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We consider first-passage percolation (FPP) on the triangular lattice with
vertex weights (%) whose common distribution function F satisfies F (0) =
1/2. This is known as the critical case of FPP because large (critical) zero-
weight clusters allow travel between distant points in time which is sublinear
in the distance. Denoting by T (, 9B(n)) the first-passage time from 0 to
{X : X » = n}we show existence of a “time constant” and find its exact
value to be

T O, 9B(n
im 0, 2B(n)) = ‘/ — almost surely,
n-e logn 2 3m

where | = inf{x >0: F (x) >1/2}and F is any critical distribution for t.
This result shows that this time constant is universal and depends only on the
value of | . Furthermore, we find the exact value of the limiting normalized
variance, which is also only a function of /, under the optimal moment con-
dition on F . The proof method also shows an analogous universality on other
two-dimensional lattices, assuming the time constant exists.

1. Introduction. Let T be the triangular lattice. We will take T to be embedded in R?
with vertex set Z2 and with edges between points of the form(X;, yi) and (X, y5) with either
@ (x 1, %) — (% ) 1=1lor(b)bothx, =X +1andy, = 4 — 1.

We will consider first-passage percolation (FPP) on T, which is defined as follows. Let
(wy) wez2 be afamily of i.i.d. uniform random variables on (0, 1) defined on a probability
space (, .7, P). Fix a distribution function F with F (07) =0. We define t, = F~! () (so
that ty has distribution F ), where for t € @, 1),

F~(t):=mfy ER: F(y) =t

A path is a sequence of vertices  (Xj, . . . ,nK with X; being adjacent to Xj4+; forall i =
1, ..., nkandacircuitis a path (Xxj, . .. pXwith X; = X,. We will always assume that
paths and circuits are self-avoiding. (A self-avoiding circuit is one such that(Xy, . . . ,nX) is
self-avoiding.) For a path y = (X, . . . ,nK we define its passage time by
n
T (V) = tx,-,
i=2

and for vertex sets A, B €72, we define the first-passage time from A to B by
T (A, B) =inf T (y ) : ¥ a path from a vertex in A to a vertex in B .

For notational simplicity, forx €Z? and B €72, we will write T (X, B)for T ({x}, BiNote
that unlike in the case of edge-FPP, our definition of is not symmetric; this will not matter in
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our arguments.) In first-passage percolation, one studies the asymptotic behavior of random
variables such as T (0, 80B(n)), where B(n) = {X &2 : X « =< n}and dB(n) = {x &2 :
X « =n}

In this paper, we will study the critical case, namely F (0) = g = 1/2, where pc is the
critical threshold for site percolation on T. In this case, it is shown by Damron-Lam-Wang
in [2] that under suitable moment assumptions on t, one has

logn
ET 0, 8B(n) F~' pc+27K and
1.1) k=
logn
Var T 0, 3B(n) F~lpc+27k2,
k=2

and further if Var (T 0, 0B(n))) = © as n = o , then one also has a Gaussian central
limit theorem for the variables (T 0, dB(n)))! (Here we write an b n, if the ratio an/bn
is bounded away from 0 and o .) Sharper asymptotics were proved by C.-L. Yao in [13, 14]
(these results were further developed in [4, 15]) in the special case where ty is Bernoulli (i.e.,
tx = 0 with probability 1/2 and tx = 1 with probability 1/2):

TO,0B(n) | ET 0, 0B(n)) |
- V— Dy - V— 7
(1.2) logn 2 3m logn 2 3m
' va(T 0, 9B(n))) = 2 I
q \v — —
logn 3 3m  2m?

as N = o . (The existence of the limit without explicit values, shown in [13], preceded
[2].) By analogy with the noncritical case of FPP, we will refer to the limit on the left (of

T 0, 9B(n))/1og n) as the time constant for the model. In [13], Remark 1.3, Yao asks whether
one can extend these limit theorems to general distributions.

The behaviors in (1.1) show that the limits in the limit theorems, if existent, should also
depend on the behavior of F ~! near pc, or equivalently the behavior of F near 0. We will
show existence of these limits and, from their explicit forms, it is manifest that this is indeed
the case. Let

I =inf X >0:F (x) > p

be the infimum of the support of the law of &y excluding O.

THEOREM 1.1.  On the triangular lattice T, we have a law of large numbers:

L T0,98()_

(1.3) i V— almost surely.
n-e logn 2 3m
Furthermore, if Emin{t, . . . 4 < o, wheret|, . . . ¢ &re i.i.d. copies of t,, then
Var(T 0, aB(n
(14) fim YT 0,0B0)_, 2 1
n—c logn 3 3q  2m?

IThese results were proved for edge-FPP on the square lattice, but similar arguments give them for the current
setting.
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REMARK 1.
1. One can also show that if E min{{, . . . 4 ¥ < o then
ET 0O, 0B(n
(1.5) lim 0 ( ))= ‘v/_ .
n—»e logn 2 3

This can be proved by using a similar, but simpler, method than that for (1.4). We omit the
details here. Note, however, that (1.5) follows from (1.3) and (1.4) under the stronger moment
assumption that is used for (1.4).

2. Our proof method extends to a large class of two-dimensional lattices (including pla-
nar lattices where RSW tools are available, like the square grid). It gives a weaker result,
since the limits (1.2) are only known to hold for the Bernoulli distribution on the triangular
lattice (due to the use of CLE g in their proofs). However, if any of these are shown to exist
on other lattices (with possibly different limits), then our method shows that they also hold
for general distributions (under suitable moment assumptions).

In the course of the proof, one would need to replace the exact values of arm exponents
used in Lemma 5.3 by inequalities for these exponents on general lattices given in [8]. Pre-
cisely, we use the fact that the five-arm exponent in a half-plane or Z4-plane, and the six-arm
exponent in the full-plane, are all strictly bigger than 2. The five-arm inequalities follow from
the five-arm exponent on the full-plane, which is known to be 2 on general lattices, combined
with the arguments of [8], which only require RSW methods (not conformal invariance). The
six-arm inequality follows from the five-arm exponent on the full-plane combined with the
BK-Reimer inequality.

3. In the standard case of FPP, where F (0) < [z, there is no similar universality of the
time constant. Indeed, using [12], Theorem (2.13), one can construct two bounded distribu-
tions for tyx such that they have the same infimum, but the limits lim p-« w for the
different distributions are positive and distinct real numbers.

4. The moment conditions in Theorem 1.1 and equation (1.5) are optimal in the follow-
ing senses. By a variant of [1], Lemma 3.1, one has for anyg >0, ET 0, aB(n)F <  if and
only if Emin{{, . . . 4 < . Therefore if the above moment conditions fail, then either the
mean or the variance of T 0, dB(n))will be infinite. There is no need for a moment condition
in (1.3) because the infinite path y constructed in Section 4 has all but finitely many edges
with weight < | +1.

5. One can prove point-to-point analogues of the statements of Theorem 1.1 (replacing
T 0, 90B(n))with T O, x) and log N by log X ) with a.s. convergence in (1.3) replaced by
convergence in probability. For (1.4), one needs a slightly stronger moment condition. See a
similar modification in [14].

1.0.0.1. Question. According to (1.1), there exist distributions such that E T (0, 0B(n)) =
o(logn) and Var(T 0, dB(n))) = dbgn), but both quantities diverge to infinity as N —= o .
In this case, does
. T 0, 8B(n))
nlgg logn E -1 —k
k=2 (pC +2 )

exist?

At the time of this writing, this question appears to be open.

In this paper, the symbol C; (where i €N) denotes a (possibly) large constant, and the
symbol G (i =4) denotes a (possibly) small constant.C;, G, C3 are reserved for Definition 3.1
and the definition of a good circuit. The symbol +  will refer to the Euclidean norm.
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1.1. Sketch of proofs.

1.1.1. Sketch of (1.3). We begin by coupling together our vertex weights with Bernoulli
weights: we define the Bernoulli weights as t2 = | - 1{;50}. Because t§ < ¢, one has

AL_ = lim 77-]3(0' aB(n))slim infiT 0, 9B(n))
2 3m N

1 almost surely.
de logn n—o logn

(Here, TB is the passage time using the Bernoulli weights.)
To show the other inequality, it will suffice to prove that

T 0, B(n) — T2 0, 3B(n) = ofogn) almost surely.

The idea for this proof is to use that T B is equal to the maximal number of disjoint closed
(i.e., with weight > 0) circuits separating 0 from dB(n). To construct such circuits, we note
in Lemma 2.3 that results of [7] allow us to find an infinite sequence of disjoint closed circuits
surrounding the origin which are successively “outermost”. Specifically, il is the kth circuit
in the sequence, and Co’k is its interior, then (i lies in Co’k.H, and any other closed circuitC inside
Co’/<+1 has £ C ék. (We make the notion “outermost” precise in Definition 2.2.)

In particular, the sequence (Ck) is maximal, so it is not possible to find a closed circuit lying
entirely in the region strictly between two adjacent circuits in the sequence. In addition, by
the outermost property, from each vertex on one circuit, there is a zero-weight path starting
at an adjacent vertex and ending adjacent to the next circuit. ~ Using this property, one can
construct an infinite path by starting at 0, following any open (i.e., with weight = 0) path
from O to the first circuit, using a vertex from this circuit, following any open path to the next
circuit, and so on. (Here we remark that if we were to use “innermost” circuits, we would
need to build paths starting on a circuit and proceeding inward to circuits in its interior. This
would produce only a finite path, and then we would need to take a limit of these paths.) One
can show that if p, is the portion of  until its first intersection with dB(n), then

TB( ) — 0, 3B(n) = ofogn) almost surely.
The goal then is to show that
(1.6) T(n)—T( p) =ologn) almost surely

for a particular choice of

To choose , we use an adaptation of the “good circuit” construction from [7]. Given an

> 0, we consider a vertex V to be of “low weight” if t, < | + . (This is not the full defini-

tion; low-weight vertices are defined more precisely in Definition 3.1.) In Section 3, we show
that with high probability, any open path starting at one circuit in the above sequence and
ending at the next—so long as these circuits have sufficient distance from each other—can be
modified to retain the same initial point, but to end adjacent to a vertex in the second circuit
which has low weight. (See Figure 1.) This idea underlies the main construction (Lemma 3.2)
in which we build an infinite path y starting at O which passes through each circuit exactly

once and contains only finitely many vertices which are not of low weight. Wetake =V ,
so that pis an initial segment yp of y. Then
T (W — P(yn) = (t,—1)=C+
vig>0,vEy v:i§,>0,vEy

=C+ (/I )T®(y») = C logn.

This is true for any , so this shows (1.6) and completes the sketch.
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FIG. 1. [Illustration of the modification of open paths from Lemma 3.2. The circuits  k+j, i =0, 1,2 are con-
secutive outermost circuits from the construction of Lemma 2.3. The light gray paths connecting vertices Vi) on
the circuits are open. So long as the circuits have sufficient distance from each other, one can find many modified
open paths which begin at the same point and end at the next circuit. With high probability, at least one such path
will end at a low-weight vertex.

1.1.2. Sketch of (1.4). To show universality of the variance, we represent the passage
time as a sum of martingale differences , so that
n
VarT0, %) = E %,
k=0

where (J, is the innermost open circuit in any annulus of the form B(2M*) \ B(2™) for
m = nHere, g is the martingale difference of T (, ) using the filtration generated by
weights on and inside . (The argument for the variance uses, in addition to closed circuits
as in the proof of (1.3), an open circuit construction. The purpose of using open circuits is to
decompose the passage time from the origin to the boundary of a box as a sum of passage
times between successive open circuits.) Using a representation of  , from [9], we split the
difference
n
VarT 0, Jn) —VarTB(0,0) = E %- Ez
k=0
into a sum of three terms, each of which is bounded similarly. The term we focus on can

be written (see Lemma 5.1, where the term we are discussing is called Y) as a difference of
passage times between two open circuits:

T O O) — (O ).

(In Lemma 5.1, this difference is called )7.) Here ka is the next circuit of the form Jy which
is not equal to . Therefore the proof reduces to showing
n
(1.7) ET (O OJ = (O O * = o(n).
k=0
(Note the o(n) appears instead of 0(logn) because we are working on logarithmic scale.)

Once this is done, then the proof is completed by bounding the difference between point-to-
box passage times of the form T (), dB(2")) and point-to-circuit passage times of the form
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T O, Op). Although such bounds have been derived in previous works under stronger moment
assumptions, the situation here is more delicate. We give this argument after (5.27).

To bound the terms of (1.7), we use the construction of low-weight paths from Section 3.
To use this method, we need to show in Lemma 5.3 that with high enough probability, the
circuit O is sufficiently far away from closed circuits ¢ from the sequence in Lemma 2.3.
When this occurs, one can, as in the proof of universality of the time constant, bound the
difference of passage times in (1.7) using paths connecting these circuits which pass through
some number of closed circuits using only low-weight vertices. Partitioning the expectation
according to this “sufficiently far”” event, one has a bound for the summands of (1.7) of the
form

0(1) + E(maximal # of closed circuits between (J¢ and (5/()2.

Here, the 0(1) term corresponds to the bound C/ Kin (5.22), and represents the expectation
on the event that ( is close to a closed circuit (j . The second term appears in (5.25) (where
is written as a K-dependent term a,%). After showing that this expectation is bounded by
a constant, we obtain the bound 0(1) + C for summands in (1.7), and this completes the

sketch.

2. Preliminaries. We begin with some definitions.

DEFINITION 2.1.

1. Foracircuit ,we define ~ to be the interior of namely the bounded connected
component of Z>\  seen as a subgraph of T.

2. We say that a vertex X is open if Wy < 1/2 and closed otherwise.

3. A path (or circuit) is open if all its vertices are open; it is closed if all its vertices are
closed.

Many of our arguments in this paper will involve careful analysis of circuits, so we reca-
pitulate many of their most important properties. We recall that ¢ denotes the interior of the
self-avoiding circuit C.

DEFINITION 2.2. LetA <72 be a Jordan domain (we identify A with the set of vertices
Z? nA and with the subgraph induced by these vertices), and letB S Abe a connected vertex
set.

* An open circuit CS A \ Bis said to be the outermost open circuitin A \ B if B €, and
if, for each open circuit 2S A\ Bwith B € b, we have 2 <€ (CuU C’)

* Similarly, an open circuit < A \ B is said to be the innermost open circuitin A \ B if
B < ¢ and if, for each open circuit 2< A\ Bwith B < D, we have C< (DU D).

Of course, we extend Definition 2.2 to the case of outermost or innermost closed circuits,
replacing the word “open” with “closed” throughout. It is immediate from the definition that
if it exists, the innermost or outermost open (resp. closed) circuit is unique.

If there exists an open (resp. closed) circuitin A \ B having B in its interior, then out-
ermost and innermost open (resp. closed) circuits also exist. This is by now well known,
following from arguments along the lines of the proof of existence of extremal crossings (see
[5], Lemma 1). We describe the idea in the case of outermost circuits, for definiteness. One
can define a partial ordering on open circuits surrounding B in A, where 2 precedes C in this
ordering if 2< [CU O Ttis easy to see that every chain in this ordering has an upper bound,
so there exists a maximal element. Moreover, this maximal element is unique and succeeds
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all open circuits in A \ B having B in their interior: if 22 and C are not comparable, they
intersect, and one can loop-erase their union to produce a circuit € with [CU D] € B U ¢l
The existence of a unique maximal element for the ordering—the outermost open circuit—
follows.

Another consequence of the definition which makes outermost (resp. innermost) circuits
particularly useful is that it requires no reference to an exploration process, though such
processes are often useful. Indeed, the definition gives a more or less explicit representation
for the indicator function of the event{Cis the outermost open circuit in A\B} (and similarly
for innermost circuits). The final consequence we will use, which is of extreme importance,
is that knowing the value of the outermost (resp. innermost) circuit in A \ B tells us nothing
about the status of vertices inside (resp. outside) this circuit. Formally,

{Cis the outermost open circuit in A \ B}is independent of { : X &},

with similar statements holding for the innermost circuit (as usual, “open” may be replaced
with “closed” as well). See, for example, the statement of the analogous statement for ex-
tremal crossings which appears below Lemma 1 of [5].

We will use several (modified) lemmas from [7]. We sketch some of the proofs; they are
mostly intricate RSW-type arguments that are valid for general lattices. The first provides an
infinite sequence of “outermost” closed circuits (k) surrounding 0. This sequence will be
maximal in the sense that Ck S Co’k.H and there is no closed circuit contained in the region
between Ck and Ci+.

LEMMA 2.3. Almost surely, there exists a sequence of random disjoint circuits (C)k=1
with 0 €Ck, so that each of these circuits is closed,Cx S Ci+1, and Ck is the outermost circuit
in Ck+1 which is entirely closed: all its vertices are closed. (Also there is no closed circuit

surrounding 0 in C’1 .) Moreover, there exist constants C1, G, G > 0 such that almost surely,
diam(Ci41) < K diam(G) for all large k, and

@2.1) €, <lim inf 22(aM(GD) _ o plog(iam(@d) o
k- k k=0 k

PROOF. This statement is the same as that of [7], Lemma 1, except that in that paper, the
circuits may be open or closed, and there is no mention of there being no circuit surrounding
0 in &}. For the reader’s convenience, we include here a sketch of the proof.

Consider a large box B( 2N). let €¢(N )be the outermost open circuit in B( 2N) \ 0} (There
exists such a circuit with high probability for N large, by the Russo—Seymour—Welsh theo-
rem). Either there is no closed circuit in€( N) \ {3}, or we can find an outermost closed circuit
2in €(N ) \ §} Continuing in this way, we can find an outermost closed circuitin 2\ {0}
and so on, until we find a circuit with no closed circuits in its interior.

We enumerate the circuits we found from the inside out: let} denote the innermost closed
circuit found above (i.e., the final circuit that we find as we progress inward fromi(N)), let &
denote the second-innermost, and so on. We conclude the enumeration with2. The sequence
of (j’s so found has all the properties in the lemma, except it is finite. The final piece of the
construction is to show that the sequence we find is consistent with respect to the choice of
box: if we chooseM > N and construct a sequence ((}) of circuits inside €(M) via the above
procedure, then ¢ = (; whenever both of these are defined.

Letting ¢ denote the outermost circuit of the (C.) sequence which lies in €(N) U (N )
we claim that §; = 2. We note that ¢ cannot intersect ¢(N), and so lies entirely in €(N);

similarly, G, | does not intersect €(N) U E(N) Gf G4 does not exist, one can replace it
for the remainder of this paragraph by ~ €(M)). By the outermost property of 2, we have
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C]- c [Pu D]. But then C} = 2, since otherwise 22 would be larger in the partial ordering on
circuits but still lie entirely within Cj’ + 1- It is now clear from the construction that C} =,
and that ; = ¢ for i < j.

The diameter bounds follow from standard Russo—Seymour—Welsh arguments; we briefly
describe the reasoning behind the final upper bound of (2.1). Indeed, the RSW theorem gives
the existence of a uniform constant € >0 such that, uniformly in each kK =3, P(Qk) = ¢
where

there exist open circuits O, O and a closed circuit £
in B(2%) \ B*™!) with © € Cand 2SO

Moreover, Q is independent of {Q }=k . In particular, with probability one, the density of kK
for which Q occurs is positive.

Now, when Qg occurs, it is easy to see that some ¢} from the sequence constructed above
must lie in the region between © and O . In particular, there isa € > 0 such that, almost
surely, the box B(2") contains at least C N many ¢}, for all large n. The bound follows.

Qk:=

The next lemma controls the number of circuits from the above sequence which intersect
fixed boxes. It is a combination of [7], Lemma 6, and the inequality in its proof (second
paragraph in [7], p. 23).

LEMMA 24. Forc €W, 1),j = 1andr, s &., define

T(r,s) =T(r,s; ¢ jRY™, (r+3)2¢0+) x 50+, (s 43)2¢0 +)

and N (j, €)to be the number of squares T (I, Spvhich intersect B( 2+ 1) and intersect two
successive circuits Ck and Ck+1 with diam (Ci) =2/ . Then for fixed ¢ € (, 1), there exists
C3 > 0 such that

(2.2) PN (j,c) >} st—;.

In particular, for fixed ¢ €, 1), almost surely,
(2.3) N (j,c) <} foralllargej.

Moreover, ifN G, j, C) is the number of squaresT (r, Syvhich intersect B( 2+ 1) and intersect

L o i —foei )? .
three successive circuits Ce, Ce41, Ckso with diam(Ci) =2 ~101)° then there exists C4 >0
such that

2.4) PN, c)>0 < jC—;‘

In particular, almost surely,

2.5) NG, c) =0 foralllargej .

The following deterministic lemma is a simplified version of [7], Lemma 7, which is a
consequence of the pigeonhole principle. For any sets of vertices S, S, we write d(S, S) for
min{Xx -y :X€E€S,yE€P

LEMMA 2.5. Let Ck+1 and Ck+o be two successive circuits  from the sequence of
Lemma 2.3. Assume that 2) < diam(Ck41) <2T L. Let V{kﬂ), \ékﬂ), . ,,(\571) be M ar-
bitrary vertices of Ck+1 for which

(2.6) Vo) — ) =829, forall p, qwith p = q.

IfN (j, ¢) <7}, then at least M — j? of the vertices vik+y) satisfy d(ktY, Cesn) >29.
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We will also define “good circuits,” which will allow us in Section 3 to construct an infinite
path starting at zero whose intersection with those circuits have low weights. Let be a circuit
surrounding the origin with 2/ < diam( 2} & For constants ¢;, G € 0, 1), we consider
open connected sets 22 with some or all of the following properties:

2.7) Dc * and D contains exactly one vertex adjacent to ;
(2.8) diam(?) = diam( ;)

the open cluster of 2in ~ contains at least (diam( @ vgjtices

Wm which are adjacent to  and satisfy W p — g = (diam(  “9))
(2.9) for p = @ moreover, there exists a vertex Z €2 and for each of

the Wm an open path from Z to W, such that only its endpoint

Wm is adjacent to

Here, the open cluster of 2in ~ is the largest open connected set in " that contains 2. We say
a closed circuit  is (¢}, G, G)-good if any open connected set 22 with (2.7) and (2.8) also
satisfies (2.9). Note thatif  is (¢, G, G)-good, then for any & < G, itis also (¢, &, G)-
good. We will use this definition with 2 equal to the open cluster of an open segment in a
geodesic from a coupled Bernoulli FPP model. Property (2.9) will allow us to reroute this
segment to end at a vertex Wy, which is adjacent to a low-weight vertex.

LEMMA 2.6. ForanyC, G € 0, 1) with ¢ sufficiently close to 1, we can choose C €
(0, 1), depending only on C| and C3, such that

P Ja circuit Cx with J < diam(C) <2/* 1 which is not (¢, 6, G)-good

(2.10) )

=Ge 9,
where Cs, G5 depend only on Cy, C3. Moreover, given such G;’s, we can choose ¢, G, G €
(0, 1) with ¢,C; > G and C, = G such that (2.10) holds with C; replaced by ;, i =1, 2, 3.

PROOF. The lemma follows directly from [7], Proposition 1, and for this reason we
sketch that proposition in the Appendix. Here, we describe how to apply the proposition
to prove the lemma. In [7], the authors define a circuit to be good if any open connected
set 2 with (2.7) and (2.8) also satisfies the following (instead of (2.9)):

the open cluster of 2in = contains at least (diam( @ sg)f-avoiding paths 6, which are
adjacent to , have length = G log log(diam(  (whgre Gs > 0 is a constant) and satisfy

d(6, &) = @liam( S )br p = g moreover, there exists a vertex Z €2 and for each of
the By an open path from Z to Gy such that only its endpoint on Gy, is adjacent to

Since the above requires more than (2.9), by [7], Proposition 1, we obtain (2.10).

3. Construction of a low-weight path. Let () be fixed as ( ;) for some sequence of
circuits with ; © ’ i+1- We would like to construct a self-avoiding path from O such that
(except for finitely many vertices) it contains only open vertices or some vk € | with vik)
being of low weight. For the definition of low weight, let ¢; € (), 1) (which will be taken to
be the same as the G in (2.9)) and recall that | = inf{x >0: F (x) > p}
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DEFINITION 3.1. Let be a circuit such that 0 € with 2 < diam( )il S

1. IfP(t, = 1) >0and | > 0, we say that a vertex V € is of (j -)low-weight if t, = /
and we define @ =0 forall j .

2. If P(t, = 1) =0 or | = 0, we fix any nonincreasing sequence (g ) such that P(/ <
tb=1+g) =>2-a/ 271 gpd @ — 0as j— o ,and we say thata vertex V € isof (j-
Now-weightif | < t, <[+ 3.

For the following statement, given a configuration of open/closed vertices, let P be the
(regular) conditional distribution of the variables () given this configuration.

LEMMA 3.2.  Choose Ci, G and C;, Gy in (0, 1) with corresponding & = G as dictated
by Lemma 2.6, and both C € (G GC;) and ¢ €, Ga). Also fix Cs, G, G > 0. There exists
Cg > 0 such that the following holds for all sufficiently largeK. For a given configurationn of
open/closed vertices, suppose 2 <diam( k1) <Ztland vk € satisfies

(3.1) d VK i =2 diam( k41) .
Assume that:

e N (i,c) <% N (i,d) = and NO(, G) =0foralli = j,

* one has

(3.2) diam( j42) < (i H)Cediam( j+1) foralli = K,
* one has

(3.3) Gi <log diam( j+2) = Gi foralli = K,

* j+1and jypare(C, G, G)-and (C, G, G)-good forall | = k

With I-’-probability at least 1 — &S , (conditioned on n) we can find sequences (V(i))i2k+1
and (D)= such that for all i:

1. fori =k Vi) € and DV is an open path connecting a neighbor of V) with a
neighbor of vi+1),

2. fori = k H, VW is of low weight; and

3. fori = Kk XV contains only one vertex adjacent to 4 1.

PROOF. The proof is similar to the construction of double paths in [7],  Section 5. We
will first construct V(K*1) and 2XK). Because VK € ¢, there exists an open path 2% from a

neighbor of v 10 a neighbor of (4 that only contains one vertex adjacent to k4. Due to
(3.1), we have

diam 2K =2 diam( k41) @ —4 = diam( g41) .

Since k41 is (¢}, G, G)-good, there are at least (diam( x+1))%2 = 26 many vertices
W in the open cluster of %) which are adjacent to k41 andsatisfy W p — wy =

(diam( k41))91S if p = g This implies (for Kk large) W p — Wy = 16(diam( k41))¢ if
p = q So if we choose ( \/ﬂfﬂ) )m as vertices in g+ adjacent to the Wpm's (in some de-

terministic and n-measurable way), then if p = q

v{,k“) - \{7’<+‘) >8 diam( k41) € =829,

Since N (c, j ) <% by Lemma 2.5, at least £ —j2of the vk satisfy d(k+, k42) >
29. We claim that with conditional probability at least 1 — € %/, more than j 2 of the
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V,(#H) ’s have low weight. To see why, we use the Chernoff bound: letting X1, ..., Xbe
i.i.d. Bernoulli random variables with parameter 2~%” 2 and r =2%/ , then

P at most j 2 of the t‘v(n/;ﬂ)’s have low weight <P X| + « - + + X< j?

—j2

=Pexp —(X1+---+X =€/
< é’ Eexp(—X1) "

=d’ 1—2702 4 glymei2 2
< a0

(Here, we have assumed that Item 2 of Definition 3.1 holds; otherwise, the proof is even
easier.) This shows the claim. When it holds (i.e., more than j 2 of the vertices have low
weight), we say that “the first stage is successful”. Note that given 1, the outcome of the first
stage depends only on the weights for vertices on 4.

Assuming that the first stage is successful, we can choose vik+l) {% ) }such that both
conditions hold:

d vk, 1 >29 and  VK* i of low-weight.
This implies by (3.2) that for large K,
(3.4) d vk*), 1 =2 diam( k40) .

Last, we define 2/K) by modifying XK 5o that it begins at a neighbor of V() and ends at a
neighbor of vk+) (with only one vertex adjacent to  k41).

Now we construct the further paths plk+1) , pk+2) , .. and v(k+2) , yk+3) , . . -Inequality
(3.4) means we can find an open pelthé(’< +) connecting a neighbor of vk+) with a neighbor
of k4o, with only one vertex adjacent to k4o, such that

diam 2KV =2 diam( g42) @ —4 = diam( g42) ©.

Therefore we can repeat the argument leading to (3.4) with k+) i place of 2 using
now that k42 is (€1, 6, G)-good (and putting € in place of C), to construct an open path
’k+1) from a neighbor of VK*1) to a neighbor of some Wk € |, of low weight that
has only one vertex adjacent to k4o. Again, we will only be able to do this with conditional
probability =1 — exp(—G log, diam( k42)) , given both n and the outcome of the first
stage. (Note that conditioning on the outcome of the first stage only gives information about
the weights on  k41.) If we are able to find such XK+ and K+ then we say that “the
Stage 2a is successful”.

Unfortunately the argument above only givesd( vk+2) 1) =2(diam( k43))% for some
a < ¢ and this is not enough to iterate the argument (the estimate will continue to deteriorate
at each further iteration). We now claim that we can choose Dk+) and v(k*2) guch that

(3.5) d vk =2 diam( k43) ©.

To show (3.5), we argue as follows. If it so happens that diam(Z2Xk*V) = @liam( x42)),
then we repeat the argument leading to (3.4) with 2Xk+1) i place of X% (and the same value
of €) to produce yet another open pathD(k +) connecting a neighbor of vk*1) with a neighbor
of some V(kt2) € k+2 of low weight, with only one vertex adjacent to k4o, but this time
we will have the estimate (3.5) using DK+ i place of Dk+1) The conditional probability
that we can find such 2K+ and vK*2) is again at least 1 —exp(—G log, diam( k+2)) . (f
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we can find such a path and vertex, we say that “the Stage 2b is successful”.) Otherwise, we
must have

diam 2Kt < diam( k) ©,
and so
(3.6) vikH) _ gk < diam 2KV 4 <2 diam( k40) ©.

In this case, we always declare Stage 2b to be successful. If (3.5) fails, for large K, we use
(3.2) to see that

d vk s <2 diam( k40) .

This, together with (3.6), implies that each of_ k+1s k+2, k+3 must have a point in vik+2) 4
B(2(diam( k+2))<1). Letting i be such that 2/ <diam( k42) <2'*!, there exist r, S so that

V(I<+2) e I’2C1(i+1), (r +1)2C1(i+1) X 52C1(i+1), (S +1)2C1(i+1) .
Therefore, if q is chosen such that ¢, q =4,
T 2799 -2), 2799 -2) ;qg, i+ q
- r2Cl(i+l)’ (r +1)2Cl(i+l) X 52Cl(i+1)’ (S +1)2C1(i+1) + Bz,zcl(i+1)
would intersect B(2F1) € BE+9*1) as well as k41, k+2,and k43. Since diam( k43) =
diam( k42) = 2/ and by (3.2) and (3.3), diam( k41) = (k + 1)~ diam( k42) =
2i+q=(log(i+Q)? for large i, we would have NG)(i + g, ¢) =0, but this is impossible by
the hypothesis. Therefore (3.5) holds.

At this point, we have constructed 2XK), Xk+1) \fk+1) and \fk+2) The conditional prob-
ability that Stages 1, 2a, 2b are all successful is at least

P(Stage 2b is successful | Stages 2a and 1 are successful)
x P(Stage 2a is successful | Stage 1 is successful)

x P(Stage 1 is successful)
= | —exp —G log, diam( k42) 2l-e9 |

Now that we have constructed (k¥ and 2Xk*1) guch that (3.5) holds, we can now repeat
the argument we just gave that derived (3.5) from (3.4), but with  V(K+2) W(k+3) i place of
V(k+1), vik+2) and ptk+D) s Dk+2) in place of k) , Dkt From this, we reproduce the
estimate (3.5) with V(K*¥ 4 in place of vk s, s0 long as the corresponding steps
2a and 2b (which we will label 3a and 3b) are successful. The probability that these Stages
3a and 3b are both successful, conditioned on the success of Stages 1, 2a, and 2b, is at least

1 —exp —G log,diam( k43)

Continuing in this way, we produce all paths XD and vertices V(¥ with conditional probabil-
ity at least

8

1 — e 1 —exp —G log, diam( j4+2)
i=k
>1-c9% 1 —exp(—GGi/2) *
i=k
>1-e%9 |- gk
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Here, we have used (3.3) to go from the first to second line, and then (3.3) again, along with
the inequality diam( +1) =2 , to go from the third to fourth line. This completes the proof.

REMARK 2. In the statement of Lemma 3.2, the vertex VK is assumed to be on  k and
to obey the distance bound (3.1). It is straightforward to check that these conditions may be
replaced by the following: there is an open path starting at a neighbor of vlk) of diameter
(diam(' k+1))¢ that contains only one vertex adjacent to k1. (Here V(K is not assumed to

be on k.) In this case, the result holds with the same conditional probability bound: at least
| — &G log diam( k+1)

4. Universality of the time constant (asymptotic form). In this section, we prove (1.3).
We define (| l;]?) xez2 to be a family of Bernoulli random variables coupled to the weights (t):
we set t =1 - 14172} We also write T® for the first-passage time using the weights (tg).
By [14], Proposition 3.6,

. TB(0, 8B(n)) /
lim =

“4.1) i V— almost surely.
n—o logn 2 3m

We now construct an infinite path using Lemma 3.2, so choose Ci, G3 and |, C; with
corresponding ¢; = G as dictated by Lemma 2.6. Also fix Cs, G, G>0,Cc € (¢ qc3), and
¢ €@ Ga).For j, k =1,let jx be the set of ) for which there exists vk such that the
hypotheses of Lemma 3.2 hold for n, j , K, v (In particular, 2 < diam(Ck+1) <2t 1) By
the lemma, the probability that there exists an infinite path Y starting at some vertex vik) of
Ck (for k fixed and large) that is open except for its intersection with each ¢ (i = K), which
consists of a low-weight vertex, is at least

P( jk)1— e& > P( jk)1— g &
=1 j=c4k/2
4.2) J J=Cyq
> | — g ®ak2 P( j,k)-
j=C4k/2

By Lemma 2.4, almost surely, there exists a (random) integer j such that
max N (i, ¢c), N @&)Ni,g =7 and N®i g =0 foralli=j

Also, by a minor adaptation of [7] and the above Lemma 2.3, equation (5.25), the probability
that (3.2) and (3.3) hold goes to one as kK = o, so long as Cg and C7 are large enough and
G is small enough. Last, by Lemma 2.6, the probability tends to one as Kk — o that for all
I = k G+ and G4 are (G, G, G)- and (C;, G, G)-good. As for condition (3.1), if it fails
for our K, then we must have N (i, ¢) > £ for some | = (log, k) —1. This has probability
tending to zero as K — o . These facts, in conjunction with the fact that ( jx); is a disjoint
family for each K, shows that P( ik ) & 1 as k & « . Therefore, to show that (4.2) tends
to 1 as kK = o , we must show that jcikl/z
again,

P( jk) = Oas k - o . But by disjointedness

Ck/2
P( j,k) <P diam(Ck+1) 52C4k/2+1 2 (0 ask > »
J=1
by (2.1). We conclude that almost surely, there exists an infinite path Yy as described above,
starting at a vertex vik) of (k for some (random) K.
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Fix a configuration w for which y exists, and write yp for the segment of Y starting at vik)
and ending at the first intersection of y with dB(n). (yp is set to be empty if vik & B(n))
Then

TB0,0B(n) =T0,3B(n) <T0, V9 + T (y

4.3) @
<To, V0 + I+ a() 1g )=o)
=1
where a() = aj if 2J <diam(C) <2*!. The sum on the right behaves like [#{: C n
B(n) = @} which we will show is similar to TB(0, 8B(n)). Rigorously, given > 0, since
g < forj large, the above is bounded by

L
To, W +  I1+a) 1gnm=oy+ (I +)# : C nB(n) =0,
=1

where L is some (random) finite number independent of n. We next use that T2(0, aB(n))
equals | times the maximal number of disjoint closed circuits surrounding 0 inB(n) (see, for
instance, [14], Proposition 2.4) to bound this above by

L
(4.4) To, W +  1+4+a0) 1cosm=oyt+ (I +) TR0, 8B(n)/I + Ny,
=1

where Np, is the maximal number of disjoint closed circuits surrounding O that intersect
B(2M*) \ B(2™), and m = log, n . By the RSW theorem and the BK inequality (see [3],
Ch. 11), one has

P(Nm= K) = 9K for some ¢j3 >0andall K = 1,

and so by the Borel-Cantelli lemma, Np, < log® mfor all large m, almost surely. Returning
to (4.4), for large n, we obtain the bound

L
To, v + I+a) 1gasm=oy+ (I +) TP 0, 8B(n)/I + log*(log,n) .
=1
Combining this with (4.1) and (4.3), we obtain
T 0O, 0B T 0, 0B
L <lim infM < lim sup 0, 0B(n)) =

I+
2 3m e logn n—o logn 2

3n

almost surely.
As was arbitrary, this completes the proof.

5. Universality of limiting variance. In this section, we prove (1.4) under the moment
assumption E min{{, . . . ¢ ¥ < . We will use the martingale introduced in [9]. Define, for
k =0,

A(k) = B2K*1 \ B 2k,
and
m(k) =inf n = k : A(rjontains an open circuit surrounding O ,
which is a.s. finite due to the RSW theorem. We also define
Ok = innermost open circuit surrounding 0 in A(m(k))

for K =0 and @-1 = {} Finally, fork = -, we define
JFk = oield generated by {{k = KA, ... €AY} A x
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for a circuit surrounding 0 outside of B(2K), x; €, and A; € R Borel. (This is the sub-0-
field of our original O-field . “generated by the weights on and inside J%,” and  refers to
the union of  and its interior ~.) We note that @ and T ), @ ) are measurable with respect
to F for < k.

Since Ok— € O, we have Fi_; S F, and hence

n
TOO)—ET0,0) = ETOO)NA —ET 0O
k=0
n
p—l k'
k=0
Then
n
VarT 0, %) = E i
k=0

Write E for the corresponding ¢ with Bernoulli weights. (Here, as in the last section, we
couple (t) with (t2), a family of i.i.d. Bernoulli(1/2) random variables, and write T® for
the passage time using (t3).) We would like to compare VafT 0, p)) with Va(TB(0, &),
and so we would like to bound E % —E( E)z.

First we need another formula for . Let ( , #, P ) be another copy of the probability
space (, 5 P). LetE denote the expectation with respect to P and w denote a sample
pointin . Define

n w w=mmn, w) + w.
Now, we have
k(W) = TO-1(W),Olw) (W) HET Ow), Oww) W W
—ET Oc1(W), Ok ww) W W.
The above comes from the following facts: for0 < kK < n

*TOO=TCOk)+TO-1 O +TO ),

* by (conditional) independence,
ETOwO) | A =ET O, Ohw w,
* T(O(w), On(w))(w) =T Odw), O, )(W(W) + T O,0,00 ) (W), On(w))(w).

See the proofs of [9], Lemmas 1, 2, for details, and the discussion around [9], equation (2.22),
for the motivation of the random variable (K, W, W).
By the Cauchy—Schwarz inequality,

n
VarT 0, 0) —VarT8(0,0) = E }—E }°?
k=0
n
< E (- EZI/ZE o+ EZI/Z'
k=0

E x+ P?<2E }+2E P?’=<2 E - B?’+ E B??+2E }°

<4E ,— BZ+6E }7
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R B)2 B)2 .
sousing @ +b=<a+ bfora=4E( r— §) andb =6E( {)-, we obtain

n
VarT O, Op) —VarT®0,0) =2 E ,— p°?
k=0

v_
+ 6sup E EZ E - 22]/2.
k k=0

Due to [2], Lemma 5.5, sup E( E)Z < o, and so
n

(5.1) VarT 0, ) —VarT30, ) =G E - B2V24E ,— B2,
k=0

To bound E( x — E)z, we write
X = X(k) = TOw—1(w), Olw) (w) — P Ok (w), O(w) (w),
Y=Y (k) = T0O(W),Oxww) W W — T Ow), Okww) W w,

and
Z=2(k) = TO-1(W), Opw) W @ =T O(W),Okuw) W W .
Then by the Cauchy—Schwarz and Jensen inequalities,
(5.2) E — BP?’=EX+EY—-EZ?<9max EX>, EE Y% EEZ? .
We will only bound EE Y2, as bounding EE Z? is similar and bounding EX? is even easier.
We first give an alternate representation for EE Y2 which only depends on w.
LEMMA 5.1. One has
(5.3) EE Y2 =EY?,
whereY = T OW), O, ,w) (W) (W) — ?(0k(w),(9(k,w,w) (w)(w)

PROOF. To show this, it suffices to show that
Ty, T = Ty, T)];S in distribution,
where
Ty =T Odw),Okww) W W,
Ty =T Odw), Ok,w,w) (W) (W)
and T)],S, T? are defined analogously using the Bernoulli variables ( t)]?). To prove this, note
that for any Borel set E S R?,
PXP Ty, TP E€E
= PxP Ty, T} €E m(k w) =Ck=
=k CA()
The summand equals
PXP T OnpiwWw W, T Onwiwyw w E€E mk w) =0=
=P T Oniw W w, T8 On(+1,w) W w €E
xP m(k, w) = Ok=
=P T Ome1,w(W (W), P On1,w(w) (W) € EPmk, w) = Oc=
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Note that the event {m(k, w) = k= depends only on variables associated to vertices
in . (For more detail, see the discussion above [9], equation (1.20).) So we can regroup the
probabilities by independence, and reverse the steps to obtain P ((Ty, 7')1;3) € E) This shows
(5.3).

We will also need some preliminary bounds on moments of Y and k-

LEMMA 5.2. One has EY? < » for all k. Also, there exists Cog < © and Ky such that
if kK = k5, then EY* < Gy. The same bounds hold for ~ k: one hasE < o for all k and
E {=Gforallk = k.

PROOF. The proofs for kand Y are very similar, so we show the case off. The first step
is to (nonoptimally) bound thepth moment of annulus passage times. Letm, nbe nonnegative
integers with m < nNWe will show that for any p >0, there exist C19, G >0 and m such
that

n Cn
(5.4) ET B(m), aB(n)’ < Gy 1ogﬁ ifn=m=gm

To do this, we takeR to be a large fixed integer, and constructR disjoint sectors as follows.
Define the first sector S; to be the open region of R? whose boundary consists of the circle
of radius m centered at 0, the circle of radius 2 N centered at zero, the positive €-axis, and
the ray started at O (in the first quadrant) with angle /R with the positive €-axis. S; for
i =2,..., Rtherotation of S; by the angle (i — 1)/R . (We choose the constant N to
prevent the sectors from being exiguous.) For i =1, .. ., ,Ret M be a path connecting the
inner boundary of S;j to the outer boundary with the minimal number N; of nonzero-weight
vertices. (See Figure 2.) Then since the variables T (77) are independent, for € (0, 1/6) (so
that a vertex-weight ¢, satisfies Et, < ),

ET B(m), 9B(n)’ <Emin T (), . . ., TP
<1+ pYP I maxP T (17) = yR dy
1 i

[ ET . R
(5.5) <1+ pyP~! mx’y—("’) dy

R o]
=1+ maxET (m;) pyP~ =R aqy
/ 1

R
=G, 1+ mlaxET (i) ,

solong as R > p/ . The inner expected value is computed by introducing K = log?(n/m)
and writing
ET (nj) =ET (mj)1{y<ky+ ET (m)l{ne(k ¢ +)KI}-

J=1
By conditioning on the ~ sigma-algebra generated by the family (t£), we can bound
ET (nj)1{ne(a,p))= 2bEt P(N; = a) for any integers a, b with0 < a < bHere, Et is
the th moment of a vertex weight. Applying this in the above, we obtain
(5.6) ET (mj) <2KEt 1+ (j + 1)P(N; = jK)

J=1
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FIG. 2. The blue solid lines are the Tj s, paths connecting the inner boundary ofSj to the outer boundary with
the minimal number Nj of nonzero-weight vertices. On S (say), for each nonzero-weight vertex that T passes
through, by minimality and planar duality, there must be a closed path containing that vertex and connecting the
bottom of S| to the top of Sy. These closed paths are the red dotted curves in the figure.

Now to bound P(N; = jK) , we note that if N; = jK , then by planar duality, there must be
at least JK many disjoint paths connecting the side boundaries of S; to each other, and con-
sisting only of nonzero-weight vertices. Splitting S; into at most log,(n/m) many sets
of the form S n [B2K) \ B(2k—1)] and writing these sets as  {§ '}y, we see that at least
Jj K/ log,(n/m) many of these paths must intersect some Sf. By the RSW theorem, the
probability that there exists at least one such path is bounded above by 1 — G4 for some Cj4
positive, uniformly in r, m, n. By the BK inequality, we therefore obtain

P(N; = jK) = P atleast jK/ log,(n/m) such paths intersect S|
r

< log,(n/m) (1 — Gg)/ K/ Tea(n/m)

< Gse 99,
We plug this estimate back into (5.6) to obtain
ET (m)) < Galog’(n/m),
and then back in (5.5) to obtain
ET B(m), aB(n)P < Gslog*R (n/m).

This shows (5.4).
The next step is to extend (5.4) in the case when p =2 to all m n with n = MWe claim
that there are numbers Cy¢, C17, Cig such that

n Cis
(5.7) ET B(m), 8B(n)* = G + G log iftn = m A.

To do this, we note that if 1 = M = gn{where M is from (5.4)), then the inequality follows
from (5.4). Otherwise m < ry and either N = g + 100, say, or N > ng + 100. In the first
case, we upper bound

(5.8) ET B(m), 3B(n)> <ET 0, B(my + 100) >.
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In the second case, we let 1T be a geodesic between B(rmy) and 9B(n) (chosen in some
deterministic way) and IT be the portion of T from its initial point to its first intersection with
dB(my + 100). Then

ET B(m), 3B(n)* <2ET 0,1 f +2ET B(my), aB(n)*

<2 ET (0, P} +2ET B(my), 3B(n)?,
P
where the sum is over all paths P that start at dB(rmp) and end at dB(rmy + 100).

We bound the terms in (5.8) and (5.9) similarly. For example, for (5.9), a moment’s reflec-
tion shows that one can construct six deterministic paths py, . . . ,@hat start at O and end at
P, and are vertex disjoint except for their initial points. The upper bound we obtain is then
(using (5.4))

(5.9)

C
n Cis
ET B(m), 3B(n)*<2 EminT (@), ..., Tdo" + G7 log =
P

The argument of [1], Lemma 3.1, shows that since we have assumed E mid({, . . . 6}@ < o,
then the first term on the right is bounded by a constant. The bound on (5.8) using this method
is just a constant, so this implies (5.7).

We now move to showing that for somekp,

(5.10) EY*< G forallk = k.

Given (5.4), the claimed inequality will follow forthwith. Indeed, sinceTB < T, we write the
left side as

E T Odw), O w,w) (W) (W) — P Olw), O u0,0) (W) (w)*
<E T Ow), O w,u) (W) (w)*

(5.11) = E T Odw), Ow,u) (W) (W) 1 mek)=r.(k w,w)=s}
r=ks=r+l1
< ET B 2", 9B s+l 41{m(l<)=r,(k,w,w)=s}
r=ks=r+l1

By the Cauchy—Schwarz inequality, we obtain the upper bound

oo [o o

ET B2 ,9B25t 8pm(k) =r, (k, w, w) =5
r=ks=r+l1

Assuming that K = k5, where Ky is large enough so that B(2%) 2 B(m) (here my is from
(5.4) with p =8), we can use (5.4) to further bound this by

Cis (s+1—rC° Pm(k) =r, (k w,w) =5
r=ks=r+l1
< Gy e—Cle(f—k) (s +1 — r)Czoe—Cn(S—r)
(5.12) r=k s=r+l

[o¢]

< G e as(r=k)
r=k

=< Go.

In the second line, we have used the RSW theorem. This proves (5.10).
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Last, to show E Y2 < o forall k, due to (5.10), we need only consider the case when
k < k. Then we move to (5.11) with an exponent 2 instead of 4:
EY? < ET B 27, 0B 2°™ *1imu=r (kw,w)=s}
r=ks=r+1

The proof from here follows similar lines to that of the above, so we only briefly indicate
the idea. For values of r, S such that r < k and s < k + 100, we upper bound by removing
the indicator and summing over these (finitely many) values with the bound (5.7) to obtain a
finite number. For values of I, S which are > kj, we apply the Cauchy—Schwarz inequality to
obtain a sum over such r, S of

ET B 2r,8B25t “Pm(k) =r, (k w, w) =S

and sum this as in the case of bounding E Y4, Last, if r < k but s > k + 100, we bound
T (BQ"), 3B(5*!)) above by the sumof T (O, 7F)and T (BCX), aB(25*!)) (where T is a
geodesic connecting B( 2k0) to 9B(2%0+100) chosen analogously to that above (5.9)), and note
that the first term has finite second moment. The second term is bounded as in the case where
r, s > & Combining the cases will produce the final inequality, EY? < oo,

To bound EY? from (5.3) more tightly, we introduce two events. Choose Cj, G; and C,
C; with corresponding ¢, = G, as dictated by Lemma 2.6. Also fix ¢ € (¢ GG;), and ¢ e

(0, gC3). Write Ck for the first circuit in the sequence in Lemma 2.3 with  in the interior
of Ck, and let
Fr= 3v &) such that d(v, ) <2 diam(G) © .

Also, for C¢, G, G >0, let G be the event that at least one of the following fails:

* each circuit from the sequence in Lemma 2.3 with diameter at least 2 kKis ( G, G, G)-good
and (¢, G, G)-good,

*N(,c) <P N(E <P and NO, Cy) =0forallj = kK,

o diam(G42) < (i H)% diam(C1) and Gi <log(diam(Ci4+2)) < Gi for all i such that ¢
has diameter at least 2K.

Then,

(5.13) EE Y? = EY? =EY?1rcnce + EY1F0G,

LEMMA 5.3. For Cg and C; chosen to be large enough and C; chosen to be small
enough, there exist Cy3, Ga, Go >0 such that

P(Gy) = Gs/k

and

(5.14) P(Fi) < Gue 9k,

PROOF. The bound on P(Gy) follows from Lemma 2.6, (2.2), (2.4), and the fact that for
all k =1,
, . , C
(5.15) P log diam((j+2) < Gj or = Gj forsomej = k = %,
and

. . C
(5.16) P diam(Gy») > (j +1)C¢ diam(Gy 1) for some j = k < =2,



UNIVERSALITY IN CRITICAL FPP 1721

Here C¢, C; are chosen large enough and ¢ is chosen small enough. One can show both
(5.15) and (5.16) hold for all k by following the proof of [7], Lemma 4. We omit the details
here.

We now move to the proof of the second statement, the bound on P (F).In A(r) (r =0),
let (9r be the innermost open 01rcu1t (if there ex1sts one) and let C’r be the first circuit in the
sequence in Lemma 2.3 with (9r in the interior of C’r Because Ok S A(m(k))the probability
P(Fy) equals

P Av & with d(v,G) <2 diam(Go) | m(k) = P m(k) =
=k
5.17 « A N .
>.17) < P 3Iv & withd(v,C) <2 diam(C) |
=k

Jopen circuit around 0 in A() € —Go(—k)

To change the conditioning above, we used independence of the site variables in disjoint
annuli, and to bound P(m(k) = ), we used the RSW theorem (see [9], equation (2.28)).

To bound (5.17), we first show that for any choice of v € (¢ 1), one has 2(diam( c )¢ <
2V with high probability. To see this, fix @ >1 and consider P (diam(. c ) =2%).Forr =0,
define E r to be the event that:

* there exists a closed circuit surrounding 0 in A(r), and
* there exists an open circuit surrounding the above closed circuit in A(r).

By the RSW theorem, there exists K >0 such that P (E;) > Kfor all r =0. Because there
is no closed circuit surrounding O strictly between @ and C’ the event {diam( 14 ) <29}
contains E g. Therefore, by independence,

PO
(5.18) P diam(C) =2% | Jopen circuit around 0 in A() <P ES, =<ehrl
k=1

for some 3 >0 depending only on @, and p() is the integer such that
diam B 2P0 <2% <diam B 2+P0+ !
Solving for p() , we see that p() > (a —1) — 5/2. Thus
P diam(C) 22% < &P

for some 3 > 0 depending only on Q.

1+v/c
2

In particular, for any v € (( 1), we can apply (5.18) with a = to obtain

P 3v & such that d( V,CA’ ) <2 diam( c ) @ | Jopen circuit around 0 in A()
(5190 <P 3v & suchthatd(v,C) <2" | Jopen circuit around 0in A() + &8
=< GyP 3v & suchthatd(v,C) <2 + &P

for some B > 0 depending on V and ¢,. Here, we have used the RSW theorem to remove the
conditioning.
We now coverA() by the squares T (1, Sfrom Lemma 2.4. These were defined as

T(r,s) =T(r,s; v, )r2t D (r43)2v(+ 1) % v+ 1) (g 43)ov(+ 1)
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Cr]+1

Fi1G. 3. IfO is too close to C = (27 then locally there is a 6-arm event (see the blue annulus). Four ofthe Six

arms are furnished by the circuits O and C themselves, and the other two, drawn in red, exist because O is
innermost and C is outermost in the interior 0qu+1 Iqu+1 is also close to C there is even a 7-arm event.

where V (as above) is any number in (C;, 1). These squares are defined so that any v € A()
is in the central square T (r, S)of sidelength 2V(+ 1 of some T (, S)

To bound the probability in (5.19), we need the notion of arm events. For any j = 1, any
sequence 0 = (d, . . . ,jf1 where 0; € {pen, closed}, and any positive integers n, N with
n =< N we define thej -arm event, Aj 5 (n, N )to be the event that there existj disjoint paths
from B(n) to dB(N) , and the ith path has occupation status 0j (either open or closed), taken
in counterclockwise order. Similarly, we define A 11/02 (n, N hnd Al,/04 (n, N )n the same way,
but further restrict the paths to lie entirely in the upper half plane and in the union of the first
three quadrants respectively. It is known (see, for instance, [10] or [11]) that if the j’s are
not all open or all closed (this is irrelevant except in the full plane),

N —(G*=VD/12+0(1)
P Aj,o' (n, N ) = H ’

(5.20) o
N i (+1)/6+0(1)
n

PAI/Z(n N )= as N/n - .

Further, by conformal invariance of limiting crossing probabilities, one can also deduce that

N —J(+1)/9+o()
(5.21) PA3/4(n N)= = as N/n = o,

For our chosen V € (g 1), now pick v € (v1), and suppose that the event

Jv & such that d(V,CA’) <2V

occurs and select such a v. We will sketch the idea of how arm events help us to bound the
probability of this event. Because it is a standard “arms reckoning” argument, we omit details
and refer the reader to similar arguments in [7], Lemma 6. Choose a central square T (1, S)
that contains V. If the distance between T (r, S)and the box B(2 ) is atleast 2" , then there
is a 6-arm event in B(v,2Y ) \ T(r, s)(here B(v, q) = v + B(¢)Otherwise, it will yield a
5-arm event on a half plane or on a 3/4-plane, depending on the position of T (r, S)
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The reason that a 6-arm event will occur is as follows. First, since@ is the innermost open
circuit in A() , for any vertex in@ , in particular v, there exists a closed path from that vertex
to the inner boundary of A() . Since B(v,2Y ) < A() , there is a closed path from T (r, S)
to dB(V, 2" ). The circuit @ furnishes two more disjoint open paths. Similarly, because
¢ = (q is a circuit in the sequence of Lemma 2.3, for any vertex on c , there exists an open
path from that vertex to the next circuit in the sequence,  Cg+1. If Cg+1 does not intersect
B(v,2Y )\ T(r, s)then we choose for our other three paths the open path mentioned in the
previous sentence, and two disjoint closed paths furnished by the circuit’ . These would give
the final three of the required six arms.

If, on the other hand, g+ does intersect B(v,2Y ) \ T(r, S) then we have six arms from
T (r, S)to the boundary of some intermediate annulus (between T (r, S)and B(v,2" )), and
then seven arms from the boundary of this annulus to  dB(Vv, 2¥ ) (see Figure 3). (The cir-
cuits ¢ and Cq+1 furnish four more arms.) Writing7t; (ny, ) for the probability of thej -arm
event in B(2V+t(V —Vm) \ BVt —V)M) where n, > Ny, and summing over possible posi-
tions of the intermediate annulus, we have the following probability bound corresponding to
cases in which T (1, S)has distance at least 2¥ from B(2 ):

-1
Cog# T (r, S)intersecting B 2% ! (0, N (r +1, ).
r=1

The sum is further bounded above by

-1
C292(2—2u) 2—(35/12+o(1))(u —v)r2—(4+o(1))(v —v)(-r)
r=1
< C302(—(35/12+o(1))(v —v)+2-2v)) ,

where the exponents —35/12 and —4 come from (5.20) (putting j = 6 and 7 respectively).
The right side goesto 0 if v € % + %v, 1).

To deal with the cases where T (1, S)is close to either a corner or a side of B(2 ), we use
a similar argument, but further decomposing the arm events according to their distance to
B(2 ). Because the exponents for the 5-arm event in the half plane and in the 3 /4-plane are
5 and 10/3 respectively (putting j = 5 in (5.20) and (5.21)), and both are greater than 2, we
are able to choose V close enough to 1 so that the probability corresponding to such T (T, S)
is also small. Putting together all the cases, we have

P v & suchthatd(v,C) <2’ = G,e @ .
Plugging this back into (5.19), and then back into (5.17) completes the proof.

We return to (5.13). First, the inequality
(5.22) EY?1Fu6, < G/ K

follows directly from Lemmas 5.2 and 5.3. (For small Kk, we remove the indicator and use

Lemma 5.2 only, and for larger k, we bound by EY*P(Fx U G) and apply both lemmas.)
Next, we bound the second term of (5.13) by showing that for large K,

(5.23) EY1rcnge < Gaag + Gue S92,

To do this, we apply Remark 2. Since ci is the first circuit in the sequence from Lemma 2.3
outside of , there are no closed circuits in the region strictly between them. By planar
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duality, there must be an open path 22 connecting a neighbor of (J to a neighbor of 67/<.
Choose V() to be any vertex of (J¢ adjacent to this open path. Because the event F ,f occurs,
v must have distance at least 2 (diam( C;k))cl from C;k, and so the diameter of the open path
D is at least (diam(Ci))¢1. Together with the conditions comprising the event G, this is
sufficient to invoke the remark, and to deduce that, with conditional probability =1 — & Gk
(conditioned on 1), there are sequences ( VD )isk41 and (27 )=k as in the conclusion of
Lemma 3.2. In particular, we may find an infinite path y starting from a neighbor of W(K)
which consists of only zero-weight vertices or low-weight vertices which are on the circuits
G (at most one from each () from Lemma 2.3. Letting " be the event that this y exists, we
obtain by the Cauchy—Schwarz inequality that for large K,

EY?1rcnge <EY?1y +E E Y21y | Nlpcnge
(5.24) <EYly + €%¥’E E Y*| nlgcnge

< E);zlr + C34e_58k/2,

where we used Lemma 5.2 in the last line.
On the event 1", write Yk for the segment of Yy beginning at vk) and ending at the first
intersection of Y with Ok, ,w) . Then

Tk Okww) = TO6 Okww) =T (M.

All vertices W on Yk which have nonzero weight are of low weight, and so suchw satisfy t, <
| + &. (Here we use that the sequence (&;) is nonincreasing.) Distinct W’s on yk correspond
to distinct circuits ¢ . Therefore if we define

N; = maximal number of disjoint closed circuits around 0 intersecting B( 2L)\ B(2K),
then we have
(5.25) EY?1y < EN} ) 0)-

Next, we use [15], Lemma 2, which, in our context, states that E N f < Gslog*(2L/2%),
and this is bounded by Csg(L — k}. Therefore, the expectation in (5.25) equals

o] (e}

ENG i,0) = ENGic w.w) 1im(k,w) =AY (k w,w)=m+t+}
m=kt=0
< ENY o VP Mk, w) =m, (k w, w) =m 4 t/%
m=kt=0

= Ci(1+t+m =% m(k, w) =m, (k, w, w) =m 4 /%
m=kt=0
Since P(m(k, w) = m, (k, w, w) = m HA)t= Q7e_c22(t+m_k)by the RSW theorem, the
above expression is summable and independent of K. Returning to (5.25), and placing this in
(5.24), we obtain EY?1renge < Gaag + Gu€e 3K/2_ This shows (5.23).
Together, (5.22) and (5.23) show that EY2? < Gg max{é, K2}, X and Z from (5.2) can
be bounded similarly, so returning to (5.1) yields

n
(526) VarT O, ) —VarTB(0, ) =Go max ap+ a K2+ K"+ = o(n).
k=1
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Finally, we argue that the above inequality implies
(5.27) VarT 0, 3B(n) —VarTB 0, 8B(n) = ofogn),

which, along with Yao’s results quoted above Theorem 1.1, gives (1.4). The main ingredient
in the proof of (5.27) is the following moment bound. (Our argument is modified from [2],
Lemma 5.7). There exists Csg such that for all sufficiently large n, g =l such that 2 -1 <
n <29,

(5.28) ET0,38(n) —T6 ) * =< Cy.

The same method can be used (or [2], Lemma 5.7, can be used directly) to show the
corresponding statement for TB in place of T. Observe that for 1 < < @, on the event

{m(q —) =qg+>m(q - —)} n {m(q) = q wtthave
T0,8B(n) —T0, Q) <ToB 297~ 1, 5B 29+
and on the event {m(q — ) = q +> m(q — —1)}, we have
TO0,9B(n)—TH Oy <sTaB 2971, 0.

Then define the events A = {m(qg—)=qg+>m(q— —1)}forl = =g, and
Bt := {m(q) = q +, tbr t =0. Using the above inequalities and the fact that the events
A N B (overall t, ) cover the whole probability space, we have

q—@ «
ET0,0B(n) —T6 ) ° < ET? 9B 297~ 1, aB 29+t 1,
=11t=0
(5.29) .
+ ET29B 29771, 0514 .
=g—qo+l

Here, qy is equal to log, My + 1, where my is from (5.4). For summands in the first line,
we use the Cauchy—Schwarz inequality to bound them by

ET4 0B 201, 9B 2a+t+H  P(A )P(By) V* < Gyt + +2)2 P(A )P(By “*.

For summands in the second line, assuming that 2 9 = ng + 100, we replicate the argument
leading to (5.9). Specifically, letting 1T be a geodesic between B(nmy) and O, and 1T be
the portion of 1T from its initial point to its first intersection with ~ dB(my + 100), then the
summand of (5.29) is at most

o]

(5.30) 2ET?(0,1}) +2 ET? B(my), 9B 29T+ 1, ..
t=0

We can then, as before, sum over all possible values of T = P, and bound the passage time
from O to P using six disjoint (except for their initial points) deterministic paths. This leads
to the bound E T2(0, /i) = G;. Applying the Cauchy—Schwarz inequality to the other term
gives the following bound for (5.30):

[o o]

Ciz+ Gy (q+tH—log, ) P(A )P(By .
t=0
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Using these inequalities in (5.29) gives

ETO0,0B(n) —T0, ) ">

q-@ «
< Cyo(t + +2)%2 P(A )P(By) /* + gCus
=1 t=0
q 0o
+ Gy (q + t H —logm)<2 P(A )P(By /.
=q—qo+1t=0

By the RSW theorem, there is &3 such that P(A ) < €23 and P(By) < €3¢, 5o this leads
to (5.28).

Now that we have proved (5.28), we can quickly derive (5.27). Indeed, we estimate as
follows, with 2971 < n <9

VarT 0, 3B(n) —Var TB 0, aB(n)

(5.31)

< VarT 0,9B(n) —VarT 0, O
(5.32) + Var TB 0, 8B(n) —Var TB(0, &)
(5.33) + VarT 0, 0) —VarT2(0, 0p) .

By (5.26), (5.33) iso(q) = dpgn). The term (5.32) is a special case of (5.31) (with Bernoulli
weights). To bound (5.31), we use the inequality

Var(X1) —Var(X5) =Var(X|{ — X3) +2 Var(X; — X3) Var(X>).

To derive this, one sets X = X —EX for a random variable X and writes the left side as
2 2
Xia= Xy = Xi=X ) X1=X,+2X,,.

WeputX| =T 0, 8B(n))and X2 = T 0, ) to bound (5.31), noting that (5.28) implies that
Var(X| — X2) < Gy. We obtain

Cqo +2 CyoVarT (, Oq).

Finally, VarT 0, ) = Z=0 E ﬁ which, by Lemma 5.2, is bounded by Cy4q. Therefore
the sum of (5.31), (5.32), and (5.33) is bounded above by

2C4 +4 C4Casq + Ologn) = ologn).

This completes the proof of (1.4).

APPENDIX: SKETCH OF [7], PROPOSITION 1

In this appendix, we sketch the idea of [7], Proposition 1, which we used in Lemma 2.6 to
construct “good” circuits. We provide this for the reader’s convenience, as a guide to reading
[7], so we use their notation, although it may conflict with some of ours from previous sec-
tions. In particular, we will use the terms “occupied” and “vacant” for “open” and “closed.”
Furthermore, we will reverse the roles of open and closed (this is fine by symmetry) and as-
sume that the sequence (k) of circuits consists of both occupied and vacant circuits. Last,
we use S(n)in place of B(n).

Let us first recall the statement. Let C be a circuit surrounding 0. For certain constants
0< @Go, Gi1, G3 <1, C3p >0, still to be determined, we consider vacant connected sets 20
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with some or all of the following properties:
(A.1) D < C and 2 contains exactly one vertex adjacent to C;
(A.2) diam(2) = diam(C) “;

the vacant cluster of 2in C contains at least [diam(C) 1%
selfavoiding paths Gy, which are adjacent to C, have
length(6y) = 6, log log(diam(C)) and satisfy

(A3) d(6, ) = fiam(C)1&% for p = g;
moreover, there exists a vertex Z €2 and for each of the 6,
a vacant path from Zto Gy, and such that only its
endpoint on Gy, is adjacent to C.

We call an occupied circuit C good (or more explicitly (C30-C33-good) if it has the following
property:

Any vacant connected set 22 with the

(A.4) properties (A.1) and (A.2) also satisfies (A.3).

Then [7], Proposition 1, says:
PROPOSITION A.l. Forany0< Gz <1,and0< Gy <1, but Gy sufficiently close to 1,
we have
p there exists an occupied circuit Ckx with 2’ < diam(C) <+l
(A.5) and which is not good
=< Gaexp(—Gsf ).

PROOF. Most of the proof serves to reduce the number of possible variables involved:
the different circuits Ck, and the different possible sets 2. We will also need to use the “out-
ermost” property of the (k’s in a crucial way, to independently make constructions in their
interiors. ' '

Note that if any Ck surrounds 0 and has 2/ < diam((e) <2/*! then it must be contained
in S(2* 1) but must also contain points outside S(2~2). To fix the offending Ck, we let (¢
be the last circuit in our sequence (k) which is contained in S(2* ) and write
p < T,C’T_p i's occupied, has

(A.6) (A5) = diameter =2/, but is not good

0=p<j?
(A7) +PT> j2, Cr —p is not contained in S 22 .
Using the RSW theorem, one can show (see [7], equation (4.8))
(A.8) (A7) < CG + 1)e G,
For (A.6), we sum over all possible values of (r—p with the notation
E(p, C) = {T > @r—pis occupied and equals C}.
We obtain

(A.6) = P Cisnotgood | E(p, C)P E(p, C)
0=p<j2 C

< j2supP C is not good | E(p, C),
p,C
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where the supremum is over all circuits C surrounding 0 in S (2*1) but with diameter =2 ,
and over all p € (), j2). Putting this back in (A.6), we find that our desired probability is

(A.9) (A.5) < j?>supP Cisnot good | E(p, C) + Qc3 +1)e %,
p,C

To analyze the supremum in (A.9), we use the outermost property ofCr—p. Specifically, its
definition entails that the event E(p, C) depends only on the state of vertices in C*** U C(the
exterior of C union with C). From the paragraph above [7], equation (4.37), we quote “(Note
that the condition {p < Tr— p= =C }merely says that C is one of our Ck and there are exactly
p of the circuits Ck outside C but inside S (2/ +1): this only involves vertices on or outsideC.)
Given E(p, C), the further conditions for Cr— p to be good, depend only on the vertices in
C.” This means that to calculate P(C is not good | E(p, C)), “even with the conditioning on
E(p, C), we may assume that all vertices in the interior ofC are still independently occupied
or vacant with probability 1/2.”

In addition to the independence mentioned in the last paragraph, we note that the vacant
set 2 in the definition of good circuit can be replaced by a path. That is (see [7], p. 33), if
Cr—p = Cand (7—p is occupied but not good, with associated vacant set 2, then there is a
vertex selfavoiding vacant path§ = (\, . . . gV <2 such that

(A.10) v; is the unique vertex of & adjacent to C and & cC;
1
(A.11) diam(€ ) = diam(C) <

and such that (A.3) with Dreplaced by £ fails.
Using the results of the last two paragraphs in (A.6), we obtain

(A.5) < @c +1)e G

(A.12) ( Javacantpath & = (v, . . ,q)/\
+ supP\ which satisfies(A.10) and (A.11) )
but for which (A.3) fails

where the supremum is over all circuits C surrounding 0 in S 2/*1) but with diameter =2/ .
To bound the supremum in (A.12), we apply the method of [6], Lem. 8.2. (It is done in steps
4 and 5 of [7], in [7], p. 37-52.) This is an inductive argument and in our context constructs
for a given “extremal” candidate vacant path &, order 29 many vacant paths connecting & to
the circuit C, along with the required vacant paths Gy, that run along the inner boundary of
C. The induction is carried out by comparison to a branching process, and roughly speaking,
goes as follows. In the first step, one attempts to construct a vacant arc & connecting & to C
in an annulus S(2 ) \ S2~ ') with of order j centered at v; whose endpoint W adjacent
to C is the beginning of a path G, as in the definition of good circuit. If this is possible, we
assign two children to the root node of our branching process, and otherwise, we assign only
one child. At the next step, we attempt to construct similar vacant arcs corresponding now

to grandchildren of the root node, but this time in smaller annuli: one centered at Vv; with
replaced by minus a constant (connecting§ to C), and another of the same size, but centered
at W; (and connecting & to C). In this step, we find either 0, 1, or 2 many vacant paths; we
assign 2 children to either node whose corresponding annulus contains such a vacant path, and
1 child otherwise. This procedure continues, with each node in our branching process having
1 or 2 children, and each node at a given level in the process corresponds to a path 6, as in
the definition of good circuit. One can show that the probability that a node has 2 children is
uniformly positive, over all possible histories of the construction (see [7], equations (4.62),
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(4.63)), and since there are order j many stages in the construction, with exponentially high
probability, the process produces order exp(Cj Jmany paths. This implies in the end that

(A.12)< Ce9 + Q¢ + 1) %,

(An inequality of this type eventually arises from substituting the bound [7], equation (4.91),
on the moment generating type function (@, h, D) into [7], equation (4.79).)

There are a number of difficulties in implementing this program and they consume most of
the 27-page proof. The major one is how to enumerate candidate vacant paths & in a sensible
way. This is done by finding a suitable smaller-scale annulus in which to exhibit & asan
occupied crossing from the inner boundary of C to a boundary point of the annulus. To do
this, the box S(2* 1) is tiled by squares S(r, S)of the form

S(r,s)=r2,(r+1)2 x s2,(sH)2 , -2''= <r st~
and surrounding squares
S(r,s) =(r—=1)2,(r+2)2 x (s-1)2,(s¥)2 ,

where = C 30 — 2logj/ log2 — 4, sothat the total number of squaresisat most
Cy7j #22(1=G0)  Any path & as in (A.12) originates at a vertex V; which is in some S(r, S)
adjacent to C, and so is on a certain arcF of a component/ of the inner boundary of C which
connects two vertices outside of but adjacent to S(r, S) One defines a certain class € of cir-
cuits C which have too many crossings of any one of the S(r, 5)(more than Gzgj 422(1~ G0l )
and shows that (see [7], equation (4.13))

P(3circuit in €) < Goexp —Cyjf 4r2(1=ao)j

This means that in the initial decomposition ((A.6) and (A.7)), we may discard the small
probability that our Ck is in €, allowing us to restrict our supremum in (A.12) to circuits C
that are not in the class €. (This class is further enlarged to forbid too many crossings of
more, similarly defined annuli below [7], equation (4.36).)

In Steps 2 and 3 of [7], it is argued by topological considerations that the total number of
choices (given that C is not in the class €) of boundary components J , arcs F, and squares
S(r, s)is at most C4pj #22(1=G0)  This leads to introducing the conditions

(A.13) Vi € 5(r, S),qMES(r, S),butv; €S(r, Sffor1 =i < q +
and
(A.14) v E S,

where S is the topological boundary of
S=5(r,s) =(r—1)2 —1, (r+2)2 +1 x (s =1)2 —1, (s )2 +1

(which just surrounds §), and replacing the first summand on the right of (A.12) by
C42] 422(1—C3())jj 2

(A.15) y P Ja vacant path § = (V, . . . gVwhich satisfies (A.10),
“PT(A13), (A.14) and v €/°, v € F, but for which (A 3) fails

Here, the supremum is over all choices of C, all (r, S) and choices of / and F .

It is in the setting of the new supremum (A.15) that one can define suitable &, called the
“permissible” paths (see [7], equation (4.40)). These paths can be ordered as &' (1) , 6(2) P
according to a partial ordering so that they have an extremal property: for a given Y, the
event that f(i) = Yy depends only on vertices on Yy and on one side (properly defined). This
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extremal property is again important so we can make constructions on one side (associated
to the previously-described branching process). In addition to this, if a & exists as in (A.15),
then for some choice of C, (r, S)J , and F, there is a path £ in the ordering that does not
satisfy (A.3). Therefore we bound (A.15) by

Cipj 42210 j2qup P & exists, but (A.3) fails for E7

=1

(see [7], equation (4.78)). By now running the branching process argument with €% in place
of & and using the independence due to the extremal  property described, one obtains the
bound

Cioj 42210 j2gup P ED exists x Ce9 .

i=1

However (see [7], equation (4.14)), P(E(? exists) < ( — G;)', and so this sum gives a bound
of

ol 422(1—C30)jj 2ce=9 1- Gu)i-

i=1

Placing this back in (A.15) finally gives the stated inequality in (A.5), so long as Gy is suffi-
ciently close to 1.
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