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Abstract

In this paper, we identify the five dimensional analogue of the finite energy foliations
introduced by Hofer—Wysocki—Zehnder for the study of three dimensional Reeb flows, and
show that these exist for the spatial circular restricted three-body problem (SCR3BP) when-
ever the planar dynamics is convex. We introduce the notion of a fiberwise-recurrent point,
which may be thought of as a symplectic version of the leafwise intersections introduced by
Moser, and show that they exist in abundance for a perturbative regime in the SCR3BP. We
then use this foliation to induce a Reeb flow on the standard 3-sphere, via the use of pseudo-
holomorphic curves, to be understood as the best approximation of the given dynamics that
preserves the foliation. We discuss examples, further geometric structures, and speculate on
possible applications.

2020 Mathematics Subject Classification: 70F07, 70F15 (Primary); 53D30, 32Q65,
53D35 (Secondary)

1. Introduction

The aim of this paper is to delve into the well-known restricted three-body problem, con-
cerning the motion of a small mass under the influence of two heavy masses, from the
modern perspective of symplectic geometry. We will focus on the spatial problem, where
the small mass moves in three-space, as opposed to the planar one, where it moves in the
plane. The main tools we will employ are the techniques from holomorphic curve theory
and contact geometry. We will focus our attention on the energy level sets for energy below
the first critical value, near the heavy masses. These carry contact structures by [AFvKP].
The results in this paper fit into the scope of the symplectic dynamics as proposed in [BH].
We will:

(1) identify the “correct” generalisation in dimension 5 of the finite energy foliations
introduced by Hofer—Wysocki—Zehnder in dimension 3 [HWZ98], in the sense that
they indeed appear in the energy level set of the spatial (circular) restricted three-body
problem, near each of the heavy masses, whenever the planar problem is convex.
Each leaf is compatible with the dynamics, i.e. the dynamics induces a symplectic
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form which is positive on each annulus of the foliation. All such annuli have the same
boundary (see Theorem A). In the case of the 3BP, this is the Hopf link corresponding
to the direct/retrograde planar orbits;

(2) identify the leaf space of the foliation (the moduli space of curves), i.e. it is the three-
sphere $;

(3) induce a geometric structure on the 3-dimensional leaf space, in the form of a contact
structure, which is obtained by an averaging procedure of the contact structure on the
5-dimensional level set (see Theorem B);

(4) induce a dynamics on this leaf space, also induced by an averaging procedure of the
original one, as well as show that every dynamics of the particular type obtained can
be lifted (see Theorem C). This can be thought of as a statement that the complexity
of the dynamics in the space where the spatial problem occurs is higher than that of
the space in which the planar problem occurs;

(5) introduce a notion of fiberwise-recurrent point, as a point whose orbit comes back to
the leaf containing it. This can be thought of as a symplectic version of the notion of
leafwise intersection of Moser, as the annuli are symplectic.

(6) prove the existence of infinitely many such recurrent points, for the perturbative case
where the system is near-integrable (see Theorem D);

(7) discuss examples (e.g. the well-known Katok example [K73]), and introduce the
notion of a cone structure being weakly/strongly adapted to an open book (see
Definition 1-2 and Definition A-1). The strong notion indeed appears in the leaf space
of the foliation of the 3BP, and the weak one, in a curious example due to Godel of a
spacetime which allows for “time travel”, as discussed in Appendix A.

Extended introduction. In [MvK], as a higher-dimensional generalisation of the global
surfaces of section considered by Poincaré in the planar problem, the author and Otto van
Koert showed that, in the low-energy range and independently of the mass ratio, the SCR3BP
admits global hypersurfaces of section adapted to the Reeb dynamics. The underlying man-
ifold is $ x $3, and the hypersurfaces are copies of ID*S?, the pages of an open book whose
binding is the planar problem RP?. From Appendix A in [MvK], we gather that in the inte-
grable limit case of the (rotating) Kepler problem, the annuli fibers of the standard Lefschetz
fibration on the page P = ID*S? are invariant under the return map, which acts as a classical
integrable twist map. Moreover, the moduli space of such fibers is naturally a copy of S,
endowed with its trivial open book.

In this paper, we will generalise this geometric situation to a non-perturbative setting
and for 5-dimensional contact manifolds admitting an iterated planar (IP) structure (as
is the case of S? x §), with a view towards the SCR3BP. We first construct a version of
a finite energy foliation of the 5-dimensional manifold, which should be understood as
the correct higher-dimensional analogue of the holomorphic open books as considered by
Hofer—Wysocki—Zehnder [HWZ98], in order to study 3-dimensional Reeb flows. This folia-
tion may be thought of as an S'-family of Lefschetz fibrations, one on each page of the open
book, all inducing the same open book in the 3-dimensional binding. We show that such
a foliation always exists for the SCR3BP, whenever the planar dynamics is dynamically
convex.
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Fig. 1. Philosophy: to shed some light on a complicated higher-dimensional problem, try first to
look at the shadow that your lantern is producing!

We then take a further step. To a Reeb dynamics on a contact 5-fold adapted to an IP
open book (i.e. its page admits a Lefschetz fibration with planar fibers), whose binding
also carries an adapted open book, we associate a Reeb dynamics on a moduli space of
holomorphic curves (a copy of (S3, &s14)), which is in some sense a “holomorphic avatar” or
“shadow” of the original dynamics. Via this construction, the Kepler problem and its rotating
version both correspond to the Hopf flow. When combined with [HSW, theorem 1-18] (cf.
[HWZ98]; see also [AFFHvVK]), which guarantees the existence of adapted open books
with annuli-like pages for the planar problem whenever the planar dynamics is dynamically
convex, we obtain a holomorphic shadow for the SCR3BP for mass-ratio/energy pair in
the convexity range (i.e. when the Levi—Civita regularisation is strictly convex). We remark
that convexity is not strictly needed, since all one needs for this construction is an adapted
open book for the planar problem, and so dynamical convexity up to large action would also
suffice (e.g. by perturbing the rotating Kepler problem, cf. [AFFvK13]).

The general direction is then to extract dynamical information for the 5-fold, from infor-
mation on its shadow; see Figure 1. With this motivation in mind, we will then focus on
global properties of this correspondence. In particular, we show that every Reeb dynamics
on §3 adapted to a concrete trivial open book arises as the holomorphic shadow of some
Reeb dynamics on any given IP contact 5-fold. We further study an non-trivial example due
to Katok, where we explicitly relate the holomorphic shadow to suitable irrational ellipsoids.
We also obtain dynamical information for the SCR3BP for the perturbative case where the
mass ratio is sufficiently small, via the notion of a fiber-wise recurrent point, introduced
below, which is a symplectic version of the well-known leafwise intersections introduced by
Moser [M78] for the case of the isotropic foliation of a coisotropic submanifold.
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Setup. Consider a concrete open book decomposition 7 : M\B — S' on a contact 5-
manifold (M, ). By definition, this is a fibration which coincides with the angle coordinate
on a choice of collar neighbourhood B x D? for the codimension-2 closed submanifold
B C M (the binding). We assume that it supports & in the sense of Giroux. This means that
there is a contact form « for &, a Giroux form, such that «|p is contact, and do is posi-
tively symplectic on the fibers of ; equivalently, the Reeb flow of « has B as an invariant
subset, and it is positively transverse to each fiber (see e.g.[MvVK] for more precise def-
initions). We denote the 8-page by Py = —1(9) for 6 € S', and we also use the abstract
notation M = OB(P, ¢), where P is the abstract page (the closure of the typical fiber of )
with P = B, and ¢ is the symplectic monodromy. We assume that P (abstractly) admits the
structure of a 4-dimensional Lefschetz fibration over D> whose fibers are surfaces of genus
zero and perhaps several boundary components. We abstractly write P = LF(F, ¢r), where
¢r is the monodromy of the Lefschetz fibration on P (necessarily a product of positive Dehn
twists on the genus zero surface F).

Following [Acu], we will refer to the open book on M as an iterated planar (IP) open
book decomposition, and the contact manifold M as iterated planar. As observed in [AEQO,
lemma 4-1], a contact S—manifold is iterated planar if and only if it admits an open book
decomposition supporting the contact structure, whose binding is planar (i.e. admits a 3-
dimensional supporting open book whose pages have genus zero). In fact, we have B =
OB(F, ¢F).

We wish to adapt the underlying planar structure to a given Reeb dynamics on M (and
hence the need to work with concrete open books, rather than the abstract version). We then
assume that the concrete open book on M is adapted to the Reeb dynamics of a fixed contact
form «, i.e. « is a Giroux form for the open book (whose dynamics we wish to study). In
particular, wg := do/|p, is a symplectic form on Py for each 6 € § I Therefore (Py, wp) is a
symplectic manifold in its interior, and the symplectic form degenerates at the boundary. We
will call this a degenerate Liouville manifold!, which is a (degenerate) filling of the binding
(B, £&g = ker ap), where ap = «| g, for each 6. We will further assume that we have a concrete
planar open book on the 3-manifold B = OB(F, ¢r), which is adapted to the Reeb dynamics
of ap and where ¢ is a product of positive Dehn twists in the genus zero surface F. We will
denote L = dF, which is a link in B (the binding of the open book for B, and Reeb orbits for
ap). Given the above situation, we will say that the Giroux form « is an IP Giroux form.

This is precisely the situation in the SCR3BP whenever the planar dynamics is con-
vex/dynamically convex, as follows from [HSW, theorem 1-18], combined with Theorem 1
in [MvK].

Statement of results. Our first result provides a foliation of M via symplectic surfaces
(with respect to dor), which also foliate each page of the given IP open book, and which are
fibers of an S'-family of Lefschetz fibrations.

THEOREM A (IP foliation). There is a foliation M of M\L, consisting of immersed sym-
plectic surfaces for da whose boundary is L. Away from B, its elements are arranged as fibers

! Using a map which is smooth in the interior but only continuous at the boundary, a degenerate Liouville
domain can be turned into an honest Liouville domain. The Poincaré return maps arising on a global hyper-
surface of section, in the case where they extend smoothly to the boundary, after this conjugation become
only continuous at the boundary. This is the case in the SCR3BP, see [MvK2].
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Fig. 2. The moduli space of curves is a copy of §> = OB(D?, 1).

of Lefschetz fibrations mg : Po — D3, 0 € S', all of which induce the same fixed concrete
open book at B. The mg are all generic, i.e. each fiber contains at most a single critical point.
We have M? = §3 = OB(D?, 1), endowed with a trivial open book 0, :ﬂ"\Mg — sl
whose 0-page is identified with Dg, and its binding is M% =S, the family of pages of the
open book at B.

See Figure 2 for a sketch of the geometric picture. We call a foliation as above, an IP
foliation.

Contact and symplectic structures on moduli. The leaf-space of the above foliation comes
endowed with extra structure naturally induced from the structure on the 5-fold. From
Theorem A, we may view M =0BMD?2,1)=$3, and M =R x M.

THEOREM B (contact and symplectic structures on moduli). The moduli space M car-
ries a natural contact structure &g which is supported by the trivial open book on S° (and
hence it is isotopic to the standard contact structure Egg). Moreover, the symplectisation
form on R x M associated to any Giroux form o on M induces a tautological symplectic
form on M by leaf-wise integration, which is naturally the symplectzsatzon of a contact
form apq for Epq, whose Reeb flow is adapted to the trivial open book on M.

Roughly speaking, the contact distribution &4 is induced by a 2-dimensional subdistri-
bution of £ = ker «, which along Py is naturally isomorphic to a symplectic connection for
the Lefschetz fibration y.

Remark 1-1 (Holomorphic curves in moduli). The above construction opens up the possi-
bility of studying punctured holomorphic curves in the moduli space M =R x M These
correspond to 4-dimensional J-invariant and asymptotically cylindrical hypersurfaces in
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R x M (in the sense of [MS]). For example the holomorphic open book construction (see
below) on the trivial open book for M recovers the codimension-2 foliation F on R x M,
used below for the proof of the above theorem.

The holomorphic shadow. We define the (pseudo-)holomorphic shadow of the Reeb
dynamics of & on M to be the Reeb dynamics of the associated contact form a g on S,
provided by Theorem B. The flow of o can be viewed as a flow gbﬁw Mon M \L which
leaves the holomorphic foliation M invariant (i.e. it maps holomorphic curves to holomor-
phic curves). It is the “best approximation” of the Reeb flow of « with this property, as its
generating vector field is obtained by reparametrizing and projecting the original Reeb vec-
tor field to the tangent space of M?, via a suitable L?-orthogonal projection. It may also be

s’ MonS3

viewed as a Reeb flow ¢; related to the one on M via a semi-conjugation

MM
by

M\L 2— M\L

53 ;M

¢
S8 — 5 &8 (1-1)
where 79 is the projection to the leaf-space M=,

Shadowing cone. While the contact form aa is obtained from o by an averaging proce-
dure that modifies the original dynamics by forcing it to preserve a foliation, another piece
of the underlying geometric structure which encodes more reliable dynamical information
is the shadowing cone Cy = dm4(ker da). By construction, orbits of & project under 74 to
orbits of C,. Moreover, this cone is adapted to the open book on S, in the sense that along
M% we have Cy | M= TM%, and such that d6q and apq are positive on C, away from

M%; see Definition 1-2 below. As a4 is obtained by fiber-wise integration with respect to
4, the Reeb vector field R of aaq spans the average direction in C,. See Figure 3. One
can therefore think of the holomorphic shadow as the “guiding direction” of the cone. For
future use, we encode the properties of this cone in the following general definition:

Definition 1-2. Consider an everywhere non-trivial cone structure C on a manifold M,
where M is endowed with an open book 6 : M\B — S'. We say that C is strongly adapted
(or simply adapted) to @ if:

(i) ClpCTB;

(ii) d0 is a section of C|y p; and if there exists a Giroux form « for the open book such
that:

(iii) « is a section for C;
(iv) the Reeb vector field R, belongs to C.

Here, a section for C is a 1-form which is strictly positive on non-zero vectors of C. See
Figure 4.

In the case where M is oriented, each page is co-oriented by the open book and hence
inherits an orientation; then B does also, as the boundary of each page. Then, if M is 3-
dimensional and oriented, the first condition means that C|g = TB™, where TB is defined
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Ry=ker(d9)

Fig. 3. The shadowing cone is Cy, = dm (ker dor). Orbits of « project to orbits of the cone, which
are transverse to £ and to every page. The Reeb vector field Ry, spans the average direction
of Cy.

Fig. 4. A cone structure adapted to an open book.

as those vectors in 7B which point in the non-negative orientation of B. Therefore, each
positively parametrised circle in the binding is an orbit for C.

Global properties. We will now focus on the global properties of the correspondence
o+ ap. For F a genus zero surface, let Reeb(F, ¢r) denote the collection of contact
forms whose flow is adapted to some concrete planar open book 75 : B\L — S' on a given
3-manifold B, of abstract form B = OB(F, ¢F). Iteratively, we define Reeb(LF(F, ¢r), ¢)
to be the collection of contact forms with flow adapted to some concrete IP open
book mys : M\B — S on a 5-manifold M, of abstract form M = OB(LF(F, oF), ®), whose
restriction to the binding B= OB(F, ¢r) belongs to Reeb(F, ¢r). We call elements in
Reeb(LF(F, ¢r), ¢) IP contact forms, or IP Giroux forms. We may topologise both
spaces Reeb(F, ¢r) and Reeb(LF(F, ¢F), ¢) with the C*°-topology, for which both are
infinite-dimensional CW complexes.

We then have a map

HS : Reeb(LF(F, ¢r), ¢) =—> Reeb(D?, 1),

ar— o,
given by taking the holomorphic shadow.
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Remark 1-3. The contact form on¢ map depends on a choice of almost complex structure
J on R x M, compatible with do along ker &, and making R x B a J-invariant submanifold
(the R-direction, however, has to be mapped by J to the Reeb direction of a suitable stable
Hamiltonian structure (SHS) deformation of ker «, as explained below). The space of such
choices, which we denote by Jy . is contractible for every «, and hence HS depends on this
choice only up to homotopy. Therefore the domain of HS, stictly speaking, is

Dus := {(a,J) : @ € Reeb(LF(F, ¢r), 9), J € T}

We will write HS(«, J) for the holomorphic shadow of o whenever we wish to emphasise
this dependence.

We will refer to HS_I(astd) as the integrable fiber (note that this consists of pairs («, J),
as explained in the above remark).

THEOREM C (Reeb flow lifting theorem). HS is surjective.

In other words, we may lift any Reeb flow on S° adapted to the trivial open book, as
the holomorphic shadow of the Reeb flow of an IP Giroux form adapted to any choice
of concrete IP contact 5-fold (for some auxiliary choice of J). The map HS is clearly not
in general injective (i.e. the shadow does not see vertical dynamical information), as e.g.
Example 2-4 shows. The above theorem says that Reeb dynamics on any IP contact 5-fold
is at least as complex as Reeb dynamics on the standard contact 3-sphere (and so provides a
concrete measure of the high complexity of, say, the spatial restricted three-body problem,
i.e. it is at least as complicated as the planar problem). We point out that higher-dimensional
Reeb flows encode the complexity of all flows on arbitrary compact manifolds (i.e. they are
universal) [CMPP]. See also the related discussion at the end of the paper on topological
entropy.

Dynamical applications. We wish to apply the above results to the SCR3BP; see Figure 5.
We first introduce the following general notion. Consider an IP 5-fold M with an IP Reeb
dynamics, endowed with an IP holomorphic foliation M as in Theorem A. Fix a page P in
the IP open book of M, and consider the associated Poincaré return map f : int(P) — int(P).
A (spatial) point x € int(P) is said to be leaf-wise (or fiber-wise) k-recurrent with respect
to M if f*(x) € M,, where M, is the leaf of M containing x, and k > 1. This means that
FX(int(M,)) Nint(M,) # @. This is, roughly speaking, a symplectic version of the notion of
leaf-wise intersection introduced by Moser [M78] for the case of the isotropic foliation of a
coisotropic submanifold.

In the integrable case of the rotating Kepler problem, where the mass ratio u =0, the
holomorphic foliation provided by Theorem A can be obtained by an explicit construction
on §*S3 of a Lefschetz fibration on 7*S> with two singular fibers, such that the nodal sin-
gularities are fixed points of the symplectic return map; see [MvK, appendix A]. Denote
this “integrable” holomorphic foliation on §*$3 by M. Since the return map for u =0
preserves fibers, every point is leaf-wise 1-recurrent with respect to My, (and the shadow-
ing cone is the positive span of the Hopf flow). If the mass ratio is sufficiently small, then
the leaves of Fj,, will still be symplectic with respect to do, where « is the corresponding
perturbed contact form on the unit cotangent bundle $*S°.
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c
rotating p=1 /2
Kepler ~ .
problem n=0 pn=1 l,{,
¢=-3/2 1 Fe=-3/2

—

"integrable" fiber ’

D*S

Keble convexity //\12 )
problem— range <— Reeb(LF(D*S,T.),T°)
(=-00 I -
HS,
Reeb(D%1)
Hopf flow

Fig. 5. An abstract sketch of the convexity range in the SCR3BP (shaded), for which the holo-
morphic shadow is well-defined. Here, c is the Jacobi constant, p is the mass ratio, tp is the Dehn
twist on ]D)*Sl, and T is the Dehn—Seidel twist in D*S2. We should disclaim that the above is not
a plot; the convexity range is not yet fully understood, although it contains (perhaps strictly) a
region which qualitatively looks like the above, cf. [AFFHvK, AFvKP].

In Section 3, we introduce the notion of the transverse shadow, which records which
holomorphic curve is intersected by the orbit of each point, and therefore consists of paths
in $3 which are positively transverse to the standard contact structure £ v and to the pages of
the open book. The transverse shadow is just the collection of orbits of the shadowing cone
which come from orbits of the original dynamics. By coherently packaging these trans-
verse paths using the notion of a symplectic tomography also introduced in said section, and
appealing to the classical Brouwer’s translation theorem on the open disk, we will obtain
the following perturbative result:

THEOREM D. In the SCR3BP, for any choice of page P in the open book of [MvK], for
any fixed choice of k > 1, for sufficiently small u 2 0 (depending on k), for energy ¢ below
the first critical value H(L1(w)), along the bounded component of the Hill region near the
Earth, and for every | <k, there exist infinitely many points in int(P) which are leaf-wise
I-recurrent with respect to M.

In simpler words, there are plenty of leaf-wise recurrent points near the Earth, when the
Moon is small.

Remark 1-4. The same conclusion holds for arbitrary u € [0, 1], but sufficiently negative
¢ < 0 (depending on p and k).

In fact, the conclusion of the Theorem D holds whenever the relevant return map is
sufficiently close to a return map which preserves the leaves of the holomorphic foliation
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of Theorem A (i.e. which coincides with its holomorphic shadow on M). It may then be
interpreted as a symplectic version of the main theorem in [M78], for two-dimensional
symplectic leaves. The advantage of considering the integrable foliation (in terms of appli-
cations) is that it can be qualitatively understood, as in [MvK, appendix A]; the above
conclusion also holds for the corresponding perturbed foliation.

2. Dynamics on moduli spaces

Let M = Reeb(P, ¢) be an IP 5-fold, « € Reeb(P, ¢), and & = ker o with Reeb vector field
R,.Let6p: B\L — S! be a concrete open book on B adapted to ap = «|p, and Oy : M\B —
S! a concrete open book adapted to «. We denote by Py = GA}I (0), Fo =05 ! (6), the 6-pages.

Holomorphic foliations. For the sake of brevity, we will streamline the arguments which
have already appeared throughout the literature and give the appropiate references. We pro-
ceed to the construction for the proof of Theorem A. We may construct the fibers of a
Lefschetz fibration g : Py — ]D)g on each page Py, with regular fiber F, in such a way that
these fibrations form a well-defined Sl-family in M; and so that such fibers foliate the contact
manifold M, and are symplectic submanifolds in each page. We can do so as follows.

Finite energy foliation over B. First, we may construct an almost complex structure Jp
on the 4-dimensional symplectisation R x B, together with an R-invariant and Fredholm
regular Jp-holomorphic finite energy foliation Mpg of R x B, by punctured holomorphic
curves which are asymptotically cylindrical Liouville completions Fy of Fy, asymptotic to
L, so that Fy projects to Fp under the projection 5 : R x B — B. Moreover, we have /\/l% =
Mp/R = S'. This construction of a “holomorphic” open book has appeared in several forms
in the literature (e.g. [W10a, A11]), and therefore we will omit details. Nevertheless, there
is a slight technicality: unlike e.g. in [W10a], the symplectic form in R x M is a priori
given as wp = d(e'ap). In order to construct the holomorphic foliation, we need to deform
(ap, dap) to a stable Hamiltonian structure (SHS) Hp = (Ap, dag) which is tangent to pages
away from the binding, and the resulting Jp will be compatible with the symplectisation of
Hp, i.e. will map the R-direction to the Reeb vector field of Hp. The resulting holomorphic
curves, while not strictly holomorphic for an almost complex structure compatible with op,
will still be symplectic submanifolds for wp, and this is what we ultimately care about for
Theorem A.

Codimension-2 foliation over M. We may then do the same construction, but two-
dimensions higher, as follows. Since & is supported by the open book 6y, away from B
we have an isomorphism TPy =£&|p,, and on B we have £|p =63 @ éBL where &g = ker ap,
and SBL the da-symplectic complement inside & of &p. For each page, one then extends Jp to
an almost complex structure Jy on Py (viewed as a degenerate Liouville filling of B), com-
patible with wy = da|p,, and generic as a 1-parameter family. One can then deform («, dor)
to a stable Hamiltonian structure H = (A, da) with kernel &7; = ker A deforming the kernel
of o, by simply deforming the 1-form, so that A interpolates between « near the binding and
dOy away from it. We then have &y = &; &3 is tangent to Py away from a neighbourhood
of B, so we still have the property &|p, = &3|p, = TPp; and £, = & near B. Moreover, the
Reeb vector field of H still coincides with R,. One can then induce an H-compatible almost
complex structure J on R x M (i.e. it preserves £€2; where it is da-compatible, and maps o;
to Ry), with the extra properties that J|rxp = Jp, the splitting £|p =& B & é‘ is J-complex,
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RxB R

>

B 2 M

Fig. 6. The codimension-2 holomorphic foliation F.

and J|g;,|p, corresponds to Jy under the isomorphism &3;|p, = TPy. Note that we also have

a natural J¢ which is compatible with «, deforming J, for which the isomorphism & = £y
becomes complex, and J&(9,) = R,. One then uses the H{-compatible J to make the open
book 6y holomorphic, i.e. we obtain a codimension-2 holomorphic foliation £ of R x M
whose leaves are Lg =R x B and Liouville completions Py of the pages Py. We have that
Py projects to Py under the projection my; : R x M — M, and is asymptotically cylindrical to
the R-invariant hypersurface Lp in the sense of [MS]. Moreover, the complex hypersurface
(ﬁg, J |ﬁ9) is biholomorphic to (Py, Jp). See Figure 6 for a sketch.

Moduli space over M. The moduli space Mp of holomorphic curves in L£g, which is a
copy of R x S!, naturally extends to a moduli space M in R x M. Note that every curve
in M, while J-invariant but not Jé-invariant, is do-symplectic. Moreover, an application
of both 4-dimensional and higher-dimensional Siefring intersection theory as in [MS, Mo]
implies that: either the image of a curve in M lies completely in L£p and is a leaf of Mp; or it
lies completely in a leaf of  (and in particular is disjoint from Lz except “at infinity”, inter-
secting it along L). For convenience of the reader, we outline the higher-dimensional version
of the argument (as fully explained in [MS]), which first restricts the behaviour of holomor-
phic curves to lie inside the leaves of the codimension-2 foliation, so that the 4-dimensional
techniques then apply. We remark that the higher-dimensional and 4-dimensional argument
is exactly the same.

Controlling curves: Siefring intersection theory. As explained in [MS], there is a well-
defined and homotopy-invariant Siefring intersection pairing u * H for a curve u € M and
a hypersurface H € F. We claim that this pairing vanishes: using homotopy invariance with
respect to H completely analogously as e.g. [LW, lemma 4-9], we have

uxH=uxMR x B).

From homotopy invariance with respect to u, it suffices to compute the above in the case
where u € Mp lies completely in R x B. Then we can appeal to the following intersection
formula [Sie]:
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1
ux(RxB)= E(M}v(u) — #I'(Woda),

where 5, (u) is the total normal Conley-Zehnder index of u with respect to a trivialisation 7
of the symplectic normal bundle to R x B, and #I"(u),44 is the number of asymptotics of u
which have odd normal Conley—Zehnder index. In our case, each asymptotic of u has normal
index equal to 1, and the claim that u x H = 0 follows. Moreover, if u did not lie in a leaf
of F, this pairing would be strictly positive, by the fact that interior intersections contribute
positively, and intersections at infinity all vanish (the asymptotic winding numbers of u all
vanish, and these are the extremal ones). This would be a contradiction, and so we get the
desired restrictions of elements in M.

SFT-Gromov Compactification. We may then consider the SFT-Gromov compactification
(where SFT stands for Symplectic Field Theory) M of M by adding strata of nodal curves,
as well as its pointed version M, by adding a single marked point in the domain of each
curve, together with the resulting evaluation map ev : M, — R x M which evaluates a curve
at its marked point, and the forgetful map : M, — M which forgets the marked point.
Moreover, one can apply Siefring intersection theory to the compactified moduli space too,
and still conclude that the components of each element lie in the holomorphic hypersurfaces.
Applying the results in [W10b] (namely, theorem 7 and its parametric version theorem 8),
one concludes that each Py admits the claimed generic Lefschetz fibration g : Py — D2,
each inducing the original open book at B. Note that each such fibration is minimal (i.e.
there are no contractible vanishing cycles), due to exactness of the symplectic form, and
moreover every curve is immersed. In particular, non-nodal curves are embedded, and the
nodal curves have embedded components, intersecting each other transversely; the same is
true even after projecting via .

This means that M, naturally admits a stratification M, = M? L| M, where M,

consists of pointed curves with precisely i nodes, and having closure M* = Ujfl- M. In

particular MO is the top open stratum consisting of non-nodal curves, and ./\/ll is closed.
We similarly have a stratification for the unmarked moduli space M=M° L /\/l1 where
M=, (ML). The expected dimension of M. is 6 — 2i (and that of M’ is 4 — 2i), and
from a similar analysis as carried out in [Mo, section 4-7] for curves lying in holomorphic
hypersurfaces, one can show that each nodal strata M’ is Fredholm regular.

Structural diagrams. The upshot is that we have a diagram of the form
, — 2 S RxM\RxL
lm /
M=Rx S5

where ev is a diffeomorphism since elements in Mto gether with trivial cylinders over orbits
in L foliate R x M, and so ./VZ = M*/R = M\L, and we denote 7 = 7, o ev1. We also
used that M =R x S, and so M? := M /R = S3. Namely, Mis naturally equipped with
the trivial open book M’ = OB(D?, 1), with 0-page P4 =D corresponding to the 2-disk
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]D)g at the base of the Lefschetz fibration 7y, via ]D)g =(mpoevo (] )_1)(P£4), where ev?
and 7/ are the quotient maps induced by ev and 7., respectively. Its binding is identified with
M= Mp/R=S'. By quotienting out the R-action, and denoting 7% = 7/ o (ev?)~!, we
obtain a similar diagram

M, —Z— M\L
l’f*/
M= 53

See Figure 7, where we denote ML = ML/R, M% = MI/R = (M), for i =0, 1. We
denote by O : Mq\./\/lg — S! the open book fibration on the quotient moduli space, which
we call the shadowing open book. This finishes the construction which proves Theorem A.

Symplectic and contact forms on moduli spaces. We now proceed to the construction
underlying Theorem B. Let

P={peC®R,(0,1):¢" >0}

be the space of orientation-preserving diffeomorphisms between R and (0, 1). For each
¢ € P, we can induce a symplectic form a)fvt on M and a (¢-independent) contact form

oA ON /Vq, such that
MZ=Rx 8§, 0 = d(e o)
is the symplectisation of the contact manifold (ﬂq >~ $3, apq). Indeed, let
w? 1= d(e*Va) € QX(R x M)

for ¢ € P. Denote ! := ev*w? e Q%(M.,), and Fujn*_l(u) the fiber over u e M (its

domain). By construction, w? is a symplectic form in M, which is symplectic on the fibers

of m,, i.e. wf, = wf| F, 1s an area form on the domain of u. Moreover, there is a tautological
notion of a symplectic connection for m,, so that every vector v e T}, M has a horizontal
lift ve T(M,Z)M*, for every (u, z) € F}, (where z lies in the domain of u). Indeed, a tangent
vector field v € T, M is simply a vector field along F,, taking values in the (generalised; see
below) normal bundle N, and lying in the kernel of the normal linearised Cauchy—Riemann
operator DY at u. The horizontal lift v of v at (u, z) is simply ¥ = v(z) € N,|., i.e. the vector
field itself. This also makes sense along nodal curves. Indeed, recall that the tangent space
to a fixed (smooth) stratum M’ of the moduli space along a nodal curve u = (u, ..., ujy1)
consists of tuples 7 = (1, ..., n;y+1) of normal sections »; along each component u;, lying
in the kernel of @;Jr} BV DN the fiber-product (under the linear evaluation map EV at the
nodes) of the normal hnearlsed CR-operators at each u;; so in particular each element in the
tuple n agrees at each nodal pair. Tangent vectors along a nodal curve which are not tangent
to the fixed stratum containing it can also be thought of as vector fields along the curve
(as follows from standard gluing analysis). So the above notion of a horizontal lift carries
through immediately.
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Fig. 7. The forgetful map, and the stratification in the quotient moduli spaces. In the above
picture, the boundary of each page is identified to each other.

For v, w € T,M, let 0% (v, w) := ¥, W) viewed as a function on F,, and define wﬁ/( e

Q%(M) via

(@5, u(v, w) = / of (V(z), W(2))dz,

zeFy,

where by simplicity we denote dz = ;. We remark that this same construction for the spe-
cial case of closed and immersed curves (not including nodal degenerations) has been carried
out in [CKP], although with a slightly different language. In general, generically and in
dimension 6, the locus of non-immersed curves consists of isolated curves with a single
simple critical point (see [W19, Appendix A] in for the closed case). This, and the fact that
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there is still a well-defined normal bundle at critical points —the generalised normal bun-
dle [W10c]—, implies that the above integral is well-defined. In our special setup, we have
already seen that every curve is immersed, so this is not even an issue. While we moreover
have punctures in our setup, the finiteness of the integral is ensured by our choice of a diffeo-
morphism ¢. The fact that “)/({/t is symplectic follows by adapting the arguments in [CKP]
(except the nondegeneracy property: here J is not necessarily integrable, and so the kernel
of DLV is not necessarily a complex space. But we understand precisely what the kernel is,
due to the foliation property and Fredholm regularity, and hence immediately see that non-
degeneracy follows; see below for more details). The contact form on M is obtained from
the symplectic form in the obvious way, i.e. as

o = (e‘/’go/)_liata)ﬁ/l e Q'(M).

By construction, this contact form is independent on the choice of ¢. Indeed, we can give
a more explicit description as follows. First note that do|f, is a symplectic form on the
interior of F,, (which degenerates at the boundary since dF, = L is a collection of ¢-orbits).
The volume of F,, with respect to da|F, is, by Stokes’ theorem, given by

vol(F,) = / dalp, = / o =:Ay >0,
u L
the total a-action of L, which is independent of u. We then have

(@A) = / 0, (v(2))dz,

zeF,

(dap)u(v, w) = / da(v(z), w(2))dz,

zeFy,

for v,we Tﬂq, where for simplicity we use the notation dz to indicate that we integrate
over z with respect to the area form do|r,, and where we use the same letter u to denote
the projection of u € M to M9 = M\R (which is also embedded). The contact structure
&y =kerapq can be understood, over u, as the average of the contact structures &, for
z € F,; see Lemma 2-1 below. We call &), the shadowing contact structure. Moreover, it
is supported by the trivial open book on $3, and hence it is isotopic to the standard contact
structure on S°. This can be understood as follows.

The complex normal bundle. We can give the following explicit description of the complex
normal bundle N, for each u € M. Let Horg denote the wg-symplectic complement to
u inside Py, which is a symplectic connection for my, i.e. TPy = Hory @ Verty, Vertg =
ker dmy, Horg = T]D)g under dmy; this splitting for TPy is also Jp-complex. Using the
complex isomorphism (TPy, Jo) = (§3(|p,, J ey Py ), the Jyp-complex splitting TPy = Hory &
Verty then induces a J-complex splitting &y |p, = Horz" @® Vert’t, and similarly a J&-
complex splitting & = Horg @ Ve/{tg. Under drr : T(M\L) — TM, Hory projects to TPﬁ/l.
See Figure 8. If we denote by Ny the w-symplectic complement of Py, then, if u C Py,
we have N, = Hory|, ® ﬁg C u*T(R x M). Moreover, the tangent space Tum =kerD, C
W2(N,) is a 4-dimensional subspace consisting of smooth sections of &, and we have the
explicit description ker D, = (e1, e2) @ (9;, n), where e, e; = Jg(e) point-wise span Horg|,,
(or equivalently span Pévl |» when viewed as tangent to M), and n corresponds to the Hopf
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Fig. 8. The complex splitting 7Py =Horg & Verty, and the induced splitting
&1 =Ho z—[ @ Vertz){. The symplectic connection Horg projects to TuPéV(. Near the binding B,

we have Horg = Horg‘ and Vertg = Vertg‘. Away from B, Hory = HorZ" and Vertg = Vertg‘. This

structure naturally induces a stable Hamiltonian structure deformation &3, of 54 with Reeb
vector field Raq. The contact structure &4 is the average plane in the cone C¢ = dn(§), and
similarly, &7, , , is the average plane in Cy; = dm(§3,); see Lemma 2-1 below.

direction. In other words, vectors in Horg correspond to nearby fibers of the Lefschetz fibra-
tion in the same page, d; corresponds to R-translation, and n, to curves in nearby pages. We
have an analogous description in the case when u C Mp.

The shadowing open book supports the shadowing contact structure. Since the open
book M = OB(P, ¢) supports the contact structure £, away from the binding B we have an
isomorphism & |p, = TPy, for each 6. Therefore, the splitting 7Py = Verty @ Horg induces a
splitting &|p, = Vertz @ Horf). Then &, is given along the interior of the 6-page Pé‘”‘ as the
average

Eplppm = / ) dr(Hor} (2))dz.
ZEry

See Remark 2-2 below for details on how to order to interpret this expression.

Since Horg =T ]D)é, Eml M is isomorphic to TPéV‘ = dn”’(TID%). This, together with the
fact that its binding M% is a Reeb orbit (see the discussion of the holomorphic shadow
below), means that the trivial open book supports the contact structure £ 1. Note that, for u €
M, the contact structure & |, is identified with SBllu. Here, SBL is the symplectic normal
bundle of £ inside & |p with respect to da|¢, which is symplectically trivial along u. One can
then intepret the distribution Horf across the binding as Horf|p=¢& Bl.
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The shadowing almost complex structure. We have that J¢ induces a shadowing almost
complex structure Jf\/t on ker D, as follows. Consider the Hilbert space W2(N,) of W2-
sections of the normal bundle of u, endowed with the inner product

gu(v, w) = / . g:(v(2), w(2))dz,

where g, = da,(-,J¢ - )+ a, ® a, + dt ® dt. By varying u, we can view g as a Riemannian
metric on the Banach bundle W'?(N,)) < W — M. We denote by g? the metric induced by
g on the quotient Banach bundle W'2(N,\R) < W7 = W\R — M9 = M\R. The almost
complex structure J¢ gives an endomorphsim

J5 WAV = WA,

J5(1(2)) = JE (v(2)),

for z € F,, compatible with g,. Then w,(v,w)= g,(v, Jf,(w)) is a symplectic form on
Wl’z(Nu), which can be viewed as a fiber-wise symplectic form in the Banach bundle

W. Let
P,: W'3(N,) = ker D,

denote the L2-orthogonal projection with respect to g,.. Then Jf\/t is defined via

T u(v)(@) = Pu(E (@),

for z € F,,, and v € ker D,,. It is compatible with wﬁ/t. The splitting ker D,, = &g D (07, RAq)

is wa—complex, where R4 denotes the Reeb vector field of o, which follows from the
fact that P,(Ry|,) is a multiple of R4 (see Equation (2-2) below).

The shadowing stable Hamiltonian structure. We have a shadowing stable Hamiltonian
structure H g = (Apg, dapq) on M? whose kernel & My deforms &pq, exactly as for H and
£,i.e. &3, is tangent to TPéV‘ away from M, and the Reeb vector field of H o is R4, the
Reeb vector field of aaq. The splitting ker D, = H g @ (9;, RAq) is Jaq-complex, where
Jam is induced from J analogously as above, i.e. via (Jaq),(v(2)) = PZ{(JZ(v(z))), where
PZ{ : W2(N,)) — ker D, is the orthogonal projection with respect to

ﬁmm:f (), w(2))dz,
ZEry
with g7 =do.(-,J )+ A, ® A, + dt @ dt.

The (pseudo-)holomorphic shadow. We call the Reeb flow of aaq on Mq, the holomor-
phic shadow of the Reeb flow of o on M, generated by R,. In fact, Raq|, is a positive
reparametrisation of the L?-orthogonal projection of Ry |, (a vector field in M normal to u,
i.e. in WH2(NV,)) to the kernel of D{)’ , 1.e. the tangent space to the moduli space. This can be
proved as follows.

By construction, the Reeb vector field Ry € TM? of & M 1s defined by the equations

D,Rr =0,
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1 = (@r0u(Rat(w) = / . (Ra(2))dz, @)

zeFy,

0= (dap)u(Raa(w), ) = / dec,(Rpu(2), ).

zeFy,
We claim that

Pu(Re|u)

R = e PaRa )

(2-2)

This can be checked as follows. Note that the metric gj’\/( = ¢9|7 M4, Where we view TM?
W1 as a rank-3 subbundle, can in fact be expressed as

8 = don (5 Ty )+ IRMIPaat @ e

where

IR M@)II> = (g% )uRa (), Rpq(u)) = / [z (Ram(@)] dz.

zeFy,

We then consider a basis ej, e :Ji/t(el) €én,e3=1/||Rpm IR of T, M4, which is
orthonormal with respect to ggvl. Then

3
Pu(Rali) =Y gulRalu» ei(w)ei(w).

i=1

Moreover,

8u(Ryly, ei(w)) = /

zeF,

8:(Ra(2), €i(2))dz = / az(ei(2))dz = (ap)ulei(u)),

zeF,
and therefore

R(u)
IR A1

with (e p)u(Py(Relw)) = 1/||RM(u)||2. This proves the claim.

The shadow as a flow on M preserving the foliation. To gain some more insight on the
holomorphic shadow, we need better understanding of the tangent space to M If u lies in
a hypersurface H € L, there is a natural splitting of the normal operator D = D’# @ D
into tangent and normal components with respect to H (cf. [Mo, section 4-7]). Here, Ny
is the normal bundle to H, which is a choice of holomorphic complement to H which near
infinity is R-invariant and coincides with & BL C &|p. If H is not cylindrical and projects to the
6-page Py, then ker DY is 2-dimensional, spanned by the R-direction 3, and a vector field
nyrl, which takes values in Ny|,; while ker Dg” is identified under dmy|, with T,Tg(u)]D)é,
parametrising the fibers of the Lefschetz fibration mp near to u. If H= Lp is cylindrical
over B, then ker Dlly H = () while ker DL{H is spanned by 9, and a vector field np|, which takes
values in N, N TB. We may choose the vector fields ng and ny; so that they glue smoothly
together to a vector field 7, in such a way that, when we identify M% = §3, the flow of n is

Pu(Ra|u):
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precisely the Hopf flow on S3. The projection of Ry |, to ker D{Y can then be written as
F@unly, if ue M},

Rmlu= — ,
| Faonl + R 1, ifue MM

where F : M? — R is a smooth positive function, and R/TM |, € ker DIH =T, D?, where
H € H projects to Py and contains u. This fully completes the proof that the trivial open
book in M? = OB(D?2, 1) is adapted to the Reeb dynamics of ap4, its binding M}, being a
Reeb orbit. This completes the proof of Theorem B.

The shadowing cone. We define the shadowing cone by Cy, := dn (ker da) C TM?, where
w:M\L— M is the quotient map to the leaf space. We also define the cones C¢ := dm (§),
and Cy 1= dn(&n).

LEMMA 2-1. The shadowing cone Cq is strongly adapted to the trivial open book
(ML, 000) in M. Namely, we have the following:

(1) the contact form apq is a section of Cy;
(1) the 1-form dOn is a section of Cy;

(iii) the 1-dimensional cone kerdapq is a subcone of Cy, and in fact is the average
direction in Cy, (i.e. Cy is centered at Raq). We write

kerdapys = / (dm ker da;)dz. 2-3)

In particular Ry € Cy;

: _ q.

(v) similarly, the contact structure & \q is the average plane in C¢, and &3, ,, the average
plane in Cyy, i.e.

ErMu= / . dr(§:)dz, (Erpdu = / dr ((§34)2)dz. 24

Fll
Remark 2-2. Formula (2 3) can be interpreted as follows. The intersection of C, with the
gt \-unit sphere Spyq C T./\/l which parametrises the directions in C,, is, away from M$, a
closed subset of the upper hemisphere S N {dO¢ > 0} of Sp¢. This subset can therefore be
globally parametrised by two angles (¢1, ¢) (longitude and latitude); the direction ker do a4
then corresponds to
Rm

(D1(RM), 2(RM)) = ——— =/ (91(2), P2(2))dz.
IRMmI - Jeer,

Along M?%, equation (2-3) also holds, where the average direction is the only direction, i.e.
7t A4 —
kerdotM|MqB—T MB—C()t'M%’

where Tt M$% are the vectors in TM% which point in the positive direction according
to the orientation of M% =S'. The expressions in (2-4) can be understood in a similar
fashion. Namely, the metric 8?4 induces a diffeomorphism between the Grassmannian of
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co-oriented 2-planes in TM? and Sy, by mapping such a 2-plane to the unique unit vector
which is positively orthogonal to the plane; the above considerations then apply.

Proof of Lemma 2-1. For the first gart, we need to show that (e ), (d, 7 (Ry(2))) is posi-
tive forze F,,u=m(z). If e1,er = JM(el) € Ep,e3 =R is the gg\/l—orthogonal basis for
T,M¢4 considered above, we have

3 3
d.7(Ra(2)) =) 8:(Ra(2), ei(@)eiu) = Y z(eil2)ei(u),

i=1 i=1

and so

(@r)u(d:7t (Ra(2))) = (R pm (2)),

which is strictly positive. This proves the first claim. The second claim follows immediately
from the fact that R, is positively transverse to Py for every 6, away from B. The third and
fifth follows by construction. The fourth follows from the fact that B is invariant under R,.
This proves the lemma.

Example 2-3 (Sasakian case=Kepler problem). Note that while R, satisfies the second and
third of the Equations (2-1), it might not satisfy the first one; this is true if e.g. the flow of
R, preserves J, i.e. it is holomorphic, which holds if the strict contact manifold (M, «) is K-
contact or Sasakian. For instance, the unit cotangent bundle of a Riemannian manifold (X, g)
carries a Sasakian structure with contact form induced from the standard Liouville form, and
metric g induced from g, via its Levi-Civita connection. In particular, we have the case of
(M, o) = (S*S3, ag) where g is the standard round metric and c, the standard Liouville form,
whose flow is the round geodesic flow on $3. This is an IP 5-fold, and (S*S3, ag) is Sasakian,
its Reeb flow preserving the metric g and the almost complex structure on ker o, induced
from the restriction of the integrable complex structure on the Stein manifold 7*S>. For this
case, we have R\ = Ry, inducing the Hopf flow on S°. This dynamical system corresponds
to the spatial Kepler problem after Moser regularisation. The holomorphic shadow for the
spatial Kepler problem is then the Hopf flow.

Example 2-4 (Rotating Kepler problem). In [MVK, appendix A], the author and Otto van
Koert constructed a symplectic Lefschetz fibration on the page D*S? of an open book, whose
fibers are annuli, and which are invariant under the return map for the rotating Kepler prob-
lem. Its shadow is then also the Hopf flow, and the shadowing cone is its positive span.
Heuristically speaking, when the mass ratio p is then perturbed to be small, the expectation
is that the shadowing cone then has non-empty interior, and its size provides some sort of
“measure” of non-integrability of the problem.

A non-trivial example: the Katok example in dimension 5. Now we look at the 5-
dimensional instances of the well-known examples by Katok [K73], of Finsler metrics on §°
with only finitely many simple closed geodesics. It turns out that the holomorphic shadow
construction can be understood explicitly, and corresponds to the Reeb dynamics on the
boundary of suitable irrational ellipsoids.

We follow the discussion in appendix A in [MvK2]. Namely, we consider the Brieskorn
manifold
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5._ 4 2 _ 7
27 = {(20,21,22,23) €C sz—O ns’,
J

equipped with the contact form o = % Zj zjdzj — zjdzj. This space is contactomorphic to
§*S3 with its canonical contact structure. We consider the unitary change of coordinates:

2 . iv2 .
Wo = 20, W1 =21, W2 = 7(12 +iz3), w3 = T(zz — iz3).

For € > 0 small and irrational, define the function
He(w) = [w])* + e(lwa]* — [ws]),

and perturb the contact form as o = H_ "' - . The Reeb flow is seen to be

27 it eZm‘l

(wo, Wi, w2, w3) —> (e wy, il re),,, 2=

wi, e w3).

This flow has only 4 periodic orbits by irrationality of €. We have a supporting open book
for the contact form o given by

70: % — C,

(wo, wi, w2, w3) —> wo.

The zero set of o defines the binding RP3, and the pages are the sets of the form Py =
{argmg =06}, 6 € S', which are all copies of D*S2. As in [MvK2], only two of the four
orbits correspond to interior fixed points of the resulting return map, which actually has no
boundary fixed points; the other two orbits lie in the binding, but have periods which differ
from the return time. Similarly, define the maps

m:ES—>C,

(Wo, wi, w2, w3) —> w;,

for i=1,2,3. The Reeb flow then preserves the set of fibers of 7;. For i=1, m is the
standard Lefschetz fibration on each page Py = LF(D*S L 1:13), where tp is the Dehn twist.
We will refer to the flow induced on the fiber-space of r; as the ith holomorphic shadow.
Recall that the ellipsoid E(a, b) is defined as
2 2
E(a,b) = {(u,v)eczzM AL 1} :

a

which is a star-shaped domain in C? and so its boundary S(a, b) := dE(a,b) = $3, which
we call a spheroid to avoid confusion (although this is also usually called an ellipsoid in
the literature), inherits a contact form whose Reeb flow is ¢;(u, v) = (€27 u, ¢*7ib'y). One
may view this as a flow on S> = S(1, 1), which is adapted to the trivial open book given
by (u, v) = v/|v|, and the return map on the disk-like pages is simply the rotation by angle
2ma/b. We say that the ellipsoid/spheroid is irrational if a and b are rationally independent.
In this case, the first return map at each page has the origin as the unique interior fixed point,
and no boundary fixed points.
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From the above discussion, we easily conclude:

PROPOSITION 2-5. The ith holomorphic shadow of the 5-dimensional Katok example is the
Reeb dynamics of:

(1) S(1,1), i.e. the Hopf flow, fori=1;
(i1) the irrational spheroid S(1, 1 + €), for i =2;
(iii) the irrational spheroid S(1,1 — €), for i =3.

One can similarly choose the open book to be a 7;, and the rest of the 7; to be the
Lefschetz fibrations on a fixed page of m;. The dynamics on the irrational spheroid
S(1+e€,1—¢€) is then the 3rd-holomorphic shadow with respect to 2. We remark that,
rather interestingly, this is precisely the one which doubly covers the 3-dimensional instance
of Katok’s construction on RP? [AGZ, theorem 2.3, remark 2-17] (and the latter we see in
the binding of ).

Proof of Lifting theorem. We prove surjectivity of HS.

Proof of Theorem C. The proof is straightforward from the construction of HS, but it
requires some care as to what is fixed and what is a choice, making it rather involved. For
convenience of the reader, we provide careful details.

Denote by « the contact form on S3 whose Reeb dynamics is adapted to the concrete
open book 7 : S*\L — S!, where L = S', having disk-like #-page Pg. Let &y = ker g be the
induced contact distribution.

We fix the following choices:

(i) a contact form ap € Reeb(F, ¢r) (e.g. via the Thurston-Wilkelnkemper construction
of a Giroux form), adapted to some choice of concrete open book on B;

(i) an exact symplectic form wy = dry on each page Py in such a way that (Pg, wp) is a
(degenerate) Liouville filling of (B, «p) for every 0;

(i) an wy-compatible almost complex structure Jo on Py, which is generic as a
1-parameter family.

(iv) an almost complex structure Jp on R x M which makes the concrete open book on B
holomorphic.

This data can be used to construct a Giroux form o € Reeb(LF(F, ¢F), ¢), satisfying
ap =oa|p and wy =da|p, for each 6, which is auxiliary. This gives an auxiliary concrete
contact distribution £ = ker o on M, supported by the IP open book. One can also construct
an almost complex structure J, such that J|g Py corresponds to Jy under the isomorphism
&|p, = TPy, and such that J|p =Jp; we use this J to construct the holomorphic foliation
M associated to a.

Having made these choices, away from B, we have a symplectic splitting

Lo
(TPg, wo) = (Verty, w}) & (Horg, wfy) := (ker dmg, wp lker amy) @ (Verty ™ , wp Verg-es >
(2

together with a symplectic isomorphism (§|p,, da|g Pe) = (TPy, wy). This induces a sym-
plectic splitting
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(Elpy. derle), ) = (Verty, wp*) @ (Horg, wy),

where wg,g = day, e wz,g =da|y oré- The symplectic distribution (Hor® , /%) extends to
B as (éBL M da| J_M) where the symplectic complement is with respect to do.

The holomorphlc foliation M and concrete open book on M provide a dlffeomorphlsm
F : 5% = M, so that we have an induced concrete trivial open book 7 : M \/\/lq — !
with 6-page Pé‘/l together with a contact form o € Q' (./\/l ) and a concrete contact dis-
tribution & 54 = ker @ x supported by the open book. Via the pullback connection Horé\/1 =
(ev?)*(Horp) C T/VZI ) for the forgetful map m,, away from B we have an induced

identification TPéV‘ | = Horg|, as a two-plane distribution on M along u. We also have a two-
plane distribution Hor, S C TM|p,, which is identified with Sﬁ/l = Eml pMs as well as, away

from B, an induced llnear isomorphism Horg = Horgj"l covering the identity, coming from

the analogous isomorphism TPéVl = 5/9\4 away from M%. This induces a symplectic form

a)g M on Hors”1

on Hor*M . For u € M%, &y gets identified with some 2-plane distribution & é‘ M CTM|p

transverse to 7B which also comes with the non-degenerate 2-form do a¢. Note that Horz"’1
might not necessarily be a subbundle of the concrete contact distribution £ =ker «, i.e. it
does not necessarily agree with Horg. To remedy this, we may take an isotopy {a'}ef0.1]
of Giroux forms, with a® = «, satisfying da'|p, = wp and o|p = ap independently of ¢,
together with the corresponding splitting

coming from a)g’. Moreover, we can view da a4 as a non-degenerate 2-form

(&'|p,. do|gr), ) = (Vert] Loty @ (Horb , o),

so that Hor!' = HorfM (and in particular S;‘ M — Eé‘ M = éé- along B). This induces an
accompanying homotopy of almost complex structures {J;}, so that J;|p=Jp, and J;
is independent of ¢ under the isomorphism &|p, = TPy (i.e. it corresponds to Jg). The
corresponding foliations ﬂ? are then z-independent.

Up to this modification, we have dang =fw'* for a unique positive smooth function
f:M\L— R*. Since ./\/l;’g is invariant under the flow of R, we have dfléé_ = (0. We then

consider the contact form o := fa, and its Reeb vector field R’; By construction, we have
kerof =&, dozf|H ¢ =daplyy.6, and R’;lB € TB so that B is invariant under the flow
or, Hor,

ofR’;.

Now, the Reeb vector field Ryq of apq can be viewed as the unique vector field on M
characterised by the equations:

(i) DVR ], =0 for each u € M,
(ii) doap(Ra,-) =0
(iii)) apm(Rp) =1,
While R is positively transverse to TPy, as well as to Horg, a priori it might fail to be

positively transverse to Vertg. Since we still have freedom in the vertical directions, we can
then further modify the Giroux form o via an isotopy as above, without changing the hori-
zontal distribution and relative B, and without changing the foliation Mq, so that n € TM?
satisfies arq(n) > 0 if and only if «(n) > 0 pointwise, when viewed as a vector field in
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Fig. 9. The qualitative image of a transverse path y,, under the defining map @ : §3 — C for the
trivial open book mg = ®¢/|Pg|.

M. If P, : W'2(N,) — ker Dluv denotes the orthogonal projection with respect to the met-
ric induced by J and da, the projection Pu(Rél u) of R’;lu satisfies the first two equations
above, and g|, := « M(Pu(Rélu)) > 0 defines a smooth positive function g: M\L — R™.
Then Ry = g‘lPu(R£| u)> SO that Ry is the holomorphic shadow of R{x Note that R’; is
positively transverse to the pages: if it were tangent to a page at a point, since pages are
invariant under J and symplectic for do, R ¢ would also be tangent to the page at that point,
which is a contradiction. Then o € Reeb(P, ¢) satisfies HS(o, J) = o pq.

3. Transverse paths and symplectic tomographies

Alternatively to the construction of the holomorphic shadow, we may keep track of which
holomorphic curves are intersected by each Reeb orbit in M, without changing the original
dynamics. Namely, for p € M\ L, we may consider the path

v =M (p)) e M,

where qbf” is the flow of R,. If p € B\L, this is a parametrisation of M% =Sl if pe M\B,
this is a path in §* which is positively transverse to each disk-like page Pﬁ’l as well as to
the contact structure £, and is by construction an orbit of the shadowing cone C,. Note
that different choices of p might induce paths which intersect each other (corresponding to
their orbits intersecting the same holomorphic curve), and even self-intersect (corresponding
to an orbit intersecting the same holomorphic curve multiple times), so these paths are not
orbits of an autonomous flow. See Figure 9. We will refer to the collection

TS(a,J)={yp:pe M\L}

as the transverse shadow of the Reeb flow of « on M, with respect to J, which is by definition
the collection of those orbits of C, coming from orbits of o on M.

One may further choose to “package” these transverse paths in different ways, e.g. by
considering those paths induced by points on a section of the Lefschetz fibration at a given
page, as follows.

Fix the O-page Py in M, and consider a two disk D = ID? satisfying:
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L L b
B : o
D — \ / fD)
L ﬂq\
@M fD EM

Fig. 10. The return map fp associated to the tomography D. Open tangencies of (D) with the
vertical foliation (which could, a priori, theoretically arise from “foldings” of the disk f(D))
might prevent in general that fp preserves area. This does not happen perturbatively, i.e. when
we perturb a foliation-preserving map, however. Note that /(L) = L.

(i) D C Py;
(i) aD C 0Py = Bis aloop which is disjoint from the binding L of the concrete open book
in B, and transverse to the interior of each of its pages and to the contact structure £p;

(iii) Dy is a symplectic section of the Lefschetz fibration 7y, i.e. D intersects each fiber of
7o precisely once, and hence D = im(s) for s: ]D)(z) — Py satisfying g o s = id.

We refer to such a disk D as a (horizontal) symplectic tomography for the Reeb dynamics
on M. Note that, if dD is a Reeb orbit of ap which is linked with L, then f(dD) = 9D is
invariant under the return map. This is closely related to the counts of holomorphic sections
with Lagrangian boundary condition of a given Lefschetz fibration, as considered e.g. by
Seidel in [Sei08], with the difference that we consider the more flexible class of symplectic
ones.

For each such symplectic tomography D, we have an associated return map

fpiPO/Vl =>P6\/l

on the 0-page of the moduli space, as follows. We identify P{)V‘ with }D)% via }D)(Q) =(mpoevo
7P, and define fp by

Fo() = ysw(t(u, D)) € P},

where (1, D) =min{t > 0 : y,(1) € P{)\A} is the first return time of the transverse path y;,
to the 0-page P(/)V‘. See Figure 10.

The symplectic disk (D, da|p) is symplectomorphic to (Péw, do | pM ), and both have
finite symplectic area. In general, fp might a priori decrease area. Indeed, f(D) is a symplec-
tic disk in Py with the same symplectic area as D, but it might have an open set of vertical
tangencies, i.e. intersecting a fiber along an open subset of positive area (as opposed to D,
which intersects fibers at a single point). Nevertheless, this is not possible for perturbative
situations where one perturbs a fiber-wise preserving map, in which case the perturbed fp
still preserves area.
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On the other hand, if fp is easily seen to be surjective, i.e. every holomorphic fiber of
1o is intersected by the symplectic disk f(D). Indeed, since f is homotopic to the identity
by a smooth homotopy which preserves the boundary, f(D) is homologous to D relative
boundary. Moreover, df (D) is a push-off in the Reeb direction of dD (they agree if dD is an
orbit, as observed above), hence they can be homotoped to each other via the Reeb flow of
Rp, and in particular away from L (the boundary of the holomorphic fibers). It follows that
the homological intersection number of (D) with the fibers agrees with that of D, i.e. itis 1.
In general, fp is not necessarily injective. However, this is certainly true in the case where f
is close to a fiber-wise preserving map, since otherwise f(D) would have vertical tangencies.

Perturbative case. As observed in the above discussion, if f is sufficiently close to a fiber-
wise preserving map, then fp is an area-preserving homeomorphism of the 2-disk for every
tomography D. By Brouwer’s translation theorem, we find an interior fixed point for fp; by
construction this corresponds to an (interior) fiber-wise 1-recurrent point in the fixed page
Py. Varying vertically the tomography D along Py, we obtain infinitely many such points. If
k> 1, fiber-wise k-recurrent points correspond to interior fixed points of the return map

Sip(W) = Vs (ti(u, D)),

where 1 (u, D) is the k-th return time of the transverse path yj(,) to P(/)Vl. Note that this map
is in general different from fg; recall that fp is not the return map of an autonomous flow.
Having fixed k, using that D and Pg vary in compact families, we can take a sufficiently
small perturbation so that f; p is still an area-preserving homeomorphism for every [ <k, D
and any choice of page, and apply the same argument. This finishes the proof of Theorem D.

Discussion and outlook. Roughly speaking, one might expect that the results here pre-
sented open the possibility of obtaining information on a flow on dimension 5, from a flow
in dimension 3 (more specifically, on $3). The flow of the holomorphic shadow, by construc-
tion, maps holomorphic curves to holomorphic curves, i.e. it is a flow in the moduli space.
While the “’best approximation” of the original flow with this property, it potentially alters
the dynamics of the original Reeb flow in a significant way. It also forgets dynamical infor-
mation in the vertical directions, as well as most of the interesting dynamical information
at B (it is adapted to study spatial problems rather than planar ones); note that in dimen-
sion 3, the shadow, when seen as a flow on B, is just a reparametrisation of the original
one. Moreover, while the holomorphic shadow admits periodic orbits away from the bind-
ing M? (one or infinitely many, by combining Frank’s theorem with Brouwer’s translation
theorem; and in fact if arq is C°°-generic the union of their images is dense in S3 [Irie)),
these may bear no relationship whatsoever with spatial periodic orbits of the original Reeb
flow Ry; unless the latter vector field satisfies the linearised CR-equation, in which case
Ry = Ry, which one expects to happen only for certain integrable systems as the (rotating)
Kepler problem. Also, it would be surprising to obtain holomorphic curves which are invari-
ant under the original Reeb flow away from the integrable case (or perhaps perturbations
thereof); if such curves existed e.g. in the case of the three-body problem where F = D*S! is
an annulus and we have twisting at the boundary, one would be able to conclude via the clas-
sical Poincaré—Birkhoff theorem that there are infinitely many periodic points with arbitrary
large period.

On the other hand, one might hope to “lift” dynamical properties from the shadow to
the original dynamics. For instance, one can envision extracting information related to the
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complexity of the original flow by studying its shadow, at least generically. For instance, from
the semi-conjugation (1-1), one obtains that the topological entropy of ¢£VI;M is no smaller

than that of ¢f3;M. Moreover, C*®-generically, Reeb flows on 3 have positive topological
entropy [CDHR]. Since heuristically ¢£v1 M is “less chaotic” than the original Reeb flow,
this suggests that generic adapted Reeb flows on any IP contact 5-fold might have positive
topological entropy, which is moreover generated by spatial orbits (note that if the planar
problem has positive entropy, so does the spatial one, since it is an invariant subset). Of
course, this is not the case for the integrable limit situations here considered. Note that, the
shadow of the 3-dimensional flow, when viewed as a flow on B, has the same topological
entropy as the original flow; but, since every homeomorphism of the circle has vanishing
entropy, we obtain no interesting information when we semi-conjugate to the moduli space.

Alternatively, the notion of the transverse shadow, while still forgets dynamical informa-
tion in the vertical directions (and so in principle it might not be possible to recover the
original Reeb flow by knowledge of the collection of all horizontal tomographies for each
page), is more reliable than its holomorphic counterpart. The clear disadvantage is that it is
not a flow. However, for each choice of symplectic tomography, the failure of the associated
transverse shadow to be a (non-autonomous) flow is precisely the existence of fiber-wise
intersections. Note that an invariant surface for the return map f is a point u € POM which is
a fixed point for fp, for every symplectic tomography D. Note that the notion of a vertical
tomography is complicated by the fact that there is no globally defined projection to a fiber.

Appendix A. Lorentz metrics and open books

In this appendix, we consider a weaker notion of an open book being adapted to a cone
structure as that of Definition 1-2, and give some curious examples arising from Lorentz
metrics.

Definition A-1. Consider an everywhere non-trivial cone structure C on a manifold M,
where M is endowed with an open book (B, 8). We say that C is weakly adapted to (B, 0) if
there is a Giroux form o for the open book such that:

(i) the Reeb vector field Ry is positively time-like for C; and

(i1) the contact structure £ = ker « is space-like for C.

Weakly adapted cones arise naturally from Lorentz metrics associated to Giroux forms;
see Example (3) below.

Example A-2. We now list some examples.

(1) If @ is a Giroux form adapted to the open book (B, 8), then C =kerda is a 1-
dimensional cone adapted to (B, 6), and « is a section of C. In fact, every contact
form for £ =ker« is a section for C. The Reeb orbits of « are orbits for the cone,
parametrized by «.

(2) If & is a contact structure supported by the open book (B, ), g is a Riemannian
metric on a 2n + 1-manifold M, P is a page of the open book, and x € int(P), we
can identify the space of directions in the open upper half-space d,6 > 0 with the
open upper hemisphere of the 2n-dimensional unit g,-ball. This space can then be
globally parametrized by 2n angles ¢1, ..., ¢2,, and these coordinates are inde-
pendent on the metric. Given ¢ = (¢, . . ., 2,) € (0, 7r/2)2", we let Cy, = C(K,) be
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the cone structure generated by the collection K, of 1-dimensional cones ker da,
where « is a contact form for £ adapted to the open book, and satisfying that
¢i(RT - kerda) € [¢;, m — ;] at every point of every page P, for every i=1,...,2n.
Then C, is adapted to (B, 0). If ¢i(RY -kerda)=m for i=1,...,2n, then Cy is
centered at the Reeb vector field R, of «.

(3) In the context of general relativity, if M is a time-orientable space-time (i.e. it comes
endowed with a Lorentz metric g, that is a pseudo-metric of signature (—1, 1, ..., 1),
and a global, continuous, non-vanishing time-like vector field 9;), then it has
associated future and past light cones structures, given by C. ={ve TM : g(v,v) <0,
g, 0) <0}, C_=—-Cr={veTM:gv,v) <0, g(v,d;) >0}. Their orbits are the
causal curves, i.e. respectively the future-directed/past-directed paths.

A compact orientable manifold admits a Lorentz metric if and only if it has vanish-
ing Euler characteristic; in particular, every compact orientable odd-dimensional manifold
admits a Lorentz metric. Also, every compact orientable odd-dimensional manifold admits
an open book. One can then consider the following situation. Take (B, ) an open book for
M, a Giroux form «, and a compatible almost complex structure J on & = ker «, chosen so
that &|p is J-invariant. Then

8oy =do(-,J ) —a®@a

is a Lorentz metric, whose future light cone C,_; is weakly adapted to the open book. These
Lorentz metrics are at the bottom level of the causal hierarchy, as they are totally vicious,
i.e. they allow for “time travel”.

(4) As a concrete example of a famous totally vicious Lorentz manifold, satisfying
Einstein’s field equations, we may consider Godel’s metric (or Gddel’s universe),
given by (R3, gg) with

1 r\2 c
G:G@:_&M+——7—WMJ%F—QQ)d#+ﬂ——mm
s6=8 1+(5)? 2a V2a

where c is the speed of light, a > 0 is Godel’s parameter, and (¢, r, ) are cylindrical
coordinates on R3. We let r = 2a be the radius of Gédel’s horizon. Then 9y is space-
like for r < rg, null for r = rg, and time-like for r > rg. Note that

lim gg(a)= —c2di? + dr* + r*do*?
a— 400

is the metric for flat Minkowski 3-space. We take the standard contact form on R3
given by
a=dt—r’df.

We clearly have that R, = 9; is time-like, and one readily checks that the restriction
of gG to & =kera = (d,, dy + r29,) is given by

| (1 ) 0
e
gGle = 0 2 (1 + (%)2 <4ac(\/§— ac) — 1))

https://doi.org/10.1017/S0305004122000482 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004122000482

Pseudo-holomorphic dynamics in the restricted three-body problem 691

Fig. 11. Godel’s metric is static and rotationally symmetric (i.e. d;, dg are Killing vector fields).
Its cone structure tilts as we move radially away from the origin. The circles in the (x, y)-plane
of constant radius r are space-like for r < rg less than the value of Godel’s horizon rg, null
for r = rg, and time-like for r > rg. The pages of the trivial open book on R? in this picture
correspond to ¢ = const, and the binding, to the circle “at infinity”. We can clearly guess from
this picture that this cone structure should be weakly adapted to the trivial open book on R3,
where & = dtf — r2d# is the standard contact form in these coordinates, with Reeb vector field 9;.
This is indeed true if rg is chosen adequately. Alternatively, one can turn the picture around by
changing charts, and think of the pages as & = const, the binding as the t-axis, < rg as the collar
neighbourhood of the binding, and r > rg as the mapping torus of the identity monodromy; the
contact form « needs to be changed accordingly. Its Reeb vector field is now 9, for » > rg, and
twists in r < rg, coinciding with 9; at r =0.

Moreover, the expression 4ac(v/2—ac)—1, a degree 2 polynomial in a, is
positive if

V2-1 V2+1
ae , .
2c 2c
We may e.g. take a = 1/+/2¢. Given this condition on a, gg| ¢ is then a Riemannian
metric for every r > 0, and hence & is indeed space-like for gg. See Figure 11. It
would be instructive to determine whether g on R? admits a conformal compactifi-
cation to a Lorentz metric on S, which is weakly adapted to the standard open book
53 = OB(D?, 1); we will not pursue this.
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