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We numerically and experimentally demonstrate super-resolution focusing of the lowest anti-symmetric (AO) mode
Lamb waves in a thin aluminum plate. The subwavelength focusing/imaging is achieved by exploiting the anisotropy
in phononic crystal (PC) lattices and amplification of evanescent waves. To this end, we embedded a PC flat lens in
the aluminum plate, consisting of through holes arranged in a square lattice formation. We revealed that the bound slab
phonon modes amplify evanescent waves, as previously observed for electromagnetic and acoustic waves. Hence, the
slab mode helps propagate subwavelength information through the PC lens to reach the near-field image formed due to
negative refraction and result in the high resolution image.

The imaging resolution of traditional imaging techniques
is limited by the diffraction limit because of which conven-
tional lenses cannot reproduce features smaller than half the
wavelength (A). The diffraction limit of 0.54 arises due to
the loss of the evanescent component of waves that carry sub-
wavelength information from the source. The inherent spa-
tial decay of evanescent waves prevents their contribution to
image formation. In the late 1900s, Veslagos’s (1968)! dis-
covery of left-handed (LHMs) paved the path for the creation
of flat optical lenses that can produce images via the unusual
phenomenon of negative refraction not found within conven-
tional materials. The negative refraction also enables the am-
plification of the evanescent component of the waves lead-
ing to super-resolution, which was first observed by Pendry
(2000)? using an optical superlens. Apart from LHMs, ar-
tificially engineered periodic structures called photonic crys-
tals were found to show negative refraction of electromagnetic
waves due to negative group velocity in the second (or higher)
phonon band leading to subwavelength imaging®*. In the last
two decades, subwavelength imaging using negative refrac-
tion has received considerable research attention not only for
electromagnetic waves but also for acoustic and elastic waves
due to their potential to benefit many applications, such as
biomedical imaging, non-destructive testing, and ultrasonic
imaging. Analogous to photonic crystals, phononic crystals
(PCs) enable negative refraction and subwavelength imag-
ing for acoustic or elastic waves due to the backward wave
effect>10,

Although subwavelength focusing/imaging was observed
using photonic and phononic crystals, breaking the diffrac-
tion limit requires a resonant coupling mechanism for ampli-
fying large evanescent wavevectors. Super-resolution imaging
was realized via the so-called canalization mechanism in the
first phonon band of photonic/phononic crystals due to Fabry-
Pérot resonance'"'? and with resonant metamaterials such as
superlenses'>!7, hyperlenses'®!'? and metalenses'>?°. Luo et
al. (2003)?! attributed the resonant mechanism to be linked
to the bounded modes of the photonic crystal slab in all an-
gle negative refraction (AANR) regions in the second phonon
band. Following their work, super-resolution was experi-
mentally realized for acoustic waves by coupling evanescent
waves with the bound slab mode of the PC slab?2. Previ-

ously, super-resolution imaging has been demonstrated due
to evanescent wave amplification via bound mode only for
electromagnetic?! and acoustic waves22.

Besides electromagnetic and acoustic waves, subwave-
length focusing and imaging of Lamb waves in thin elastic
structures are of significant research interest due to their broad
range of engineering applications. So far, different mecha-
nisms utilizing PC flat lenses have been studied for subwave-
length focusing/imaging of Lamb waves>!*?324 In our re-
cent work ", we demonstrated broadband subwavelength fo-
cusing of A0 mode Lamb wave by exploiting the anisotropy
of a square lattice PC. We verified an image resolution of
0.631 in the range between 60 kHz to 100 kHz. Dubois et
al. (2015)% observed super-resolution imaging of flexural
Lamb wave with a PC flat lens in the first phonon band, but
it was attributed to time-driven super-oscillations rather than
evanescent wave amplification. Further, metamaterial lenses
composed of locally resonating unit cells were numerically
demonstrated to show super-resolution imaging using surface
flexural waves in thin plates'®!”. In this Letter, we investigate
the super-resolution focusing of flexural Lamb waves by cou-
pling evanescent waves with the bound phonon slab mode of
the square lattice PC slab. We experimentally verify imaging
resolution better than 0.5A using the PC flat lens.

We chose a simple square lattice design for the phononic
crystal, which consists of through holes drilled into an alu-
minum plate. The unit cell of the PC is shown in the inset
of Fig. 1 (a), with a side length of @ = 12.7 mm and a hole
diameter of 12 mm. The PC with four-unit cell rows in the
longitudinal direction is embedded in the aluminum plate of
thickness 7, = 6.35 mm with the I'X crystal direction oriented
along the interface of the plate and PC, as depicted in Fig. 1
(a). The thickness of the plate is reduced to half from 0.5a to
0.25a in the PC region. The focusing phenomenon via nega-
tive refraction in the PC lens is depicted using black and red
arrows drawn from source to image that represent the wave
vectors of propagating waves and the amplification direction
of evanescent waves, respectively. In our previous work?, a
triangular lattice PC lens design with a step change in plate
thickness was demonstrated for AANR in the second phonon
band. Here, we have adopted the step change design with a
square lattice PC to demonstrate super-resolution imaging via



AlIP
% Publishing

100\ —PC
= =-Plate
Plate <> ~ 50/
Image x 4 =
AN / y . 60|
pC TXT t, = 0.25a g
R AT—X 2 40}
Source 8
=] ’
= ’
ks t, = 05a 20 K
’
0 ==
r X
Wavevector

FIG. 1. (a) Flat PC lens embedded in an aluminum plate with a step
change in plate thickness. The black and red arrows drawn from
source to image represent the wave vectors of propagating waves and
the amplification direction of evanescent waves, respectively. The
unit cell of the PC is shown in the inset. (b) Dispersion band structure
of the aluminum plate and PC with the plate thickness of 7, = 0.5a
and 7, = 0.25a, respectively, where a is the unit cell length. The first
Brillouin zone of the square lattice is shown in the inset.

negative refraction and evanescent wave amplification. The
dispersion band structures of the aluminum plate and PC for
plate thickness of #, = 0.5a and t, = 0.25a, respectively, are
shown in Fig. 1 (b) for the flexural (AO) Lamb mode. The
first Brillouin zone of the square lattice is shown in the in-
set in wavevector or reciprocal space. The band structures are
obtained using eigenfrequency analysis in COMSOL Multi-
physics with Floquet periodicity boundary conditions at unit
cell sides for the wavevectors lying in the first Brillouin zone
of the PC. The material properties used for aluminum are:
p = 2700 kg/m?, E = 70 GPa, v = .33. The dispersion band
of the plate intersects the second phonon band of the PC at
about 47.2 kHz along the I'X direction. On the other hand,
the bands intersect at a higher frequency of 54.6 kHz along
I'M direction of the square lattice PC, which is oriented at 45°
to I'X direction because of the anisotropy. The anisotropy in
square lattice arises due to the difference in the internal spac-
ing between the neighboring holes along the two symmetry
directions, I'X and I'M.

The super-resolution imaging is enabled by amplifying the
evanescent waves by the bound slab phonon modes of the
PC?!12226 The bound slab modes are studied using a su-
percell of the flat lens, as shown in the inset of Fig. 2 (a).
The supercell is a one-unit cell-wide slice cut out from the
original lens along the longitudinal direction (see Fig. 1 (a)).
Thus, the supercell consists of a four-unit cell-long PC seg-
ment squeezed in between the two plate segments on both
sides. Periodic boundary conditions are applied at the super-
cell sides, and the band structure was obtained for transverse
wave vectors along the interface of the lens (i.e., along I'X di-
rection). The band structure of the supercell is superimposed
on top of the band structure of the PC and plate to identify
the bound slab modes, as shown in Fig. 2 (a). The supercell
bands lying below the plate band are called bound modes as
they are bounded to the PC slab and travel along the transverse
(I'X) direction. The bound modes cannot propagate in the
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FIG. 2. (a) Dispersion band structure of supercell along with the band
structure of the aluminum plate and PC. The supercell is depicted in
the inset. (b) Modeshape of the supercell for the bound phonon slab
mode with a flat dispersion band near 47 kHz.

plate because the wavevector of these modes is greater than
the maximum wavevector of propagating modes. The bound
mode that couples with the evanescent waves of the plate have
a nearly flat dispersion band in the AANR frequency range at
47 kHz. The band intersects the plate band at 48.2 kHz before
converging at 47 kHz near the X point of the Brillouin zone.
The mode shape of the supercell for the bound mode at 47
kHz is shown in Fig. 2 (b), depicting the deformation of the
supercell bounded within the PC slab section. The photonic
crystal studied by Luo et al. (2003)! has a similar flat band
corresponding to a bound state in the AANR region of the
second phonon band. They show that the bound photon state
inside the slab leads to a resonance condition that amplifies
the evanescent waves if the incident wave is sufficiently close
to flat band frequency. Their flat band spans over a larger
range of wavevectors due to the non-dispersive band of air for
electromagnetic wave propagation. In contrast, the dispersion
band of the flexural Lamb mode of the plate is parabolic in
shape leading to a shorter flat band of the bound slab mode.
The termination of the flat band at the boundary of the first
Brillouin zone puts a limitation on the resolution of the im-
age form due to AANR. The maximum possible evanescent
wavevector that is amplified by the bound modes in the first
Brillouin zone is 7r/a. However, the flat phonon band extends
beyond the first Brillouin zone up to (27/a — k), where k is
the wavevector in the plate at the operating frequency. Thus,
the ultimate resolution limit estimated by Luo et al. (2003)?!
for their photonic crystal lens falls between 0.5aA /(A — a)
and a. We chose the operating frequency of 49 kHz, which is
close to the bound mode frequency, to demonstrate the super-
resolution imaging. The wavevector in the plate at 49 kHz
equals k=0.1962 mm~' (A = 32.04 mm), which results in the
ultimate imaging resolution staying between 0.331 to 0.401.

To demonstrate super-resolution imaging, we constructed a
phononic crystal flat lens using a 6.35 mm thick aluminum
plate of side length 457.2 mm. The plate thickness was re-
duced to half in the PC slab region, and through holes were
drilled through the reduced thickness. The array size of the
holes was 4 x 35 with four rows in the longitudinal direc-
tion. The experimental setup is shown in Fig. 3. The alu-
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FIG. 3. Experimental setup for measuring the velocity field in the image region using a laser Doppler vibrometer. A piezoelectric (PZT) disk
acts as an omnidirectional source of flexural Lamb waves. Two copper strips below the PZT disk are used to facilitate the electrical contact

between the PZT leads and ends of the cable connected to the amplifier.

minum plate with the embedded PC lens was mounted on a
vibration isolation table using two side supports. A PSV 500
scanning laser Doppler vibrometer was used to measure the
velocity field on the plate surface in the image region of the
lens. The spatial resolution of 0.1 mm (0.00314) is used for
sampling the wavefield in the image region. A thickness mode
piezoelectric (PZT) disk excites the flexural Lamb mode of the
plate on one side of the PC slab, thus, behaving as a source.
The diameter of the disk is 7mm (< A /4) which is less than
the quarter wavelength at the operating frequency. The PZT
disk was vacuum bonded using epoxy near the bottom lens
interface at a distance of 0.5a (< A/4). Note that since the
evanescent waves decay in space, the excitation source needs
to be very close to the lens interface for efficient coupling of
the evanescent waves with the bound slab mode. Hence, we
chose to keep the source at a distance much less than the wave-
length at the operating frequency. The PZT disk was excited
with a twelve-cycle sine burst generated by a signal generator
and amplified with a power amplifier. The measured data was
stored in the Polytec data acquisition center while keeping the
laser measurements in sync with the signal generator. The ex-
periments were run at the operating frequency of 49 kHz for
a sample time of 400usec with a sampling frequency of 6.25
MHz. The experimentally measured full wavefield is provided
in the supplemental material.

The normalized root mean square (RMS) velocity field
measured by the laser in a 100 x 100 mm image region near
the top lens interface is shown in Fig. 4 (a) after 300usec.
The image is formed right at the top lens interface with side
lobes that are the characteristic feature of bound slab modes.
The imaging phenomenon was also studied via time domain
numerical simulation by replicating the experimental model
in COMSOL Multiphysics with low-reflecting boundary con-

ditions at the edges. The normalized RMS velocity field cal-
culated using the numerical model is shown in Fig. 4 (b).
The numerical velocity map is in good agreement with the ex-
perimental velocity map. We further obtained the line veloc-
ity plots along longitudinal and transverse directions passing
through the highest intensity point of the image. The line plots
are compared for the experiments and simulations, as shown
in Fig. 4 (c)-(d). The line plots match very well except for
the slightly higher amplitude of side lobes in experiments be-
cause of the boundary reflections at the plate edges and from
the supports that hold the plate as no absorbing boundary con-
ditions were applied in experiments. Nevertheless, the excel-
lent match of the central peak in simulation and experiment
shows that with a finite sine burst excitation signal the edge
reflections do not affect the observed imaging resolution. We
define the image resolution using full width at half maximum
(FWHM) of the line velocity plot along the transverse direc-
tion. The FWHM is 14.5 mm (0.451) which overcomes the
Rayleigh diffraction limit of 0.5A4. Thus, we conclude that
the evanescent waves contribute to the reconstruction of the
image. The evanescent wave amplification is linked to the
overall resonance phenomenon of the bounded slab modes un-
der the condition of transverse waveguiding via total internal
reflection®'. A finite and strong amplification of evanescent
waves results when the incident wave does not exactly satisfy
but is sufficiently close to this condition of overall resonance.
We prove the existence of bounded phonon slab mode in our
PC lens with the supercell study where the bounded mode
modeshape is localized in between the two lens interfaces (see
Fig. 2). We operate close to phonon band frequency and the
side lobes along the transverse direction (i.e., along the inter-
face of the lens) which decay in amplitude away from the cen-
tral peak (see Fig. 4(c)) further confirm the role of bounded



Publishing

AIP

\

Experiment Simulation
49 kHz ) 49 kHz

y (mm)

- - Experiment
— Simulation

M VX
- - Experiment

— Simulation

0 50

2 (mm) y (mm)

E
<}
=

FIG. 4. (a) Normalized root mean square (RMS) velocity field mea-
sured in experiments. (b) Normalized RMS velocity field calculated
via simulations. (c) Line velocity plot along x-direction passing
through the highest intensity point in the image. (d) Line velocity
plot along y-direction passing through the highest intensity point in
the image.

phonon slab modes in the amplification of evanescent waves
contributing to the image formation. Note that the imaging
resolution is a function of time as previously observed for an
acoustic lens by Robillard et al. (2015)%°. The resolution gets
better with time and reaches close to the ultimate resolution
limit in the range [0.33A, 0.40A] if sufficient time is allowed
for a steady-state image formation. In our experimental setup,
there is a limitation on the number of cycles that we excite due
to the finite length of the plate, thus the imaging resolution
could only reach 0.45A. As time passes, the reflected waves
from boundaries start to interfere strongly in the image region,
thus, prohibiting the steady state image formation. Nonethe-
less, we have demonstrated super-resolution focusing using
flexural lamb waves in a phononic crystal flat lens via the am-
plification of evanescent waves by the bound slab mode.

In summary, this Letter presents an approach for super-
resolution imaging of flexural Lamb waves in a thin aluminum
plate using a flat PC lens. The lens has a step-change of plate
thickness to achieve AANR in the second phonon band of the
PC. We found the existence of a bound slab phonon mode in
the AANR region with a flat dispersion band similar to the
photonic crystal of Luo et al. (2003). The bound slab mode
couples with the evanescent waves coming from the source
and enable them to propagate the subwavelength information
to the image plane. A near-field super-resolution image for-
mation is experimentally and numerically demonstrated using
the proposed lens design with an excellent agreement between
measured and calculated velocity fields in the experiments and
simulations, respectively. The resolution of 0.454 is achieved
in the current experimental setup which is less than the diffrac-
tion limit of 0.54. We exploited the bound slab modes for
evanescent wave amplification resulting in super-resolution
imaging of A0 mode Lamb waves. The characteristic fea-
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ture of bound slab modes is observed in the image, indicating
their role in the contribution of evanescent waves to the image
formation. This study may benefit the future implementation
of superlenses for focusing of flexural waves in thin elastic
structures pertaining to applications such as structural health
monitoring, non-destructive testing, and energy harvesting.

See the supplementary material for the full wavefield
measured in the experiments.
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