ky,

So for all neighbourhoods of the identity W’ C H there is a compact subset K’ € H
such that for all A € A we have

S(y)T"(\) e W (WK’
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One can now deduce Corollary 8 from Corollary 1. (|

When H acts on a CAT(0) space (see e.g. [12]) this gives strong information on
the action of the error term () on the visual boundary:

Proposition 9. Let X be a complete CAT(0) space and suppose that H acts con-
tinuously by isometries on X. Take xo € X and let Y be the closure of 7 (G) -z
in XUOX equipped with the cone topology. Then 6(v) stabilises Y NOX point-wise.

Proof. Take £ € Y NOX and let (gn)n>0 be a sequence of elements of G such that
7"(gn) - o — € as n goes to co. Choose a compact neighbourhood of the identity
V C H and a compact subset K C H given by Corollary 8. For all n > 0 we
can find v, € V and k, € H such that §(y)7"(g) = vam™(gn)kn. Note that upon

considering sub-sequences we can assume that v,, = v € V. We now have

dx (6()7" (gn) - T0, Va7 (gn) - T0) = d(x0, kn - 70)

where dx denotes the distance on X. But 7" (g,) - 20 — ¢ € 0X and k, € K
compact so () - & = v - £, As this holds true for any V' we find 6(v) - £ = €. O

Applying the above Proposition 9 to symmetric spaces and Bruhat—Tits buildings
we are able to prove the main result of this section:

Proposition 10. Let ! be a local field and assume that H is the group of l-points
of an almost simple algebraic group H defined over I, and that m has unbounded
Zariski-dense image. Then ©" almost extends T.

Proof. Fix v € (A). Let X be: the symmetric space associated to H if [ is
Archimedean, or the Bruhat—Tits building associated to H otherwise. Since m(G)
is unbounded and X U 0X is compact, we know by Proposition 9 that () fixes
point-wise a non-empty closed subset Y C X stable under the action of 7"(G).
But the point-wise stabiliser of Y, being the intersection of parabolic subgroups,
is a Zariski-closed proper subgroup of H and it is normalised by 7"(G). It is thus
central, and so d(7) is central as well. Since this is true for all v € (A) we find that
7" almost extends T (]

4. PROPERTY (T) FOR APPROXIMATE SUBGROUPS

We will now give a tentative definition of Property (T) for approximate sub-
groups. Our main goal in doing so is to prove that x-approximate lattices in Kazh-
dan groups generate a finitely generated subgroup.

4.1. Definition and First Properties. Recall that given a locally compact group
G, a unitary representation (m,H) and a subset Q@ C G, a (Q, €)-invariant vector
for some € > 0 is a unit vector £ € H such that ||7(g)¢ — ¢|| < e for all g € Q. If
there are (Q, €)-invariant vector for all compact subsets @ and all € > 0 we say that
7w almost has invariant vectors.

Definition 6 (Property (T) for approximate subgroups). Let A be an approximate
subgroup of some discrete group and (A) the group it generates. We say that A has
property (T) if there are a finite subset @ C A and € > 0 such that for any unitary
representation (7, H.) of (A) that has (Q, €)-invariant vectors there is a unit vector
& € Hr such that m(A)(§) is totally bounded.
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Equivalence between Definition 6 and the shorter definition given in the intro-
duction is a clear consequence of the following lemma:

Lemma 11. Let A be an approximate subgroup in some group, let (7, Hx) be a
unitary representation of the group (A) it generates and let & C Hr be any vector.
The following are equivalent:
(1) for all § > 0 there is an approximate subgroup A(6,€&) contained in and
commensurable to A% such that for all X € A(3, &) we have ||w(\)(€)—€|| < §;
(2) the subset w(A)(§) is totally bounded;
(3) there is a sub-representation (o,Hy) with & € Mo, and such that o(A) is
totally bounded in the strong topology.

Proof. Let us start with (1) = (2). Take § > 0, the subset m(A(d,))(&) is contained
in By, (&,0) the ball of centre ¢ and radius J. But there is a finite subset Fs C A3
such that A C F5A(6,§) so m(A)(§) C m(F5)(Bw, (§:0)) C User, Bu. (w(f)(€),9).
Therefore, 7(A)(&) is covered by finitely many balls of radius §. The set m(A)(§) is
thus totally bounded.

Notice now that for any v € (A) there is F2, C (A) finite such that Ay C FyA. So
m(A)(m(7)(€)) is totally bounded as well. Let (o, H,) denote the sub-representation
of  generated by £ i.e. H, is the closure of the linear span of 7w({A))(§). We know
that m(A)(§) contains a countable dense subset (it is totally bounded in a metric
space), so we readily check that H, contains a countable dense subset (&,)n>0 such
that o(A)(&,) is relatively compact for all n > 0. By the Arzela-Ascoli theorem,
since o(A) is obviously a set of equicontinuous operators, we know that o(A) is
relatively compact in the point-wise topology. So (2) = (3).

Finally (3) = (1): choose ¢ > 0 and let V() be the open subset of U(H,,) defined
by {T € U(H,)| ||T(€) —¢€|| < §}. Then Vs(€) is symmetric and Vs(£)? C Vas(€).
But o(A) is covered by finitely many left-translates of V5(€). Hence, by the usual
argument A2 N Vos(€) is an approximate subgroup commensurable to A (see e.g.
[31, §2]). So A(26,€) := A% N Vas(€) works. O

Remark 5. As the proof shows, or since compact metric subsets are separable, we
can always find o as in (2) such that H, is separable.

4.2. Links with Relative Property (T). For illustration purposes, we relate
Definition 6 to the relative property (T) of the pair ((A), A) (see [16]). Note that
we assume here that A is countable, but we will later see that this is always true
(Proposition 13).

Proposition 11. Let A be a countable approximate subgroup of some group. We
have:
(1) if A has property (T), then ((A),A) has the relative property (T);
(2) conversely, if A generates a lattice in an algebraic group over a local field
and ((A), A) has the relative property (T), then A has property (T);
(3) if G is a locally compact group, N is a closed normal subgroup, (G, N)
has relative property (T), and T C G is a lattice, then there is a compact
subset K C G such that for any compact neighbourhood of the identity W
containing K the approximate subgroup T N NW has property (T).

The proof follows from standard methods as found in [16, 2]. We do not include
a proof since we do not use these facts in the following. Note moreover that it
would be interesting to know if a general converse to (1) is true.
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4.3. Heredity. We now turn to the heart of Section 4: we will prove a certain
heredity result about property (T) for x-approximate lattices.

Proposition 12. Let A be a x-approximate lattice in a locally compact second
countable group G. The following are equivalent:

(1) G has property (T);

(2) A has property (T) for approximate subgroups.

Proof. We begin with (2) = (1) as the proof will use the ideas of Subsection 4.1.
Let (Q,¢€) be a Kazhdan pair for A and let (7, H,) be a unitary representation of
G that admits (Q, €)-invariant vectors. Let & € H, with 7(A)(§) totally bounded
and (A(£,9))s>0 be as in Lemma 11 (1) and take § > 0. Take V' C G open such
that 7(V) C V3 := {T € U(Ho)| [|T(§) —¢&[| <0/3}. By Corollary 1 a finite
number of left-translates of the subset X (§,&) := VA(§/3,&)V cover G. But then
for all g € X (0,€) we have ||7(g)§ —&|| < d. So there is a sub-representation (o, H,)
such that o(G) is relatively compact by Lemma 11. According to the Peter—Weyl
theorem o, and hence 7, has a finite dimensional sub-representation. But that
means that G has property (T) according to the characterisation of property (T)
from [2, Th.2.12.4].

Conversely, let v be a proper G-invariant ergodic measure on QZ””E, let (Q,¢€)
be a Kazhdan pair for G and let (7, ) be a unitary representation of (A). Note
that since G is o-compact ([2, Th.1.3.1]), (A) is countable. So we can assume
that H, is separable. Take a Borel section s : QF'¢, — G as in Definition 5 and
let ay : G x QF — (A) be the Borel cocycle defined by g, X — s(gX) 'gs(X)
(Lemma 6). Thanks to the cocycle identity as(gh, X) = as(g, hX)as(h, X) we can
define a unitary representation o of G on H, := L? (Qiﬂ”é, Hr;v) by

a(9)(H)(X) = m(as(g™, X)")(f (g7 X))

(see e.g. [51] for this and more). Arguing exactly as in [51, Th. 9.1.1] we show
that there are a finite subset Q" C A and ¢’ > 0 - independent of 7 - such that if
(m, Hr) has a (Q', €)-invariant vector, then (o, H,) has a (Q, €)-invariant vector. So
suppose from now on that (7, H,) has a (Q’, ¢ )-invariant vector. Since (@, ¢€) is a
Kazhdan pair for G there is ¢ € L*(Q§’¢;, Hn; v) with norm 1 such that o(g)(¢) = ¢
for all g € G. Therefore, for all g € G and v-almost all X € Qf{”é we have

m(as(g™h X)) (g7 X)) = d(X).

ext

Note first that by ergodicity of the action of G on QF’; and since ¢ has norm 1 we
have that ¢(X) has norm 1 in H, for v-almost all X € Qf\wé We will now proceed
as in Section 3 to produce a unit vector £ € H, and a sequence of approximate
subgroups (A(,9))s>0 commensurable to A such that 7(A(&,0))(§) C By, (&,0)
where By;_(§,0) is the ball centred at £ and of radius § in H,. By Lemma 9 and
since ay takes values in A? there is & € H, with norm 1 such that for all § > 0
and v-almost all X € Q"¢ we have ¢(X) € m(A*)(By, (§,0)). As in Lemma 10 we
will build f5 : QF'¢ — G and ay, defined for all g € G' and almost all X € QF'
by ag(g,X) := fs(gX) 'gfs(X) such that fs is Borel, ay, takes values in A°
and 7 o oy, takes values in Vs(€) == {T € U(H.) | ||T(§) —€&|| < 26}. Choose an
enumeration (\,),>0 of A% and for every X such that ¢(X) € 7(A?)(By.(£,6)) set

n(X) :=inf{n € N|¢(X) € 7(\,) (B, (&,0))}.
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Then the map hs : X — A;(lx) is well-defined v-almost everywhere and Borel.
Now, for all ¢ € G and v-almost all X, hs is defined at both X and ¢~'X. Thus,
m(hs(X))($(X)) € By, (€,6) and m(hs(97'X))(¢(97' X)) € By, (&, ). But
(s (g™, X)) (B9~ X)) = (),
SO
(o (97" X)) (m(hs (971 X)) (697" X)) = m(hs(X))(¢(X))
where f5(X) := s(X)hs(X)~!. In other words, for all g € G' and v-almost all X,

7T(O‘fa (9717 X)il)(B'HW (fv 6)) N B'Hﬂ (fv 6) 7é 0.

This implies 7(ay, (971, X)71) € Vs.

Now, according to Proposition 7 applied to oy, and the constant map A : X +—
Vs(&) we find that there is F' C A finite such that w(A) C Vas(&)7(F). So A(20,¢) :=
AN~ (Vas(€)) and € are as in Lemma 11 (1) and, hence, A has property (7). O

4.4. Finite Generation. It is well-known that property (T) for groups implies
finite generation (see e.g. [2]). We will show in the same spirit that:

Proposition 13. If an approximate subgroup A of some discrete group has property
(T) then the subgroup (A) it generates is finitely generated. More precisely, if (Q,€)
is any Kazhdan pair, then A is covered by finitely many left translates of the subgroup
A generated by Q.

Proof. Let (Q,€) be a Kazhdan pair and let A denote the subgroup generated by
Q. Then the indicator function 1A is a (Q, €)-invariant vector of the quasi-regular
representation (m, L?({(A)/A)). So, by Lemma 11, we can find ¢ € L?({A)/A) with
norm 1 and (A(8,¢))sso a family of approximate subgroups contained in A? and
commensurable to A such that ||7(\)(¢) — ¢|| < 0 for all 6 > 0 and A € A(J, ¢).
Now let p : (A) — (A)/A denote the natural projection. Take v € (A) such that
¢(p(7)) = a > 0. So for all A\ € A(a/2,¢) we have |p(p(A\~'y)) — o(p(7))] <
[T(A)(¢) — ol < /2, meaning p (A1) € ¢~ ([a/2; +00)). Since ¢~ ([ar/2; +00))
is finite, we can find a finite set F' of representatives of ¢~!([a/2;+00)) in (A).
Then A~!yAN FA # () and A(a/2,¢) is contained in FAy~!. But v 1A(a/2, ¢)y
is commensurable with A. So there is a finite subset F’ C (A) such that A C
F'y=1A(a/2,¢)y. Thus,

A C F'y 'A(a)2,0)y C F'y IFA.

As a corollary, we prove Theorem 5:

Proof of Theorem 5. According to Proposition 12 we know that A has property
(T). So (A) is finitely generated as a consequence of Proposition 13. O

5. SUPERRIGIDITY AND ARITHMETICITY

From now on let A be a finite set, let (ky)aca be a family of local fields of
characteristic 0 and let (G4)aca be a family of almost simple algebraic groups
defined over k, with k,-rank > 2. We will moreover suppose that the G,’s are
absolutely almost simple. For any subset B C A set G := [],c5 Ga(ka) and let
pB : G4 — Gp denote the natural map. Moreover, for all & € A let G, denote
Ga(ka) and let p, denote pyq;.
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5.1. Superrigidity in Bounded Dimension. For any local field [ of character-
istic 0 we let p(1) denote the unique element of P U {oco} (the set of prime numbers
together with {co}) such that [ is a finite extension of the p(I)-adic field Q, ;) (where

Qw :=R).

Proposition 14. Let A be a *-approzimate lattice in G4 and T : (A) — H(l) be a
group homomorphism towards the l-points of an affine I-group H. We have:

(1) if p(ka) # p(l) for all o« € A, then T'(A) is a relatively compact subset of
H(l);

(2) if H is an absolutely almost simple algebraic group defined over 1, T(A) is
not relatively compact in H(l) and for every a € A such that p(ky) = p(l),
dim(G,) > dim(H), then there is a continuous group homomorphism m :
G4 — H(l) that almost extends T

Proof. Let v be an ergodic proper G-invariant Borel probability measure on Q§**.
Let s be a Borel section of Q%% and as(g, X) := s(gX) 'gs(X) for all g € G and
v-almost all X € Q5**. Consider the Borel cocycle T o s : G4 x Q§** — H(I). Let
L be the algebraic hull of T' o s ([51, Prop. 9.2.1]) and let 8 : G4 x Q§*" — H(l)
be a Borel cocycle cohomologous to T o o that takes values in L(1). Let F x U be
a Levi decomposition of L with F reductive and U unipotent. Let p : L(I) — F(I)
be the natural map. Then the algebraic hull of po 8 : G4 x Q§t — F(I) is
F. Indeed, otherwise there would exist a proper l-subgroup F’ and a Borel map
P+ QFFY — F(I) such that for all g € G4 and v-almost every X € Q§*" we have
¥(gX) (po B) (g, X)(X)~' € F'(l). Taking a Borel map ¢ : Q5" — IL(I) such that
poth =1h we would have for all g € G4 and v-almost every X € Q5" that

D(gX)B(g, X)(X) ™! € (F' x U) (1) S L(D.

A contradiction. Thus, the cocycle po 8 has a reductive algebraic hull. By [22, Th.
3.16] there are a continuous group homomorphism 7 : G4 — F(I) and a cocycle
z:Ga x Q5" — F(I) that takes values in a compact subgroup centralising 7(G4)
such that p o 8 is cohomologous to the cocycle defined v-almost everywhere by
g9, X = 7(g)z(g, X).

Suppose first that p(k,) # p(1) for all & € A. Then = is trivial according to [33,
1.2.6.1, (i)]. So po 8 is cohomologous to a cocycle that takes values in a compact
subgroup of F(I). Reasoning as above we see that 3 is cohomologous to a cocycle
that takes values in an amenable subgroup. By [51, Th. 9.1.1] we thus have that
B is cohomologous to a cocycle that takes values in a compact subgroup of H(l).
Whence Toay is cohomologous to a cocycle that takes values in a compact subgroup
of H(I). By Corollary 7 the subset T'(A) is relatively compact in H(I).

Suppose now that the assumptions of (2) are satisfied. If 7 is trivial, then as
above we conclude that T(A) is relatively compact in H(l). Otherwise according
to [33, 1.2.6.2] the Zariski closure of w(G4) is semi-simple. Moreover, one can
see applying [33, 1.2.6.1,(iii)] again that dim(G,) < dim(F) for some a € A with
p(ka) = p(I). As a consequence, we have the equality dim(F) = dim(H) and this
yields H = L. = F since H is connected. So p = id and po 8 = . So 7 almost
extends T according to Proposition 10. 0

5.2. Compact Finiteness. We prove now a general finiteness property of compact
images of approximate groups.
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Proposition 15. Let A be an approximate subgroup of some discrete group. Take
a family F of group homomorphisms 7 : (A) — H, with H, a locally compact
group, T({A)) dense and T(A) compact with non-empty interior. Suppose moreover
that H. contains a closed non-discrete mon-compact topologically simple subgroup
S, contained in all non-trivial normal subgroups. Then there is F' C F finite such
that:
(1) for any group homomorphism o : (A) — G € F there is 7 : (A) - H € F'
and a continuous group homomorphism ¢ : H — G such that ¢ o = o;
(2) the intersection T/ (A?) N ] ¢z S is a neighbourhood of the identity in
[I,cr Sy where 77 =] cr 7.
Proof. For any X C F write Hx := [[,cx Hr, 7x = [[,cx 7 : (A) — Hx the
diagonal map and px : Hr — Hx the natural projection. Since 77(A) C Hr
is a compact approximate subgroup, there is a topology on the subgroup L it
generates finer than the induced topology, with L locally compact and 7 (A?) =: V
a neighbourhood of the identity (see [31, Th. 4.1]). From now on, we will consider L
equipped with this topology. Note that the restriction to L of the natural projection
Hr — Hx is continuous with respect to that topology. Furthermore, for every
T € F one sees that L projects surjectively to H, - indeed, the projection contains
7(A), which has non-empty interior, and 7({A)), which is dense.
Write N, < L the kernel of L — H,. We claim that there is a finite subset
X C F such that ..y Nr = {e}. Indeed, choose a symmetric relatively compact

open neighbourhood W of the identity in L. Write K := VW2V \ W. Since
both V and W are relatively compact and W is open, K is compact. Moreover,
KNN;erNr =0 so KN(.cx N = 0 for some finite subset X C F. Let us
consider the subset C':= W N[ .y N-. Note first that C is a symmetric subset
that is open in [ N,. Take g, h € C, then

TeX
ghe W?n [\ N.c WU (W>\W))n (| N.c (WUK)n (] N, =C,
TeX TeX TeX

where the last inequality is a consequence of K N () oy Nr = (. We have thus
shown that C' is a subgroup. Similarly, if g € C and h € V, then

hgh™' € WU(VWV\W)N (| N, € (WUEK)n [| N, =C.

TeX TeX
So C' is normalised by V' and, hence, by (V) = L. Now, C is an open subgroup
of ), cx Nr contained in W, so it is compact in L. Therefore, for all 7 € F the
projection C; of C' to H, is a compact normal subgroup. If it were non-trivial,
C would contain S, which would contradict its compactness. So C, = {e} and,
thus, C' = {e}. In other words, the closed normal subgroup [,y N; is discrete in
L which is compactly generated. So (), .y N is countable. For all 7 € F, if the
projection of ﬂT cx Nr to H; were non-trivial, then it would contain S and would
be uncountable. So the projection of (| .y N; to H, is trivial for all 7 € F. So
N,cx N- = {e} and the claim is proved.

Take X C F of minimal cardinality with () .y N; = {e} and write Lx :=
px (L). By minimality of X we know that LxNH, is non-trivial for all 7 € X. Since
L projects surjectively to H., we have that Lx N H; is normal in H,. So Lx N H;
contains S;. As a consequence, [[, .y Sr C Lx. Now, 7x(A?) is a neighbourhood

of the identity in Lx, so 7x(A2) N]] .y S- is a neighbourhood of the identity in
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[I.cx Sr and, hence, X satisfies (2). Take now o ¢ X. Since the projection of
Pxufo} (L) to Lx has trivial kernel, by Goursat’s lemma px (s} (L) must be the
graph of a group homomorphism 7 : Lx — H,. Since pxy,}(L) is Borel, 7 is
continuous ([51, App. A]) where we consider on Lx the topology inherited from L.
Furthermore, by construction, 7 satisfies m o 7x = ¢ and n(Lx) = H,. We wish
to show now that 7 factors through one of the projections p, : Lx — H, for some
7 € X. Take 11,72 € X such that 7(H,, NLx) and n(H,,NLx) are non-trivial. For
i=1,2,7(H;NLx)isnormal in H,. So it contains S,. If 71 # 7o, then 7(H,, NLx)
and 7(H,, N Lx) commute. In particular, S, is abelian. This contradicts that S,
is topologically simple and infinite. So 71 = 73. As a consequence, there is 7, € X
such that for all 7 € X \ {7,} we have n(H, N Lx) = {e}. Since p,, (Lx) = H, , 7
thus factors through p,_ and yields a continuous group isomorphism ¢ : H., — H,
such that m = 1 o p;_. Therefore, we have

o=ToTxy =9 op;, oTx =19 0T,.

So (1) is satisfied as well and F' := X works. O

Let k be a local field of characteristic 0 and H be an absolutely simple (centreless)
algebraic group defined over k. A fundamental result due to Borel and Tits (see
[33, §1.1.5 and §1.2.3] and [8] for this and more) asserts that the subgroup H(k)™
generated by all the unipotent elements in H(k) is a closed normal simple subgroup
and every non-trivial normal subgroup of H(k) contains H(k)"™ (In fact, H(k)" is
contained in any non-trivial normal subgroup of any non-compact open subgroup
of H(k)). Since k has characteristic 0, the subgroup H(k)™ is moreover open, has
finite index and is the minimal non-compact open subgroup of H(k) ([8, 9.10]).
Along with Lemma 12 below, this fact will allow us to use Proposition 15 in the
proof of Theorem 2.

Lemma 12. Let k be a local field of characteristic 0 and let G be an absolutely
simple (centreless) algebraic group defined over k. Let A be an infinite compact
approzimate subgroup of G := G(k) such that (A) is unbounded and Zariski-dense.
Then there are a closed subfield k' C k and an absolutely almost simple algebraic
group L. defined over k' such that:

(1) L(k) = G(k);

(2) A? is a neighbourhood of the identity in L(k').
In addition, Tr AdA C K.

Obtaining information regarding traces of adjoints is often a key step towards
arithmeticity results. Here as well, the values of these traces will play a crucial
role. We refer to [33, §1.1.4], [51, Lem. 6.1.6] and [50] and references therein for
background and more.

Proof. We know that k is a finite extension of a local subfield kq isomorphic to either
R or Q, for some prime number p. Write H := R}/, G Weil’s restriction of scalars of
G and recall that H is a simple algebraic group defined over ky such that H(ko) = G
(see [33, §1.1.7]). We will exploit the following observation: let L C G(= H(kg)) be
a Zariski-closed subgroup for the kg-structure and suppose that L is Zariski-dense
in the k-structure (i.e. in G(k)), then the Zariski-connected component of L is

simple. Indeed, if R denotes the radical of L, then the Zariski-closure }_%k of R in
the k-structure (i.e. in G(k)) is a Zariski-closed soluble subgroup of G(= G(k)). It
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is moreover normalised by L, so Fk is normal in G. By assumption, }_%k is trivial.
So R is trivial. Hence, the connected component of the identity L is semi-simple.
Similar arguments show that it has at most one simple factor and is centreless.

Now consider A in G seen as a kg-Lie group. Let g denote the ky-Lie algebra of G.
According to [31, Th. 1.4], we can associate with A a non-trivial Lie subalgebra [ of
g stable under Ad((A)). The stabiliser L of [ is a subgroup of G that is Zariski-closed
in the ko-structure. Since it contains (A), L is also Zariski-dense in the k-structure.
By the above paragraph, its Zariski-connected component L is simple. But the
ko-Lie subalgebra of L contains [ as an ideal. By simplicity, [ is therefore the Lie
subalgebra of L. According to [31, Th. 1.4], we find that L°NA? is a neighbourhood
of the identity in LY and, hence, L (with the Hausdorff topology).

By [33, §1.1.7] now, there exists a local field k" and an absolutely simple algebraic
group L defined over k' such that L° = LL(k’). Since L is non-compact - because
it is a finite index subgroup of L which contains the unbounded subgroup (A) -
and both LY and G(k) are centreless, we can apply a result of Borel and Tits (see
[33, Thm. 1.1.8.1]) which allows us to assume that we have chosen k¥’ and L such
that k" is a closed subfield of k and L. = G as algebraic groups over k. Moreover,
the normaliser of (k') in L(k) is L(k) itself (e.g. [33, Lem. VIL6.2]). And so
A C L(K'). In particular, Tr AdA C &’ (by e.g. [33, 1.1.4.8], see also the elementary
explanation in the proof of [51, Lem. 6.1.6] in the case ky = R). O

5.3. Arithmeticity. We will proceed by induction on the cardinality of A. To do
so we will need the following lemma about reduction of x-approximate lattices:

Lemma 13. Let A be a x-approximate lattice in G a:

(1) take v € (A) non-central and B, = {a € Alpa(y) non-central}, then
pB., (A) is a x-approzimate lattice;

(2) take B C A, if pp(A) is a %-approvimate lattice, then pa\p(A) is a *-
approximate lattice.

Proof. First of all, for g € G4 and f centralising G 4\ g, we have gfg~" = pp. (g9)fps,(9)""
Let N be the normal subgroup of (A) generated by ~. Since (A) has property (S)
([31, Prop. 6.5]), the Borel density theorem yields Cg,(N) = Ga\p, X Zp., where
Ca i (+) is the centraliser in G4 and Zp_ is the centre of Gp, . There is thus F C N
finite such that Cg, (F') = Ga\p, X Zp,. Take n > 0 such that F' C A”. There is
a neighbourhood U C G, of {e} such that A" NUfU' = {f} forall f € F. So
AMATL=fif f € Fand A € A? ﬁpgi(U). Hence, pp (A*) NU C Zp, so pp, (A)
is uniformly discrete. Now (1) follows from Corollary 2. If pp(A) is locally finite,
then A% N G a\p is a x-approximate lattice in G 4\p by Corollary 2. We can thus
find v € A2 N G4\ p such that B, = A\ B (e.g. Corollary 1). So (2) follows from
(1). O

Proof of Theorem 2. First of all, using Weil’s restriction of scalars there is for every
« a finite extension £, of k, and an absolutely almost simple k], group G/, of k-
rank at least 2 such that Gq (ko) = GL (kL) ([33, §1.1.7]). So we can assume that
the groups G, are absolutely almost simple. The crux of the proof is to establish
the following claim:

Claim 1. There is H a finite product of groups of points of simple centreless
algebraic groups over local fields of characteristic 0 and a group homomorphism
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T : (A) — H such that T(A) is relatively compact and topologically generates an
open finite index subgroup, and the image of the diagonal map (A) — Ga x H is
discrete.

Let us explain why the claim is sufficient. Since A is a %x-approximate lattice
and is contained in the projection M to G4 of id x7((A)) N G4 x Wy for some
compact neighbourhood of the identity Wy C H, the subgroup I'; := id x7((A)) is
a lattice (Lemma 5). So A is contained in and commensurable to the model set M
by Corollary 4.

Furthermore, we only need to establish the claim when the G,’s are centreless.
Indeed, for a € A write G%¢ the adjoint of G,. Then the natural map 7 : G4 —
G4 = [1,ea G2 (ky) is a continuous group homomorphism with finite kernel and
finite index range. Therefore, m(A) is a %-approximate lattice in the group G%?
(Corollary 2). Suppose we can find 7 : (wm(A)) — H as in Claim 1 applied to 7(A).
Then 7o7(A) is relatively compact and topologically generates an open finite index
subgroup. Moreover, the graph I';o, of 7o 7 is equal to (7 x id)~! (id x7({7(A))))
which must be discrete because 7 has finite kernel and id x7({r(A))) is discrete.
From now on, we will therefore make the assumption that the G, ’s are centreless.

We will prove the claim by induction on |A|. If |A| = 0 the result is obvious.
Suppose now that |A| > 1. If there is a proper non-trivial subset B C A such that
pp(A) is a x-approximate lattice, then p 4\ p(A) is a x-approximate lattice as well by
Lemma 13. Applying Claim 1 to both pp(A) and pa\ p(A) and taking the Cartesian
product gives H and 7 as in Claim 1 except that 7(A) might not topologically
generate a finite index open subgroup of H := [[,.; H; where the H;’s are the
simple factors of H. However, at the very least the projection of 7(A) to any simple
factor H; topologically generates an open finite index subgroup of H; according to
the induction hypothesis. Thanks to part (2) of Proposition 15 we will now be able
to conclude. Indeed, for all i € I let 7; : (A) — H; be the composition of the map

7 with the natural projection H — H;. Define F := {r; : (A) — (A)|i € I'}. Notice
that for all ¢ € I, since H,, := W is a finite index subgroup of H;, the subgroup
S; =H ;r generated by the unipotent elements of H; is contained in all non-trivial
normal subgroups of H;, (see the paragraph below the proof of Proposition 15). So
let 7/ C F be given by Proposition 15 applied to F and let J C I be the subset of
indices of elements in F'. Write py : H — HjeJ Hj the natural projection. Then
pg o satisfies all the conditions of Claim 1. In particular, py o 7((A)) contains the
finite index open subgroup HjeJ H;r by (2) of Proposition 15; by (1) there is a
continuous group homomorphism 1 : Hje] H; — H such that 7 = opjor. Since
the graph of 7 is discrete, so is the graph of pj o 7.

Suppose otherwise that there is no such B. According to part (1) of Lemma
13 the projection of (A) to any factor is injective. It has property (S) by [31,
Prop. 6.5] and, thus, is Zariski-dense according to the Borel density theorem.
Choose a with dim(G,, ) minimal. According to Theorem 5 the group (A) is finitely
generated. Therefore the set {Tr Adp,y|y € (A)} generates a finitely generated
field K. According to [50] and [33, §1.1.7] we can identity G, with the k,-points of
an absolutely simple algebraic group H defined over K such that p,((A)) C H(K)
(recall that G, is centreless, and so is H). Let F be the family {o|pn((A)) —
H?(k)}, where o : K — k runs through the classes of field embeddings with & local,
o(K) dense and such that the natural map o : p,, ((A)) — H? (k) has non-compact
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image but sends A to a relatively compact set. Here, two embeddings o1 : K — k;
and o9 : K — ko are identified if there exists a continuous isomorphism of fields
¢ : k1 — ko such that g9 = ¢ o 01. We wish now to apply Proposition 15. By the
paragraph following Proposition 15, for every o : p, ((A)) — H(k) € F, we can
choose the subgroup H7 (k)" generated by the unipotent elements as the subgroup
Sz. To be able to apply Proposition 15 we will show that & o p,(A) has non-empty
interior. First of all, if & o p,(A) is finite, then p(A) is finite. Since the restriction
of p, to A is injective, this implies that A itself is finite. A contradiction. So
0 0P (A) is infinite and compact. Now H and, hence, H? are assumed absolutely
simple (thus, centreless). By Lemma 12, if 7 o p, (A) has empty interior, then there
is a proper closed subfield &’ C k such that o (Tr Ad p,((A))) = Tr Adgop,((A)) C
k. But TrAdpa((A)) generates K which has dense image in k. Contradicting
that &’ is a proper subfield of k. So 7 o p,(A) indeed has non-empty interior in
H (k). In particular, Hz := 7o ps({A)) is an open non-compact subgroup of
H (k) - so every non-trivial normal subgroup of Hz contains S; = H (k)T by the
paragraph following Proposition 15. Hence, Proposition 15 applied to F provides
a finite subset 7' C F. Write H = [] ) g0 p)er H7(k) and let 7 : (A) — H
be the natural map. Suppose that id x7({A)) C G4 x H is not discrete. There is
then an infinite subset X C (A) such that id x7(X) is bounded in G4 x H. But
by [10, Lem. 2.1] there is 0 : K — k with & local, ¢(K) dense and 7 o p,(X)
unbounded. Now, either & o p,(A) is unbounded or it is bounded. If 7 o p,(A)
is unbounded, by Proposition 14, & o p, almost extends to a continuous group
homomorphism ¢ : G4 — H? (k). In fact, o o p, extends since H7 (k) is centreless.
Thus, 6 0pa(X) = ¢(X). But X is a relatively compact subset of G 4, so ¢(X) is a
relatively compact subset of H? (k), contradicting that & o p,(X) is unbounded. If
now o o ps(A) is bounded, then by Proposition 15 we can find a continuous group
homomorphism 7 : H — H7(k) such that (o o pa)|(a) = 7o 7. By our assumption
7(X) is a relatively compact subset of H, so w(7(X)) = 7 0 po(X) is a relatively
compact subset H? (k). Again, we reach a contradiction. Therefore, there can be
no infinite subset X of (A) with id x7(X) bounded in G4 x H i.e. id x7((A)) is
discrete. O

Proof of Theorem 1. We apply Theorem 2 and get B, (kg)gen, kg-groups (Hg)gen
and a lattice I' in G(R) x [ [ 5. p Hp(kp). If we take B minimal, then I' is irreducible.
Let vy denote the usual Archimedean place on R. According to Margulis’ arith-
meticity theorem [33, IX.1], we can assume that there are a number field K C R,
pairwise inequivalent places {vg}gep of K that are all inequivalent to the restric-
tion of vy and containing all the Archimedean places inequivalent to vy, a K-group
G' with G'(R) = G(R) such that: (A) is contained in G'(K); Hg(kg) = G' (K, );
and T is commensurable to G'(Ok) via the diagonal embedding. We may identify
G’ with a K-subgroup of SL,, (O ) in such a way that G'(Ok) is G'(K)NGL,, (Ok).
For every 8 € B, we can define the subset
Us = {g € SL,(K,,)|lg — 1,9~ " — I have entries in Og}

where Op is the (closed) unit ball of K,,. Then Up is a symmetric compact neigh-
bourhood of the identity in SL, (K, ,). Write pg : SLy, (K) — SLy(/K,,) and notice
that G'(PVS(K)) is equal to G'(Ok) N ﬂﬁeBpgl (Ug) (see Subsection 2.1). By

Theorem 2 now, pg(A) is a relatively compact subset of SL,(kK,,) and, thus, is
covered by finitely many translates of Ug. Furthermore, if pp denotes the diagonal
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map G'(Ok) — [[5¢p SLn(Ku,) defined by v — (pg(7))sen. then pp(A) is covered
by finitely many translates of the neighbourhood [ sep Up. Therefore, A is covered
by finitely many translates of pgl(HﬂeB Us) (see [31, Lem. 3.1] for details). Since

ps' (] Us) =G'(0x) N () p3" (Up) = G'(PVS(K)),
BEB BEB

we conclude that A and G'(PVS(K)) are commensurable thanks to Corollary 4. [

Finally, we deduce a posteriori a superrigidity theorem without assumptions on
the dimension of the target group.

Proof of Theorem 4. Let T : (A) — L(k). Take B finite, characteristic 0 local fields
(ks)sep, simple kg-groups (Hg)gep, a lattice I' C Ga x [[5c5 Hp(ks) given by
Theorem 2. Identify (A) with I'. According to Margulis’ superrigidity there is a
continuous group homomorphism 7 : Ga x [[5c p Ha(kg) — L(k) that extends T
Moreover, we know that 7 factors though the natural projection to one of the simple
factors of Ga x [ [ 3¢ p Hp(kpg). But m(A) = T'(A) is unbounded, so 7 factors through
the natural projection po : Ga x [[5cpHp(ks) — Ga(ka) for some o € A. In
particular, 7 factors through the natural projection py : G4 X HﬁeB Hg(ks) — Ga.
We thus have a continuous group homomorphism G4 — L(k) that extends 7. O

6. FURTHER DISCUSSION

6.1. Quantitative information. Suppose that A is a x-approximate lattice in the
R-points G of a simple algebraic group as in Theorem 1, and that A is [-approximate
for some integer [. Then, by Theorem 1, there are a number field K C R and a
K-group H such that H(R) = G and A is commensurable to H(PVS(K)).

According to [31, Lem. 2.3], the subset A’ := A2 NH(Of) is an [>-approximate
subgroup commensurable to H(PVS(K)). Let vy denote the place of K coming
from the inclusion K C R. And write ¢ : H(Ok) — [[, H(K,) the diagonal map
where the product runs over all Archimedean places that are not equivalent to vg
and such that H(K,) is not compact. By weak approximation (e.g. [33, I1.6.8])
we know that §(H(PVS(K)) has non-empty interior, and, hence, A := §(A’) has
non-empty interior too since finitely many left-translates of A cover 6(H(PVS(K)).
So A is a compact [*-approximate subgroup whose interior is not empty.

Let H denote the Lie group [], H(K,), let L be a maximal compact subgroup
and choose a Haar measure p. Note that if A is not commensurable to a lattice in
G, then this product is not empty and H has positive dimension. By [26] we know
that pu(A2)Y/ dmH/L > 9, (A)1/dmH/L  But A is an [*-approximate subgroup,
so we have u(A2%) < IPu(A). Therefore, logl® > dim H/L. But we note that
dim H < (dim H/L)? (by the classification of simple Lie groups for instance). So
log!® > +/dim H and 9log?l > dim H.

We note finally that dim H is bounded below by

dim G (|{Archimedean places v of K s.t. H(K,) non-compact }| —1).

So we have proved the first inequality. The second inequality then follows from [33,
1.3.2.1] and [5, Prop. 2.13.(iii)-(iv)].
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