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A B S T R A C T 

Type-C quasi-periodic oscillations (QPOs) are the low-frequency QPOs most commonly observed during the hard spectral state 
of X-ray binary systems. The leading model for these QPOs is the Lense-Thirring precession of a hot geometrically thick 

accretion flow that is misaligned with respect to the black hole spin axis. Ho we ver, none of the work done to date has accounted 

for the effects of a surrounding geometrically thin disc on this precession, as would be the case in the truncated disc picture of 
the hard state. To address this, we perform a set of general relativistic magnetohydrodynamics simulations of truncated discs 
misaligned with the spin axes of their central black holes. Our results confirm that the inner-hot flow still undergoes precession, 
though at a rate that is only 5 per cent of what is predicted for an isolated precessing torus. We find that the exchange of angular 
momentum between the outer thin and the inner thick disc causes this slo w-do wn in the precession rate and discuss its rele v ance 
to type-C QPOs. 

Key words: accretion, accretion discs – MHD – relativistic processes – methods: numerical – stars: black holes – X-rays: bina- 
ries. 
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 INTRODUCTION  

any accreting black holes and neutron stars exhibit rapid variability 
n their X-ray light curves, which is often quasi-periodic in nature 
indicated by broad peaks of power in the frequency domain). Further, 
hey occasionally undergo outbursts during which the source transits 
hrough several different spectral states, as it simultaneously varies in 
uminosity and spectral hardness, tracing a ‘q’ shape in a hardness-
ntensity diagram, (Fender, Belloni & Gallo 2004 ; McClintock & 

emillard 2006 ). The current best models that provide a framework 
or understanding these outbursts relate the changing spectra to 
 changing geometry of the accretion flow and the presence or
bsence of different physical components (e.g. a corona or jet) (Esin,
cClintock & Narayan 1997 ; Begelman & Armitage 2014 ). The X-

ay spectra observed in these systems are mainly composed of a soft,
hermal component (below approximately 3 keV) and a hard power- 
aw component (extending roughly between 10–100 keV). The soft 
omponent is thought to be due to thermal blackbody-like radiation 
rom a relatively cold optically thick and geometrically thin disc. 
he non-thermal power-law component is thought to be generated 

rom the inverse-Compton scattering of soft seed photons emitted 
rom the disc by a radiatively inefficient cloud of hot electrons, 
ften referred to as the ‘corona.’ The location and geometry of the
orona are still under much debate, with some models placing it at
he base of the jet (Martocchia & Matt 1996 ; Fabian et al. 2009 ;
arker et al. 2015 ), while others consider it to sandwich the disc
Galeev, Rosner & Vaiana 1979 ; Haardt & Maraschi 1993 ; Svensson
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996 ; Beloborodov 1999 ). The truncated-disc model envisions a 
hird possible geometry with a standard-thin disc truncated well 
utside the last stable orbit, and the corona as a geometrically thick
adiati vely inef ficient accretion flo w filling in the inner gap (Eardley,
ightman & Shapiro 1975 ; Esin et al. 1997 ; Liu et al. 2007 ). Although
ll the abo v e mentioned models can reproduce the observed X-ray
pectra, the truncated disc model has the advantage of being able to
imultaneously explain some of the observed variability properties. 
rrespective of the model, a better understanding of the physical 
rigins of the variability observed in each spectral state can serve as
 powerful probe of the inner regions of accretion discs. 

The nature of quasi-periodic oscillations (QPOs) varies from one 
pectral state to another. Broadly speaking, the QPOs observed in 
lack hole systems are classified as high frequency ( � 60 Hz) and low
requency ( � 30 Hz) (Remillard & McClintock 2006 ; Belloni 2010 ).
ow-frequency QPOs are further classified into type-A, B, and C, 
f which the first two are observed in the intermediate states, during
he transition from hard to soft spectral states (Motta 2016 ). Type-C
POs are commonly observed in most accretion states (Motta et al.
012 ; Motta 2016 ), although they are particularly prominent in the
ard state. For these QPOs, both the fractional QPO amplitude and
he phase-lag between the hard and soft photons measured at the
PO frequency are found to have an inclination dependence (Motta 

t al. 2015 ; van den Eijnden et al. 2017 ). Such a dependence strongly
uggests a geometric origin for this QPO. For a detailed re vie w of
ype-C QPOs, we refer the reader to Ingram & Motta ( 2019 ). 

Most of the models invoked to explain type-C QPOs are based
ither on the geometry or the intrinsic properties of the disc. Possible
echanisms that have been invoked include trapped corrugation 
odes ( c -modes) in the inner regions (Kato & Fukue 1980 ; Wagoner
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Table 1. Simulations presented in this paper. 

Simulation Spin Tilt Resolution t end 

( a ∗) ( β0 ) [ r g / c ] 

a9b15r15L4 0.9 15 ◦ 384x256x256 25 000 
a9b15r15L3 0.9 15 ◦ 192x128x128 14 850 
a5b15r15L3 0.5 15 ◦ 192x128x128 16 700 
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999 ; Silbergleit, Wagoner & Ortega-Rodr ́ıguez 2001 ) or spiral
ensity waves propagating back and forth between the disc inner
adius and the Lindblad radius at some frequency (Tagger & Pellat
999 ; Rodriguez et al. 2002 ). Along the same lines, oscillations of
 standing shock in the accretion flow could also produce a type-
 QPO; ho we ver, to produce the required frequencies, such a shock
ould need to be located quite far from the black hole (Chakrabarti &
itarchuk 1995 ). Another popular model is the relativistic precession
odel, which associates the type-C QPO with the nodal precession

requency of a geodesic particle orbit in relativity (Stella & Vietri
998 ; Stella, Vietri & Morsink 1999 ). 
A variation of this model, which seems to match observations of

he type-C QPO particularly well, is, instead of having a particle or
nfinitesimal ring precess, have a finite inner region of the accretion
ow precess (Ingram, Done & Fragile 2009 ). This model ties in with

he truncated disc picture of the hard accretion state, in that, it is
he hot thick flow inside the truncation radius (i.e. the corona) that
s precessing (Ingram & Done 2011 ). This has the advantages of
owering the precession frequency into the proper range, naturally
xplaining the rise in the QPO frequency during the early phases of
n outburst cycle (when the truncation radius is moving inward),
nd easily reproducing the inclination dependence seen in QPO
bservations (since precession is more apparent, the closer to the
rbital plane one observes). This model also naturally explains the
bserved correlation between the QPO phase and the energy of
he iron emission lines seen in phase-resolved spectroscopic studies
Ingram et al. 2016 ). 

Previous numerical work involving magnetohydrodynamical sim-
lations of isolated tilted thick discs have demonstrated global Lense-
hirring precession at frequencies matching observations (Fragile
t al. 2007 ; Liska et al. 2018 ; White, Quataert & Blaes 2019 ).
o we ver, none of those studies consider the full truncated-disc
eometry and especially the effects of the surrounding geometrically
hin disc on the type-C QPO frequencies. The main concern for
PO models based on the Lense-Thirring precession of the hot thick
ow is its coupling to the outer thin disc. Questions that need to
e answered are: (1) How does the surrounding thin disc alter the
recession, both in terms of its frequency and amplitude? (2) Will the
oupling slo w do wn the precession and eventually stop it, or perhaps
oost the strength of the QPOs? The main objective of this paper is
o address some of these questions. 

For this purpose, we perform general relativistic magnetohydro-
ynamics (GRMHD) simulations of tilted truncated discs around
otating black holes. We evolve the simulations long enough to
stablish their steady-state behaviour which amounts to a significant
raction of the disc’s precession period. The remainder of this paper
s organized as follows: In Section 2 , we describe the initial set-up
f our simulations. In Section 3 , we discuss the main result of our
aper, that the outer thin disc slows down the precession of the inner
hick disc. We conclude with a discussion in Section 4 . 

 INITIAL  SET-UP  

.1 Physical set-up 

e performed three fully 3D GRMHD simulations of truncated
ccretion discs, all with the angular momentum axes of the disc and
he black hole misaligned by an angle of β0 = 15 ◦, as listed in Table 1 ;
ne is a high-resolution 4-level simulation (with dimensionless spin
arameter a ∗ = a / M = 0.9), and two are 3-level low-resolution
imulations with a ∗ = 0.9 and 0.5. 
NRASL 520, L79–L84 (2023) 
The initial set-up of all the simulations consists of a finite torus,
urrounded by a thin disc. The torus is initialized following the
rocedure of Chakrabarti ( 1985 ) assuming a constant specific angular
omentum, with its inner edge at r in = 6 . 5 r g , pressure maximum at

 cen = 9 r g , and polytropic index of γ = 5/3, where r g = GM / c 2 is
he gravitational radius. In all the simulations, a thin slab with fixed
eight, H = 0.4 r g , surrounds the torus extending from 15 r g to the
uter boundary of the simulations domain at ≈250 r g , with a density
istribution 

( R, z ) ∝ 

exp ( −z 2 / 2 H 
2 ) 

{ 1 + exp [(15 r g −R) /H ] }{ 1 + exp [( R −(40 r g ) 1 . 5 ) /H ] } , 
(1) 

here R = r sin θ is the cylindrical radius. The angular momentum
n the thin disc is Keplerian. In order to maintain the desired thin
tructure, we use an artificial cooling function, as described in
ragile, Wilson & Rodriguez ( 2012a ), but only applied to radii
eyond 15 r g . 
Both the torus and the slab are threaded with numerous small

oloidal loops of magnetic field with alternating polarity, starting
rom a magnetic vector potential of the form 

 φ ∝ 

1 

1 + exp ( δ) 

√ 

P g sin (2 πR/ 5 H ) , (2) 

here P g is the local gas pressure and δ = 10[( z/H ) 2 + H 
2 / ( R −

 ms ) 2 + H 
2 / (40 r 1 . 5 g − R) 2 − 1], with H = 0.6 and 0.4 r g for the torus

nd thin disc re gions, respectiv ely, and r ms is the location of the
arginally stable orbit. The resulting magnetic field is normalized

uch that the ratio of the gas pressure to the magnetic pressure
s initially ≥10 throughout the torus and thin disc. This field
onfiguration prevents the accumulation of strong net flux in the
nner regions, so we do not expect a magnetically arrested disc
MAD) to form. The background region surrounding the thin disc
nd torus is initialized with a non-magnetic gas with low density,
= 10 −5 ρmax r −1.5 and internal energy density, e = 10 −7 e max r −2.5 ,
here ρmax and e max are the maximum gas density and internal energy
ensity in the disc/torus. 

.2 Numerical set-up 

ll simulations are performed using Cosmos ++ (Anninos, Fragile &
almonson 2005 ), with its five-stage strong-stability-preserving
unge–Kutta (SSPRK) time-stepping scheme (Spiteri & Ruuth
002 ) and third-order piecewise-parabolic spatial reconstruction
Colella & Woodward 1984 ). The fluxes are calculated at zone
nterfaces using a two-wave HLL approximate Riemann solver
Harten, Lax & Leer 1983 ). 

The simulations are performed in modified Kerr–Schild spherical-
olar coordinates, which allow us to place the inner domain boundary
nside the black hole event horizon. The grid is logarithmically spaced
n r , e xtending o v er r ∈ [1 . 4 r g , 40 1 . 5 r g ], and uniformly spaced in
, co v ering the full [0, 2 π ] domain. The polar angle θ is uniformly
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Figure 1. Space-time plot of the precession angle, γ (measured in degrees) 
for simulation a9b15r15L4. The dashed curve represents the bending wave 
propagating at half the sound speed. The consistent precession angle seen 
between 5 and 20 r g at an y giv en time suggest that this region is undergoing 
rigid-body precession. 
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paced in the coordinate x 2 , ranging from 0 to 1, with 

= πx 2 + 

1 − h 

2 
sin (2 πx 2 ) , (3) 

here h = 0.5 is used to concentrate the grid cells close to the
idplane (McKinney 2006 ). We cut out a small cone of opening

ngle 10 −15 π near the poles to a v oid calculating metric terms on the
ole. 
All simulations use a base resolution of 48 × 32 × 32 with an

dditional two or three levels of static mesh refinement added, with 
djacent refinement le vels dif fering in resolution by a factor of 2 in
ach dimension, to bring most of the grid up to a fiducial resolution
f 192 × 128 × 128 or 384 × 256 × 256 for ‘3-level’ and ‘4-level’
imulations, respectively. The initial two levels of refinement are 
sed to resolve both the torus and the thin slab, which is common for
oth the 3-level and 4-level simulations. The torus region is refined 
ith two refinement levels in the regions within 1.4 < r / r g < 24

nd 0.14 π < θ < 0.86 π , and 1.4 < r / r g < 21 and 0.2 π < θ <

.8 π , respectively. The thin disc region within 12.6 < r / r g < 253
nd 0.4 π < θ < 0.6 π is refined twice. For the 4-level simulation,
n additional refinement layer is used to better resolve the thin disc
 v er r ∈ [10 . 5 r g , 60 r g ]. 
Outflow boundary conditions are used at both the inner and the 

uter radial boundaries. We use pole-axis boundary conditions near 
he poles, where information from the corresponding zone across 
he pole is used for calculating gradients, although fluxes, magnetic 
elds, and electric fields (emf’s) are zeroed out on the faces and
dges that touch the pole. Lastly, periodic boundary conditions are 
mplemented along the azimuthal direction. The zero-divergence of 
he magnetic fields is ensured using a constrained transport scheme 
Fragile, Wilson & Rodriguez 2012b ). 

As expected, once the simulations are set to evolve, the initial 
agnetic fields trigger the magnetorotational instability, causing 

urbulence to transport the angular momentum and thus allow 

ccretion. The heat generated in this process inflates the torus, thus
orming a hot thick flow in the inner regions. The cooling function,
hich is set to work in the outer thin slab region ( r ≥ 15 r g ), acts as
 heat sink and helps to maintain the target thickness, H / r ≈ 0.05.
he simulations have been run for more than 25 000 r g / c for the 4-

evel simulation and around 15 000 r g / c for the 3-level simulations.
ll of them have successfully maintained a two-component flow, as 

nticipated. 

 RESULTS  

.1 Precession angle 

e compute the precession angle, γ , by adopting the same formalism
s in Fragile et al. ( 2007 ); this angle quantifies how much the disc
ngular momentum vector has twisted, or precessed, around the black 
ole spin axis, as 

( r) = cos −1 

[
J BH × J disc ( r) 

| J BH × J disc ( r) | · ˆ y 
]

, (4) 

here J BH = ( −aM sin β0 ̂  x , 0 , aM cos β0 ̂  z ) is the angular momen- 
um vector of the black hole, and 

( J disc ) η ( r) = 

εμνσηL 
μνS σ

2 
√ −S αS α

(5) 

or η = 1, 2, 3 corresponds to the Cartesian vector components of the
ngular momentum vector of the disc as measured in asymptotically 
at space. Here 

 
μν = 

∫ (
x μT ν0 − x νT μ0 

)
d 3 x (6) 

nd S σ = 

∫ 
T σ0 d 3 x , where T μν is the MHD stress-energy tensor of

he fluid [see Appendix A ]. As a reminder, the angular momentum
ector of the disc at t = 0 is aligned along the direction of the ˆ z
nit vector. To a v oid the degeneracy in cosine for angles greater than
80 ◦, we also look at the projection of J BH × J disc ( r) onto ˆ x . 
Fig. 1 shows the evolution of the precession angle for simulation

9b15r15L4. There is a clear signature of a precession front starting
rom the inner thick-disc region, which propagates to the outer radii
from lower left to upper right) o v er time. The propagation happens
n the bending wave time-scale shown by the black–dashed curve. 1 

adii very close to the black hole undergo rapid precession to angles
p to 90 ◦, holding there for a period until the surrounding regions
egin to catch up. Beyond 20 r g , the initial precession is much more
odest ( γ � 30 ◦). This value also freezes in after a very short period

f time ( < 2000 r g / c after the bending wave passes); this frozen-in
wist is noted by the vertical stripes of colour in Fig. 1 , such as the
ertical red patch at ≈40 r g . Inside of 20 r g , ho we ver, the behaviour
s much different. Rather than vertical stripes of constant colour, we
ee nearly simultaneous variation of colour between 5 and 20 r g . This
imultaneous variation indicates solid-body precession ; all radii are 
xperiencing the same degree of precession at roughly the same time.
n example is the nearly horizontal dark green band around a time
f 10 4 r g / c , indicating that the inner torus has precessed ≈60 ◦ by this
ime. 

.2 Effect of the outer thin disc on the precessing inner thick 
isc 

he Lense-Thirring precession frequency of a test particle in an orbit
isaligned with the spin-axis of the black hole is given by 

LT = �φ

[ 

1 −
√ 

1 − 4 a ∗
r 3 / 2 

+ 

3 a 2 ∗
r 2 

] 

. (7) 
MNRASL 520, L79–L84 (2023) 
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M

Figure 2. Time evolution of the cumulative precession angle o v er the range 
5–15 r g . The slopes of these curves give the precession rates. The grey–
dashed lines represent the precession rates estimated from equation ( 8 ). 
The coloured–dotted curves represent the precession estimated using equa- 
tion ( A4 ) for the simulations a9b15r15L4 and a5b15r15L3. 
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or an isolated torus-like structure between an inner and outer
adius, r i and r o , precessing as a solid body, the angular frequency
f precession is computed from weighting �LT by the angular
omentum of the torus: 

prec = 

∫ r o 
r i 

�LT �r 3 �φd r ∫ r o 
r i 

�r 3 �φd r 
, (8) 

here �φ( r ) is the local angular velocity. Assuming a power-law
rofile for the surface density, �( r ) ∼ �( r i )( r / r i ) −ζ , one can arrive
t an analytical estimate of �prec given by equation (43) in Fragile
t al. ( 2007 ). 

Fig. 2 shows the cumulative precession angle for matter between
 and 15 r g in our three simulations. We exclude the region inside r =
 r g , because tilted discs have ef fecti ve inner radii well outside of the
arginally stable limit (Fragile 2009 ). The expected precession rates

equation 8 ) for tori extending over this range of radii are represented
y the grey–dashed lines, with ζ = −6.1 for the a ∗ = 0.9 simulation
nd −5.2 for the a ∗ = 0.5 one. We see that the predicted precession
ates agree reasonably well with the early ( t � 1000 r g / c ) behavior
f the simulations. Ho we ver, after t ≈ 2000 r g / c , which is roughly
hen the bending wave reaches the transition region (15 � r � 20 r g ,

ee Fig. 1 ), the slopes of the cumulative precession curves change
ramatically. The precession rate decreases by more than 95 per cent
o a rate comparable to what equation ( 8 ) would give if r o were
0 r g . This establishes the key results of our paper: the outer thin disc
learly affects the precession of the inner thick disc by reducing its
ate . It is encouraging that we find nearly identical precession rates
n the low- and high-resolution a ∗ = 0.9 simulations, suggesting
hat this conclusion is robust. To ensure that the decrease in the
recession rate is due to the outer thin disc, we performed another
imulation identical to a9b15r15L4, except that the outer thin disc is
bsent, and found that it precesses continuously at the rate predicted
y equation ( 8 ). 
The decrease in the precession rate in the truncated disc sim-

lations can be attributed to the exchange of angular momentum
etween the thick and thin discs. We discuss how to estimate this
ffect in Appendix A . In particular, if we include both the torque
NRASL 520, L79–L84 (2023) 
nd flux terms in equation ( A4 ), then we find remarkable agreement
etween equation ( A1 ) and the simulation results, as shown by the
otted curves in Fig. 2 . It is worth pointing out that if we exclude
he flux terms in equation ( A4 ), we reco v er the e xpected precession
ates from equation ( 8 ). 

 DISCUSSION  

ver the last decade, the Lense-Thirring precession model by Ingram
t al. ( 2009 ) has gained wide popularity for explaining the type-
 QPOs observed in X-ray binary systems. The dependence of

he precession frequency on the outer radius of the torus in this
odel, facilitates an independent measurement of the truncation

adius when compared to observations. According to Ingram et al.
 2009 ), the estimated frequencies for an isolated torus with r i between
–10 r g and r o varying from 10–50 r g can produce frequencies in
he observed range of 0.01–10 Hz. Ho we ver, as we showed in the
revious section, the presence of a thin disc outside the hot thick
ow decreases the precession frequency by about 95 per cent. This
as direct implications for the truncation radius estimation. 

For a typical black hole mass of 10 M �, the precession frequencies
esulting from our simulations are roughly 0.14 and 0.05 Hz for
 ∗ = 0.9 and 0.5, respectively. These frequencies fall near the lower
nd of the type-C QPO range (Remillard & McClintock 2006 ). To
each the upper end of the frequency range requires decreasing the
ize of the precessing torus. In this way, the slower precession
requencies noted in this work actually help relieve some of the
ensions between the Lense-Thirring precession model and some
ype-C QPO observations. One such example is the 2.2 Hz QPO
bserved in the black hole binary system GRS 1915 + 105 (Nathan
t al. 2022 ). According to equation ( 8 ), the outer edge of an isolated
orus precessing around a 10 . 1 M � black hole with a ∗ = 0.998 would
eed to be around 41 r g to produce a frequency this lo w. Ho we ver,
he inferred truncation radius from phase-resolved spectroscopy of
his particular QPO is 1 . 43 + 0 . 01 

−0 . 02 r g (Nathan et al. 2022 ). One way
his conflict could be resolved is if the outer thin disc decreases the
ense-Thirring precession frequency of the inner torus as found in
ur work. Assuming that the percentage decrease in the precession
requency does not vary with the truncation radius, we can match
he 2.2 Hz frequency with an outer edge now only at ≈11 r g . This
s still in conflict with the phase-resolved spectroscopy results, but
o v es things considerably in the right direction. Of course, we do not

now yet how the precession rate will vary as the truncation radius
hanges, something that will need to be explored in future studies.
t is worth noting that although a smaller precessing region may
elp match the observational data, it possibly exacerbates the long-
tanding question about how that region emits enough luminosity
o dominate the timing signal. Lastly, Liska et al. ( 2021 ) reported
hat for extreme tilt angles (45–60 ◦), geometrically thin discs could
ragment into sub-discs each precessing at different rates. It would
e interesting to test our model for such extreme tilt angles to study
he possibility of disc tearing in the outer, thin disc and how it affects
he precession rate 

We conclude that in a truncated-disc geometry, the rate of Lense-
hirring precession of the hot thick flow around a black hole can be
ignificantly reduced from the isolated case by the advected angular
omentum fluxes from the surrounding thin disc. In principle, this

esult could potentially be rele v ant to other astrophysical phenomena
ased on Lense-Thirring precession, such as tilted discs in tidal dis-
uption events, where the exchange of angular momentum between
he incoming debris stream from the disrupted star and the precessing
isc around the supermassive black hole could potentially slow down
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he precession or even halt it if the fluxes are strong enough; this is
omething that will be studied with future simulations. 
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PPENDIX  A:  CALCULATION  OF  PRECESSION  

ATE  

et J 1 and J 2 be orthogonal vector components of the angular
omentum of the precessing torus projected onto the equatorial 

lane of the black hole. We can then define the precession angle, γ ,
f the torus extending from r i to r o as tan γ = J 2 / J 1 . Differentiating
ith respect to time gives us the precession rate (Zhuravlev et al.
014 ), 

∂γ

∂t 
= 

1 

J 2 1 + J 2 2 

(
J 1 

∂J 2 

∂t 
− J 2 

∂J 1 

∂t 

)
. (A1) 

ll we need to do is compute the terms J i and ∂ J i / ∂ t (for i = 1, 2)
rom the simulation data. 

For J i , we take 

 i = 

∫ r o 

r i 

d rd θd φ
√ −g l i , (A2) 

here l 1 = l x cos β0 + l z sin β0 and l 2 = l y ; the vector components
f the angular momentum density ( l ) in Cartesian coordinates are
 
x = yT tz − zT ty , l y = zT tx − xT tz , and l z = xT ty − yT tx ; and
 
μν = ( ρh + 2 P m ) u μu ν + ( P g + P m ) g μν − b μb ν is the stress-energy

ensor of the fluid in the MHD limit, where h = 1 + ε + P g / ρ is
he specific enthalpy, ε is the specific internal energy density, P m 

s the magnetic pressure, u μ is the fluid four-velocity, and b μ is the
our-vector magnetic field measured by an observ er como ving with
he fluid. 

To predict the time-deri v ati ves of the angular momentum in a
imple model, we use the angular momentum conservation equa- 
ion (Pringle 1992 ) 

∂ L 

∂t 
+ 

1 

r 

∂ 

∂r 

(
rV 

r L 

) = �LT × L , (A3) 

here L is the angular momentum vector per unit surface area and
 
r is the radial velocity . Technically , this equation was derived in

he dif fusi v e re gime, but as we show, it works well even for our
runcated discs. We have ignored the viscous terms in the abo v e
onservation equation, as we find them to be negligible when 
ompared to the Lense-Thirring torque and angular momentum 
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uxes in our simulations. Integrating the vector components of the
bo v e equation o v er the surface area, we get 

∂J i 

∂t 
= ∓

∫ r o 

r i 

d rd θd φ
√ −g �LT l j −

[
F i | r o − F i | r i 

]
, (A4) 

here the minus sign and j = 2 are taken for i = 1, and the plus sign
nd j = 1 are taken for i = 2. The first term on the right-hand-side
s the usual Lense-Thirring torque term, and the terms within braces
NRASL 520, L79–L84 (2023) 
epresent the angular momentum flux through the boundaries, r i and
 o , given by 

 i = 

∫ 
d θd φ

√ −g l i V 
r . (A5) 
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