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Abstract.

We present a model for atmospheric absorption of solar ultraviolet (UV) radiation. The
initial motivation for this work is to predict this effect and correct it in Sounding Rocket
(SR) experiments. In particular, the Full-sun Ultraviolet Rocket Spectrograph (FURST) is
anticipated to launch in mid-2023. FURST has the potential to observe UV absorption while
imaging solar spectra between 120-181 nm, at a resolution of R > 2-10* (AV < %15 km/s), and
at altitudes of between = 110-255 km. This model uses estimates for density and temperature, as
well as laboratory measurements of the absorption cross-section, to predict the UV absorption of
solar radiation at high altitudes. Refraction correction is discussed and partially implemented
but is negligible for the results presented. Absorption by molecular Oxygen is the primary
driver within the UV spectral range of our interest. The model is built with a wide range
of applications in mind. The primary result is a method for inversion of the absorption cross-
section from images obtained during an instrument flight, even if atmospheric observations were
not initially intended. The potential to obtain measurements of atmospheric properties is an
exciting prospect, especially since sounding rockets are the only method currently available
for probing this altitude in-situ. Simulation of noisy spectral images along the FURST flight
profile is performed using data from the High-Resolution Telescope and Spectrograph (HRTS)
SR and the FISM2 model for comparison. Analysis of these simulated signals allows us to
capture the Signal-to-Noise Ratio (SNR) of FURST and the capability to measure atmospheric
absorption properties as a function of altitude. Based on the prevalence of distinct spectral
features, our calculations demonstrate that atmospheric absorption may be used to perform
wavelength calibration from in-flight data.

1. Introduction

Atmospheric absorption, in particular from Oxygen and Nitrogen molecules, significantly
limits our ability to observe the Ultraviolet (UV) spectrum from the ground [1]. Many teams
use sounding rockets, weather balloons, or high-altitude observatories for aeronomy or solar
physics studies to get above most of the atmosphere. Correcting for this absorption is possible,
however, some light will always be lost.
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There are many models that predict the properties of Earth’s upper atmosphere. The Naval
Research Laboratory Mass Spectrometer and Incoherent Scatter Exosphere 2000 (NRLMSISE-
00) atmospheric model is typically used to obtain the density of elements and their temperatures
as they vary with altitude [2]. The most common absorption coefficient database, The High-
Resolution Transmission (HITRAN) molecular spectroscopic database is a common resource for
obtaining absorption coeflicients, but it does not contain absorption cross-section information for
O in the UV spectral range [3]. The Max-Planck Institute for Chemistry in Mainz, Germany
(MPI-Mainz) Ultraviolet-Visible (UV-VIS) database [4-6] does contain this data, however, it
requires significant post-processing.

In our research, there are very few complete models for UV absorption and even fewer that
cover wavelengths below 300 nm [7-11]. To give an example, [12-14] aims to calculate the
high-altitude atmospheric emission effects due to “day-glow.” However, it does this by looking
through Earth’s upper atmospheric layers. This absorption model was designed for the specific
purpose of determining the optical depth between two orbiting spacecraft and inferring the
abundance of certain molecules in that level of the upper atmosphere. Many aeronomy models
account for the self-absorption and re-emission of light, and more information can be found in
[15].

A pressing issue with all of these available models is that they are closed-source and platform-
specific programs. It would be extremely beneficial to the atmospheric community if a general-
purpose program could be developed that pulled together these various resources. Thus, we
have developed an open-source platform-independent model with the primary goal of being more
broadly applicable. This goal is in line with other National Science Foundation (NSF) goals such
as the EarthCube project led by the National Center for Atmospheric Research (NCAR) [16].

As a reference for building our model, a review paper by Meier (1991) discusses many models
of the time and presents a plot of the “Altitude of Unit Optical Depth” ([17], Figure 2). Our
initial aim was to match these results by combining the NRL density model and the MPI-Mainz
UV-VIS database, providing a platform that can be adapted to fit the user’s needs.

The initial inspiration for this work was to understand atmospheric absorption during
sounding rocket flights, for example, the upcoming Full-sun Ultraviolet Rocket Spectrograph
(FURST). FURST was motivated by a distinct lack of complete Vacuum Ultraviolet (VUV, 120-
181 nm) spectra at high-resolution (R > 2-10%, AV < 15 km/s) of the full solar disk. A good
example of the currently available data is SUMER, which has a good resolution (R ~ 7—16-10*
from 67-161 nm) but did not capture the full disk (1” x 300” slit) [18-20]. SUMER can perform
a raster across the surface, but it takes 31 hours to do so, limiting the temporal resolution of
such a measurement. This and other slit-based spectrometers focus on narrow wavelength bands
and cannot capture the full disk of the Sun over small time scales. FURST will provide not only
an opportunity to observe the full disk of the Sun in such an important and wide wavelength
range but should observe UV absorption from Earth’s upper atmosphere.

In addition, we intend to launch a set of instruments from higher latitudes. The Hi-C Flare
campaign will require waiting on the launch pad for hours in order to launch at the opportune
time to capture an active flaring region on the Sun [21]. With this constraint, Poker Flat,
Alaska is required to be used. However, at this latitude and extended launch windows, some
atmospheric absorption will be inevitable. Predicting this effect will assist our team in adjusting
the launch windows (time of year/day) for this exciting campaign.

In this paper, we discuss the development of an atmospheric absorption model that can
be used for various purposes. To test one application, we simulate the potential impact on an
instrument and utilize specific absorption features as fiducial points to aid in spectral calibration.
Additionally, given a high spectral and radiometric resolution, we have the capability to analyze
spectral images of past sounding rockets to uncover the fundamental physical properties of
absorption-causing elements. In-situ measurements of the kind and at these altitudes can only
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be done with sounding rockets.

In Section 2, we introduce the methods for building up the spherical shells model, including
refraction and atmospheric properties. We set up the model by introducing the optical
depth calculation for a curved atmosphere with refraction. The model is then simplified for
computation with imported databases for atmospheric density and molecular absorption cross-
section. We finish the model by simulating a spectral image on our sounding rocket instrument
with these absorption effects. Finally, we discuss two possible results from such an approach:
spectral calibration and inversion of atmospheric information from raw data. In Section 3 we
will summarize these results, and in Section 4 we discuss the potential uses for this technique
and future work.

2. Methods
2.1. Differential Path Length

To introduce the necessary components for building up our model, we start with the optical
depth. This term characterizes the amount of material that light will have to pass through
before arriving at the detector. One normally uses Beer-Lambert’s Law to calculate the optical
depth 7, which requires knowledge of the absorption cross-section ¢ (cm?/molecule) and the
number density 1 (molecules/cm?) as follows:

I=1Ie™ ™, 7(r,\) = / o(r,A\)n (7"/) — = T = ZO'Z‘IJ??Z‘IALi? (1)

where [ is the intensity at the detector, Ij is the intensity of the source. The optical depth varies
with height » (km) and wavelength A (nm). Since we are developing a database-driven model,
we switch to index notation and label them as ¢ and j, respectively. We write the transmission
factor T = I/Iy to measure how much light would be absorbed in the specified altitudes and
wavelengths.

It is the convention to denote the zenith angle # in the form p = cos#. In traditional models,
the factor p alone can account for the change to optical depth due to changing zenith angle (see
left diagram in Figure 1). This is valid for a small angle 6, however, we want a more robust
model that takes into account the curvature of the Earth’s atmosphere, refraction, and changing
altitude. With this in mind, we have combined it with the model altitude resolution Ar and
will refer to it as the “differential path length,” AL; = Ar;/p;.

Solving for the differential path length is a primary contribution of this model. The diagram
for setting up the geometrical argument is shown in Figure 1. To add further complexity, we have
considered the cross-section ¢ to be a function of temperature. This dependence becomes very
important at the altitude of unit optical depth, as our later results will highlight. Temperature
is of course dependent upon altitude, so we write 0 = o (1, A). We also attempt to account for
the impact of refraction to ensure we have covered the most significant factors.

Using these given variables, we can calculate the adjusted AL as described in Figure 1. In
this Figure, the spherical shells are shown on the left, along with 3 triangles that highlight the
relevant trigonometry. Beginning at ground level, we solve for each AL along the path length
from the observer to the source. The triangles here indicate the necessary angles and side lengths
needed to solve for each AL;. As in Equation 1, these non-uniform differential path lengths are
what distinguish this setup from the simple model with uniform AL = Ar/pu.

There are many ways to solve these triangles for AL;, but we have done so in a way that
requires the intermediate angle 0, in order to prepare for the application of refraction. To solve
for the differential path length AL;, we employ simple trigonometric relations (see Appendix

A) to work out that ALy = \/(ro + Arg)? — g (1 — pd) — ropo. This is the solution for the
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Figure 1. Cartoon of Geometry and Trigonometry to solve (not to scale). The spherical shells
have an initial zenith angle that depends upon the starting point of the observation, rg. The
differential path length AL; is labeled for a refraction/refraction-less setup. The next 3 diagrams
show the relevant geometries at this initial height, with the effect of refraction exaggerated. The
first triangle shows the necessary angles and side lengths in order to solve for ALg. The next
two show the progression in solving for AL; along each additional shell. For the proper optical
depth calculation in Equation 1, we must calculate all intermediate AL; along the optical path
at each subsequent height r;.

first spherical shell at the initial altitude rg. Extending to the generalized solution for each
subsequent shell 7 in the differential path length AL;:

i 2 i1 2 i1
AL; = (7“0 + Z Ari/> - <r0 + Z Ari/) (1—p2) - <r0 + Z Ari/> i, (2)
/=0 /=0

=0

ro+ > o ATy
PR A= LA RIS 3)
o+ D i—o ATy

giving us a solution for the length of each discrete path between all shells. This solution is
fed into Equation 1 to yield the total absorption at each particular wavelength for the starting
altitude rg. We can then adjust the starting altitude rg and perform the calculations again to
build up the model for the absorption profile.

As mentioned in Section 1, a popular paper that describes atmospheric absorption in these
wavelengths is [17]. We set the date, time, and location listed in Table 6 from that paper:
March 21, 1980, 10:00 AM local time, at the GPS coordinates for White Sands Missile Range
(WSMR), NM. From those details, we can query various databases and online resources for the
initial zenith angle pg =~ 0.7 (from PySolar [22]), and the altitude and sea level for ry ~ 6379.4
km (from the USGS [23]). We also load into the program the PyNRLMSISE-00 atmospheric
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model data at a defined resolution Ar = 1 km [24]. Higher spatial resolutions can of course be
specified as desired, but show no appreciable difference to the results presented in this paper.

In the calculations above, 0r; is solved at each step and depends on the normal angle from
the previous shell. This was done intentionally to provide a natural progression to refraction
correction.

2.2. Refraction
We refer to [25] for a rigorous derivation, showing that refraction corrections are small for
altitudes above 20 km and do not exceed 0.2°. For completeness, we have developed the tools for
applying refraction to the intermediate angle 0r; at the shell boundaries. For the applications in
this paper, it is not necessary to apply these corrections Refer to Appendix A for more details.
From Snell’s law, there exists an equivalence on either side of the shell “wall,” namely

=1 (") (- at). 0

where n is the index of refraction of O2 and 6 is the angle to the normal of the shell boundary.
Substitution into Equation 3 yields a correction factor onto ;. If the density is low (p < 1
g/cm™), it can be expected that the refractive index n is near unity [26; 27]. From the Lorenz-
Lorentz relation [28], the refraction index can be expressed relative to the previous refractive
index as

Ui
Ni—1

(TLi_l — 1) + 1, (5)

n; =

where 7 is the number density and n is the refractive index. Using the same low-density
assumptions, it is known through the Cauchy formula [29] and [25] that the dispersion formula
for the refractive index as a function of wavelength can be expressed as

B
nO:A(1+>\2>+1, (6)

where constants A and B are tabulated from observations (see Appendix B).

A final complication related to refraction correction arises when we consider the initial zenith
angle compared with the “perceived” zenith angle. As shown in Figure 1, the refracted path
as perceived by the observer has a given angle 6y that is slightly higher than the actual zenith
angle. As such, we must correct the given initial zenith angle such that the curved refraction
path aligns with the location of the Sun. Since the correction for refraction seems to be small
for our applications in this paper, it is left for future work. In the next section, we will put all
of our functions together and remove the recursive relationships.

2.3. Assembling the Model

In order to avoid computationally expensive functions, we simplify our summations and
nested expressions. Since we are using a uniform atmospheric density model, apply a uniform
Ar. Expanding the nested functions is rather trivial and results in a much cleaner and faster
computation (see Appendix B for complete derivation).
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Figure 2. Densities of H, He, O, Os, N, Ny, and Ar. These data show good agreement with
[17], Figure 30.

AL; = \/[7"0 + (i + 1) Arg)® — (o +iArg)? (1 — p2) — (1o + iAro) s, (7)
_ ro + Arg 2 no 2
ni =1 (ng—1) + 1. (9)
o

This equation holds true for any ¢ > 0. To avoid confusion with the symbols, recall again
that the refractive index is n and the number density is 7. Among the initial conditions needed
are the initial altitude ¢ and the cosine of the zenith angle g, which are given based on the
location and time of day. As mentioned in Section 2.2, the refractive index ng should be a
function of wavelength. This correction is ignored for now, and in fact refraction, in general,
does not contribute to the results presented in Section 3 and can be set to a constant of unity. In
the next sections, we discuss the models for number density 1 and the absorption cross-section
.

2.4. Atmospheric Properties

In order to compute the expected absorption from the atmosphere, we need a model of the
density of the material causing the absorption. We could begin by setting up the number density
to follow the general exponential trend. However, a complex data-driven model has already been
developed by the Naval Research Laboratory: the NRLMSISE-00 Model [2; 24]. This model
provides users with the temperature and density for Hydrogen, Helium, Oxygen, Oz, Nitrogen,
No, and Argon for specified dates and locations as a function of altitude.

The data plotted in Figure 2 is retrieved at the time of year and for the specified launch
location from [17]. We can adjust the time of day as well to see the effect this has on the
final model. Similarly, the zenith angle can be found in online tools such as the Solar Position
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Figure 3. Absorption cross section for Oz between 120-181 nm (left) and varying with Altitude
between 120-130.4 nm. These data show agreement with [17], Figure 27.

Calculator provided by NOAA [30; 31] or the python integrated package “PySolar” [22]. For
this model, at solar noon p =~ 0.7 at ground level.

The final piece of the optical depth calculation is the absorption cross-section. We show in
Figure 3 the values for Oy available from the MPI-Mainz UV-VIS Spectral Database [4-6] for
the specified spectral range. Cross-sections are given in terms of cm? per molecule. This plot
roughly matches the order of magnitude of [17], Figure 27, as well as a much older paper ([32],
Figure 10).

The data set itself is based on laboratory measurements and detailed at various wavelengths
and temperatures. As such, the data are sparse and some interpolation is needed to set up
the continuous 2D array shown in Figure 3 (right). For this interpolation, we retain the given
values while ensuring smooth variation between any missing points. This is the simplest method
that preserves the general trend seen in the data. As noted later in Section 2.7, the lack of
complete data is another motivation for detailing this model. It may be possible to fill in this
missing information by looking at raw spectral data taken in-situ and determining the absorption
cross-section from that measurement.

Note many interesting features here in Figure 3 (left). Firstly, the continuum is nicely visible,
with a few small peaks near the middle part of the range. Given a large enough Signal-to-Noise
Ratio (SNR), these stand-out peaks could aid in calibration. The highest value, nearing the -16
order at around 125 nm, will be useful as well. Finally, there are the Schumann-Runge bands at
the far end, beyond 175 nm. This messy region could provide fiducials for spectral calibration
[33].

Putting the cross-section data together with the number density is the final piece to
calculating the optical depth as it varies with height and wavelength 7(r,A). A useful
representation of this result is the altitude of “unit optical depth.” This is the location where
7 = 1 in the exponential term of Equation 1, and is shown as a function of altitude in Figure 4.

This result is in good agreement with [17], which also matched previous results from [34].
This plot makes sense when compared with the sharp drop in the density of Oy in Figure
2. Additionally, the right plot in Figure 3 shows that this altitude has a significant shift in
absorption cross-section. These effects combine to produce a sharp transition at around 80-120
km. The sharp peaks near the start of the range will certainly provide some calibration points,
but the Schumann-Runge bands will most likely be too low for this specific test. In the next
section, we simulate a set of noisy camera images for testing and analysis of this model.

2.5. Simulated Spectra
After calculating the optical depth, we can simulate an expected CCD signal by combining
the transmission value T" with the estimated photon flux Iy. In this section, we will explain
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Figure 4. Altitude of Unit Optical Depth as calculated by Equation 1 and 7.
Shows agreement with [17; 34]

the method for generating a simulated solar spectrum by using data from the High-Resolution
Telescope and Spectrograph (HRTS) as a baseline for solar activity.

The HRTS spectrum is well known and is one of the better databases for the UV range [35].
Other sources exist such as ATA and LISARD, which present solar monitoring information for
the general public [36]. As the name suggests, HRTS has a high spectral resolution (0.005 nm).
This is necessary if we want to use it to predict what FURST will see, which is expected to have
a similar or better resolution.

The Flare Irradiance Spectral Model (FISM2) is also used. Described in [37] and available
on [36], this model puts together actual measurements alongside an empirical model of solar
variability to produce a more complete data set of UV spectral irradiance at 0.1 nm resolution.

The intensity of the HRTS Quiet Sun (QS) signal is shown in Figure 5. Since the noise floor
for HRT'S is high, we also use the FISM2 model as a reference from the same date (March 1980).
The HRTS spectra shown here are originally given in units of erg/s/sr/A/cm?. We convert to
ph/s/nm/cm? by using the size of the full disk (9.352 - 1072 sr), but an additional factor of ~
1.4x is used in Figure 5 to scale the intensity to match the FISM2 model.

This difference is relatively small but could be attributed to the scaling of HRTS to the full
disk. Additionally, the QS spectra do not include additional irradiance from Explosive Events
(EEs), Active Regions (ARs), etc. Even so, we prefer to use the HRTS spectra over the FISM2
model in this application because it is given at a much higher spectral resolution. The best way
to obtain a full-disk high-resolution spectrum would be to measure it directly, which is one of
the primary motivations for developing an instrument like FURST.

To simulate the spectral signals we need to fold both measurements into the instrument
functions for FURST. This conversion from the raw-data values to Data Numbers (DNs) is done
by having knowledge of the instrument, cameras, filters, and other effects such as noise, and can
be found in the Appendix C. Of note, there will be a spectral plate scale of =~ 0.005 nm per
pixel. This defines the 1-dimensional linear wavelength-to-pixel mapping function used in this
paper to demonstrate the model’s use for calibration.

Additionally, specifying an exposure time requires us to implement the expected flight profile,
since a single exposure occurs at various altitudes. For this setup, we have a 10-second exposure
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Figure 5. The solid line shows the HRTS spectra for the Quiet Sun (QS) scaled by 1.4x to
match the FISM2 model shown by the dashed line.

window at the apogee near 254 km, where there is effectively no absorption, and another at the
bottom end of the flight between 115-132 km, where there is much more absorption.

With these conversions in place, a noisy image is generated for a FURST camera signal. The
top image in Figure 6 is the 2D simulated signal for the window between 115-132 km. The noise
can be seen here, but the spectral features are clear in the bottom plot. The top solid line is
the FURST signal averaged across all rows from the simulated 2D image. The red dashed line
beneath it contains the FISM2 simulated signal as described in Figure 5.

An important comparison to this available data is the estimated FURST noise floor. To
calculate this value, we take the various sources of noise from Table C1 in Appendix C and work
out the highest resulting output signal from an input signal of zero photons. This works out to
an output of approximately 2.5 DN shown as the bottom solid red line in Figure 6.

On average, the Standard Error of the Mean (SEM) for these signals is much less than 1%
so it is not displayed here. It is also encouraging to see that both signals are many orders of
magnitude higher than the estimated noise floor for FURST. This helps to point out the clear
improvements being made with the instrumental capabilities FURST will provide.

With the appropriate conversions and noise accounted for, we now have a method for
computing atmospheric absorption at the altitudes along a sounding rocket flight profile. This
will allow us to see if the instruments have enough SNR and spectral resolution to be useful for
calibration or inversion of atmospheric properties.

2.6. Calibration

Before a spectral image from an instrument can be properly analyzed for solar physics, it
must first be calibrated. There are two different types of calibration of interest to us here:
radiometric and spectral. In this context, radiometric calibration refers to determining the
conversion of the signal at each pixel from the computer signal in terms of data number (DN)
back into physical units (W cm™ s st A‘l). Likewise, spectral calibration involves determining
the fitting parameters for recasting the pixel numbers in terms of their known wavelength values.
One common parameter is the spectral plate scale (in nm per pixel), although typically mapping
functions are 2D nonlinear functions.
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Figure 6. Top: A simulated 2D noisy image from a 10-second exposure between 115-132 km.
Bottom: The median signal level across each row (upper/solid black line) with the estimated
solar continuum (middle/red dashed line) and the estimated noise floor (lower/solid red line)
for the FURST instrument.

To use the identified absorption features for spectral calibration, we use a spherical shells
model to properly account for the levels of expected noise and test whether or not we have
sufficient resolution to be able to fit these absorption features. In Figure 7, we show an example
of this. Here we see the simulated signals from a higher altitude Sy and a lower altitude Sp,.
In the right plots, we compare the ratio of those signals with the absorption cross-section plot,
using the corresponding altitude.

A simple Gaussian is used to map out corresponding pixel and wavelength pairs. From
just two of these pairs, we recalculate the spectral plate scale as to within ~0.5% error. More
sophisticated wavelength mapping programs are to be used in practice to develop our calibration
beyond just solving for the linear parameter. This is a promising result that shows we indeed
have sufficient SNR for a viable in-situ calibration, as well as that these features are ubiquitous
across the spectrum.

2.7. Inversion

Looking back to the models used to generate the spectral images in the previous sections,
the NRL density model is well-trusted but the absorption cross-section database is sparse. This
motivated an investigation into a specific application for sounding rockets. It may be possible

10
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Figure 7. Simulated signal from 10-second exposures, row-averaged. The left plot shows the
full wavelength range for one channel. The top right is the transmission factor of a zoomed-in
region, calculated as shown from the ratio between the simulated data at the higher altitude
(SH) and the lower altitude (S1). The lower right plot compares this segment with a known
peak in absorption cross-section.

to invert the atmospheric absorption from spectral images taken during a flight.

From Equation 1, the density and absorption cross-section is folded into the integral that
yields optical depth. If spectral images are taken over a relatively small range of altitudes,
temperature variations will be small and the cross-section o can be considered independent of
height. Thus, the term can be separated following

—InT;;

Tij=e % iz Al — = A7 = Ojs
> iz M jAL;

(10)

where the transmission factor 1" must be found at altitude 7 and wavelength j. If a spectral
image is taken near apogee then absorption is effectively negligible. Taking the ratio of an
observation from a lower height with one taken at the maximum height will give a proxy of T’
at that lower altitude ¢. Then we can apply Equation 10 to invert the absorption cross-section
using our model.

We can test this with the simulated results from FURST described in Section 2.6 and shown in
Figure 7 (left). We take the simulated noisy spectral images taken at the corresponding highest
(=~ 254 km) and lowest (= 115-132 km) altitudes. Aside from the noise, the main difference
between these two spectral images can be attributed to the atmospheric absorption effect. We
then divide the lower image from the upper images, as in Equation 10, and recover a “measured”
optical depth.

The results of this test are shown in Section 3, Figure 9. As an alternative test, we could
place more trust in the cross-section data and attempt to solve for a density profile. The results
of this experiment are shown in Appendix D.

3. Results

We first show a comparison of the differential path length as calculated by the “simple” model
(where AL = Ar/u) with the result from the spherical-shells model (where AL is calculated
as in Equation 7). An example is shown in Figure 8, generated at varying initial zenith angles
(o = 0.2, 0.4, and 0.6) to highlight the effect. We can see the difference between the use of
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Figure 8. Comparison of the Differential Path Length AL at different initial zenith angles p
in shades of gray. The bottom red dashed line indicates the altitude resolution Ar of 1 km in
this example. The simple model would calculate AL as Ar/u, which corresponds to the initial
point on the left, at 0 km.

uniform and non-uniform differential path lengths from the simple model and the shells model,
respectively.

The simple model would estimate a uniform differential path length as Ar/u, which
corresponds to the initial points (at 0 km) in Figure 8. However, the spherical shells model
allows for this to be a non-uniform value. At higher shells, the angle between the shell and the
path approaches normal (u — 1), forcing the value of the differential path length to approach
the shell spacing (AL — Ar) (bottom/red dashed line). To help understand the effect of this,
we can compare the sum of the AL values between each model. When p ~ 0.2, the shells model
puts this value at about half of the simple model. As we approach a zenith angle greater than
0.6 the difference drops to less than 10%. This model is still in-line with the previous work by
[17] since the time of day provided a high zenith angle. These results, however, predict slightly
less absorption overall for our flight path than simpler models.

Next, as can be seen in Figures 6 and 7, once the signal is transmitted through the instrument
we have enough SNR to tell where the absorption lines are. These fiducials provide calibration
points to verify the pixel-to-wavelength mapping of the instrument to within 0.5%, even though
we only considered 2 lines in this basic example. Furthermore, this calibration only considered
one wavelength channel for FURST. By coupling more fiducials and a broader range we hope
to add significantly to the wavelength calibration of the data through this in-situ method.

Finally, we solve for the absorption cross-section ¢ required to produce the spectra seen by an
instrument like FURST. As described in Section 2.7, this inversion required taking the ratio of
the spectral image taken at apogee with one from a lower height (see Figure 7) and is formulated
in Equation 10.

In Figure 9, the black and red lines represent the known and the computed absorption cross-
section o, smoothed and scaled for ease of comparison. We clearly reproduce the values quite
well, but it is also apparent where noise has made an impact. There are a few deep lines (around
122 nm and 127 nm) that are a result of this.

Additionally, the absolute values are a bit off. From our testing, this can be attributed to
the temperature change at the altitudes where this simulated signal occurs There is a sharp
change in the temperature, and thus the absorption cross-section values. To better reproduce
the laboratory values, we can employ a more nuanced calculation. For example, we have utilized
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Figure 9. Recalculated absorption cross-section from simulated images (red) compared with
the known data (black). Both are smoothed and scaled for easier comparison.

a weighted average based on the flight profile. However, more work must be done to understand
what is missing.

Regardless, the primary features of interest are the peak locations rather than their absolute
values, and this result shows that they are almost completely recovered. There is also a tendency
for higher values to have less error. This is because there is less noise associated with the spectral
image signal from which it is calculated. It may not be possible to perform this calculation from
instruments with a low SNR. This further stresses the importance of radiometric calibration,
and the added value such an effort brings.

This method shows a broadly applicable technique for the inversion of atmospheric properties
from existing data. It may help significantly to fill gaps in the predicted absorption points in our
databases. We have set up this model to look at molecular oxygen (O3) since this is the primary
contributor to UV absorption. However, other molecules can be explored with this model that
may be of greater interest to atmospheric scientists (e.g. Ozone, Methane, Aerosols, etc.).

4. Discussion

This updated model has been shown to accurately reproduce the expected atmospheric
absorption predicted by previous models using modern techniques. Our results match previous
reports well while accounting for the curvature of the Earth and its effects on a non-uniform
differential path length. For zenith angles above p > 0.6, a simple uniform differential path
length will change the optical depth by a factor of less than 10%. This model is especially suited
to applications with a low zenith angle, such as heliophysics tests performed outside of solar
noon, at high latitudes, or with a low flight apogee. With knowledge of the proper absorption
effects, this model can assist in extending the launch capabilities for such missions.

This model’s biggest benefit for our team, though, is in improving our understanding of
the UV absorption effect in FURST data products. It will also enable us to set limitations
or requirements for future launch conditions. Missions with a desire to measure or avoid UV
absorption can benefit from such understanding.

There are of course many improvements that can be made. Extrapolating the given density
data set out above 1000 km, and increasing the resolution, could improve the resolved density
profile or better predict the absorption amount. There also remain other atmospheric effects
that we anticipate being useful for the calibration and inversion of the FURST data products.
Hydrogen and Oxygen resonant absorption adds additional absorption features that can be
utilized for calibration and cross-section inversions. A thermally expanded atmosphere due to
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solar sub-storms, or other such responses to flare events, will have the effect of increasing the
altitude of unit optical depth [38].

The largest improvement to be made is with the sparseness of the absorption cross-section
data. Around the upper heights of the rocket flight, the temperature does not vary all that
much. However, the NRL model shows significant variation in temperature at the altitudes
corresponding to the beginning and end of the shutter open time. We have attempted to use
the available data and have adjusted our code to accept whatever new data becomes available.
Rather than rely on laboratory measurements, we could look into calculating the theoretical
spectral width of the Oy absorption features. Not only should spectral widths change with
temperature, but some lines may only appear at certain temperature ranges. Understanding the
physics behind calculating the resonant absorption lines will likely lead to an understanding of
how to solve this problem.

Additional work on FURST involves improved radiometric calculations for tracking errors
throughout the calibration system and flight instrument and has been discussed in a separate
paper [39]. With these high-resolution capabilities, the noise floor of the FURST instrument
will be well below the expected solar continuum, making the absorption profile easier to resolve.
Following our spherical shells model, in-situ wavelength calibration and radiometric inversion of
the atmospheric absorption cross-section should be possible.
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Appendix A. Details of Differential Path Length Formula

The following shows more details in the derivation of the differential path length calculations.
Refer to Figure 1 as needed. To solve for the differential path length AL;, we first employ the
Law of Sines. Firstly, since sin (7 — 6y) = sin 6, then

sin 6 sin (A1) .1 0 .
— — Q;n = ——  sinfy . Al
ro + A’r‘o 0 Lo St ro + ATQ Sin Yo ( )

Then we use the 180° rule to solve for 6 = 0y — 0. Finally, after some algebra, we use the
Law of Sines again to solve for ALyg.

sin g sin 6 5
ro+Arg | AL 0= \/(r0+ Aro)” =13 (1= ) = oo (A-2)

where we allow the convention of g = cosfy. Extending to each subsequent shell, we can see
the pattern for AL; as

ALy = \/(TQ + Ar0)2 —rd (1 — ,U,g) — T L0 (A.3)

AL, = \/(TO + Arg + AT1)2 — (7’0 + AT0)2 (1 — ,LL%) - (""0 + ATO) H1 (A4)

ALy = \/(7“0 + Arg + Ary + Arg)® — (rg + Arg + Ary)? (1= 43) = (ro+ Arg + Ari) pa (A5)

i 2 i1 2 i—1
AL; = <m +> Anv) - (ro > A”') (1—nf) - <?“0 + A”’) i (4.6)
i'=0 i'=0

/=0

i—1 2

i A 4 .

i = |1 — ot z; =0 =" (1—p2,), i>0, (A7)
N Lot Sicar

o = cos by. (A.8)
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From Snell’s law of refraction, there exists an equivalence on either side of the shell “wall,”
namely

2
n;sinf; = n;,_1sinf;,_1 — ,u? =1- <m_1> (1 — u?_l) , (A.9)
n;

where n is the index of refraction of O and @ is the angle to the normal of the shell boundary.
Upon substitution into Equation A.7, we end up with a correction factor onto pu; given by the
ratio of the index of refraction at each subsequent shell (n;_;/n;). The relationship between
density and refractive index can be expressed linearly if p < 1 g/em™ (see [26; 27], and others).
For Oy, this corresponds to a number density no2 < 10%? atoms/cm3). If the density is low, it
can be expected that the refractive index n — 1. From the Lorenz-Lorentz relation [28] we can
calculate this as

2
n“—1 _, Naia  poi Nag U
et 30 n=5 p+ n; - (nic1 — 1)+ ( )

In Equation A.10, N4 and ¢y are constants. The polarizability « is highly dependant upon
density and wavelength. However, under linearity approximation at low density, the dependency
can be expressed as a function of number density 7. Taking the ratio of refractive indices of
subsequent shells removes those constants, and only a single value for the refractive index at the
instrument starting location ng is needed.

Using those same low-density assumptions, it is known through the Cauchy formula [29] and
[25] that the dispersion formula for the refractive index as a function of wavelength can be
expressed as

nozA(Hf;) +1, (A.11)

where constants A and B are tabulated from laboratory measurements to be 2.663 - 10~*
and 5.07 - 10> nm? respectively. A more precise dispersion relation can be formulated using
polarizability functions, but this is not necessary for a first-order solution. Since we have shown
that the refractive index can be expressed as a function of wavelength, this implies that the
differential path length is as well.

Appendix B. Simplifying Functions

There is a fair amount of simplification that occurs when we see how the nested functions
begin to cancel out terms. For the zenith angle, the recursive functions terminate at ¢ = 0 as
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Likewise, the formula for refractive index reduces to Equations 9. To obtain the final
expression for AL, we invoke the uniform shell-spacing Ar; = Ar. Thus, summations »_;_, Ar;
become (i + 1)Ar. This returns Equations 7 and 8.

Appendix C. Conversion of Signal to Data Numbers

A spectral signal is often given in units of ergs/s/A /sr/cm?. Table C1 shows the conversion
process to units Data Numbers per exposure per pixel. Firstly, we convert the energy from ergs
to photons using the photon energy. Then we have to account for the spectral plate scale for
each wavelength channel in FURST, which is ~ 10.4 nm across a width of 2048 pixels. Since we
are observing the full disk of the sun (/32 arc-minutes), then its size in our field of view will be
roughly constant at the value shown.

The signal is then attenuated by the instrument optics and the physical size of the CCD.
Finally, the photon count rate is spread across the height of the CCD, which if the optics are
aligned properly should match the number of rows of pixels. In folding the photon signal into
the instrument response function, we take into account the charge spreading of the signal across
adjacent pixels. This width o is given from the FURST design and is around a pixel in size
depending on the wavelength. We compute the line-spread function using a standard Gaussian,
Io-exp(—(A—\g)/202), where ) is taken as the HRTS signal mapped onto the defined \ space.

The camera sends this signal along the readout channels after a set exposure time, which for
this testing we have set to 10 seconds. In order to count up the total number of photons during
each exposure, we use the flight profile to fold in the hanging transmission factor, as calculated
by Equation 1 and shown in the Results in Figure 4. In either case, it is at this point that the
signal is saved as an integer number of photons per exposure per pixel.
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Variable Source Values Units
HRTS Signal Raw Data ~ 41473001 erg/s/A /sr/cm?
Photon Energy E,pn=h-c- A1 ~1.32-10"1! erg/ph
Spectral Plate Scale Optical Setup 5.078 - 1073 A/X—pixel
Solar Disk Area Observation 9.352-1073 ST
Effective Area GA - Refl. - Trans. - QE | ~4.176-107°>  cm?
Number of Rows Variable 1024 y-pixel
Exposure Time Variable 10 s/exp
Atmospheric Absorption Model 0.0-1.0 unit-less
Photon Signal Converted R 2070f?ﬁ80 ph/exp/pixel
Photon Noise Poisson ~ £+110.5 (30)  ph/pixel
Electrons per Photon Eph/Een ~ 2.26 e~ /ph
Electron Noise Readout, Fano, Shot, etc. | ~ +25 (30) e” /pixel
Gain Variable 1.0 DN/e™ /pixel
Gain Bias Variable 0 (will be 3000) DN /pixel
Camera Signal Converted ~ 564517357 DN /exp/pixel

Table C1. A summary of the unit conversions and sources of noise in the signal. Beyond the
Photon Signal step, the values are interpreted as integers by the camera and readout systems.

Since there can be inherent variability in the count rate, we add Poisson noise. Likewise,
the CCD converts the incoming photons to electrons based on the electron hole-pair Energy
in Silicon (Ee, = 5.847944 - 10712 erg/e’). The CCD reads out the total electron count from
each pixel in terms of voltage, with readout noise, gain, and gain bias. A separate calibration
code interprets the voltage signal to the computer system as a Data Number based on this gain
and gain-bias value. It is not necessary to include a gain-bias value for this testing, since this
value doesn’t fluctuate and is only present to prevent negative values in the computer processing
System.

Appendix D. Inversion of Density Model

If we have enough confidence in the absorption cross-section, we can in practice recalculate
the density model instead. Starting as before, we can take the ratio of the apogee image with
any lower-altitude image as a proxy of the transmission factor. We then use a forward model to
invert the problem and produce a potential solution for the atmospheric density profile. To do
this, we set up an optimization routine to vary the parameters of an assumed functional form
of the density profile.

This profile is carried through the spherical-shells model and compared with the simulated
“measured” optical depth. The profile used here was formulated by observation of the NRL
model to be a combination of a linear and parabolic line. Thus, using a conventional approach
often used in setting up a broken power law (insert citation), we define the functional form of
the density to roughly follow

y = fi ; p arctan (k (zg — z)) + #’

(D.1)

where y is the density, x is the altitude, and f; = a(z —z0)? +b(z —z0) +c and fo = b(z —xz¢) +c
are the standard parabolic and linear functions, respectively. The coefficients a, b, ¢, and xq
are adjusted by the optimization routine. The value for k adjusts the level of sharpness around

the break-point between the two functions and is simply set to a relatively high number such as
1000.
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Figure D1. Comparing the density model as used to generate the simulated signal (green line)
and the recomputed values through the optimization routine (red line).

An initial guess for the parameters is given based on a fitting of the NRL model. We then
apply those parameters as the initial guess for computing the density within equation 1. This
result is compared with the signal data, and the optimization routing minimizes the difference
between the two by adjusting those initial guesses. As can be seen in Figure D1, the fit is not
perfect but it is close. From these simulated noisy images we can reproduce the density curve
from the NRL model between the observed altitude and 1000km with a Root Mean Squared
Error (RMSE) of about 16%.

We do not consider this routine robust enough, as the initial guess is based on required prior
knowledge and complete trust in the sparse absorption cross-section data set. This step will
continue to be improved upon though, and combining observations from various shutters and
timings may improve this routine. Additionally, we may be able to use the solved absorption
cross-section from one image to inform this inversion of the data from another image.
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