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Simultaneous Motion and Stiffness Control for Soft Pneumatic
Manipulators based on a Lagrangian-based Dynamic Model

Yu Mei', Preston Fairchild', Vaibhav Srivastava', Changyong Cao?, and Xiaobo Tan'

Abstract— A soft continuum manipulator with tunable stiff-
ness can not only take advantage of high compliance for
safe adaptation in unknown environments, but also circumvent
the drawbacks of instability and low loading capability. The
high nonlinearity of soft manipulators and the strong coupling
between actuation and stiffness-tuning make their simultaneous
control challenging. In this work, a novel approach to simul-
taneous control of actuation and stiffness-tuning is proposed
for soft pneumatic manipulators. With a piecewise-constant
curvature assumption, a Lagrangian-based dynamic model with
realistic approximation is used for control design, where the
dynamics of the stiffness-tunable mechanism is incorporated.
An extended Kalman filter (EKF) is proposed to estimate
unmeasurable states including the stiffness and the velocity.
A nonlinear model predictive control (NMPC) framework is
developed first in the configuration space, and then extended
to the task space, for simultaneous motion and stiffness control
under inflation and vacuum pressure constraints. Simulation
results are presented to support the efficacy of the proposed
approach.

I. INTRODUCTION

Compared to conventional rigid robots, soft robots offer
greater flexibility and safety, making them more suitable for
interactions with delicate objects and humans, for example,
in grasping fruits, providing assistance in rehabilitation,
and performing minimally invasive surgeries [1]-[3]. The
intrinsic compliance of soft robots, on the other hand, poses
a formidable challenge when exerting force and maintaining
shapes. It is critical to design soft continuum manipulators
and associated control schemes that leverage the dexterity
and adaptiveness of soft robots as well as inherit the strength
and stability of rigid robots.

There have been a variety of methodologies proposed
for motion control of soft continuum manipulators, includ-
ing model-free and model-based methods [4]. Model-free
methods circumvent the uncertainties and complexities of
soft robot dynamics and provide motion control directly,
but they require extensive learning and training on existing
prototypes [5], [6]. Model-based methods attract significant
attention since they are typically more easily adaptable to
different scenarios, examples of which include the principle
of virtual power [7] and the Cosserat theory [8]. However,
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control strategies based on these theories are typically limited
to handling only quasi-static problems and require inten-
sive computation. A Piecewise Constant Curvature (PCC)
assumption is commonly adopted to approximate the config-
uration of continuum manipulators and ease their modeling
and control design. There is an emerging trend towards
control-oriented dynamic models with the PCC assumption.
An Augmented Rigid Body Model was recently proposed in
[9], which utilizes multiple rigid links to approximate the
real kinematics and dynamics of the soft continuum robots.
Based on this model, a number of control schemes including
adaptive control and model predictive control (MPC) [10],
[11], have been designed. However, this approach tends to
suffer from requiring high computation of abundant rigid
states. To address this issue, a Lagrangian-based dynamic
model with realistic approximation has gained significant
attention [12]. It inherits the approximation idea and friendly
extensibility of the Augmented Rigid Body Model and is
much faster to implement. Nevertheless, all aforementioned
works have not taken stiffness control into consideration,
which is critical in practical applications of soft robots.

In the last few years, researchers have been developing
various soft robots with tunable stiffness [3], [13], [14].
However, the majority of them model the stiffness as discrete
states based on experimental calibration and do not con-
trol the stiffness continuously. Continuous stiffness control
provides advantages such as precise motion control with
different contact forces, eliminating unwanted dynamics, and
achieving movements from releasing stored energy. There
are a few works modeling continuously tunable stiffness
based on energy methods [15], [16], but they are focused
on the planar case and do not address accurate dynamic
motion control. Interestingly, fully exploiting the potential
of motion dynamics and tunable stiffness in rigid manipu-
lators, as in variable stiffness actuators (VSA), is a topic of
significant interest in the scientific community [17]. To our
best knowledge, this contribution to simultaneous motion and
stiffness control has not yet been made for soft continuum
manipulators. The most closely related work may be a sliding
model controller and a model predictive control for simul-
taneous position and stiffness control of an inflatable soft
robot [18]. However, the movement of the robot is restricted
to the 2D plane as it is generated by two antagonistic air
bladders. Additionally, the work is limited by the fact that it
uses a linear dynamic model of a single degree of freedom
(DoF). Since soft manipulators with multiple segments in
three dimensions have high nonlinearity, this work cannot
be readily extended to soft manipulators in general.



In this paper, we present a model considering controllable
stiffness and a novel nonlinear MPC (NMPC) framework
for simultaneous motion and stiffness control of a soft
continuum manipulator. In Section II, a model for tunable
stiffness is incorporated into an accurate dynamic model
with realistic approximation. In Section III, we describe
the NMPC framework for simultaneously tracking desired
motion trajectory in the configuration space and the desired
stiffness trajectory, followed by an extension to the motion
control in the task space. Simulation results are demonstrated
in Section IV, followed by concluding remarks in Section V.

II. MATHEMATICAL MODELING

To design the controller for the soft manipulator system,
we first describe the model to be used. In this work, three
assumptions have been imposed on the soft manipulator:
Al: The material distributed along the length of manipulator
is homogeneous, which facilitates the calculation of the
center of mass.

A2: The length of the centerline of the manipulator is
constant irrespective of its bending [9].

A3: Fiber-reinforced structures reduce the effects of radial
ballooning, so the manipulator has no radial expansion [19],
meaning that the cross-section retains its structure when
bending, and the second moment of inertia remains constant.

A. Kinematic and Dynamic Models

The kinematic model of the soft continuum manipulator
is based on the PCC approach, which has been widely
used. This approach describes each segment of the soft arm
as a constant curvature, with the curvature varing between
different segments. Let the entire arm shown in Fig. 1(a) have
n segments. There is a coordinate frame {S;} attached to the
tip of the i-th segment, and a base frame {Sy} fixed to the
base. The homogeneous transformation matrix Tj expresses
the position and orientation of {S;} with respect to {S;}.
Additionally, for each segment, arc parameters (¢;,6;)7 are
defined as generalized coordinates g;, where ¢ is the angle
between the z-z plane and arc plane, and 6 is the bending
angle as depicted in Fig. 1(b). ¢ € R2" describes the
configuration of the entire arm and it collects all coordinates
in the form (q1,q2---qn)T.

The homogeneous transformation matrix mapping from
{S;—1} to {S;} can be written as [20]:

C2(Co,—1)+1  85C4,(Co, —1)  C4,Ss, 5-Cy (1= Cp,)
T16,,0,) = 85,C,(Co, —=1) C2,(1=Cy,)+Cy, S5,Co, 5Sy,(1-Cp,)
' —Cy,Ss, —S,50, Cy, S,
0 0 0 1
(D

where L; is the length of i-th segment and Cy,, Sy,, Co,,
and Sy, are the abbreviation of cos(¢;), sin(¢;), cos(6;), and
sin(6;), respectively.

As mentioned in [21], it is reasonable to assume that
the mass of each section can be approximated by lumping
it into a single mass point. Instead of taking the over-
simplified assumption that the mass point is concentrated
at the segment’s tip as in [21], the mass point is considered
to be located at the centroid of each segment, which is on
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Fig. 1.  Kinematic representation of a soft continuum arm under the
PCC assumption. (a) Reference frames {S} of the entire arm and the
transformation matrix {7'} between neighbour segments. (b) The illustration
of the parameters of PCC representation for i-th segment, where CoM is
the center of mass of the segment.

the line connecting the center of curvature and the middle
of the arc, as shown in Fig. 1(b). As indicted in [12], this
representation of center of mass (CoM) is more realistic. The
position of the CoM in the i-th segment in the inertial frame
PV com €an be computed as:

po N i—1 pl ~,
{ ’_EOM } =T0(¢1,01) - T3 (¢a,02) - T} (¢, 0s) - { "(I'OM :|a
‘ | )
where T;fl is formulated in Eq. (1), and pj .\ is the i-th
CoM in its local frame, which can be computed as:

L;
A COS

9;
5 =

, 0;
Pi-CoM = RZ(‘ZSi)Ry(?) 3)

where R.(¢;), Ry(%) € SO(3) are the representive rotation
matrices and 7); is the distance between the center of the arm
and its CoM, and is given by [9]:

2L;sin &
A

The dynamic equation of the soft manipulator can be
derived by the Euler-Lagrange approach. The classical Euler-
Lagrange equation is %g—{; — 68—{; = f, where L is the
Lagrangian derived by subtracting the total potential energy
from the total kinetic energy, and f is the generalized force
associated with ¢. In this model, the potential energy of the
i-th segment can be computed by the position of its CoM,
and the individual kinematic energy can also be computed
given the velocity of the CoM in the inertial frame. With
this approach, one can derive the dynamic equation M (q)+
V(q,d)+G(q) = 7, where M (q) € R**", V(q, ¢) € R*",
G(q) € R?", and 7 € R?" are the inertia matrix, the
centrifugal and Coriolis term, the gravitational term, and the
generalized torque, respectively. As an attempt to mimic the
characteristics of the real soft manipulator, the springs and
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dampers are assumed to be distributed continuously along
the arm’s cross-section. The dynamic model is defined as
follows by adding the stiffness and damping items into the
previous general dynamic equation:

M(q)G+V(g,q) + D(q)q + G(q) + Kq = A(q)Ta, (5)

where D(q) € R*"*2" js the damping matrix, K(q) €
R?7%2n g the stiffness matrix, and A(g) € R?"*2" is the
mapping matrix converting 74 € R?", the equivalent torque
around z and y axes, to generalized torque 7. These matrices
are all defined in [9].

B. Pneumatic Drive and Actuation Dynamics

For the sake of conciseness, the i-th segment is utilized
for analysis. In Eq. (5), for control purposes, it is easier
to use an orthogonal and bi-directional “pseudo-torque”
TA; = [Tm’i,Ty’Z‘]T for actuation of each segment. For an
actual omnidirectional bending manipulator, three uniformly
distributed air inflation chambers controlled independently
by positive pressures are typically used, as shown in Fig. 2.
Therefore, it is necessary to translate the actual actuation
pressure into their pseudo-torque, and the pseudo-torque of
the i-th segment can be formulated in the following form:

Tas =1; - Wi - B, 6)
where P; is the vector indicating the actual pressure of
the three chambers, W; is the mapping matrix converting
actual pressure to its equivalent moment applied on the
manipulator, and 7; is the mapping matrix combining the
three individual moments to pseudo-torque around the z-y
axis. These matrices are defined by:

P,=[ Py P P ]T7
w 0 0
wi=|o0 w 0|,
0 0 w
1 1
n-|o 4 Z&] )
3 3

where P; 1, P; 2, P; 3 are the actual pressures of the three
chambers and w is the actuation parameter.

The pressures cannot be directly controlled due to pneu-
matic actuation dynamics, and instead they result from the
closed-loop tracking of some desired references (by, for
example, a PID controller). The dynamics of the underlying
pressure can be captured in a first-order model [22]:

P; aoP; j + a1 P j des,

J
i =1,2,....,n, j=1,2,3,

i )
where P; ; is the pressure of the j-th air chamber in the i-th
segment, F; ; qes is the desired pressure of the corresponding
chamber, and ag and a; are constant parameters, which could
be obtained by fitting a step response.
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C. Dynamic Model for Tunable Stiffness

In order to realize the stiffness-tunable function, a vari-
ety of approaches have been developed, such as jamming
actuation [23] and material-based methods [24]. Although
our control approach is not limited to specific stiffness-
tunable mechanisms, a particle jamming mechanism is taken
as an example here to derive the dynamic model of stiffness
tuning due to the fact that it is simple, fast, and can be
controlled continuously [25]. The particles in an enclosed
space can move freely without external force but jam against
each other firmly under vacuum pressure [26]. As shown in
Fig. 2, suppose that the core section of a soft manipulator is
replaced by a stiffness-tunable core with a particle jamming
mechanism. Consequently, the stiffness matrix K; could be
divided into two parts:

K; = K; outer + (%)2Ki,core
- [1 - (;)1 K+ () Kiwer )

where K is the stiffness matrix of the i-th segment, which
composes the full stiffness matrix K(g) from Eq. (5) by
block diagonal concatenations. K; oyer 18 the stiffness matrix
of the outer manipulator body, K; .o is the tunable stiffness
0 0
0 K
stiffness matrix of soft manipulator before removing the core,
and R and r are the radii of the outer manipulator body and
inner core respectively. The full derivation is not presented,
but it can be derived easily based on the derivation that the
stiffness is directly proportional to the material’s Young’s
modulus [27].

matrix of the inner core, K? = is the constant

Soft Manipulator Body

Air Inflation Chamber

Stiffness-controllable Chamber with
Particle Jamming Mechanism

Fig. 2. Tllustration of a soft manipulator with stiffness-tunable core.
The stiffness of the particle jamming mechanism is deter-
mined by the differential pressure between the pressures in
the air chambers and the particle chamber. An actuator based
on differential-drive particle jamming has the advantage of
achieving simultaneous deformation and stiffness variation
[15]. As reported by [26], the stiffness of passive particle
jamming is proportional to the actuator’s air pressure, so
a reasonable assumption is made that the stiffness of the
inner core varies linearly with differential pressure. Under



this assumption, the stiffness matrix of the inner core K core
is defined as:

0 0
Ki,core - |: 0 ki,core :| 9

where ki,core =« |::1,)(Pz,1 + Pi,2 + -Pi,3) + Pi,core , (10
where « is the constant coefficient mapping the differential
pressure to the stiffness of the core and P; ¢ is the absolute
value of the vacuum pressure in the core chamber. An
important note is that P; .y, is computed by subtracting
vacuum pressure from the atmosphere pressure (0 kPa),
which means P; corc is always positive. Similarly to Eq. (8),
the pneumatic actuation dynamics in the particle chamber
can be written as:

Y

where P; core,des 18 desired pressure of particle chamber in the
i-th segment’s core, and by and by are constant parameters.

Pi,core = bOPi,core + blpi,core,desv

D. Full Model

The models of the subsystems in Section II A-C can be
combined to obtain the full dynamics of the soft continuum
manipulator. The stiffness of the inner core in Eq. (10)
depends on the pressures of all four chambers, while the
pressure in the central particle chamber does not actuate the
bending motion of the manipulator, as expressed in Eq. (6).
In order to make the following formulation more uniform and
brief, the pressure of the particle chamber P; o is merged
into the pressure vector P; from Eq. (7) and the mapping
matrix W; is augmented as follows:

Pi=[P1 P2 Pz Picor ]T7
w 0 0 0

Wi=|0 w 0 0 (12)
0O 0 w O

With the substitution of (6) and (9) into (5), the full
dynamic equation of the manipulator could be rewritten as:

M@+ Vi) + D@+ 60 + [1- (5) ] £

and Ko (P) is the block diagonal concatenation of K core
in (10).

Based on Eq. (9) and (10), the stiffness of the i-th segment
k; can be written as:

ki = Oé(%)2 [%(Pz,l + P7,',2 + Pz,j) + Pi,core] + |:1 - (%)2 k?
(14)

IIT. CONTROL DESIGN

As discussed in the previous section, it is evident that
bending motion and stiffness variation have mutual interac-
tions. Thus, it is a challenging task to control the position
and stiffness simultaneously in this highly nonlinear Multi-
Input Multi-Output (MIMO) system. The control objective
of this work is to track the desired position trajectory
and desired stiffness trajectory. In this section, an NMPC
framework is proposed for the soft continuum manipulator
in the configuration space, and is subsequently extended to
the task space.

A. State Dynamics

In order to realize stiffness control, the stiffness will be
included as a state variable [18]. By taking the derivative of
Eq. (14) with respect to time and then plugging Eq. (8) and
(11) into it, the differential equation for stiffness is obtained:

; r\2 1
k; = a(ﬁ) [gao(Pm + P2+ Pi3) + bo P core
1
+ 7a1(13i,1,des + P1,2,des + Pi,3,des) + bllji,core,des]~ (15)

3
In this work, the PCC coordinates, the velocity of said coor-
dinates, the joint stiffness, and pressures in every chamber are
defined as system states x € R9", and the desired pressures
or pressure set points sent to the underlying controller are
defined as the system input u € R*":

. T
x=[q ¢ K; P,
u= Pdes
= [ Pl,des Pi,des Pn,des ]T7 (16)

where K ; € R" is the joint stiffness vector, which collects
ki in order, and P; 4es is the desired pressure vector of ¢-th
segment:

2
=A(q)-T-W-P— (%) Keore(P)g, (13) Ky=[k - ki i 17
T
) . Pigs=| P P P 3, P cor , (17
where T € R2"%3” and W € R3™*4" are the direct matrix des = [ Pi e 12,des »3,des coredes | an
sum of Tj in (7) and W in (12), respectively, P € R4" isthe =~ The dynamics of the soft manipulator system
one-dimensional column vector concatenated of P; in (12), with  air pressure  dynamics can be  formu-
K° € R?"*27 i5 the block diagonal concatenation of K, lated in the following state space form:
p q
_ 2 . . 2
i || M@ (A T WP () Koo (P)a = Viasd) = Dla)d ~ Gla) = [1- (£)°] K) )
Ky [ A ’
P [ Pl 1 P1,2 P1,3 Pl,core P7 J %,core Pn,l Pn,2 Pn,3 Pn,core ]



where the individual element k; in K ; is defined in (15) and
P; j and P; corc in P are defined in (8) and (11), respectively.

B. Control in the Configuration Space

An NMPC is proposed to track the trajectory in the
configuration space ¢, as well as the stiffness trajectory K ;.
The primary idea of the NMPC is to find an optimal pressure
input Pyes at the current sampling instant to minimize the
cost function J considering predicted future states over some
horizon 7T'. Since the optimization process of NMPC is
realized in discrete-time domain, the discrete-time state space
transformation is needed, which can be obtained by using a
Runge-Kutta method of 4th order with a small step size ¢
[28]:

Tht+1 = frra(Tr, ug, 0t). (19)

For the NMPC problem formulation, an optimal control
problem is constructed in a sequential quadratic program
(SQP) based on a direct multiple shooting approach [29].
The program computes a set of optimal control inputs within
a control horizon subject to various constraints, including
system dynamics, initial conditions and actuation pressure
input boundaries:

p—1

5™ gtk + ilk) — ques + LK) 3,
i=0

+ | (K + ilk) — K gaes(k + LK),
+ || Paes(k + ilk) — Paes(k +i — 1|K)[| %)
+ || Paes(k + i) 1%

min
Pyes(k:k+m—1)

st Trritt = SRra(Thyi, Ui, OF), 2o = Tinit,
Pmin < Pi,j,des(k + Z) < Pmam Vmin < Pi,core(k + Z) < Vma)ﬁ
0<i<p-—1. (20)

In the cost function of Eq. (20), m is the length of control
horizon, Pges(k : k +m — 1) is the optimal desired pressure
input sequence within the control horizon, which is from
time k to time k 4+ m — 1, p is the length of the predictive
horizon, q(k+i|k) is the predicted configuration, qges(k+i|k)
is the desired trajectory, K y(k+i|k) is the predicted stiffness,
K jdes(k + i]k) is the desired stiffness, and Pyes(k + i|k) is
the pressure input, which are all at instant k + i, estimated
at instant k. 4, Qr, R and S are the positive-definite
weighting matrices of the curvature position, the stiffness,
the change in pressure input, and the magnitude of pressure
input, respectively. Note that the cost function is designed not
only to track the desired curvature position and the desired
curvature stiffness trajectory, but also to maintain lower
energy consumption and smaller input variation to prevent
valve chattering [22]. In the constraints of Eq. (20), the input
Ukti = Paes(k +i|k) and if m < p, ugy; = Upqm—1 for
m < j < p— 1. zin is the initial state, Py, and P, are
the inflation pressure boundaries in the air chambers, Vi,
and V¢ are the vacuum pressure boundaries in the particle
core chamber respectively. Note that, although the optimal
input sequence Pyes(k : k + m — 1) is available, only the first

desired pressure input Pyes(k|k) is applied on the system at
the current instant k.

Fig. 3 presents the block scheme of the system framework.
During the NMPC solving process, the current state x,
the desired curvature position qqes, and the desired stiffness
K j 4es Will be fed into the controller. Afterwards, the desired
pressure input generated from the NMPC will be sent to the
full system dynamics, which consists of pressure actuation
dynamics and soft manipulator dynamics. Finally, the full
state feedback is fed into the NMPC and the pressure state
will feed back to the low-level pressure controller.

Full Dynamic Model

Ref : :
K, 4 HE . . Jpr . . H
e | Nonlinear MPC |45t Pneumatic Actuation Dynamics| Soft Mampylatur .

i under PID Pressure Control Dynamics
b b

X P
Extended Kalman
X :[q‘q-) K,,I']T Filter

Fig. 3. Block scheme of the proposed nonlinear model predictive controller
for the soft continuum manipulator with controllable stiffness. In this
framework, the desired position trajectory in the configuration space and
the stiffness trajectory are tracked at the same time.

Not all states in the system are measurable in real time.
Specifically, there is no reliable sensor to measure the
stiffness of the manipulator directly since the stiffness is
typically calculated passively by experiment. Additionally,
it is more accurate to detect the position of the manipulator
via a motion capture system. Therefore, it is fair to assume
the output of the full dynamic model as [g, P]T. In order
to obtain the full states, an extended Kalman filter (EKF) is
utilized to estimate the velocity and stiffness states as shown
in Fig. 3.

C. Control in the Task Space

To control the soft manipulator in the Cartesian coordi-
nates, the previous control framework is extended to the task
space. The conventional approach is to design an additional
inverse kinematics branch to convert the desired task trajec-
tory into the desired joint trajectory while other components
remain the same. The common numerical inverse kinematics
includes the Jacobian inverse kinematic method and the Ja-
cobian transpose inverse kinematic method [30], but both of
these require additional computation of the Jacobian matrix
based on existing configuration space framework. Here we
propose an extended framework exploiting the potential of
the NMPC to implement a tracking task in the Cartesian
coordinates.

The desired trajectory has been changed from the config-
uration space qqes to the task space eges, Which represents the
coordinate vector of entire arm’s end position. As shown in
Fig. 4, a block of the forward kinematics based on Eq. (1)
is added in the state feedback, computing the end position
e in real time and feeding it into the NMPC. This extended
NMPC controls the soft manipulator to minimize the Eu-
clidean distance between the end point and the reference
trajectory while maintaining tracking stiffness reference.
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Fig. 4. Block scheme of the extended NMPC enabling the soft manipulator g —erorof , \g
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by replacing the configuration position error in Eq. (20) with 2 o A D b !

the end position error in the task space:

p—1

D le(k +ilk) — eqes(k + ilk)[1,

1=0

Kk +ilk) — K jges(k + il

+ || Paes(k + ilk) — Paes(k +i — 1[k)[| %)

+ || Paes(k + i) % 1)

min
Pyes(k:k+m—1)

subject to the same constraints in Eq. (20).

IV. SIMULATION

In this section, the feasibility and effectiveness of the
proposed NMPC framework in the configuration space and
task space are validated in MATLAB simulation.

For simplicity, a soft continuum manipulator with a single
segment is considered; multiple segments could be simulated
in a similar fashion. The coefficient matrices M, V, G
in dynamic equation Eq. (18) are obtained by using the
Symbolic Math Toolbox and Euler-Lagrange Toolbox [31] in
MATLAB. The robot parameters for simulation including the
length L; = 0.11 m, the mass m; = 0.15 kg, the identified
stiffness k; = 0.626 Nm/(rad), and the identified damping
d; = 0.029 Nms/(rad) are taken from the reference [9]. The
parameters in the full model Eq. (13) are taken as follows:
actuator parameter w = 8 x 1073 Nm/KPa, radius ratio
% = % coefficient @ = 0.08 Nm/(rad - KPa), and pneumatic
dynamic parameters ag = a; = by = b; = 1. Furthermore,
the NMPC algorithm is implemented using the fmincon
function with an SQP algorithm. A control horizon m = 5,
and a predictive horizon p = 10 is used with input constrains
Pyin = 0 KPa, Py, = 300 kPa, Vi, = 0 KPa, and
Vinax = 100 KPa. The system is run at 50 Hz.

For the configuration space, to test the control architecture
in Section III B, the manipulator is controlled to track
the desired configuration trajectory from an initial point
(¢1(0),61(0))" = [3,0.3]7 and to track the desired stiffness
trajectory from an initial stiffness without particle jamming
being active. A sinusoidal desired trajectory is selected,
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25
Time[s]

45

Fig. 5. Simulation results in the configuration space. The first three graphs
demonstrate the trajectories of the actual configuration position ¢1 and 61
and the stiffness k1 with the desired trajectory. The fourth graph shows the
tracking error. The bottom graph shows the desired pressure control input.

TABLE I
WEIGHT PARAMETERS OF THE NMPC COST FUNCTION

Configuration Space Task Space
Weight Value Weight Value
Qq diag{100, 300} Qe diag{1000, 1000, 1000}
QK 3000 QK 2000
R diag{2,2,2,2} R diag{1,1,1,1}
s diag{0.08,0.08,0.08,0.08} S diag{0.05,0.05,0.05, 0.05}

which is defined by the following function:

(;51"135(15) =27 sin(

917(135 (t) =0.5 sin(

t)
£ +1

SIS

(22)

o1 des () = sin(%t) 19,

The weight parameters of the NMPC cost function in
Eq. (20) are tuned to the values in Table I to achieve good
tracking performance. Fig. 5 shows the performance of the
NMPC framework in this case. The manipulator is able to
track two configuration reference trajectories accurately, de-
spite an added white noise with a magnitude of 0.01 rad and
1 KPa to the angle measurements and pressure measurements
respectively. The desired stiffness trajectory is tracked with
a small delay, but the error of tracking is relatively small
compared to the amplitude of the reference trajectory. As
shown in Fig. 5, all desired pressure inputs do not exceed
their constraints and vary smoothly.

Furthermore, the performance of the NMPC framework is
tested in the task space by controlling the end position of the
manipulator to track the desired trajectory in the Cartesian
coordinates. The initial point is (¢7(0), 91(0))T = [1,0.1]T
and a circular reference trajectory with the same height is
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Fig. 6. Simulation results in the task space. Panel (a) shows the desired
trajectory and actual trajectory in 3D space with two different periods of
2s and 10s respectively. Panel (b) shows the performance of tracking the
desired stiffness trajectory in the faster and slower cases respectively.

defined as:

eaes(t) = [ 0.0716 cos(ewt) 0.0716sin(ewt) —0.124 |7,

(23)
where w is a constant used to tune the velocity of the
reference trajectory. The desired stiffness trajectory is the
same as the one in Eq. (22). In order to test the versatility of
the proposed controller under different desired speeds, the
system is tested with w = 7 and @w = 0.27, making the
periods of the references 2s and 10s. The weight parameters
used in the NMPC cost function from Eq. (21) are listed in
Table I. To validate the robustness of the controller, white
noises with magnitudes of 0.01 m and 1 KPa are added
to the measurements of [g, P]7. In order to compare the
performance with different velocities clearly, the simulation
durations are set to 20s and 100s for w = 7 and w = 0.2«
respectively, guaranteeing tracking the circle ten times. The
tracking performance of these two trajectories is shown in
Fig. 6. The end position of the manipulator is approach-
ing the desired circular trajectory in the task space and
the desired stiffness trajectory simultaneously with minimal
overshooting and oscillations. Based on the position data
outside of the first unstable period, the average and maximum
Euclidean distance error for tracking the quick and slow
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Fig. 7. The performance of the tracking error and the desired pressure

control input when tracking the quick reference (w = ).

TABLE II
AVERAGE AND MAXIMUM EUCLIDEAN DISTANCE ERROR OF TRACKING
THE SLOW AND QUICK REFERENCES IN THE TASK SPACE

Max. Euclidean
distance error(m)
0.0052
0.0090

Avg. Euclidean
distance error(m)
0.001
0.0039

Slow reference(co = 0.27)
Quick reference(wo = )

references are computed as shown in Table II. As expected,
the tracking error of the faster reference is greater than that
of the slower one. However, it can be seen that the NMPC
framework still works with a high velocity, considering that
the error is negligible compared to the length of manipulator
and the size of workspace. Only the results from tracking
the faster reference are shown in Fig. 7 since those from
the slower reference show a similar, but less siginificant
error. Indeed, the faster position reference, as well as the
stiffness reference, are tracked accurately by the manipulator.
The performance of the slower trajectory is predicted to be
better than that of the faster trajectory according to the results
shown in Table II.

V. CONCLUSION

In this work, we constructed a dynamic model with tunable
stiffness for soft continuum manipulators and proposed an
NMPC in the configuration space as well as in the task
space. The NMPC architecture was firstly aimed at tracking a
desired configuration trajectory as well as a desired stiffness
trajectory. The stiffness and velocity of the manipulator are
estimated using an extended Kalman filter. The controller
enables the manipulator to track a desired task-space trajec-
tory as well as a desired stiffness trajectory. Furthermore,
the feasibility and robustness of the controller have been
validated through simulation.

Future research will focus on advancing the modeling
and computation techniques. For example, the length of the



manipulator could be integrated into the model since the
inflation pressure leads to elongations. Recent research has
considered this phenomenon by adjusting the selection of
configuration parameters [32], [33]. Additionally, the rela-
tionship between the segment stiffness and Cartesian stiffness
is also worthwhile to explore. The control strategy based
on NMPC requires high computation, and faster approaches
such as adaptive linear MPC can be investigated in the future.
Finally, experiments will be conducted on soft pneumatic
manipulators with tunable stiffness to validate the proposed
control approaches.
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