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Abstract 22 

The use of ion exchange membranes (IEMs) for electrochemical ion-ion separation leverages the 23 

selectivity of the IEMs toward like-charged species via valence difference and/or other ion-24 

membrane interactions. A mechanistic model that relates selectivity with membrane structural and 25 

chemical properties is lacking in the literature. Here, we extend the Manning’s counter-ion 26 

condensation model for describing ion partition and ion mobility inside IEMs to mixed salts 27 

scenarios. We evaluate the extended Donnan-Manning model against experimental data from 28 

literature and compare the performance the Donnan-Manning model to that of the ideal Donnan 29 

model and the Donnan-Affinity model. Our analysis shows that, despite its structural complexity, 30 

the Donnan-Manning model has less fitting parameters than the Donnan-Affinity model and 31 

generally outperforms the two other models in predicting counter-ion and co-ion partition. With 32 

the assumption of a higher mobility of condensed ions than that of uncondensed ions, the 33 

generalized Manning’s model can also predict counter-ion mobility selectivity for cation exchange 34 

membranes, but its performance for predicting mobility selectivity for anion exchange membranes 35 

is still unsatisfactory. 36 

 37 

 38 
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1. Introduction 41 

Precise solute-solute separation is a topic of growing interest due to its relevance in resource 42 

extraction from brine lakes and seawater (e.g., lithium and rare earth elements extraction) and 43 

nutrient recovery from wastewaters (e.g., nitrogen and phosphorus recycling) [1–4]. 44 

Electrodialysis (ED) is one of the most promising membrane processes for selective ion-ion 45 

separation [5,6]. The key components that govern the performance of an ED process are ion 46 

exchange membranes (IEMs) which are dense polymer matrices with high density of fixed charge 47 

groups. IEMs allow the transport of counter-ions and repel co-ions and can thus achieve the 48 

separation of species with opposite charges. Historically, an ED process using alternately stacked 49 

cation exchange membranes (CEMs) and anion exchange membranes (AEMs) has been 50 

investigated most extensively for desalination [7–9]. However, recent studies have started to 51 

investigate ED for selective separations, hoping to leverage IEMs’ selectivity between like-52 

charged species based on valence difference and/or difference in ion-membrane affinity [10–14]. 53 

To guide the design of next generation IEMs for the specific application of ion-ion separation, 54 

fundamental understanding and quantitative description of selective ion transport through IEMs 55 

are critical.  56 

Ion transport across the IEMs can be described by ion partition at two solution-membrane 57 

interfaces and ion transport inside the IEMs. Counter-ion selectivity of IEMs can be approximated 58 

by a product of partition selectivity at interfaces and mobility selectivity inside the membrane 59 

[5,15]. A desired IEM with high selectivity toward the ion of interest should prefer the partition 60 

and transport of target ion inside the membrane. To guide the design of IEMs with better selective 61 

separation ability, a mechanistic model that can relate selectivity with membrane structural and 62 

chemical properties is desired but still under development.  63 

Ion partition to IEMs can be measured by static sorption experiments [16–18]. Donnan 64 

equilibrium is usually applied to predict the ion partition at solution-membrane interfaces but it 65 

only accounts for the ideal Donnan effect. Other models beyond the ideal Donnan model have 66 

been proposed to describe the ion partition. Donnan-Affinity model groups any non-ideal behavior 67 

during partition to an affinity term which results in a simple model with good fitting ability but 68 

lacks mechanistic insights on how to design better IEMs [11,19]. The Donnan-Manning model 69 

applies Manning’s counter-ion condensation theory to describe ion transport across IEMs more 70 
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mechanistically but has only been validated with single salts [20–23]. However, ion transport with 71 

mixed salts can be very different from that with single salts and only mixed salts are practically 72 

relevant under the context of any selective separation [24].  73 

Ion transport inside the IEMs can be described by the Nernst-Planck equations but requires 74 

the knowledge of accurate intra-membrane ion diffusivity. Ion diffusivity can be measured from 75 

salt diffusion experiments and membrane conductivity measurements for single salts or fitted from 76 

ED experiments with the prior measurement of ion partition for mixed salts [20,25]. Tortuosity 77 

effect is usually the only effect considered when modeling the diffusivity impediment inside IEMs 78 

[19]. Recently, models based on Manning’s theory have been applied to account for the impeding 79 

electrostatic effect of fixed charges on ion diffusivity, but only for single salts [26,27]. Extension 80 

and validation of these models to mixed salts are necessary for the investigation of counter-ion 81 

selectivity of IEMs.  82 

In this study, we first generalize the Manning’s counter-ion condensation model to mixed 83 

salts. The generalized model is then validated with results from recent literature for di-/mono-84 

valent and mono-/mono-valent ion partition experiments using both CEMs and AEMs. We also 85 

compare the generalized Donnan-Manning model with the ideal Donnan model and the Donnan-86 

Affinity model on counter-ion selectivity and co-ion partition. We next discuss the impacts of 87 

membrane properties on counter-ion partition selectivity. Finally, we compare the model 88 

predictions of mobility selectivity to experimental results and discuss the possible reasons of the 89 

observed deviation.  90 

  91 

2. Theory 92 

2.1 Ion-ion selectivity 93 

The ion flux across the IEM, 𝐽! [mol m-2 s-1], can be modeled using the extended Nernst-Planck 94 

equations, considering advection flux, diffusion flux and electro-migration flux: 95 

𝐽! = 𝑣"𝑐!# − 𝐷!#
d𝑐!#

d𝑥
− 𝑧!𝑐!#𝐷!#

𝐹
𝑅𝑇

d𝜑
d𝑥

					𝑖 = 1, 2, …𝑁$ (1) 

where 𝑣" [m s-1] is the superficial water velocity across the membrane,	𝐷!# [m2 s-1] is the ion 96 

diffusion coefficient inside the membrane accounting for both tortuosity and porosity (i.e., water 97 
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volume fraction) effects, 𝑐!# [mol m-3] is the ith ion concentration per volume of solution inside the 98 

IEM, 𝑥 is the coordinate perpendicular to the membrane surface, 𝑧! is the ion charge valence, 𝜑 99 

[V] is the electrical potential, 𝐹 [96487 C mol-1], 𝑅 [8.314 J mol-1 K-1] and 𝑇 [K] are Faraday 100 

constant, ideal gas constant and absolute temperature, respectively. 𝑁$ is number of ion species. 101 

Ion-ion selectivity of a membrane process, 𝑆!/& , is defined as the ratio of feed concentration-102 

normalized ion fluxes between species 𝑖 and 𝑗 [5,15,24]. When electro-migration dominates the 103 

ion transport over diffusion and advection as in an ED process, the first two terms in Eq. (1) for 104 

ion flux can be ignored and the ion-ion selectivity can be approximated as the product of ion 105 

partition selectivity, 𝑆!/&' , and mobility selectivity, 𝑆!/&(  [5,15]: 106 

𝑆!/& =
𝐽!/𝑐!)

𝐽&/𝑐&)
≈ 9

𝐾!
𝐾&
;9

𝑧!𝐷!#

𝑧&𝐷&#
; = 𝑆!/&' 𝑆!/&(  (2) 

where 𝑐!) is the ion concentration of the (feed) solution phase concentration of 𝑖, 𝐾! = 𝑐!#/𝑐!) is the 107 

partition coefficient of ion 𝑖 (same definitions apply for ion 𝑗). We note that the ion concentration 108 

ratio at the feed solution-membrane interface is used to evaluate	𝐾! , as the main target is to 109 

selectively separate the ion of interest from the feed solution [5]. Partition selectivity, 𝑆!/&' , is 110 

defined as the ratio of partition coefficients. i.e., 𝐾!/𝐾&. Mobility selectivity, 𝑆!/&( , is defined as the 111 

ratio of ion mobility, 𝑢!#/𝑢&# inside the IEM, where 𝑢!# = 𝑧!𝐷!#𝐹/(𝑅𝑇) and 𝑢&# = 𝑧&𝐷&#𝐹/(𝑅𝑇). 112 

 113 

2.2 Ion partition selectivity 114 

2.2.1 Ideal Donnan model 115 

At ion sorption equilibrium, the electrochemical potential of ion 𝑖 inside the IEM equals that in the 116 

external solution [28]: 117 

𝜇̅!,+ + 𝑅𝑇ln(𝛾!#𝑐!#) + 𝑧!𝐹𝜑, = 𝜇̅!,+ + 𝑅𝑇ln(𝛾!)𝑐!)) + 𝑧!𝐹𝜑)  (3) 

where 𝜇̅!,+ [J mol-1] is the standard state chemical potential, 𝛾!# and 𝛾!) are activity coefficients of 118 

ion 𝑖 in the membrane phase (i.e., inside the IEM) and  the solution phase (i.e., outside the IEM), 119 

𝜑# [V] and 𝜑) [V] are electrical potentials of the membrane phase and the solution phase. When 120 

assuming ideal solution behavior of ions for both phases (i.e., 𝛾!# = 𝛾!) = 1), Eq. (3) simplifies to: 121 
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𝑐!# = 𝑐!)exp H−
-!.
/0
∆𝜑J  (4) 

where ∆𝜑 = 𝜑# − 𝜑) is the Donnan potential across the solution-membrane interface and is same 122 

for every ion. Ion concentrations inside the IEM and the Donnan potential can be then solved using 123 

the local electro-neutrality condition: 124 

K𝑧!𝑐!# + 𝑐1 = 0
!

 (5) 

where 𝑐1 [mol m-3] is the fixed charge density of the IEM per volume of absorbed solution (i.e., 125 

positive for AEMs and negative for CEMs) and is typically treated as spatially homogeneous. Thus, 126 

ion partition selectivity of the IEM with mixed salts can be expressed as: 127 

𝑆!/&' ≡
𝐾!
𝐾&
=
𝑐!#/𝑐!)

𝑐&#/𝑐&)
= exp9−

N𝑧! − 𝑧&O𝐹
𝑅𝑇

∆𝜑; (6) 

Eq. (6) means the ideal Donnan model predicts ion partition selectivity as a function of ion valence 128 

difference and the Donnan potential which depends on the membrane charge density and the 129 

external solution composition. Eq. (6) suggests that 𝑆!/&'  always equals one when ions 𝑖 and 𝑗 have 130 

the same valence, i.e., no selectivity is possible for ions with the same valence within the Donnan 131 

model framework. 132 

2.2.2 Donnan-Affinity model 133 

The Donnan-Affinity (D-A) model assumes that there is a difference between the chemical 134 

potential of the standard state of ions in the external solution (𝜇̅!,+) ) and that inside the IEM (𝜇̅!,+# ) 135 

[11,19]: 136 

𝜇̅!,+# + 𝑅𝑇ln(𝑐!#) + 𝑧!𝐹𝜑# = 𝜇̅!,+) + 𝑅𝑇ln(𝑐!)) + 𝑧!𝐹𝜑)  (7) 

This difference is quantified by 𝜇!21 = 𝜇̅!,+) − 𝜇̅!,+# , where 𝜇!21 [J mol-1] is the affinity (or excess 137 

chemical potential) of ion 𝑖 due to all possible chemical and physical effects beyond the Donnan 138 

effect considered in the ideal Donnan model [11,19]. With this relatively flexible fitting parameter 139 

that broadly accounts for multiple effects, including solution non-ideality, the activity coefficients 140 

of ions are arbitrated to be unity to maintain model simplicity (one way to interpret this treatment 141 

is that the nonideal solution effects have been incorporated into 𝜇!21). With these assumptions, the 142 

ion partition is given as: 143 
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𝑐!# = 𝑐!)exp 9−
𝑧!𝐹
𝑅𝑇

∆𝜑 +
𝜇!21

𝑅𝑇
; (8) 

The partition selectivity of the IEM with mixed salts can be then expressed as: 144 

𝑆!/&' = exp9−
N𝑧! − 𝑧&O𝐹

𝑅𝑇
∆𝜑 +

∆𝜇!/&21

𝑅𝑇
; (9) 

where ∆𝜇!/&21 = 𝜇!21 − 𝜇&21  is the affinity (toward the IEM) difference between ions 	𝑖  and 𝑗 . A 145 

positive ∆𝜇!/&21  (i.e., 𝜇!21 > 𝜇&21 ) means that ion species 𝑖  is preferred over ion species 𝑗  in 146 

partitioning into the IEM. We note that ion affinity is considered as an intrinsic property of the 147 

ion-IEM pair and is independent of concentration. Thus, 𝑆!/&'  is a constant when ions 𝑖 and 𝑗 have 148 

the same valence, as the first term in the exponent of Eq. (9) equals zero and Eq. (9) is reduced to 149 

𝑆!/&' = expN∆𝜇!/&21 /𝑅𝑇O. When using the D-A model, ion affinity terms are usually fitted from 150 

experimental sorption data, and theoretical estimation is currently unavailable [11,19]. 151 

2.2.3 Donnan-Manning model 152 

Releasing the simplifying assumption of ideal solution behavior and without introducing an ion 153 

affinity term as a fudge factor, Eq. (3) can be written as: 154 

𝛾!#𝑐!# = 𝛾!)𝑐!)exp H−
-!.
/0
∆𝜑J  (10) 

where the ion activity coefficient for an ion in the solution phase, 𝛾!), can be estimated using the 155 

Pitzer model [29,30]. To estimate the ion activity coefficient inside the IEM, Manning’s counter-156 

ion condensation theory has been applied for a single salt system (i.e., the salt contains only one 157 

anion species and one cation species) [21,22]. Based on this theory, the IEM is modeled as a cross-158 

linked network of linear polyelectrolyte chains with spatially even distribution of charges. When 159 

describing the local interaction between the fixed charges and ions, the Manning parameter (also 160 

known as dimensionless linear charge density) is defined as 𝜉 = 𝜆3/𝑏 , where 𝜆3 = 𝑒4/161 

(4𝜋𝜀+𝜀𝑘3𝑇)  is the Bjerrum length and 𝑏  is the distance between fixed charges [31,32]. The 162 

‘counter-ion condensation’ in the Manning’s theory refers to the phenomenon that part of counter-163 

ions inside the IEM tend to stay in the overlapping electric fields of two adjacent fixed charges 164 

and behave differently from the free counter-ions, if  𝜉 exceeds a critical value, 𝜉56 = 1/Y𝑧1𝑧7Y, 165 

where 𝑧1 is membrane charge valence and 𝑧7 is the counter-ion valence. In other words, counter 166 
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ion condensation occurs when 𝑏 < Y𝑧1𝑧7Y𝜆3. From now on, we assume |𝑧1| = 1 for simplicity 167 

(e.g., sulfonic acid groups in CEMs and quaternary amino groups in AEMs). The uncondensed 168 

ions are treated using Debye-Huckel approximation to account for point-to-line electrostatic forces.  169 

Manning’s counter-ion condensation theory has been successfully applied to describe 170 

single salts partition to IEMs [16,21,33–35]. However, the model has yet to be extended to describe 171 

mixed salts partition. The expressions for ion activity coefficients estimation are only derived for 172 

single salts and cannot be directly applied to mixed salts [20,32]. Herein, we extend the expressions 173 

for estimating ion activity coefficients inside IEMs based on Manning’s theory [32,36] (see 174 

Appendix A1 for detailed derivation).  175 

When no counter-ion condensation occurs (i.e., 𝜉 < 𝜉56), 𝛾!# of both counter-ions and co-176 

ions can be estimated by: 177 

ln(𝛾!#) = −
𝜉|𝑐1|𝑧!4

2∑ (𝑧!4𝑐!#)!
 (11) 

Integrating Eq. (10) and (11), when no counter-ion condensation occurs, the partition selectivity 178 

can be then expressed as: 179 

𝑆!/&' =
𝛾!)

𝛾&)
exp 9−

N𝑧! − 𝑧&O𝐹
𝑅𝑇

∆𝜑 −
𝜉|𝑐1|N𝑧&4 − 𝑧!4O
2∑ (𝑧!4𝑐!#)!

; 	 (12) 

When counter-ion condensation occurs (i.e., 𝜉 > 𝜉56), co-ion and counter-ion activity coefficients 180 

are given as: 181 

ln(𝛾5#) = −
𝜉564 |𝑐1|𝑧84

2𝜉 ∑ N𝑧!4𝑐!#𝑓9,!O!
 (13) 

lnN𝛾7,!#O = lnN𝑓9,!O −
𝜉564 |𝑐1|𝑧!4

2𝜉 ∑ N𝑧!4𝑐!#𝑓9,!O!
 (14) 

where 𝑓(,! is the fraction of counter-ion 𝑖 inside the IEM that is in the uncondensed state. Consider 182 

a ternary case (i.e., two counter-ions and one co-ion for an IEM) and assume the partial 183 

condensation of both counter-ions [36], the uncondensed fraction of each counter-ion can be 184 

estimated by solving Eqs. (15-16) simultaneously: 185 

|𝑧!|𝑐!#N1 − 𝑓9,!O + Y𝑧&Y𝑐&#N1 − 𝑓9,&O = |𝑐1| H1 −
:"#
:
J  (15) 
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Y𝑧&Y
|𝑧!|

N1 − 𝑓9,&O/𝑓9,&
N1 − 𝑓9,!O/𝑓9,!

= exp9
∆𝜇!/&5;<

𝑅𝑇
; (16) 

where Eq. (15) describes that condensed counter-ions screen a sufficient number of the fixed 186 

charges, Eq. (16) describes the counter-ion condensation equilibrium, and ∆𝜇!/&5;< [J mol-1] is the 187 

condensation energy difference between the two counter-ions, similar to Manning’s original 188 

treatment on the condensation equilibrium between two monovalent counter-ion species (c.f. Eq. 189 

(35) in reference [36]). Different from Manning’s original assumption that the multi-valent 190 

counter-ions would condense prior to monovalent ions, we here assume both counter-ions may 191 

partially condense simultaneously when the Manning parameter is larger than the lowest critical 192 

value, i.e.,  𝜉 > min	(𝜉56,!). Moreover, to keep simplicity and reduce fitting parameters, we do not 193 

separately specify any finite volume effect of the condensed counter-ions as Manning did, but 194 

consider it has been accounted for in ∆𝜇!/&5;< . Thus, the partition selectivity when counter-ion 195 

condensation occurs can be then expressed as: 196 

𝑆!/&' =
𝛾!)

𝛾&)
𝑓9,&
𝑓9,!

exp9−
N𝑧! − 𝑧&O𝐹

𝑅𝑇
∆𝜑 −

𝜉564 |𝑐1|N𝑧&4 − 𝑧!4O
2𝜉 ∑ N𝑧!4𝑐!#𝑓9,!O!

; 	 (17) 

We note that Eqs. (11, and 13–15) reduce to single salts scenario where the system contains only 197 

one counter-ion, i.e., when we have binary instead of ternary system (see Appendix A2 for 198 

derivation). The key step of generalization is to calculate the Debye screening parameter of the 199 

mixed electrolytes. 200 

 201 

2.3 Mobility selectivity 202 

Ion mobility inside IEMs is slower than that in the bulk solution due to both spatial and electrostatic 203 

effects [20,27]. The spatial effect considers the tortuosity of free volumes inside the IEM and is 204 

usually modeled by the Mackie-Mears model [37]. The electrostatic effect of fixed charges on the 205 

mobile ions has also been modeled by Manning’s counter-ion condensation theory, but only for 206 

single salts [26,31]. Here, we generalize Manning’s equations [31] for ion diffusivity impediment 207 

with mixed salts: 208 
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𝐷!#

𝐷!)
= 𝑓9,!𝜙" a

𝜙"
2 − 𝜙"

b
4

91 −
𝑧!4

3
𝐴; (18) 

where 𝜙" is water volume fraction and the term H
=$
4>=$

J
4
 accounts for the tortuosity effect. The 209 

parameter 𝐴 is a function of 𝜉 and |𝑐1| and accounts for the electrostatic effect. When no counter-210 

ion condensation occurs (i.e., 𝜉 < 𝜉56), 211 

𝐴 = K K e
|𝑐1|

𝜋𝜉>?|𝑐1|(𝑚?
4 +𝑚4

4) + ∑ (𝑧!4𝑐!#)!
g

@A

,%B>A

@A

,&B>A

4

 (19) 

and when counter-ion condensation occurs (i.e., 𝜉 > 𝜉8C),    212 

𝐴 = K K e
𝜉56|𝑐1|

𝜋|𝑐1|(𝑚?
4 +𝑚4

4) + 𝜉 ∑ N𝑧!4𝑐!#𝑓9,!O!
g

@A

,%B>A

@A

,&B>A

4

 (20) 

where 𝑚? and 𝑚4 are two non-zero summation indices (i.e.,	(𝑚?, 𝑚4) ≠ (0,0) ) that come from 213 

the lattice assumption in Manning’s theory [31]. We note that Eqs. (18–20) can reduce to single 214 

salts scenario where the system contains only one counter-ion (see Appendix A3 for derivation). 215 

Thus, counter-ion mobility selectivity inside the IEM can be then expressed as: 216 

𝑆!/&( =
𝑧!𝐷!)

𝑧&𝐷&)
𝑓9,!
𝑓9,&

a1 − 𝑧!
4

3 𝐴b

91 −
𝑧&4

3 𝐴;
 (21) 

Eq. (21) shows that the tortuosity effect cancels out in the mobility selectivity as both counter-ions 217 

experience the effect to the same extent.  218 

 219 

2.4 Model evaluation 220 

In a recent work, Chen et al. [16] experimentally measured the equilibrium partition of KCl/NaCl 221 

and CaCl2/NaCl into a CEM (CSE, Astom Co., Japan), and the partition of NaNO3/NaCl and 222 

Na2SO4/NaCl into an AEM (ASE, Astom Co., Japan) as a function of external total salt 223 

concentration. In those experiments, the concentrations of counter-ions and co-ions inside IEMs 224 

were measured. Here, we compare the three models, i.e., the standard Donnan model, the Donnan-225 

affinity (D-A) model, and the Donnan-Manning (D-M) model, in their ability to fit the membrane-226 
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phase ion concentrations. The model inputs, outputs and fitting parameters are summarized in 227 

Table 1 and the fitted parameters are summarized in Table S2 and Table S3. Membrane-phase ion 228 

concentrations, 𝑐!# , and the Donnan potential across the interface, ∆𝜑 , can be determined by 229 

solving the ion partition equation (Eq. (4), or (8) or (10)) with the charge neutrality condition (Eq. 230 

(5)) simultaneously. In the D-M model, we use the 𝜉 value (for each IEM) fitted by Chen et al. 231 

[16] from single salt partition experiments, as 𝜉 has been validated to be an intrinsic property of 232 

IEMs. As the experimentally observed membrane phase co-ion concentration is roughly an order 233 

of magnitude lower than the counter-ion concentration, we used weighted least squares fitting 234 

(with a weight of 10 for co-ion concentration residuals) to avoid strong bias toward the influence 235 

of counter-ions: 236 

𝛽 = argmin
D

KKa𝜔! H𝑐!,E
#,21F − 𝑐!,E

#,#;G(𝛽)Jb
4

!E

 (22) 

where 𝑐!,E
#,21F and 𝑐!,E

#,#;G are experimentally measured and model predicted membrane phase ion 237 

concentration of ion 𝑖 for the 𝑘th data point, respectively, 𝜔! is the weight coefficient (equals 1 for 238 

counter-ions and 10 for co-ions), 𝛽 is the fitting parameter, which is 𝜇!21 in the D-A model and 239 

∆𝜇!/&5;< in the D-M model. 240 

Table 1. Comparison of partition models with mixed salts 241 

 
Ideal Donnan 

model 
D-A model D-M model 

Inputs 𝑐!), 𝑐1 𝑐!), 𝑐1 𝑐!), 𝑐1, 𝛾!), 𝜉 

Outputs  𝑐!#, ∆𝜑 𝑐!#, ∆𝜑 𝑐!#, ∆𝜑, 𝛾!#, 𝑓9,! 

Fitting parameters None  𝜇!21 (Eq. (8)) ∆𝜇!/&5;< (Eq. (16)) 

Model structure  Simple  Simple  Relatively complex  

 242 

We further compare the three models using additional experimental results in literature, 243 

including the partition of NaNO3/NaCl and Na2SO4/NaCl into AEMs as a function of external salt 244 

concentration ratio as reported by Zou et al. [17], and the partition of K2SO4/Na2SO4 and 245 
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MgSO4/Na2SO4 into CEMs as reported by Luo et al. [18]. The membrane properties and the 𝜉 for 246 

each IEM (as reported by the authors) in these studies are summarized in Table S1. We note that 247 

the D-M model and the D-A model were applied to only fit counter-ion concentrations inside IEMs 248 

from these two studies, as both studies did not measure co-ion partition. Finally, the generalized 249 

Manning’s mobility model is applied to predict the mobility selectivity of different ion pairs and 250 

compared with experimental results reported in the studies by Zou et al. [17] and by Luo et al. [18]. 251 

The experimental mobility selectivity was estimated using Eq. (2) with overall ion-ion selectivity 252 

measured from ED experiments and partition selectivity from sorption experiments.  253 

 254 

3. Results and Discussion 255 

3.1 Partition as a function of external total salt concentration 256 

Counter-ion partition and selectivity Experimental equilibrium partition results of K+/Na+ and 257 

Ca2+/Na+ into CSE and NO3-/Cl- and SO42-/Cl- into ASE as a function of external total salt 258 

concentration were fitted with the D-M model, the D-A model and the ideal Donann model (Figure 259 

1). The ideal Donnan model cannot differentiate counter-ions with the same valence as valence is 260 

the only ion specific property used in the model and thus it predicts same concentrations inside 261 

IEMs for a pair of monovalent counter-ions (Figure 1 A and C). In contrast, the D-M model and 262 

the D-A model can capture the competitive partition of counter-ions with the same valence via the 263 

difference in counter-ion condensation energy and ion-membrane affinity (Eqs. (9 and 17)), 264 

respectively. In the case of Ca2+/Na+ into a CEM, the ideal Donnan model predicts the partition 265 

well, meaning the Donnan effect may dominate the partition. The D-M model shows good 266 

agreement, but the D-A model overestimates Na+ partition and underestimates Ca2+ partition 267 

(Figure 1B). The deviation of the D-A model may be because we fitted K+/Na+ and Ca2+/Na+ 268 

partition simultaneously and assumed the mutual counter-ion Na+ and the mutual co-ion Cl- having 269 

the same affinity in both cases. In other words, we assumed ion-membrane affinity to be an 270 

intrinsic property for a given pair of ion and membrane but independent of the co-existence of 271 

other ions.  272 

Both the D-M and D-A models partially capture the partition difference of NO3-/Cl- but fail 273 

to fit the increasing NO3- uptake when external salt concentration increases, especially at lower 274 
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concentration range (Figure 1C). The deviation indicates that both models may miss consideration 275 

of a concentration-dependent effect, e.g., concentration-dependent affinity or condensation energy. 276 

Finite ion volume may also induce a concentration dependence as ions are modeled as point 277 

charges in both the D-M and D-A models, though NO3- and Cl- have similar hydrated radius and 278 

NO3- has a larger bare radius (Table S4). Another concentration effect may come from IEM’s 279 

swelling [16]. Water volume fraction and membrane charge density (per volume of absorbed 280 

solution) vary with swelling degree, but the effect has not been accounted for in either model. In 281 

the case of SO42-/Cl-, the AEM preferably sorbed Cl- over SO42-. Both the D-M and D-A models 282 

fit well while the ideal Donnan model predicts the opposite selectivity (Figure 1D). The ideal 283 

Donnan model always predicts a stronger partition of counter-ions with a higher valence over ions 284 

with a lower valence (Eq. (6)). The weaker partition of SO42- is explained by a higher condensation 285 

energy in the D-M model and a lower affinity in the D-A model, respectively (Table S2 and S3). 286 

 287 
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Fig. 1 Partition of counter-ions into IEMs. (A) Na+ and K+ and (B) Na+ and Ca2+ concentrations inside the 288 
CSE (a type of CEM) as a function of external total salt concentration. External solution contains 1:1 molar 289 
ratio of NaCl/KCl or NaCl/MgCl2. (C) Cl- and NO3- and (D) Cl- and SO42- concentrations inside the ASE (a 290 
type of AEM) as a function of external total salt concentration. External solution contains 1:1 molar ratio of 291 
NaCl/NaNO3 or NaCl/Na2SO4. Symbols represent experimental data from reference [16]. Curves represent 292 
model fitting results from this study, including the Donnan model (curves D), Donnan Affinity model (curves 293 
D-A), and Donnan-Manning model (curves D-M). 294 

 The ideal Donnan model predicts no selectivity for the partition of monovalent ion pairs 295 

and the D-A model predicts a constant selectivity independent of ion concentration due to the 296 

assumption of constant affinity values. The D-M model predicts a slight decrease of monovalent 297 

ion partition selectivity for both cations (K+/Na+, Figure 2A) and anions (NO3-/Cl-, Figure 2B) as 298 

external salt concentration increases. Both the D-A and D-M models fit K+/Na+ selectivity 299 

reasonably well, but neither captures the slight increase in NO3-/Cl- selectivity measured at a high 300 

external concentration (Figure 2B).  301 

 302 

Fig. 2 Ion-ion selectivity for counter-ion partition to IEMs. (A) K+/Na+ and Ca2+/Na+ partition selectivity of 303 
CSE. (B) NO3-/Cl- and SO42-/Cl- partition selectivity of ASE. External solution salt molar ratio is 1:1. Symbols 304 
represent experimental data from reference[16]. Lines represent model fitting results from this study. 305 

Compared to the selectivity of monovalent counter-ion pairs which varies within one order 306 

of magnitude, divalent/monovalent ion selectivity decreases much more dramatically with 307 

increasing salt concentration for both cations (Figure 2A) and anions (Figure 2B), likely due to the 308 

charge screening effect. Such a dependence of selectivity on salt concentration is captured by all 309 

three models (Figure 2A). However, the ideal Donnan model fails to predict the preferable uptake 310 

of Cl- over SO42- (Figure 2B). The SO42-/ Cl- selectivity is lower than unity likely due to the lack 311 

of consideration of ion-membrane interaction. The D-A model underestimates Ca2+/Na+ selectivity 312 
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by about half (Figure 2A) because of the overestimation of Na+ partition (Figure 1B). Only the D-313 

M model fits divalent/monovalent ion selectivity well in both CEM (Figure 2A) and AEM (Figure 314 

2B).  315 

Co-ion partition and selectivity Co-ion partition has received less attention as compared to 316 

counter-ion partition when evaluating ion-ion selectivity. Most studies reported in literature 317 

measured only the partition of counter-ions in the static sorption experiments [17,18,38,39]. Only 318 

a few reported both counter-ion and co-ion partitions [16,21,22]. Although co-ion concentration 319 

inside IEMs may be negligible as compared to the counter-ion concentration (which approaches 320 

membrane charge density if there is only one species of counter-ion) when the external solution is 321 

dilute, co-ion partition increases with increasing external salinity and becomes non-negligible 322 

when external concentration exceeds 0.1 M (Figure 3). Moreover, co-ion transport across IEMs is 323 

important as it reflects the non-ideality of IEMs and affects the current efficiency of ED processes, 324 

especially when back salt diffusion flux becomes non-negligible with a large salinity difference 325 

between the diluate and brine streams [28]. Thus, a partition model that can predict co-ion partition 326 

accurately is also essential to modeling an ED process.  327 

From fitting results of co-ion (i.e., Cl- or Na+) partition into CSE and ASE with mixed salt 328 

solutions, the D-M model fits co-ion partition the best in all cases (Figure 3). Both the ideal Donnan 329 

model and the D-A model tend to underestimate the co-ion partition, with deviations within an 330 

order of magnitude. A better fitting of co-ion partition suggests that the D-M model likely better 331 

captures the physics of ion partition. 332 
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 333 

Fig. 3 Partition of co-ions into IEMs. Cl- concentration inside the CSE as a function of external total salt 334 
concentration when the external solution is a mixture of (A) NaCl/KCl and (B) NaCl/MgCl2. Na+ 335 
concentration inside the ASE as a function of external total salt concentration when the external solution is 336 
a mixture of (C) NaCl/NaNO3 and (D) NaCl/Na2SO4. External solution salt molar ratio is 1:1. Symbols 337 
represent experimental data from reference [16]. Lines represent model fitting results from this study. 338 

3.2 Ion partition as a function of external salt concentration ratio 339 

To further compare their fitting capability and limitations, we evaluate the D-M model, the D-A 340 

model and the ideal Donann model in fitting experimental results of equilibrium partition of 341 

K+/Na+ and Mg2+/Na+ into two additional CEMs (CMX and SPEEK) and NO3-/Cl- and SO42-/Cl- 342 

into two additional AEMs (ACS and FAA) (Figure S1-S2). For the partition of Mg2+/Na+, the ideal 343 

Donnan model overestimates the Mg2+ uptake and thus predicts a high selectivity towards Mg2+ 344 

(Figure 4A and B), contrasting its good prediction of Ca2+/Na+ partition in CSE (Figure 2A). As 345 

Mg2+ and Ca2+ have similar properties (e.g., radius and hydration energy, Table S4), the deviation 346 

of the ideal Donnan model for the Mg2+/Na+ case is likely caused by the difference of membrane 347 
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properties (e.g., CSE has a higher ion exchange capacity and water uptake than CMX and SPEEK, 348 

Table S1). But we also note that the co-ion species is different in the two cases (i.e., SO42- for 349 

Mg2+/Na+ and Cl- for Ca2+/Na+), which may possibly affect the partition of counter-ions too.  350 

 351 

Fig. 4 Ion-ion partition selectivity of IEMs. K+/Na+ and Mg2+/Na+ partition selectivity of (A) CMX and (B) 352 
SPEEK. NO3-/Cl- and SO42-/Cl- partition selectivity of (C) ACS and (D) FAA. External co-ion concentration 353 
is 0.5 M. Symbols represent experimental data from references [17,18]. Lines represent model fitting results 354 
from this study.  355 

The D-M and D-A models fit Mg2+/Na+ partition in CMX and SPEEK reasonably well 356 

(Figure S1) because both models have extra membrane-dependent property information in 357 

additional to membrane charge density (as in the ideal Donnan model). Such information includes 358 

the Manning parameter and ion condensation energy in the D-M model, and the ion affinity in the 359 

D-A model (Table S2 and S3). We notice that the D-M model predicts a slight increase of 360 

Mg2+/Na+ selectivity in CMX as external Mg2+ fraction increases (Figure 4A), which is opposite 361 

to the experimentally measured decrease of  Mg2+/Na+ selectivity from ~2 to ~1. However, the D-362 

M model fits the decreasing trend well in SPEEK (Figure 4B).  363 



18 
 

For the partition of SO42-/Cl-, the D-M model fits the selectivity better than the D-A model 364 

(Figure 4 C and D), especially at low external SO42- fraction range, although both models fit ion 365 

concentrations inside the IEMs reasonably well (Figure S2). For the monovalent ion pairs, the 366 

ideal Donnan model predicts no selectivity and the D-A model can only fit a constant value as 367 

discussed before. The D-M model partially captures the decreasing trend of NO3-/Cl- selectivity 368 

when NO3- fraction in the external solution increases (Figure 4C and D).  369 

 370 

3.3 Impact of membrane properties on partition selectivity 371 

In this section, we apply the generalized the D-M model to investigate the impact of IEM’s 372 

properties on the partition selectivity of practically relevant ion pairs, e.g., Li+ extraction from 373 

brine lakes where other cations exist in abundance. The major challenge of Li+ extraction is that 374 

all cations have similar radius and properties (Table S4) and Li+ usually has a much lower 375 

concentration [40]. One major purpose of membrane-based Li+ separation is to remove Mg2+ 376 

because MgCO3 would otherwise co-exist in the Li2CO3 precipitate formed in a later stage. 377 

Removal of other monovalent cations, like Na+ and K+, is not as important (as they will not co-378 

precipitate with Li2CO3) but the presence of  these monovalent co-ions may affect the current 379 

efficiency of an ED process applied for selective Li+ separation [12,14].  380 

To get a qualitative understanding of the impact of membrane charge density, Manning 381 

parameter, and ion condensation energy difference on ion partition selectivity, we assume that 382 

these variables can be tuned independently (which is likely an oversimplification) as the physical 383 

relationships behind them are complicated or currently unclear. By increasing the charge density 384 

of the CEM, Li+/Mg2+ selectivity decreases while Li+/Na+ selectivity remains unchanged (Figure 385 

5A). Increasing charge density would have a similar effect as reducing external salt concentration 386 

(Figure 2) that enhances the Donnan effect and promotes the uptake of counter-ions with a higher 387 

valence. Thus, a CEM with lower charge density benefits the counter-ion partition selectivity 388 

toward Li+ though the effect is weak, although a lower charge density may reduce counter-ion/co-389 

ion selectivity and thereby compromise charge efficiency.  390 
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 391 

Fig. 5 Li+/Mg2+ and Li+/Na+ partition selectivity in a hypothetical CEM as a function of (A) membrane charge 392 
density, (B) Manning parameter and (C) ion condensation energy difference under two concentration ratios. 393 
Charge density, Manning parameter and condensation energy difference were set as 7.5 M, 3, and -2, 394 
respectively, for the base case. External salt solution was assumed to be 50 mM LiCl and 50 mM (or 250 395 
mM) MgCl2 or NaCl for the 1:1 (or 1:5) case. 396 

By increasing Manning parameter of the CEM, Li+/Mg2+ selectivity increases while 397 

Li+/Na+ selectivity decreases (Figure 5B). Manning parameter is a function of permittivity and 398 

distance between fixed charges and may be tuned by polymer hydrophobicity and the distribution 399 

of functional groups in the membrane matrix [20]. Assuming Manning parameter increases by 400 

reducing the permittivity within the polymer matrix, then counter-ions with lower hydration energy 401 

(Table S4) may preferably sorb to the membrane as they are easier to partially dehydrate. The 402 

permittivity related hydration effect has also been modeled by a hydration energy barrier via the 403 

Born model in previous studies of IEM and nanofiltration membrane [38,39,41,42], but the Born 404 

model tends to overestimate the energy barrier. 405 

The variation of either charge density or Manning parameter has limited impact on 406 

increasing CEM selectivity towards Li+ (Figure 5A and 5B). The most effective way is to increase 407 

ion condensation energy difference between Li+ and other competitive cations, or in other words, 408 

increase membrane’s affinity towards Li+ (Figure 5C). Numerous studies have explored the use of 409 

coordination chemistry to enhance a CEM’s selectivity towards a specific ion [43,44]. These 410 

approaches are in principle consistent with increasing membrane’s affinity towards a specific ion 411 

of interest. Lastly, Li+ partition selectivity is higher with a lower Li+ concentration fraction in the 412 

external solution, which is consistent with previously discussed experimental trends for Mg2+/Na+ 413 

and K+/Na+ partition (Figure 4). We note that the D-M model is in principle only accurate for 414 

describing the behavior of homogeneous IEMs because it uses average membrane properties and 415 
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a mean field approximation [20]. However, in some cases it has been shown to be useful for 416 

describing the properties of heterogeneous membranes[33,35,45–47]. 417 

3.4 Mobility selectivity 418 

Counter-ion mobility selectivity was back-calculated using Eq. (2) with overall ion-ion transport 419 

selectivity experimentally measured in the ED process and partition selectivity measured using 420 

sorption experiments with mixed salt solutions. We compare experimental results from Luo’s and 421 

Zou’s studies [17,18] with predictions of the generalized Manning’s model for mixed salts (Eq. 422 

(21)). However, the mixed salt transport model based on the original Manning theory could not 423 

match experimental mobility selectivity well (Figure 6). One possible reason is the unclear impact 424 

of counter-ion condensation on mobility. In the original Manning’s counter-ion condensation 425 

theory, condensed ions were assumed to be immobile [31]. However, Kamcev et al. measured 426 

counter-ion mobility inside IEMs with single salts and found that condensed ions may migrate 427 

twice as fast as the uncondensed ions under the electric field for Na+ and Cl- in CEMs and AEMs, 428 

respectively [26]. Thus, the counter-ion diffusivity inside IEMs was suggested to be modeled as a 429 

weighted average of uncondensed and condensed parts: 430 

𝐷!# = 𝑓9,!𝐷9,!# + N1 − 𝑓9,!O𝐷5,!# (23) 

where 𝐷9,!#  [m2 s-1] is the diffusivity of uncondensed counter-ion and is modeled by Eq. (18), 𝐷5,!# 431 

[m2 s-1] is the diffusivity of condensed counter-ion. If we assume 𝐷5,!# = 𝛼𝐷9,!#  and counter-ion 432 

mobility selectivity inside the IEM can be then expressed as: 433 

𝑆!/&( =
𝑧!𝐷!)

𝑧&𝐷&)
N𝛼 + (1 − 𝛼)𝑓9,!O
N𝛼 + (1 − 𝛼)𝑓9,&O

a1 − 𝑧!
4

3 𝐴b

91 −
𝑧&4

3 𝐴;
 (24) 
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 434 

Fig. 6 Ion mobility selectivity of IEMs. Experimental and model predicted (A) K+/Na+ and Mg2+/Na+ mobility 435 
selectivity of CMX and SPEEK. (B) NO3-/Cl- and SO42-/Cl- mobility selectivity of FAA and ACS. Dash lines 436 
indicate mobility selectivity in the external bulk salt solutions. Experimental data were from references 437 
[17,18]. 438 

After accounting for the mobility of condensed counter-ions (i.e., assume 𝛼 = 2 according 439 

to Kamcev’s previous finding [26]), the predicted mobility selectivity is much closer to the 440 

experimental results than that predicted with the assumption of immobile condensed ions for both 441 

CEM (CMX and SPEEK) and for one AEM (FAA) (Figure 6). For the ACS membrane (an AEM), 442 

however, the Manning theory underestimates the mobility selectivity of NO3-/Cl- and overestimate 443 

the mobility selectivity of SO42-/Cl- regardless of the assumption for condensed ion mobility 444 

(Figure 6). The deviations may arise from imperfection of the current theory or stem from the 445 

inaccuracy of the indirect determination of experimental mobility selectivity via Eq. (2) which 446 

assumes (a) electro-migration flux dominates counter-ion flux and (b) ion partition in the ED 447 

process is the same as that in the static sorption experiments. A more reliable experimental method 448 

for the direct measurement of individual ion diffusivity inside IEMs with mixed salts is needed to 449 

further validate the generalized Manning’s model for mixed salts (predicted membrane phase ion 450 

diffusion coefficients are provided in Table S5).  Moreover, it is worth to investigate whether ion 451 

partition is the same in the ED process and static sorption experiments, which can be more complex 452 

when the IEM is heterogeneous with a surface coating layer. 453 

 454 

4. Conclusions 455 
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 We have extended the Manning’s counter-ion condensation model for describing ion 456 

partition and ion mobility inside IEMs to mixed salts scenarios. The extended Donnan-Manning 457 

model was evaluated against experimental data from literature and compared with other two 458 

existing models, namely the ideal Donnan model, and the Donnan-Affinity model. In general, the 459 

Donnan-Manning model and the Donnan-Affinity model can provide reasonably accurate 460 

prediction of ion partition into IEMs in multiple scenarios, whereas the ideal Donnan model falls 461 

short in predicting any selectivity for ions with the same valence. We showed that the Donnan-462 

Manning model can fit both counter-ion and co-ion partition well and outperform the Donnan-463 

Affinity model in these regards. However, neither the Donnan-Manning model nor the Donnan-464 

Affinity model can sufficiently capture the concentration dependences for counter-ion partition 465 

selectivity observed in all experiments. The generalized Manning’s counter ion condensation 466 

theory has also been applied to predict counter-ion mobility selectivity. Applying the theory to 467 

experimental results suggests that the assumption of higher mobility of condensed ions than that 468 

of uncondensed ions seems to work better than the alternate assumption that condensed ions are 469 

immobile.  470 
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Appendix 628 

A1. Derivation of the generalized Manning’s model  629 

 Here, we follow Manning’s original work to derive activity coefficients of mobile ions in 630 

polyelectrolyte solutions from the excess Helmholtz free energy (𝐹21) [32]: 631 

ln(𝛾!#) =
𝜕(𝐹21/𝑉𝑅𝑇)

𝜕𝑐!#
=
𝜕(−𝜉|𝑐1|ln𝜅)

𝜕𝑐!#
 (S1) 

where 𝜅  is the Debye screening parameter. By applying the generalized form of the Debye 632 

screening parameter, 𝜅4 = 𝜆3∑ (𝑧!4𝑐!#)! , Eq. (S1) results in Eq. (11) in the main text. 633 

 When counter-ion condensation occurs (i.e., 𝜉 > 𝜉56), ion activity can be expressed in 634 

terms of either stoichiometric quantities or effective quantities (after condensed counter-ions 635 

screening part of fixed charge groups) [32]: 636 

𝑎!# = 𝛾!#𝑐!# = 𝛾!
#,2HH𝑐!

#,2HH (S2) 

where the effective ion concentration, 𝑐!
#,2HH , refers to the uncondensed fraction of ion 637 

concentration, 𝑐!
#,2HH = 𝑓9,!𝑐!#. The effective activity coefficient, 𝛾!

#,2HH, is evaluated via Eq. (11) 638 

by substituting 𝜉 and |𝑐1| by 𝜉56 and the effective charge density 
:"#
:
|𝑐1|, respectively. The Debye 639 

screening parameter should also be evaluated using uncondensed fraction of ion concentrations. 640 

Thus, 𝛾!# = 𝑓9,!𝛾!
#,2HH, which then leads to Eqs. (13-14) in the main text. 641 

 Manning also expressed diffusion coefficients of uncondensed ions in terms of the Fourier 642 

components of the electrostatic potential set up by the fixed polyions [31]: 643 

𝐷9,!#

𝐷!)
= s1 −

𝑧!4

3
KY𝜑IY

4

I

t (S3) 

where ∑ Y𝜑IY
4

I is equivalent to the parameter 𝐴 in Eqs. (18-20) in the main text. The Fourier 644 

component can be expressed as [31]: 645 

𝜑I = 4𝜋𝜉𝑎>4(𝑞4 + 𝜅4)>? (S4) 

where 𝒒 = 2𝜋𝑎>?(𝑚?, 𝑚4) represents the coordinate vectors with distribution periodicity as the 646 

polyions are considered in a lattice space. The periodic unit volume containing a single fixed 647 
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charge is 𝑎4𝑏  (i.e., |𝑐1| = 1/𝑎4𝑏 ). Applying the generalized form of the Debye screening 648 

parameter in Eq. (S4) results in Eq. (19) in the main text for uncondensed case. For condensed 649 

case, 𝜉  and |𝑐1|  in Eq. (19) are replaced by 𝜉56  and the effective charge density 
:"#
:
|𝑐1| , 650 

respectively, which results in Eq. (20) in the main text. 651 

 652 

A2. Derivation of activity coefficient expressions for single salts  653 

 Here, we present the derivation of activity coefficient expressions for the single salt case 654 

when condensation occurs (i.e., 𝜉 > 𝜉56) from the general expressions in the main text. We use 655 

subscripts 𝑔 and 𝑐 to represent counter-ion and co-ion, respectively, consistent with literature [20–656 

22]. For a single salt, Eq. (13) becomes: 657 

ln(𝛾5#) = −
𝜉564 |𝑐1|𝑧54

2𝜉N𝑧74𝑐7#𝑓9,7 + 𝑧54𝑐5#O
 (S5) 

As there is only one counter-ion in the single salt, Eq. (15) becomes: 658 

Y𝑧7Y𝑐7#N1 − 𝑓9,7O = |𝑐1| H1 −
:"#
:
J  (S6) 

By substituting Eq. (S2) into Eq. (S1), and combined with the electro-neutrality condition inside 659 

the IEM (Eq. (5)), we get: 660 

ln(𝛾5#) = −
𝜉564 |𝑐1|𝑧54

2𝜉 HY𝑧7𝑧5Y𝑐5# + Y𝑧7𝑐1Y
𝜉56
𝜉 + 𝑧54𝑐5#J

 (S7) 

By defining 𝑋 as the ratio of the fixed charge density to the salt concentration inside the IEM, i.e., 661 

𝑋 = |𝑐1|/𝑐)#, where 𝑐)# = 𝑐5#/	𝜈5, and 𝜈5 and 𝜈7 are dissociation constants of the single salt (e.g., 662 

𝜈5 = 2 and 𝜈7 = 1 for MgCl2), Eq. (S7) can be re-organized as: 663 

ln(𝛾5#) = −
𝜉564 𝑧54𝑋

2𝜉 HY𝑧7𝑧5Y𝜈5 + Y𝑧7Y
𝜉56
𝜉 𝑋 + 𝑧54𝜈5J

 (S8) 

Recall 𝜉56 = 1/Y𝑧7Y, and apply the relation |𝑧5|𝜈5 = Y𝑧7Y𝜈7, Eq. (S8) becomes: 664 
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ln(𝛾5#) = −
1
2
∗

a𝑧5𝑧7
b
4
𝑋

𝑋 + 𝜉
𝜉56

|𝑧5|N𝜈5 + 𝜈7O
 (S9) 

From Eq. (S6), the uncondensed fraction of counter-ion, 𝑓9,7, can be expressed as: 665 

𝑓9,7 = 1 −
|8'|K?>

("#
( L

M-)M8)*
  (S10) 

which can be further transformed with the electro-neutrality condition and the introduction of 𝑋 666 

to: 667 

𝑓9,7 =
|-"|8"*@

("#
( |8'|

|-"|8"*@|8'|
=

|-"|N"@
("#
( O

|-"|N"@O
=

M-)MN)@
("#
( O

M-)MN)@O
  (S11) 

We note that Eqs. (S7 and S11) have the same form as literature studies [20]. The same derivations 668 

can be done for single salts when no condensation occurs (i.e., 𝜉 < 𝜉56).  669 

 670 

A3. Derivation of diffusivity expressions for single salts 671 

Here, we present the derivation of diffusion coefficient expressions for the single salt case 672 

when condensation occurs (i.e., 𝜉 > 𝜉56) from the general expressions in the main text. For a single 673 

salt, the function 𝐴 in Eq. (20) becomes: 674 

𝐴 = K K e
𝜉56|𝑐1|

𝜋|𝑐1|(𝑚?
4 +𝑚4

4) + 𝜉N𝑧74𝑐7#𝑓9,7 + 𝑧54𝑐5#O
g

@A

,%B>A

@A

,&B>A

4

 (S12) 

Following the same derivation procedure in Appendix A2, 𝐴 becomes: 675 

𝐴 = K K {
𝜉56|𝑐1|

𝜋|𝑐1|(𝑚?
4 +𝑚4

4) + 𝜉 HY𝑧7𝑧5Y𝑐5# + Y𝑧7𝑐1Y
𝜉56
𝜉 + 𝑧54𝑐5#J

|
@A

,%B>A

@A

,&B>A

4

 (S13) 

Then, we recall 𝜉56 = 1/Y𝑧7Y , introduce 𝑋  and apply the relation |𝑧5|𝜈5 = Y𝑧7Y𝜈7 , Eq. (S13) 676 

becomes: 677 
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𝐴 = K K
1
𝑧74
e𝜋(𝑚?

4 +𝑚4
4) + 1 +

𝜉|𝑧5|N𝜈5 + 𝜈7O
𝜉56𝑋

g
@A

,%B>A

@A

,&B>A

>4

 (S14) 

We note that Eq. (S14) has the same form as literature studies [20], and the same derivations can 678 

be done for single salts when no condensation occurs (i.e., 𝜉 < 𝜉56).  679 

 680 

Table S1. IEM properties 681 

Type Membrane Manufacturer 

Ion exchange 

capacity  

(mmol per g 

dry membrane) 

Water 

uptake (%) 

Manning 

parameter 
Ref. 

CEMs 

CSE 
Astom Co., 

Japan 
2.07 30~37 2.8 [16] 

CMX 
Astom Co., 

Japan 
1.66 19~22 5.2 [18] 

SPEEK Lab-made 1.62 18~25 0.74 [18] 

AEMs 

ASE 
Astom Co., 

Japan 
2.36 19~26 5.4 [16] 

ACS 
Astom Co., 

Japan 
2.02 21~25 5.8 [17] 

FAA 

FuMa-Tech 

GmbH, 

German 

1.42 15~16 3.6 [17] 

 682 

Table S2. Fitted condensation energy difference (∆𝜇!/&5;</𝑅𝑇) in Donnan-Manning model 683 

CEMs K+ vs Na+ Ca2+ (Mg2+) vs Na+ AEMs NO3- vs Cl- SO42- vs Cl- 

CSE -0.86 -2.2 ASE -1.49 1.28 

CMX -0.08 -1.79 ACS -1.62 0.21 

SPEEK NA* 0.13 FAA -2.15 0.82 
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*: no counter-ion condensation occurs. 684 

Table S3. Fitted ion affinity (𝜇!21/𝑅𝑇) in Donnan-Affinity model 685 

CEMs K+ Na+ 
Ca2+ 

(Mg2+) 

Cl- 

(SO42-) 
AEMs NO3- Cl- SO42- Na+ 

CSE 1.78 1.23 0.87 -0.92 ASE 4.00 3.15 0.54 -1.92 

CMX -2.37 -2.38 -6.32 0 ACS -7.92 -9.01 -22.63 0 

SPEEK -2.18 -2.49 -6.31 0 FAA -7.80 -9.04 -22.93 0 

 686 

Table S4. Ion properties [54,55] 687 

Ions 
Bare radius  

(nm) 

Hydrated radius  

(nm) 

Enthalpy of 

hydration  

(kJ mol-1) 

Diffusivity in 

water  

(10-9 m2 s-1) 

K+ 0.133 0.331 -322 1.95 

Na+ 0.095 0.358 -409 1.33 

Li+ 0.06 0.382 -519 1.03 

Ca2+ 0.099 0.412 -1577 0.92 

Mg2+ 0.065 0.428 -1921 0.707 

NO3- 0.264 0.335 -314 1.70 

Cl- 0.181 0.332 -381 2.03 

SO42- 0.29 0.379 -1059 1.06 

 688 

Table S5. Predicted membrane phase ion diffusion coefficients (×10-11 m2 s-1) 689 

CEMs 
K+/Na+ Mg2+/Na+ 

AEMs 
NO3-/Cl- SO42-/Cl- 

K+ Na+ Mg2+ Na+ NO3- Cl- SO42- Cl- 

CMX 6.76 4.58 2.81 5.71 ACS 4.99 4.55 3.08 6.94 

SPEEK 5.32 3.63 2.00 4.84 FAA 2.12 1.69 1.20 2.93 

 690 
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 691 

Fig. S1 Partition of counter-ions into CEMs. (A) Na+ and K+ and (B) Na+ and Mg2+ concentrations inside the 692 
CMX as a function of external K+ and Mg2+ fraction. (C) Na+ and K+ and (D) Na+ and Mg2+ concentrations 693 
inside the SPEEK as a function of external K+ and Ca2+ fraction. External co-ion concentration is 0.5 M. 694 
Symbols represent experimental data from references [17,18]. Lines represent model fitting results from 695 
this study. 696 

 697 
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 698 

Fig. S2 Partition of counter-ions into AEMs. (A) Cl- and NO3- and (B) Cl- and SO42-  concentrations inside 699 
the ACS as a function of external NO3- and SO42- fraction. (C) Cl- and NO3- and (D) Cl- and SO42-  700 
concentrations inside the FAA as a function of external NO3- and SO42- fraction. External co-ion 701 
concentration is 0.5 M. Symbols represent experimental data from references [17,18]. Lines represent 702 
model fitting results from this study. 703 

 704 

 705 


