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Abstract. Observations of Type III radio bursts discovered that electron beams with power-
law energy spectra are commonly produced during solar flares. The locations of these electron
beams are ∼ 300 Mm above the particle acceleration region of the photosphere, and the
velocities range from 3 to 10 times the local background electron thermal velocity. However,
the mechanism that can commonly produce electron beams during the propagation of energetic
electrons with power-law energy spectra in the corona remains unclear. In this paper, using
kinetic transport theory, we find for the first time that the magnetic focusing effect governs the
formation of electron beams over the observational desired distance in the corona. The magnetic
focusing effect can sharply increase the bulk velocity of energetic electrons to the observed
electron beam velocity within 0.4 solar radii (300 Mm) as they escape from the acceleration
region and propagate upward along magnetic field lines. In more rapidly decreasing magnetic
fields, energetic electrons with a harder power-law energy spectrum can generate a higher bulk
velocity, producing type III radio bursts at a location much closer to the acceleration region.
During propagation, the spectral index of the energetic electrons is unchanged.

1. Introduction

Solar type III radio bursts, first discovered by Wild & McCready [1], are transient radio emissions
drifting from higher frequencies to lower frequencies as a function of time. The type III radio
bursts are commonly believed to be produced by propagating electron beams via an electron two-
stream instability (ETSI) [2,3] as was proposed by Ginzburg & Zhelezniakov (1958) [4]. Recently
discovered radio bursts showed that electrons beams are commonly produced in solar flares [5–7].
In particular, numerous nanoflare-associated radio bursts were discovered [8], implying that
electron beams are distributed widely in the solar corona, and very probably contribute to the
formation of the electron halo in the solar wind [9, 10]. However, the previous studies [5, 11]
focus on the maintenance of the electron beams after triggering the Type III radio bursts rather
than the formation of the beams before the triggering, and the common origin of the electron
beams is poorly understood.

It is well known that solar flares accelerate electrons to a power-law energy distribution [12–14]
in the magnetic reconnection (MR) region. Theory and particle-in-cell simulations show that the
power-law energetic electrons can be produced in the diffusion region of MR [15–17]. However,
the bulk velocity of the energetic electrons does not usually exceed the thermal velocity of
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the electrons due to intense plasma heating in the acceleration region. As a result, energetic
electrons cannot trigger the electron two-stream instability (ETSI) immediately and hence do
not produce Type III radio bursts in the acceleration region [3,17]. Observations also found that
as the energetic electrons continue propagating a certain distance away from the acceleration
region, Type III radio bursts are produced [5,6,18–21]. Hence the height of the MR acceleration
region where energetic electrons are produced initially is lower than the site where the Type
III radio bursts are excited, suggesting that energetic electrons with power-law energy spectra
develop into electron beams after they escape from the acceleration region and propagate up
along magnetic field lines.

What effects commonly govern the electron beam formation in the solar corona is unclear.
The electron Coulomb collision rate in the inner corona is νe ∼ 10−6neTe ∼ 10−4 s−1 and the
Coulomb heating timescale is about 104 s. During this period, keV electrons (with a typical
velocity about 1 × 103 km/s) travels 100 solar radii. Thus, the impact of Coulomb collisions
on the transport of energetic electrons is negligible [22, 23]. Turbulent acceleration is another
significant effect [5], but our knowledge about solar corona turbulence is poor, and its origin and
intensity are uncertain. One certain effect that can affect electrons along the magnetic field is
the magnetic field gradient. The open magnetic field lines forming during magnetic reconnection
are highly curved and decrease as they extend from the lower corona to space [24]. Since the
magnetic fields of magnetic loops change slowly in time and space compared to the time scale
of electrons traveling in the corona, the magnetic moment of the electrons is approximately
conserved [25]. Consequently, the conservation of electron magnetic momentum leads to a
increased parallel velocity and a decreased perpendicular velocity simultaneously, dubbed as the
magnetic focusing effect. Magnetic focusing is an intrinsic feature of the solar magnetic field
and can impact the transport of particles throughout the whole solar corona and solar wind. It
has been well known that the magnetic focusing effect plays an decisive role in the formation
of the solar wind electron strahl at 1 AU, but its role in the development of the fast electron
beams within a far-more shorter distance (∼ 0.002 AU) in the corona has not been well studied.

In this paper, using kinetic transport theory, we show that magnetic focusing effectively
transfers the perpendicular momentum to the forward parallel momentum when energetic
electrons run away from the acceleration region of solar flares and move up along magnetic
field lines. For the first time, we find that the bulk velocity of energetic electrons (electron
beam) increases rapidly over a small distance of less than 0.4 solar radii (300 Mm) to much
higher than the local electron thermal velocity, indicating that an ETSI can be triggered and a
Type III radio burst produced. This result is consistent with observations that observations that
the electron beams that produce type III radio bursts are usually found above 100 Mm above
photosphere. In a more rapidly decreasing magnetic field, energetic electrons with a harder
spectra can develop a faster beam, which triggers the ETSI and produce type III radio bursts
at a location much closer to the acceleration region. The spectral index of the power-law energy
distribution remains the same as that initially inside the acceleration region.

2. Theoretical model

We modify the gyrophase averaged kinetic transport equation for a gyrotropic electron
distribution function f(x, v, µ, t) [26] to include drift along a general form magnetic field:
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where x is the position in the rest frame, (v, µ) the velocity magnitude and the cosine of pitch
angle measured in a moving frame drifting with U = c(E ×B)/B2 + U‖b with respect to the
rest frame of the Sun, where U‖ = U · b, E and B are the external fields, and b ≡ B/B
the unit vector of along the magnetic field. E‖ and (δf/δt)sc are the parallel electric field and
scattering mechanisms, and both are ignored in the present paper since magnetic focusing alone
is considered.

Consider a constant drifting velocity of the moving frame along the magnetic field U = Ub,
it is easy to show that ∇·U = U∇· b. The derivative divergence of b can be expressed in terms
of the magnetic field B:

∇ · b = −
B · ∇B

B2
. (2)

where ∇ · B = 0 has been taken into consideration. In a global spherical coordinate system
whose origin is the center of the Sun, let B = Brêr + Bθêθ + Bφêφ , where êr, êθ and êφ
are the radial, polar and azimuthal unit vectors, respectively. We are interested in the outward
transport of energetic electrons in solar flares. For the solar flare background, the magnetic loops
are approximately force-free, and the magnetic field model proposed by Antiochos et al. [24] is
commonly accepted. In this model, it is assumed that the radial component is much larger than
the other two components, i.e., B ≈ Br [24]. The divergence of b becomes:

∇ · b ≈ −
∂ lnB

∂r
, (3)

where r is the radial distance. The velocity v of electrons is always much larger than the plasma
background velocity U , i.e., U � v, making it safe to ignore U . Therefore, the transport
equation (1) reduces to:

∂f

∂t
+ µv

∂f

∂r
−

1

2

d lnB

dr
(1− µ2)v

∂f

∂µ
= 0. (4)

Compared with equation (1), the magnetic field in equation (4) is restricted to a magnetic
field configuration whose non-radial components are much weaker than radial. As a result, the
effect of focusing by the non-radial components of the magnetic field is negligible, and thus
the distribution function f is nearly independent of θ and φ in the global spherical coordinate
system. Therefore, in the following, we only consider the radial magnetic field.

The magnetic field of a solar flare varies with time, and its timescale is much larger than
that of energetic electrons transport in the solar corona. For example, a 10 keV electron whose
velocity is about 104 km/s needs 10 s to travel one solar radius, which is much shorter than
the 1000 s time scale of a typical solar flare [6]. Hence it is reasonable to assume that energetic
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electrons experience an approximately “stationary” magnetic field as they transport in the solar
corona—this is the condition for the conservation of magnetic moment, which causes magnetic
focusing in a spatially decreasing magnetic field. As a magnetic field decreases with radial
distance r, the simplest case is B = B0/r

2, which ensures the divergence-free condition of
magnetic field, otherwise, the magnetic field must include the other two components but they
are assumed to be sufficiently small compared to the radial component and can be safely ignored.
To choose the radial magnetic field configuration, we follow the reference scenario in the modeling
of solar magnetic field by Banaszkiewicz et al. [27] and open magnetic field lines of solar flares
by Antiochos et al. [24]. We approximate the outward magnetic field lines of the solar flares as
B = B0/r

nB , where B0 is the magnetic field at the inner boundary, nB = 1, 2, 3, · · · . A more
general form of the magnetic field can be expressed as a summation of a series of 1/rnB . With
this configuration, we can understand how the spatial evolution of the magnetic field impacts
magnetic focusing and the resulting beam development. Hence, d lnB/dr = −nB/r and only
the value of nB enters in the transport equation (4) while the exact value of the magnetic field
disappears:

∂f

∂t
+ µv

∂f

∂r
+

nB

2

(1− µ2)v

r

∂f

∂µ
= 0. (5)

The energetic electron VDF produced at the acceleration region of MR is used as the
initialization at the inner boundary. A combination of a drifting Maxwellian (fm) and a drifting
power-law (fp) is chosen to mimic the energetic electron VDFs with a drifting velocity Ud.
Hence,

f(v, µ ≥ 0) = δfm(v, µ) + (1− δ)fp(v, µ), (6)
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(8)

where δ is the weight of the Maxwellian component fm, Tc0 the temperature of the Maxwellian
component, n0 the total electron number density at the inner boundary, vc the critical velocity
separating the power-law component (energetic electrons) from the Maxwellian, and α the
spectral index of the power-law component. The upper-left panel in Figure 1 shows an example
of the electron VDF at the inner boundary in the (v‖, v⊥) plane in the case of δ = 0.8, α = 4,
Ud = 1vth0 and nB = 2.

We numerically solve the transport equation (5) with boundary condition (6) − (8) to study
the transport of energetic electrons in the corona from 1.05 to 3.05 Rs, where Rs is the solar
radius. The inner boundary of 1.05 Rs is chosen by assuming the accelerated electrons are
injected in the acceleration region of MR, which is in the lower corona [5, 19, 28], and the outer
boundary of 3.05 Rs is the typical size of magnetic loops [24]. We choose the critical velocity
vc = 1.5vth0, where vth0 = (2kBTc0/m)1/2 is the electron thermal velocity at the inner boundary.
We adjust the parameters α and Ud to mimic the diverse power-law electron energy spectra
and the drifts of electron outflows produced by MR acceleration. We adjust nB to mimic the
open field lines in MR produced by magnetic field lines with different curvatures. The various
combinations of different α, Ud and nB used in the calculation are listed in Table 1 and the
meaning will be explained and discussed in detail in the following sections. The numerical
stationary solution is obtained after the code approaches the steady final state.
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Table 1. Combinations of different Parameters

α Ud(vth0) nB

4 0 3

4 1 1
4 1 2
4 1 3
4 1 5

4 0.5 3
6 0.5 3
8 0.5 3

3. Numerical results

Magnetic focusing is the direct consequence of the conservation of magnetic moment defined
as µM = mv2⊥/2B. The magnetic field decreases as the electrons move outward along open
magnetic field lines. The conservation of µM results in a decrease of the perpendicular electron
velocity, and conservation of electron kinetic energy increases the parallel electron velocity.

The steady analytical solution f(r, v, µ) of equation (5) can be obtained by the method of
characteristics [29, 30]:

f(r, v, µ) =


























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√

1−

(

r0
r

)nB

< µ < 1

0. −1 < µ <

√

1−

(

r0
r

)nB

, (9)

where f0(r0, v, µ) is any given inner boundary condition r0. Figure 1 shows the numerical solution
for the radial evolution of the electron VDF at 1.05, 1.5, 2 and 3 Rs respectively, for a velocity
distribution with δ = 0.8, α = 4, Ud = 1vth0 and nB = 2 at the inner boundary. As distance
increases, the electron VDFs become increasing anisotropic, i.e., the maximum pitch-angle of
the electron VDF decreases with the increasing distance, which is due to focusing induced by a
decreasing magnetic field, the maximum value of the electron perpendicular velocity decreases
while that of the parallel velocity increases, leading to the formation of a group of fast outward-
moving electrons - an electron beam.

To study the radial evolution of the bulk velocity of energetic electrons, we define it as:

ub =

2π

∫ ∞

vmin(r,µ)
dv

∫ 1

µmin(r)
dµv3µf

2π

∫ ∞

vmin(r,µ)
dv

∫ 1

µmin(r)
dµv2f

. (10)

This definition is similar to the definition of the mean electron velocity within the beam [7].

Hence, µmin(r) =
√

1−
(

r0/r
)nB is the cosine of the maximum pitch-angle of the electron VDF

at distance r, which is given by the analytical solution (9). At r0, µmin = 0, and increases with

increasing distance and vmin = Udµ+
√

U2
d(µ

2 − 1) + v2c is the critical velocity of the power-law
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Figure 1. 2D contour plots of the electron VDF in the moving frame at 1.05, 1.5, 2 and 3 Rs

for Ud = 1vth0 and B = B0/r
2.

component, for which vmin = vc if Ud = 0. In the case of Ud 6= 0, f(r, v, µ) and vmin are highly
anisotropic, and the analytical solution of ub is hard to obtain.

The radial evolution of the bulk velocity of the energetic electron ub in the rest frame of the
Sun is shown in Figure 2, A1 and A2. Figure 2 A1 has a Maxwellian velocity distribution with
weight δ = 1 at the inner boundary. In Figure 2 A2 the electron VDF at the inner boundary is
a Maxwellian with weight δ = 0.8 plus a power-law velocity tail (energetic electrons) with index
α = 4 and weight 0.2 (= 1 − δ) . The index α = 4 is estimated according to the lower bound
of the observable index of electron energy spectra which is about 3 [6,18,31,32], and the weight
0.2 (= 1− δ) is estimated by the typical acceleration efficiency found in PIC simulations [16,17].
Different velocity starting points of ub are caused by the different drifting velocities Ud (0, 0.5vth0
and vth0) of the electron VDF at the inner boundary.

It can be seen that ub under all conditions increases sharply from the inner boundary 1.05 to
1.4 Rs (i.e., over a distance of 0.4 Rs, or 300 Mm), indicating that magnetic focusing increases
the parallel bluk velocity when energetic electrons move upward along magnetic field lines.
Comparing with A1, Figure 2 A2 shows that the energetic electrons with a power-law energy
spectrum escaping from the acceleration region can be more efficiently focused to reach a higher
bulk velocity, which is about three times larger than the thermal velocity vth0. The decreasing
electron temperature with distance in the corona leads to a decrease of the local electron thermal
velocity (vth0 > vth). Therefore above a distance of 0.4 Rs (300 Mm), energetic electrons likely
have a bulk velocity ub that is a much larger value than the local electron thermal velocity,
i.e. ub � vth. These energetic electrons with large bulk velocity can trigger a strong ETSI
and produce Type III radio bursts [3, 33], which is consistent with the observations that type
III radio bursts are always found above a certain distance (> 300 Mm) from the acceleration



20th Annual International Astrophysics Conference
Journal of Physics: Conference Series 2544 (2023) 012004

IOP Publishing
doi:10.1088/1742-6596/2544/1/012004

7

Figure 2. (A1, A2): Radial evolution of the electron beam velocity ub in the rest frame. A1:
The inner boundary condition of the electron VDF is an isotropic Maxwellian only. A2: The
inner boundary condition of the electron VDF is an isotropic Maxwellian with weight δ = 0.8
plus an isotropic power-law with α = 4 and weight 0.2 (= 1 − δ). The drifting velocity Ud

and nB of magnetic field B = B0/r
nB are shown in the brackets (Ud, nB). (A3, A4): Radial

evolution of electron beam velocity growth rate χu corresponding to A1 and A2 respectively. B:
Radial evolution of < v2⊥ > / < v2‖ > for an electron beam. Line colors and styles have the same

meaning as in A2. C: Radial revolution of ub with different power-law indices α = 4, 6 and 8.
The shaded areas indicate the distance range from 1.05 to 1.4 Rs.

region [19, 20]. We find that even though the hot electrons do not develop outflow in the
acceleration region, the energetic electrons can escape and generate a bulk flow with velocity ub
much larger than the electron thermal velocity vth0, and trigger ETSI.

The differences between Figure 2 A2 and A1 illustrate how the magnetic field and power-law
tail affect the increase in the bulk velocity of the energetic electrons. First, the bulk velocity
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ub in A2 has a higher initial value at the inner boundary and a higher final value at the outer
boundary than those in A1. The power-law tail in A2 provides more energetic electrons, leading
to a higher initial ub. To study the increased efficiency, we define a growth rate for the electron
bulk velocity as χu = (ub − ub0)/ub0 where ub0 is the initial ub at the inner boundary. The
radial evolution of the growth rates χu are shown in A3 and A4 in Figure 2, where A3 is derived
from A1 and A4 from A2. The growth rates χu in A4 are larger than those in A3, showing that
magnetic focusing of electrons with a power-law tail leads to a higher bulk velocity than the
case of a Maxwellian distribution only. Therefore magnetic focusing can increase the electron
bulk velocity much more rapidly if more energetic electrons with a power-law tail are present,
thus triggering ETSI and producing type III radio bursts. Second, the nB in magnetic field
B = B0/r

nB also affects the radial evolution of ub and its growth rate χu. As nB increases from
nB = 1 to 3, and to 5, both the electron bulk velocity ub and its growth rate χu increase faster
and reach a larger value. Consequently, in a more rapidly decreasing magnetic field, we expect
more Type III radio bursts to occur at distances closer to the acceleration region of MR.

Magnetic focusing causes the parallel acceleration of electrons along the magnetic field line by
transferring electron kinetic energy from the perpendicular direction to the parallel direction. We
calculate the ratio of the perpendicular kinetic energy to the parallel kinetic energy of electrons
(< v2⊥ > / < v2‖ >) using

< v2⊥ >

< v2‖ >
=

∫ ∞

0
v2⊥fdv

∫ ∞

0
v2‖fdv

. (11)

Figure 2B displays the radial evolution of the kinetic energy ratio in the A2 case with δ = 0.8
and Ud = vth0. We find that the kinetic energy ratios start from less than 1 and decrease
with distance. For an isotropic electron VDF at the inner boundary, the kinetic energy ratio
is 2 since the isotropic VDF has one degree of freedom in the parallel direction and two in the
perpendicular direction. However, in our case, the electron VDF with a drifting velocity Ud 6= 0
is anisotropic, and its kinetic energy ratio is less than 2. The radial evolution of the kinetic
energy ratio decreases with distance which contrasts with the radial evolution of the electron
bulk velocity ub and its growth rate χu. It is noticeable that the kinetic energy ratio decreases
sharply in the same distance range from 1.05 to 1.4 Rs, while ub and χu, on the contrary, increase
sharply. The radial evolution of kinetic energy ratio caused by the magnetic focusing effect is
dominated by the value of nB in B = B0/r

nB : the larger nB, the faster the decrease of kinetic
energy ratio.

Panel C of Figure 2 shows the radial evolution of electron beam velocity ub of electrons with
different energy spectral indices α. The electron bulk speed ub with a smaller spectral index α
has a higher initial value since the electron VDF with a smaller spectral index α possesses more
energetic electrons. The smaller spectral index α leads to a faster increase of ub with radial
distance. Similarly, the maximum increase is in the same gray-shaded area.

We find that the electron energy spectral index α of energetic electrons is preserved during
the upward propagation in the presence of magnetic focusing. We plot a parallel cut of the
electron VDF (v‖ > 0) in Figure 3 and consider the radial evolution of the energy spectra index
α of the power-law tail. The energy spectral index α does not change with distance, and the
more distant electron VDF in interplanetary space has the same index α as the electron VDF
at the inner boundary. Consequently, the information embedded in the distribution function of
the energetic electrons produced in the acceleration region of the solar flare is preserved.
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Figure 3. A parallel cut of the electron VDFs at the inner and outer boundary. The normalized
electron VDF is calculated as f/fmax where fmax is the maximum. At v‖ > 0, the outwardly
propagating electron VDFs overlap and both have α = 4.

4. Discussion and conclusion

Observations of coronal Type III radio bursts discovered that electron beams are commonly
produced in solar flares [6,8,34], and the location of these beams is beyond some 300 Mm from
the acceleration region. However, the origin of electron beams is poorly understood. In this
paper, we investigate the transport of energetic electrons produced in the acceleration region of
solar flares as they propagate upward along the magnetic field lines of a solar flare. Magnetic
focusing is an intrinsic property of a decreasing strength magnetic field, typical of the solar
corona and solar wind, which transfers electron perpendicular momentum and kinetic energy
to the parallel direction. We ignore Coulomb and wave-particle scattering terms and construct
a kinetic transport equation for energetic electrons in the solar corona subject to magnetic
focusing. By numerically solving the kinetic transport equation, we investigate how magnetic
focusing affects the transport of energetic electrons along outward magnetic field lines in the
solar corona. Observations established that electrons are commonly accelerated by solar flares
to power-law energy spectra in the acceleration region. Here we mimic the acceleration process
by choosing the initial eVDF at the inner boundary with a power-law tail, and the power-law
index range varies from 4 to 8, consistent with the observations.

We find that the magnetic focusing effect sharply increases the bulk velocity of energetic
electrons over an observational desired distance of less than 0.4 solar radii (300 Mm) to be
much larger than the local electron thermal velocity. Energetic electrons with bulk velocity
much larger than the local electron thermal velocity can trigger type III radio bursts. This
is consistent with observations that the electron beams that produce type III radio bursts are
usually found above 300 Mm above photosphere. In a more rapidly decreasing magnetic field
(larger nB), energetic electrons with a harder power-law energy spectrum (smaller α) can drive
a faster beam. Energetic electrons with higher bulk velocity can trigger the ETSI and produce
type III radio bursts at a location much closer to the acceleration region. Magnetic focusing
does not change the initial spectral index α of energetic electrons as they propagate outward
along magnetic field lines. Thus, outwardly moving energetic electrons preserve the electron
distribution information from the region where they initially formed.

This paper focuses on the magnetic focusing effect. It will be necessary to extend our
numerical model to include Coulomb collisions and turbulence, investigating the competition
between these three effects in forming electron beams. This will be presented in a following
paper.
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