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Abstract

The surface elasticity theory of Gurtin–Murdoch has proven to be remarkably successful in predicting the behavior

of materials at the nano scale, which can be attributed to the fact that surface-to-volume increases as the problem

dimension decreases. On the other hand, surface tension can deform soft elastic solids even at the macro scale

resulting e.g. in elastocapillary instabilities in soft filaments reminiscent of Plateau–Rayleigh instabilities in fluids.

Due to the increasing number of applications involving nanoscale structures and soft solids such as gels, the surface

elasticity theory has experienced a prolific growth in the past two decades. Despite the large body of literature on the

subject, the constitutive models of surface elasticity theory at large deformations is not suitable to capture the surface

behavior from fully compressible to nearly incompressible elasticity, especially from a computational perspective. A

physically meaningful and proper decomposition of the surface free energy density in terms of area-preserving and

area-varying contributions remains yet to be established. We show that an immediate and intuitive generalization of

the small-deformation surface constitutive models does not pass the simple extension test at large deformations and

results in unphysical behavior at lower Poisson’s ratios. Thus, the first contribution of the manuscript is to introduce a

novel decomposed surface free energy density that recovers surface elasticity across the compressibility spectrum. The

second objective of this paper is to formulate an axisymmetric counterpart of the elastocapillary theory methodically

derived from its three-dimensional format based on meaningful measures relevant to the proposed surface elasticity

model. Various aspects of the problem are elucidated and discussed through numerical examples using the finite

element method enhanced with surface elasticity.
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1. Introduction

It is well known that the external surface of a continuous body has features that di↵er from those of the contained

bulk. The growing surface-to-volume ratio at lower scales makes the impact of the boundary on the behavior of the

material more evident, independent of the underlying physical composition. In addition to this, at macroscopic sizes,

the surface energy of extremely soft solids such as gels is comparable to the bulk energy of elastic materials. As such,

the elastocapillary e↵ect emerges due to the energetic competition that takes place between the bulk and its boundary,

which is immediately relevant to cavitation [1], soft composites behavior [2, 3], wetting on soft substrates [4–7], soft

contact and adhesion [8, 9], fracture [10], capillary bending [11], and pattern formations in nature [12], to name few.

A brief review of elastocapillary theory is given next.

The pioneering studies of Laplace, Young, and Gibbs shall be considered as the origins of both elastocapillary the-

ory and surface modeling of continua. In line with Gibbsian thermodynamics and the influential work of Scriven [13],

Gurtin and Murdoch [14] established a phenomenological surface elasticity model. This model has now been accepted

for applications in nanomaterials, as shown in [15–19], among others. The assumption behind the surface elasticity

theory is that a surface has its own tensorial stress, which may be derived from the surface constitutive laws. To be

more specific, the surface has its own thermodynamic structure, and as a consequence, surface stresses are determined

as energetically conjugated quantities to surface strains. The surface elasticity theory thus incorporates capillary ef-

fects as an essential component. Numerous analytical [15–18] and computational [20–22] studies have demonstrated

that the size-dependent material response due to surface elasticity is physically meaningful and is also in agreement

with atomistic simulations [23–26]. From a computational perspective, the finite element modeling of surface tension

for fluids was carried by Saksono and Perić [27, 28] for quasi-static and dynamic problems, see also [29]. This formu-

lation is suitable for fluids in that the surface tension is accounted for but the surface elasticity is absent. To address

this issue, Yvonnet, et al. [20] introduced surface elasticity into the finite element method for solids though at small

strains and in two dimensions only. Javili and Steinmann [30, 31] developed a finite element framework for continua

with boundary energies that accounted for surface elasticity as well as surface tension for two-dimensional [30] and

three-dimensional [31] solids at finite deformations. Henann and Bertoldi [32] employed this framework and estab-

lished a numerical procedure appropriate for modeling elastocapillary phenomena using the commercial finite element

(FE) package Abaqus and studied a variety of problems, see also [33]. A similar approach was adopted by Mora, et

al. [34] and an ad-hoc approach using the FEniCS finite element library has been provided. He and Park [35] pre-

sented a computational methodology to capture elastocapillary, essentially equivalent to the classical Young–Laplace

model, that could be readily incorporated to commercial FE packages such as ANSYS and COMSOL, see also [36].

The theory of surface elasticity has seen tremendous advancements in the last two decades [37], and the contributions
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that have been listed here are only a few instances of the many more that have been made in this area. This renaissance

of interest in the mechanics of solid surfaces may be primarily due to the advent of nanotechnology and the rising

number of applications using soft solids such as gels. Other theoretical expansions of the idea have been o↵ered from

a theoretical perspective as well, see for example [38–43] among others.

In this contribution, we employ a completely variational elastocapillary theory at finite deformations that does not

rely on the Young–Laplace equation. Specifically, unlike the usually accepted technique, which introduces surface

tension ad hoc through an external force on the surface, we capture the surface tension via its energy representation.

Thereby, surface tension is understood as a constant energy density per surface area in the spatial configuration that

fits inherently in the variational framework. The methodology is specially valuable from a computational standpoint,

and it furnishes an elegant framework for axisymmetric problems. Compared to earlier works on the topic, to the best

of our knowledge, there are important areas where this study makes an original contribution to, as follows.

• We show that an intuitive generalization of the commonly accepted surface energy density [31] to decompose

it to area-preserving and area-varying parts leads to unphysical results at low Poisson’s ratios though it can be

employed if we restricts ourselves to nearly incompressible surface behavior. To draw an analogy, we also show

that various commonly accepted bulk free energy densities su↵er from the same shortcoming, though frequently

overlooked in literature.

• We propose an additive split of the hyperelastic surface energy density into area-preserving and area-varying

parts, suitable for numerical treatment of nearly incompressible as well as compressible surface elasticity.

• We elaborate on how the isotropic surface elasticity parameters enter into degenerate three-dimensional cases

such as axisymmetric problems. In doing so, we introduce a systematic treatment of elastocapillary for axisym-

metric problems from its three-dimensional counterpart.

• The developed axisymmetric variational elastocapillary formulation is implemented employing surface-enriched

finite elements assuming strongly coupled bulk and boundary deformations under large strain assumptions. Ac-

companying numerical examples illustrate the significance of the proposed surface elasticity model.

This manuscript is organized as follows. Section 2 lays the theoretical foundation for the study. First, the nota-

tion and definitions are introduced in Section 2.1. The kinematics of the problem is formulated and the key concepts

of di↵erential geometry required to describe the boundary motion are briefly reviewed in Section 2.2 followed by a

generic framework suitable for a fully variational surface tension theory that is concisely formulated in Section 2.3. A

more familiar three-dimensional problem is treated then in Section 3 to show the utility of proposed formulation and
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consequently, its axisymmetric counterpart is established in Section 4. Thanks to the variational approach, the govern-

ing equations naturally emerge in their weak forms that are immediately suitable for computational implementation.

The developed framework is elucidated via a series of numerical examples in Section 5. The numerical examples are

devised such that both computational and physical aspects of the problem are covered. Section 6 concludes this work

and provides an outlook for future work.

2. Theory

The purpose of this section is to briefly derive the governing equations of elasticity at finite deformations that

account for surface tension as well as surface elasticity using a completely variational method in which the surface of

a body has its own free energy density. We provide a formulation that establishes the governing equations in integral

forms instantly suitable for computational implementation using the finite element method (FEM).

2.1. Notation and definitions

Direct notation is adopted throughout. Occasional use is made of index notation, the summation convention for

repeated indices being implied. The scalar product of two vectors a and b is denoted a · b = [a]i[b]i. The scalar

product of two second-order tensors A and B is denoted A : B = [A]i j[B]i j. The composition of two second-order

tensors A and B, denoted A·B, is a second-order tensor with components [A·B]i j = [A]is[B]s j. The surface quantities

are distinguished from their bulk counterparts by an accent on top. That is, quantities or operators {•̂} are the surface

counterparts of the bulk quantity or operator {•}, respectively, unless specified otherwise. The fourth-order identity

tensor is denoted as . Similarly, other fourth-order constitutive tensors are also written with the same font, such as

for the fourth-order tangent tensor. The tensor product of two second-order tensors A and B is a fourth-order tensor

= A⌦ B with [ ]i jkl = [A]i j [B]kl. The two non-standard tensor products of two second-order tensors A and B are

the fourth-order tensors [A⌦B]i jkl = Aik Bjl and [A⌦B]i jkl = Ail Bjk .

2.2. Preliminaries

Consider the deformation of a continuum body, as illustrated in Fig. 1 that occupies the material configuration

B0 ⇢ 3 at time t = 0 that is mapped to the spatial configuration Bt ⇢ 3 at any time t > 0 via the nonlinear

deformation map ' as

x = '(X, t) : B0 ⇥ + ! Bt and x̂ = '(X̂, t) : S0 ⇥ + ! St , (1)
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with X and x identifying points in the material and spatial configurations, respectively. According to our convention,

the surface quantities are denoted as {•̂}. That is, the placement of particles on the surface are labeled X̂ and x̂ in the

material and spatial configurations, respectively, such that X̂ = X|S0 and x̂ = x|St , where S0 := @B0 and St := @Bt.

Central to the theory is the assumption that the boundary is material in the sense that the boundary is convected with

the domain and remains perfectly bonded to the bulk throughout deformations, which is indicated via the surface

mapping (1)2. The deformation gradient in the bulk, denoted F := Grad', is a linear deformation map that relates an

infinitesimal line element dX 2 TB0 to its spatial counterpart dx 2 TBt via the relation dx = F · dX. The gradient

operator in the bulk in terms of the curvilinear coordinates ⇠i can be expressed as

Grad{•} :=
@{•}
@⇠i ⌦ Gi and grad{•} :=

@{•}
@⇠i ⌦ gi with i 2 {1, 2, 3} , (2)

where Gi and gi are the contravariant basis vectors in the material and spatial configurations, respectively. The

contravariant vectors Gi and gi form a dual basis to the covariant (natural) basis Gi and gi, in the material and spatial

configurations, respectively. That is

Gi :=
@X
@⇠i and gi :=

@x
@⇠i ) Gi · G j = � j

i and gi · g j = � j
i with {i, j} 2 {1, 2, 3} , (3)

where � j
i is the Kronecker delta. The deformation gradient therefore reads F = gi ⌦ Gi with its inverse defined as

f := Gi ⌦ gi. The properties F · f = i and f · F = I hold with I and i being the (mixed-variant) bulk identity tensors in

the material and spatial configurations, respectively, as I := Gi ⌦Gi and i := gi ⌦ gi. See Fig. 1 (right) for a graphical

illustration of the covariant basis vectors in the bulk and on the boundary. The ratio of the volume element in the spatial

configuration dv over its counterpart in the material configuration dV is the Jacobian J := dv/dV = DetF. The surface

S0 or St in the material or spatial configurations, respectively, is a two-dimensional manifold in the three-dimensional

space 3 that can be parametrized in terms of two surface (curvilinear) coordinates ⇠̂↵. The corresponding tangent

vectors to the surface coordinate lines ⇠̂↵, i.e. the covariant (natural) surface basis vectors, read

Ĝ↵ :=
@X̂
@⇠̂↵

and ĝ↵ :=
@x̂
@⇠̂↵

with ↵ 2 {1, 2} , (4)

in the material and spatial configurations, respectively. The surface contravariant vectors Ĝ↵ and ĝ↵ form a dual basis

to the covariant (natural) basis Ĝ↵ and ĝ↵, in the material and spatial configurations, respectively. That is

Ĝ↵ · Ĝ� = ��↵ and ĝ↵ · ĝ� = ��↵ with {↵, �} 2 {1, 2} . (5)

5



Figure 1: Finite deformation of a continuum body. The continuum body that occupies the material configuration B0 ⇢ 3 at time t = 0 is mapped
to the spatial configuration Bt ⇢ 3 via the nonlinear deformation map '. The boundary points are convected via the same deformation map ' as
the bulk.

Similarly to the bulk, we define the surface deformation gradient F̂ as the linear map between the infinitesimal line

element dX̂ 2 TS0 and dx̂ 2 TSt with dx̂ = F̂ · dX̂. The surface gradient operator reads

ˆGrad{•̂} :=
@{•̂}
@⇠̂↵
⌦ Ĝ↵ and ˆgrad{•̂} :=

@{•̂}
@⇠̂↵
⌦ ĝ↵ with ↵ 2 {1, 2} . (6)

Therefore, the surface deformation gradient F̂ := ĝ↵ ⌦ Ĝ↵ and its inverse f̂ := Ĝ↵ ⌦ ĝ↵ possess the properties F̂ · f̂ = î

and f̂ · F̂ = Î with Î and î being the surface identity tensors in the material and spatial configurations, respectively. In

contrast to the bulk, the surface identities Î and î are not equal since Î := Ĝ↵⌦Ĝ↵ = I�N̂⌦N̂ and î := ĝ↵⌦ ĝ↵ = i� n̂⌦ n̂

where N̂ and n̂ denote the unit vector orthogonal to the surface in the material and spatial configurations, respectively.

The ratios of area elements in the spatial over the material configuration is defined by Ĵ, as Ĵ := da/dA which is the

surface determinant of F̂ though, in contrast to the bulk, F̂ is rank-deficient and thus, its determinant is non-standard.

The bulk and surface determinant operators in the material configuration are defined in a unified manner as

Det{•} :=
| [{•} · G1] · [ [{•} · G2] ⇥ [{•} · G3] ] |

|G1 · [G2 ⇥ G3] | ) J := DetF =
| g1 ·

⇥
g2 ⇥ g3

⇤ |
|G1 · [G2 ⇥ G3] | ,

D̂et{•̂} :=
| [{•̂} · Ĝ1] ⇥ [{•̂} · Ĝ2] |

| Ĝ1 ⇥ Ĝ2 |
) Ĵ := D̂etF̂ =

| ĝ1 ⇥ ĝ2 |
| Ĝ1 ⇥ Ĝ2 |

.

(7)

2.3. Generic framework

The objective of this section is to derive the governing equations of a continuum body accounting for surface

tension in a variationally consistent framework. The choice of a variational structure is particularly helpful since (i) it

immediately allows for an elegant axisymmetric formulation, devoid of external contributions and (ii) it intrinsically
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results in governing equations in their (weak) integral form directly suitable for computational implementation in

that Young–Laplace equation does not explicitly appear throughout the manuscript and thus, the surface curvature

and surface divergence operator remain embedded in the framework without emerging in the derivations. In order to

obtain the governing equations, the total energy functional is minimized. The total energy functional  consists of the

internal and external contributions denoted  int and  ext, respectively. To minimize  , its first variation is set to zero

as � = � int+ � ext .= 0. The (incremental) external energy here  ext is essentially minus (incremental) working, i.e.

� ext = ��W. For the sake of brevity, we leave out the external energy in the derivations assuming that (i) the body

forces vanish, (ii) �' is zero where displacements are prescribed and (iii) t0 is zero everywhere that a Neumann-type

boundary condition is imposed. The latter is possible since here, the surface tension is not treated on ad-hoc basis

via an externally prescribed traction on the surface, but instead, it is captured within the internal energy density of

the surface. The (internal) energy  int ⌘  is composed of bulk and surface contributions. Let  denote the bulk free

energy density per volume in the material configuration and  ̂ denote the surface free energy density per area in the

spatial configuration. Therefore, from a variational perspective, equilibrium for the current problem reduces to

� =

Z

B0

� dV +
Z

@B0

� ̂ dA ·
= 0 )

Z

B0

@ 

@'
· �' dV +

Z

@B0

@ ̂

@'
· �' dA ·

= 0 8�' 2H
1

0 (B0) . (8)

The arbitrary motion variations �' in the context of FEM can be expressed in their discretized form as �' = Ni �'i,

with Ni being the shape function associated with the “control” point i. That is

Z

B0

@ 

@'i · �'
i dV +

Z

@B0

@ ̂

@'i · �'
i dA ·
= 0 8�'i 2H

1
0 (B0) . (9)

Due to the arbitrariness of �'i, Eq. (9) can be formally expressed as RI ·�'I ·= 0 for all arbitrary �'I which immediately

implies RI ·= 0 with RI = A Ri. Here Ri is the point-wise residual at point i associated with its global number I and

A is the assembly operator. That is, we seek for the solutions of

RI ·= 0 with RI :=
Z

B0

@ 

@'i dV +
Z

@B0

@ ̂

@'i dA . (10)

The residual vector is obviously composed of the residuals in the bulk and the residuals on the surface. Equation (10)

is the point of departure for the remaining discussions. Note that Eq. (10) is essentially a nonlinear system of equations

composed of DOFs relations, with DOFs being the number of degrees of freedom. For nonlinear problems at large

deformations, the deformation is computed incrementally. To solve the nonlinear system of equations (10), at each

increment, an iterative Newton–Raphson scheme is utilized. The global residual R is set to zero at (the end of) each
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Figure 2: The geometry of the domain in the material configuration. Due to the axisymmetric nature of the problem, the three-dimensional domain
B0 (left) reduces to the two-dimensional domain A0 (right). The two-dimensional surface @B0 of the three-dimensional domain therefore becomes
a one-dimensional line @A0 on the two-dimensional domain.

increment resulting in the consistent linearization of the resulting system of equations at any iteration k

RI('k+1) ·= 0 and RI('k+1) = RI('k) + KIJ
���
k · �'

J
k
·
= 0 with KIJ :=

@RI

@'J , (11)

where KIJ is the tangent sti↵ness at any 'k. Then the global deformation is updated at each iteration according to

'k+1 = 'k + �'k until the norm of the residual vector reaches zero, numerically speaking.

Equipped with the preliminaries, next we formulate the residual and sti↵ness for both a fully three-dimensional

description as well as its axisymmetric counterpart. When dealing with the axisymmetric case, without loss of general-

ity, we assume that the out-of-plane coordinate is the third one. That is, the “two-dimensional” domain corresponding

to an axisymmetric problem is on the plane orthogonal to e3. The height of a point on the two-dimensional domain is

its vertical distance from the symmetry axis as H := X · e2 and h := x · e2 in the material and spatial configurations,

respectively. In the three-dimensional setting, the free energy density in the bulk per unit volume in the material con-

figuration, denoted as  , will be a function of the deformation gradient as  =  (F). For the axisymmetric problem

though, it will become a function of in-plane deformation gradient F and out-of-plane component of the deformation

gradient ⇣ with ⇣ = h/H. That is

F = gi ⌦ Gi and i 2 {1, 2, 3} ) F = F + ⇣ e3 ⌦ e3 with F = g j ⌦ G j and j 2 {1, 2} . (12)

The free energy density of the surface per unit area in the material configuration, denoted as  ̂, will be a function

of the surface deformation gradient as  ̂ =  ̂(F̂). For the axisymmetric case, the surface deformation gradient is
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decomposed into its in-plane part F̂ and out-of-plane component ⇣̂, analogous to the bulk. That is

F̂ = ĝ↵ ⌦ Ĝ↵
and ↵ 2 {1, 2} ) F̂ = F̂ + ⇣̂ e3 ⌦ e3 with F̂ = ĝ↵ ⌦ Ĝ↵

and ↵ 2 {1} , (13)

wherein ⇣̂ = ĥ/Ĥ. Finally, we define the in-plane identity tensor I and out-of-plane identity tensors I? as I := G j⌦G j

and I? := e3 ⌦ e3 = I � I with j 2 {1, 2} with their surface counterparts Î := Ĝ↵ ⌦ Ĝ↵
and Î? := e3 ⌦ e3 = Î � Î ,

respectively.

3. Three-dimensional formulation

In this section, we briefly provide an overview of the three-dimensional formulation with focus on constitutive

modeling and in particular on additive decomposition of free energy densities in the bulk and on the surface in

Sections 3.1 and 3.2, respectively. In doing so, we derive the residual and sti↵ness for a fully three-dimensional

description. The (internal) energy that we seek to minimize reads

 =

Z

B0

 dV +
Z

@B0

 ̂ dA with  =  (F) and  ̂ =  ̂(F̂) , (14)

where F = gi ⌦ Gi and F̂ = ĝ↵ ⌦ Ĝ↵
. Therefore, the residual (10) follows from the chain rule as

RI =

Z

B0

P :
@F
@'i dV +

Z

B0

P̂ :
@F̂
@'i dA , (15)

with Piola stresses in the bulk and on the surface defined by P := @ /@F and P̂ := @ ̂/@F̂, respectively. The

discretized forms of the deformation gradients follow using the shape functions as

in B0 : ' = Ni 'i ) F = 'i ⌦ GradNi , on @B0 : ' = N̂i 'i ) F̂ = 'i ⌦ ˆGradN̂i . (16)

Note that Ni and N̂i are the shape functions in the bulk and on the surface respectively. Consequently, the derivatives

of the deformation gradient with respect to the discretized motion in Eq. (15) in the bulk and on the surface read

@F
@'i =

@

@'i ('s ⌦ GradNs) =
@'s

@'i ⌦GradNs = �si i⌦GradNs ) @F
@'i = i⌦GradNi ,

@F̂
@'i =

@

@'i

⇣
's ⌦ ˆGradN̂ s

⌘
=
@'s

@'i ⌦ ˆGradN̂ s = �si i⌦ ˆGradN̂ s ) @F̂
@'i = i⌦ ˆGradN̂i .

(17)
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Inserting the derivatives (17)1 and (17)2 in Eq. (15) immediately furnishes

RI =

Z

B0

P · GradNi dV +
Z

B0

P̂ · ˆGradN̂i dA . (18)

Assuming that the global point J corresponds to its element-wise number j, using the chain-rule with := @P/@F

and ˆ := @P̂/@F̂, and employing the relations (17), the tangent sti↵ness is then computed as

KIJ =
@RI

@'J =

Z

B0

GradNi · · GradN j dV +
Z

B0

ˆGradNi · ˆ · ˆGradN j dA . (19)

wherein · is a non-standard contraction that is introduced for the sake of brevity as

[GradNi · · GradN j]ac = [GradNi]b[ ]abcd[GradN j]d . (20)

Having established the final format for the residual (18), the last step is to set the free energy densities  in the bulk

in Section 3.1 and  ̂ on the surface in Section 3.2 .

3.1. Constitutive modeling of the bulk

In order to set the stage and to explain a fundamental issue associated with commonly accepted free energy

densities that employ additive decomposition, gathered in Fig. 3, we briefly deal with classical three-dimensional

isotropic elasticity in the bulk first. This fundamental issue can be stated as follows. If the free energy density of

the bulk is decomposed into volume-preserving and volumetric parts, the material behavior may not pass the simple

extension test at low Poisson’s ratios in that e.g. it results in lateral expansion under uniaxial tension even for simple

(non-auxetic) materials. Thus, additional care must be taken when proposing such decomposed energy densities.

Somewhat surprisingly, this issue is frequently overlooked in literature although it has been reported in [44] and

even more recently in [45], see also [46] and for further details including an elaborate discussion on Baker–Ericksen

inequality, see [47] among others.

Before illustrating the issue for various commonly accepted energy densities and providing a solution, we focus

on a particular energy density to highlight the problem. The frequently employed Flory-type free energy density reads

 =
1
2
µ [ J�

2
3 F : F � 3 ] +

1
2
 [ log J ]2 with J = DetF , (21)

in which µ and  are the shear and bulk moduli, respectively. For three-dimensional isotropic elasticity, the Poisson

ratio ⌫ can be related to µ and . Furthermore, for non-auxetic materials corresponding to ⌫ � 0 translates into
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 = 1
2 µ [ J�

2
3 F : F � 3 ] + 1

2  [ log J ]2

 = 1
2 µ [ J�

2
3 F : F � 3 ] + 1

2  [ J � 1 ]2

 = 1
2 µ [ J�

2
3 F : F � 3 ] + 1

2 
⇥ 1

2 [J2 � 1] � log J
⇤

 = 1
2 µ [ J�

2
3 F : F � 3 ] + 3

8  [ J
4
3 + 2J�

2
3 � 3 ]

<latexit sha1_base64="jbNdSeUP9xAc+KJ0GSOXlyXw42Q="></latexit>
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J
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 /

Figure 3: Comparing the volumetric term of a few free energy densities. Many of such examples have been introduced in the literature, see [46]
among other. Nonetheless, we limit ourselves to these selected choices since they su�ciently introduce the problem. The volume-preserving part
is not a part of discussion here and is thus omitted for the sake of comparison by setting µ = 0 for all the energies. Note that the vertical axis shows
the dimensionless free energy densities normalized by .

/µ � 2/3. Henceforth, we define the normalized bulk modulus K := /µ. That is

K := /µ , ⌫ =
3K � 2
6K + 2

) ⌫ � 0 , K � 2/3 , ⌫! 1/2 , K ! 1 . (22)

For the free energy density (21), the normalized Piola stress reads

P
µ
= J�

2
3 [ F � 1

3
F : F F-t ] + K log J F-t . (23)

For a uniaxial tension test, with the deformation gradient F = Diag(�, ⌘, ⌘), the lateral components of Piola stress

must vanish identically to satisfy the traction free boundary conditions. This results in

1
3

J�
2
3 [ ⌘2 � �2 ] + K log J =̇ 0 with J = � ⌘2 , (24)

which can be expressed in a compact form as f (⌘; K, �)=0 indicating that for any prescribed K and �, we can solve

for ⌘ such that the traction free boundary conditions associated with a uniaxial tension test are fulfilled. Figure 4

illustrate the solution of f (⌘; K, �)=0 for the Flory-type free energy density of interest here, and for various values of

K though all corresponding to ⌫ � 0. We intentionally study the material behavior in a fairly compressible regime

and can immediately see that when increasing K, i.e. moving towards incompressibility, the material behavior tends

to become physically more sound. In fact, the behavior of a fully compressible material with ⌫ = 0 or equivalently
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Figure 4: A�ne deformation of a unit cube via the linear deformation map F for a three-dimensional uniaxial test (right). Extensional and lateral
stretches are denoted as � and ⌘, respectively. Lateral stretch ⌘ are computed for axial stretches � and for various compressibility ratios defined by
K = /µ with K = 2/3 indicating a fully compressible domain (⌫ = 0) and K ! 1 indicating an incompressible domain (⌫ ! 0.5). The results
correspond to the Flory-type energy density (21).

K = 2/3 predicted by the Flory-type energy density is entirely unphysical. Even though for the Poisson ratio of

⌫ = 0.25 we observe a physically meaningful response in the vicinity of the reference configuration, at large stretches

for both tension and compression we can see that the material behaves in an unexpected manner. We emphasize that

we are in particular interested in the behavior of materials under large compressions, due to its increasing applications

related to instabilities due to compressive stresses in the domain, see [48, 49] and references therein among many

others.

Having established the issue with additive decomposition of free energy densities into volume-preserving and

volumetric parts for the Flory-type free energy density, now we illustrate that a similar material response is obtained

for the first three free energy densities in Fig. 3, however, the last energy density [45] circumvents the problem.

Figure 5 depicts ⌘ versus � for various free energy densities. The figure shows that all the energies except for the last

one results in lateral contraction under axial contraction, which is not physically sound. Also, at the fully compressible

limit (⌫ = 0) associated with K = 2/3 all the energies except for the last one result in lateral deformation which is

not expected. More precisely, none of the commonly accepted free energy densities can recover an apparent zero

Poisson’s ratio, except for the last one [45]. Table 1 gathers the Piola stress P and Piola tangent with respect
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Figure 5: Lateral stretch ⌘ versus axial stretches � and for various compressibility ratios defined by K = /µ with K = 2/3 indicating a fully
compressible domain (⌫ = 0) and K ! 1 indicating an incompressible domain (⌫ ! 0.5). The results correspond to the commonly accepted free
energy densities in Fig. 3. Poisson’s ratio is related to K via the relation ⌫ = [3K � 2]/[6K + 2].

to F - needed for computational simulations of the examples - wherein the fourth-order tensors := �F-t ⌦ F-1,

:= F-t ⌦ F-t, := F⌦ F-t, := F-t ⌦ F and := I⌦ I are defined to present the tangents more concisely.

Remark. The reported unphysical behavior under the simple extension test is caused by an inappropriate decom-

position of the free energy density. Various common non-additive energy densities do not lead to this unphysical

behavior but they cause numerical issues close to the incompressibility limit, e.g. in computational simulations with

FEM. On the other hand, commonly accepted additively decomposed free energy densities can alleviate the numerical

issues close to the incompressibility limit, but they lead to the reported unphysical behavior at lower Poisson’s ratios,

which is surprisingly highly overlooked in literature. The point of departure of this manuscript is the presupposition

that one needs a model that can capture the material behavior across the entire compressibility spectrum and that -

due to computational aspects - a decomposition of the free energy density into its volume-preserving and volumetric

parts is required. The same comment holds for the surface too. Next, we propose a surface model that decomposes

appropriately the surface free energy density into area-preserving and area-varying parts, such that it does not result
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Table 1: The free energy densities in Fig. 3 together with their corresponding Piola stress P and Piola tangent with respect to F.

 = 1
2 µ [ J�

2
3 F : F � 3 ] + 1

2  [ log J ]2 ,

P = µ J�
2
3 [F � 1

3
F : F F-t] +  log J F-t ,

= � 2
3 µ J�

2
3 [ � 1

3 F : F ] + µ J�
2
3 [ � 2

3 � 1
3 F : F ] +  log J +  .

 = 1
2 µ [ J�

2
3 F : F � 3 ] + 1

2  [ J � 1 ]2 ,

P = µ J�
2
3 [F � 1

3 F : F F-t] +  [J2 � J] F-t ,

= � 2
3 µ J�

2
3 [ � 1

3 F : F ] + µ J�
2
3 [ � 2

3 � 1
3 F : F ] +  [J2 � J] +  [2J2 � J] .

 = 1
2 µ [ J�

2
3 F : F � 3 ] + 1

2 
⇥ 1

2 [J2 � 1] � log J
⇤
,

P = µ J�
2
3 [F � 1

3 F : F F-t] + 1
2  [J2 � 1] F-t ,

= � 2
3 µ J�

2
3 [ � 1

3 F : F ] + µ J�
2
3 [ � 2

3 � 1
3 F : F ] + 1

2  [J2 � 1] +  J2 .

 = 1
2 µ [ J�

2
3 F : F � 3 ] + 3

8  [ J
4
3 + 2J�

2
3 � 3 ] ,

P = µ J�
2
3 [F � 1

3 F : F F-t] + 1
2  [J

4
3 � J�

2
3 ] F-t ,

= � 2
3 µ J�

2
3 [ � 1

3 F : F ] + µ J�
2
3 [ � 2

3 � 1
3 F : F ] + 1

2  [J
4
3 � J�

2
3 ] + 1

3  [2J
4
3 + J�

2
3 ] .

(25)

in unphysical material behavior for any surface Poisson’s ratio.

3.2. Constitutive modeling of the surface

Now, we aim to establish a surface elasticity model that is additively decomposed into area-preserving and area-

varying parts. For the sake of completeness, we include a few intuitive models that mimic the structure of the first

three bulk energies gathered in Fig. 3 and show that these intuitive extensions, analogously to their bulk counterparts,

su↵er from the issue that they result in unphysical material behavior under uniaxial tension tests. Note that despite

this shortcoming, similarly to the bulk, such surface free energy densities are indeed employed in literature, e.g. [50].

Finally, we propose a proper split of the surface energy density that rectifies the problem associated with the previously

introduced models.

Note that we focus on the elastic part of the surface free energy density that vanishes at the reference configuration.

For any of the given surface free energy densities, one can add a surface tension part too by incorporating a constant
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surface energy �̂ per area in the current configuration. When doing so, the total surface energy density  ̂tot can be

written as

 ̂tot =  ̂ + �̂ Ĵ with �̂ : surface tension and Ĵ := D̂etF̂ , (26)

with the corresponding total surface Piola stress P̂tot and its tangent ˆ tot being

P̂tot := P̂ + �̂ Ĵ F̂-t ) ˆ tot := ˆ + �̂ Ĵ [ ˆ + ˆ ] with P̂ =
@ ̂

@F̂
and ˆ =

@P̂
@F̂
, (27)

where

ˆ := �F̂-t ⌦ F̂-1 + [n̂⌦ n̂]⌦ [F̂-1 · F̂-t] and ˆ := F̂-t ⌦ F̂-t . (28)

For the elastic part of surface free energy densities, we investigate the following models, thereby the first three mimic

the structure of their bulk counterparts and the last one is our proposition to obtain a physically meaningful surface

energy decomposition.

 ̂ = 1
2 µ̂ [ Ĵ�1 F̂ : F̂ � 2 ] + 1

2 ̂ [ log Ĵ ]2 ,

 ̂ = 1
2 µ̂ [ Ĵ�1 F̂ : F̂ � 2 ] + 1

2 ̂ [ Ĵ � 1 ]2 ,

 ̂ = 1
2 µ̂ [ Ĵ�1 F̂ : F̂ � 2 ] + 1

2 ̂
⇥ 1

2 [Ĵ2 � 1] � log Ĵ
⇤
,

 ̂ = 1
2 µ̂ [ Ĵ�1 F̂ : F̂ � 2 ] + 1

2 ̂ [ Ĵ + Ĵ�1 � 2 ] .

(29)

In surface free energy densities (29), the material parameters µ̂ and ̂ are the surface shear and surface area moduli,

respectively. For two-dimensional isotropic surface elasticity, at the reference configuration, the Poisson ratio ⌫̂ can

be related to µ̂ and ̂ according to

⌫̂ =
̂ � µ̂
̂ + µ̂

) ⌫̂ =
̂/µ̂ � 1
̂/µ̂ + 1

) ⌫̂ =
K̂ � 1
K̂ + 1

with K̂ := ̂/µ̂ , (30)

which immediately results in

⌫̂ � 0 , K̂ � 1 , ⌫̂! 1 , K̂ ! 1 . (31)

Note that the upper limit of two-dimensional Poisson’s ratio associated with surface incompressibility is one and not
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 ̂/̂

Figure 6: Comparing the surface-varying term of the surface free energy densities (29). The area-preserving part is not a part of discussion here
and is thus omitted for the sake of comparison by setting µ̂ = 0 for all the surface energies. Note that the vertical axis shows the dimensionless
surface free energy densities normalized by ̂.

one-half. For a two-dimensional uniaxial tension test, with the deformation gradient F̂ = Diag(�̂, ⌘̂), the lateral stretch

⌘̂ relates to the axial stretch �̂ and the surface Poisson ratio via the relation ⌘̂ = �̂�⌫̂. For the surface free energy

densities (29), the surface Piola stresses read

P̂ = µ̂ Ĵ�1 [ F̂ � 1
2 F̂ : F̂ F̂-t ] + ̂ log Ĵ F̂-t ,

P̂ = µ̂ Ĵ�1 [ F̂ � 1
2 F̂ : F̂ F̂-t ] + ̂ [ Ĵ2 � Ĵ ] F̂-t ,

P̂ = µ̂ Ĵ�1 [ F̂ � 1
2 F̂ : F̂ F̂-t ] + 1

2 ̂ [ Ĵ2 � 1 ] F̂-t ,

P̂ = µ̂ Ĵ�1 [ F̂ � 1
2 F̂ : F̂ F̂-t ] + 1

2 ̂ [ Ĵ � Ĵ�1 ] F̂-t .

(32)

Note that all the energies are identical in their area-preserving counterpart and di↵er only in the area-varying parts.

Under a uniaxial tension of the surface, the traction free boundary condition requires P̂ · Ñ = 0 thereby Ñ is the unit

normal vector in ⌘̂ direction. Therefore the associated traction free conditions, remembering that K̂ := ̂/µ̂, read

Ĵ�1 [ ⌘̂2 � �̂2 ] + 2 K̂ log Ĵ =̇ 0 with Ĵ = �̂ ⌘̂ ,

Ĵ�1 [ ⌘̂2 � �̂2 ] + 2 K̂ [ Ĵ2 � Ĵ ] =̇ 0 with Ĵ = �̂ ⌘̂ ,

Ĵ�1 [ ⌘̂2 � �̂2 ] + K̂ [ Ĵ2 � 1 ] =̇ 0 with Ĵ = �̂ ⌘̂ ,

Ĵ�1 [ ⌘̂2 � �̂2 ] + K̂ [ Ĵ � Ĵ�1 ] =̇ 0 with Ĵ = �̂ ⌘̂ ,

(33)

all of which can be expressed in a compact form as f (⌘̂; K̂, �̂)=0 indicating that for any prescribed K̂ and �̂, we can

solve for ⌘̂ such that the traction free boundary conditions associated with a uniaxial tension test are fulfilled. As we
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will see shortly, all the options except for the last one result in unphysical behavior at lower Poisson’s ratios. This

shortcoming becomes more evident at the limit of full compressibility corresponding to ⌫̂ = 0. We further analyze the

last relationship (33)4 that is of particular interest here since it is our proposition. After some mathematical steps, one

can show that

Ĵ�1 [ ⌘̂2 � �̂2 ] + K̂ [ Ĵ � Ĵ�1 ] =̇ 0 ) ⌘̂2 =
�̂2 + K̂

K̂ �̂2 + 1
or �̂�2⌫̂ =

�̂2 + K̂
K̂ �̂2 + 1

, (34)

where the alternative representation is obtained using a nonlinear definition of Poisson’s ratio ⌘̂ = �̂�⌫̂. At the limits

of full compressibility (K̂ = 0) and incompressibility (K̂ ! 1), we therefore have

8>>>>><
>>>>>:

K̂ = 0 ) ⌘̂ = 1 8�̂ ) ⌫̂ = 0.0 ,

K̂ ! 1 ) ⌘̂ = 1/�̂ 8�̂ ) ⌫̂! 1.0 ,
(35)

that are physically meaningful, though none of the remaining surface energy densities can satisfy condition (35)1.

Figure 7 depicts ⌘̂ versus �̂ for all the introduced free energy densities. The figure shows that all the energies

except for the last one results in lateral contraction under axial compression, which is not physically sound. Most

importantly, at the fully compressible limit (⌫̂ = 0) associated with K̂ = 1 all the energies except for the last one result

in lateral deformation which is not expected. Except the last surface energy density that is our current proposition,

none of the commonly accepted free energy densities can recover an apparent zero Poisson’s ratio. It must be noted

that all these energy densities can be successfully implemented in a finite element package and the results can be

obtained numerically as well as analytically. However, for computational simulations of zero-thickness surfaces under

compression, surface instabilities can occur in principle [48, 51]. This aspect is yet another reason to avoid surface

energy densities that result in spurious surface compressions, since they in turn cause entirely unphysical instabilities.

The associated surface Piola tangents ˆ read

ˆ = µ̂ Ĵ�1 [ ˆ � ˆ � ˆ ] � 1
2 µ̂ Ĵ�1 F̂ : F̂ [ ˆ � ˆ ] + ̂ log Ĵ ˆ + ̂ ˆ ,

ˆ = µ̂ Ĵ�1 [ ˆ � ˆ � ˆ ] � 1
2 µ̂ Ĵ�1 F̂ : F̂ [ ˆ � ˆ ] + ̂ [Ĵ2 � Ĵ] ˆ + ̂ [2Ĵ2 � Ĵ] ˆ ,

ˆ = µ̂ Ĵ�1 [ ˆ � ˆ � ˆ ] � 1
2 µ̂ Ĵ�1 F̂ : F̂ [ ˆ � ˆ ] + 1

2 ̂ [J2 � 1] ˆ + ̂ Ĵ2 ˆ ,

ˆ = µ̂ Ĵ�1 [ ˆ � ˆ � ˆ ] � 1
2 µ̂ Ĵ�1 F̂ : F̂ [ ˆ � ˆ ] + 1

2 ̂ [ Ĵ � Ĵ�1 ] ˆ + 1
2 ̂ [ Ĵ + Ĵ�1 ] ˆ ,

(36)

wherein the fourth-order tensors ˆ := F̂⌦ F̂-t, ˆ := F̂-t ⌦ F̂ and ˆ := I⌦ Î are defined to present the tangents more

concisely.
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Figure 7: Lateral stretch ⌘̂ versus axial stretches �̂ and for various compressibility ratios defined by K̂ = ̂/µ̂ with K̂ = 1 indicating a fully
compressible surface (⌫̂ = 0) and K̂ ! 1 indicating an incompressible surface (⌫̂ ! 1.0). The results correspond to the commonly accepted free
energy densities 6. Poisson’s ratio is related to K via the relation ⌫̂ = [K̂ � 1]/[K̂ + 1].

4. Axi-symmetric formulation

Equipped with the three-dimensional formulation of the problem accounting for elastocapillary in Section 3, we

now follow analogous steps to formulate the axisymmetric counterpart of the framework. Again, we begin with the

(internal) energy  that we seek to minimize. In this section, however, the energy arguments are the axisymmetric

components of F and F̂, namely F , ⇣, F̂ and ⇣̂, instead of F and F̂ themselves. That is

 =

Z

A0

 2⇡H dA +
Z

@A0

 ̂ 2⇡Ĥ dL with  =  (F , ⇣) and  ̂ =  ̂(F̂ , ⇣̂) . (37)

Again, the residual (10) is expressed using the chain rule as

RI =

Z

A0

@ 

@'i H dA +
Z

@A0

@ ̂

@'i Ĥ dL

=

Z

A0

P :
@F
@'i H dA +

Z

A0

S @⇣

@'i H dA +
Z

@A0

P̂ :
@F̂
@'i Ĥ dL +

Z

@A0

Ŝ @⇣̂
@'i Ĥ dL ,

(38)
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with the Piola stresses and stress-like quantities in the bulk and on the surface defined by

P :=
@ 

@F , S :=
@ 

@⇣
and P̂ :=

@ ̂

@F̂
, Ŝ :=

@ ̂

@⇣̂
. (39)

Note that, for the sake of simplicity, we have omitted the constant coe�cient 2⇡ consistently as we aim to set the

residual to zero. As assumed previously, illustrated in Fig. 2, the “two-dimensional” domain corresponding to an

axisymmetric problem is on the plane orthogonal to e3. Furthermore, the unit basis vector of the symmetry axis is e1.

In a near identical fashion to the three-dimensional case, the discretized forms of the deformation gradient in the bulk

and on the surface follows from the shape functions, albeit on the two-dimensional domain. That is

in A0 : ' = Ni 'i ) F = 'i ⌦ GradNi ) @F
@'i = i⌦GradNi ,

on @A0 : ' = N̂i 'i ) F̂ = 'i ⌦ ˆGradN̂i ) @F̂
@'i = i⌦ ˆGradN̂i .

(40)

The same holds for the discretization of ⇣ and ⇣̂ using the shape functions. That is

in A0 : ⇣ =
h
H

) ⇣ = Ni
"

h
H

#i
) @⇣

@'i =
1
H

Ni e2 ,

on @A0 : ⇣̂ =
ĥ
Ĥ

) ⇣̂ = N̂i
"

ĥ
Ĥ

#i
) @⇣̂

@'i =
1
Ĥ

N̂i e2 ,

(41)

whose proof is straightforward following that h = x · e2 and ĥ = x̂ · e2 and therefore

@hs

@'i =
@xs · e2

@'i = �si i · e2 = �si e2 and
@ĥs

@'i =
@x̂s · e2

@'i = �si i · e2 = �si e2 . (42)

To proceed, it proves convenient to define the following quantities

N i :=
1
H

Ni e2 and N̂ i
:=

1
Ĥ

N̂i e2 . (43)

Using the derivatives (40) and (41), together with the definitions (43), into the axisymmetric residual (38) renders

RI =

Z

A0

P · GradNi H dA +
Z

A0

SN i H dA +
Z

@A0

P̂ · ˆGradN̂i Ĥ dL +
Z

@A0

Ŝ N̂ i
Ĥ dL . (44)
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Analogous to the three-dimensional framework, we assume that the global point J corresponds to its element-wise

node number j and therefore, the tangent sti↵ness reads

KIJ =
@RI

@'J =

Z

A0

GradNi · @P
@' j H dA +

Z

A0

N i ⌦ @S
@' j H dA

+

Z

@A0

ˆGradN̂i · @P̂
@' j Ĥ dL +

Z

@A0

N̂ i ⌦ @Ŝ
@' j Ĥ dL .

(45)

Now, we need to proceed using the chain-rule, though each of the quantities P, S, P̂ and Ŝ are functions of two

arguments. The derivatives in the first two integrals in Eq. (45) in the bulk read

@P
@' j =

@P
@F :

@F
@' j +

@P
@⇣
⌦ @⇣

@' j ) @P
@' j =

@P
@F · GradN j +

@P
@⇣
⌦N j ,

@S
@' j =

@S
@F :

@F
@' j +

@S
@⇣

@⇣

@' j ) @S
@' j =

@S
@F · GradN j +

@S
@⇣
N j .

(46)

Similarly, on the surface, or rather curve on top of the planar domain, we will have

@P̂
@' j =

@P̂
@F̂

:
@F̂
@' j +

@P̂
@⇣̂
⌦ @⇣̂

@' j ) @P̂
@' j =

@P̂
@F̂
· ˆGradN̂ j +

@P̂
@⇣̂
⌦ N̂ j

,

@Ŝ
@' j =

@Ŝ
@F̂

:
@F̂
@' j +

@Ŝ
@⇣̂

@⇣̂

@' j ) @Ŝ
@' j =

@Ŝ
@F̂
· ˆGradN̂ j +

@Ŝ
@⇣̂
N̂ j
.

(47)

Therefore, the tangent sti↵ness (45) for the axisymmetric framework reads

KIJ =

Z

A0

GradNi ·A · GradN j H dA +
Z

A0

GradNi ·B ⌦N j H dA

+

Z

A0

N i ⌦ C · GradN j H dA +
Z

A0

DN i ⌦N j H dA

+

Z

@A0

ˆGradN̂i · Â · ˆGradN̂ j Ĥ dL +
Z

@A0

ˆGradN̂i · B̂ ⌦ N̂ j
Ĥ dL

+

Z

@A0

N̂ i · Ĉ · ˆGradN̂ j Ĥ dL +
Z

@A0

D̂ N̂ i ⌦ N̂ j
Ĥ dL ,

(48)

wherein we have used the definitions

A :=
@P
@F , B :=

@S
@F , C :=

@P
@⇣

, D :=
@S
@⇣
,

Â :=
@P̂
@F̂

, B̂ :=
@Ŝ
@F̂

, Ĉ :=
@P̂
@⇣̂

, D̂ :=
@Ŝ
@⇣̂
.

(49)
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The tangent sti↵ness (49) compared to its three-dimensional counterpart (19) has six more terms, which arise from

the consistent derivations of the axisymmetric framework. Having established the final format for the residual (44)

and the tangent sti↵ness (49), the last step is to set the free energy densities  in the bulk and  ̂ on the surface, but

now in terms of F and ⇣ in the bulk, and in terms of F̂ and ⇣̂ on the surface. For  , we employ the last option (25)4

introduced for the three-dimensional framework, and derive its axisymmetric counterpart, using F : F = F : F + ⇣2

and J = DetF = ⇣J with J := DetF . That is

 (F , ⇣) = 1
2 µ [ ⇣�

2
3 J�

2
3 F : F + ⇣

4
3 J�

2
3 � 3 ] + 3

8  [ ⇣
4
3 J

4
3 + 2 ⇣�

2
3 J�

2
3 � 3 ] . (50)

For the axisymmetric free energy density (50) the Piola stress P and the stress-like quantity S read

P :=
@ 

@F = µ ⇣
� 2

3 J�
2
3 F � 1

3 µ [ ⇣�
2
3 J�

2
3 F : F + ⇣

4
3 J�

2
3 ]F -t + 1

2  ⇣
� 2

3 J�
2
3 [ ⇣2J2 � 1 ]F -t ,

S :=
@ 

@⇣
= 1

3 µ ⇣
1
3 J�

2
3 [ 2 � ⇣�2F : F ] + 1

2  ⇣
� 5

3 J�
2
3 [ ⇣2J2 � 1 ] ,

(51)

with their associated tangents

A :=
@P
@F = µ ⇣

� 2
3 J�

2
3 � 2

3 µ ⇣
� 2

3 J�
2
3 [ + ]

� 1
3 µ [ ⇣�

2
3 J�

2
3 F : F + ⇣

4
3 J�

2
3 ] + 2

9 µ

⇣�

2
3 J�

2
3 F : F + ⇣

4
3 J�

2
3
�

+ 1
3  ⇣

� 2
3 J�

2
3 [ 2 ⇣2J2 + 1 ] + 1

2  ⇣
� 2

3 J�
2
3 [ ⇣2J2 � 1 ] ,

B :=
@S
@F = �

2
9 µ ⇣

1
3 J�

2
3 [ 2 � ⇣�2F : F ]F -t � 2

3 µ ⇣
� 5

3 J�
2
3 F + 1

3  ⇣
� 5

3 J�
2
3 [ 2 ⇣2J2 + 1 ]F -t ,

C :=
@P
@⇣
= � 2

9 µ ⇣
1
3 J�

2
3 [ 2 � ⇣�2F : F ]F -t � 2

3 µ ⇣
� 5

3 J�
2
3 F + 1

3  ⇣
� 5

3 J�
2
3 [ 2 ⇣2J2 + 1 ]F -t ,

D :=
@S
@⇣
= 2

9 µ ⇣
� 2

3 J�
2
3 + 5

9 µ ⇣
� 8

3 J�
2
3 F : F + 5

6  ⇣
� 8

3 J�
2
3 + 1

6  ⇣
� 2

3 J
4
3 ,

(52)

wherein the axisymmetric fourth-order tensors := �F -t ⌦F -1, := F -t ⌦ F -t, := F ⌦F -t, := F -t ⌦F and

:= I ⌦I , are redefined.

Equipped with the derivations of the free energy densities in the bulk accounting for axisymmetry, an axisymmetric

surface free energy density to capture a constant surface tension is introduced next. The axisymmetric surface free

energy density, in the spirit of its three-dimensional counterpart (26) reads

 ̂tot(F̂ , ⇣̂) =  ̂ + �̂ Ĵ ⇣̂ with �̂ : surface tension and Ĵ := D̂etF̂ . (53)
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Note that Ĵ essentially captures the stretch along the curve parallel to the axis of symmetry. The hoop stretch on the

other hand is recovered by ⇣̂. Therefore, the associated surface Piola stress P̂tot and stress-like Ŝtot follow as

P̂tot :=
@ ̂tot

@F̂
= P̂ + �̂ Ĵ ⇣̂ F̂ -t ,

Ŝtot :=
@ ̂tot

@⇣̂
= Ŝ + �̂ Ĵ ,

the derivatives of which furnish the tangent sti↵nesses (49)2 on the surface as

Âtot :=
@P̂tot

@F̂
= Â + �̂ Ĵ ⇣̂ ˆ + �̂ Ĵ ⇣̂ ˆ , B̂tot :=

@Ŝtot

@F̂
= B̂ + �̂ Ĵ F̂ -t ,

Ĉtot :=
@P̂tot

@⇣̂
= Ĉ + �̂ Ĵ F̂ -t , D̂tot :=

@Ŝtot

@⇣̂
= D̂ ,

with ˆ := �F̂ -t ⌦ F̂ -1 + [n̂ ⌦ n̂]⌦ [F̂ -1 · F̂ -t] and ˆ := F̂ -t ⌦ F̂ -t. For the elastic part of axisymmetric surface free

energy densities, we investigate the following models (29) but now we express their equivalent axisymmetric ones,

using the relationships F̂ : F̂ = F̂ : F̂ + ⇣̂2 and Ĵ = Ĵ ⇣̂. That is

 ̂(F̂ , ⇣̂) = 1
2 µ̂
⇥ Ĵ -1 ⇣̂-1 [F̂ : F̂ + ⇣̂2] � 2

⇤
+ 1

2 ̂ [ log(Ĵ ⇣̂) ]2 ,

 ̂(F̂ , ⇣̂) = 1
2 µ̂
⇥ Ĵ -1 ⇣̂-1 [F̂ : F̂ + ⇣̂2] � 2

⇤
+ 1

2 ̂ [ Ĵ ⇣̂ � 1 ]2 ,

 ̂(F̂ , ⇣̂) = 1
2 µ̂
⇥ Ĵ -1 ⇣̂-1 [F̂ : F̂ + ⇣̂2] � 2

⇤
+ 1

2 ̂
⇥ 1

2 [Ĵ2 ⇣̂2 � 1] � log(Ĵ ⇣̂)
⇤
,

 ̂(F̂ , ⇣̂) = 1
2 µ̂
⇥ Ĵ -1 ⇣̂-1[F̂ : F̂ + ⇣̂2] � 2

⇤
+ 1

2 ̂ [ Ĵ ⇣̂ + Ĵ -1 ⇣̂-1 � 2 ] .

(54)

The surface Piola stress P̂ and the surface stress-like quantity Ŝ associated with the axisymmetric surface free energy

densities (54), together with their corresponding second derivatives are given in Appendix A. We include the deriva-

tives of the last energy density (54)4 here to emphasize that it is the only one that recovers fully compressible surface

behavior. That is

P̂ :=
@ ̂

@F̂
= µ̂ Ĵ -1 ⇣̂-1 F̂ � 1

2 µ̂ Ĵ -1 ⇣̂-1 [ F̂ : F̂ + ⇣̂2 ] F̂ -t + 1
2 ̂ [ Ĵ ⇣̂ � Ĵ -1 ⇣̂-1 ] F̂ -t ,

Ŝ :=
@ ̂

@⇣̂
= � 1

2 µ̂ Ĵ -1 ⇣̂�2 [ F̂ : F̂ � ⇣̂2 ] + 1
2 ̂ [ Ĵ ⇣̂ � Ĵ -1 ⇣̂-1 ] ⇣̂-1 ,

(55)
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and consequently

Â :=
@P̂
@F̂
= µ̂ Ĵ -1 ⇣̂-1 [ ˆ � ˆ � ˆ ] � 1

2 µ̂ Ĵ -1 ⇣̂-1 [ F̂ : F̂ + ⇣̂2 ] [ ˆ � ˆ ]

+ 1
2 ̂ [ Ĵ ⇣̂ � Ĵ -1 ⇣̂-1 ] ˆ + 1

2 ̂ [ Ĵ ⇣̂ + Ĵ -1 ⇣̂-1 ] ˆ ,

B̂ :=
@Ŝ
@F̂
= 1

2 µ̂ Ĵ -1 ⇣̂�2 [ F̂ : F̂ � ⇣̂2 ] F̂ -t � µ̂ Ĵ -1 ⇣̂�2 F̂ + 1
2 ̂ [ Ĵ ⇣̂ + Ĵ -1 ⇣̂-1 ] ⇣̂-1 F̂ -t ,

Ĉ :=
@P̂
@⇣̂
= �µ̂ Ĵ -1 ⇣̂�2 F̂ + 1

2 µ̂ Ĵ -1 ⇣̂�2 [ F̂ : F̂ � ⇣̂2 ] F̂ -t + 1
2 ̂ [ Ĵ ⇣̂ + Ĵ -1 ⇣̂-1 ] ⇣̂-1 F̂ -t ,

D̂ :=
@Ŝ
@⇣̂
= µ̂ Ĵ -1 ⇣̂�3 F̂ : F̂ + ̂ Ĵ -1 ⇣̂�3 .

(56)

wherein the axisymmetric fourth-order tensors ˆ := F̂ ⌦ F̂ -t, ˆ := F̂ -t ⌦ F̂ and ˆ := I ⌦ Î , are redefined though

using the same letters. Having established the axisymmetric framework and the novel surface energy density, together

with its derivatives, finally we illustrate the theory via the numerical examples next.

5. Numerical examples

The key purpose of the numerical examples in this section is to elucidate the theory and the fact that the surface

energy density (54)4 is throughout numerical simulations not only a viable but also a reliable candidate to decompose

the surface energy into area-preserving and area-varying part in that it furnishes physically meaningful results from

fully compressible to nearly incompressible elastic surfaces at large deformations. The domain of interest here is

simply a cylinder with the length-to-diameter ratio of unity under 100% tension along its symmetry axis. For the

numerical examples, we prescribe Dirichlet-type boundary conditions on the sides to prescribe the aforementioned

stretch of 100% while the remaining part of the surface is under homogeneous Neumann-type boundary conditions,

though it is endowed with surface elasticity. Throughout the examples, we monitor the radius of the domain at its

center, starting from one in the reference configuration. For the energy density of the bulk, we employ Eq. (50) and

vary the Poisson ratio of the bulk from fully compressible to nearly incompressible. The ratio of µ̂/µ = 10 is assumed

and the corresponding ̂ and  are calculated depending on the Poisson ratio of interest for each example.

Figure 8 depicts the deformations associated with the example for the limiting case of a fully compressible bulk

and nearly incompressible surface behavior highlighted on the first graph in Fig. 9. It can be seen that the surface

near incompressibility plays a significant role on the material response. Also, note that the deformation profile is

qualitatively reminiscent of the well established liquid-bridge example. Though in a liquid-bridge example, the surface

tension is the underlying force to minimize the surface area but here the surface incompressibility is the cause of that
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wherein the surface tension is assumed to be zero.
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Figure 8: Deformation of a cylinder under a prescribed stretch of 100%. The colors correspond to the radial displacement at the center of the
cylinder. The surface is assumed to be nearly incompressible with K̂ = 100 associated with ⌫̂ = 0.98 but the bulk behaves in a fully compressible
manner, highlighted on the first graph in Fig. 9. Therefore, the deformation profile is mainly dictated by the surface incompressibility.

Figure 9 illustrates the results of the numerical examples for five di↵erent Poisson’s ratios in the bulk and five

di↵erent Poisson’s ratio of the surface. It can be clearly seen that for a fully compressible bulk and surface elasticity,

the height of the domain at its center remains exactly at one, which would have been impossible to capture with

any other combination of free energy densities. This outcome clearly elucidates the significance of the novel surface

energy density (54)4 proposed and investigated here, for the first time. Equally importantly, it can be seen that the

proposed surface energy density captures the surface Poisson’s e↵ect and incompressibility robustly. The quadratic

convergence associated with the Newton–Raphson scheme is consistently obtained at all the increments and for any

combination of bulk and surface Poisson’s ratios.

6. Conclusion

Motivated by the increasing interest in the surface elasticity theory of Gurtin–Murdoch for applications to soft

solids such as hydrogels, we have proposed a novel constitutive model to capture surface behavior at large deforma-

tions from being fully compressible to nearly incompressible elasticity. The proposed model decomposes the surface

free energy density into area-preserving and area-varying parts and therefore, it is particularly advantageous for com-

putational implementations. The proposed form does not result in unphysical material behavior at lower Poisson’s

ratios, unlike other options. To elucidate the theory, and to provide a complete framework with utility to axisym-

metric problems e.g. Plateau–Rayleigh instabilities, we have formulated axisymmetric problems systematically and
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Figure 9: Radius of the domain at its center versus the prescribed stretch on its sides. Stretch of 100% corresponds to � = 1 and the reference
configuration coincides with � = 0. Five di↵erent Poisson’s ratios are considered for the bulk illustrated on five di↵erent graphs. The lines on each
graph depict the five di↵erent Poisson’s ratio for the surface.

employed it for computational simulations using the finite element method. The presented axisymmetric formulation

complete with the novel surface constitutive model proves to be an e�cient and generic tool to study elastocapillary

behaviors in polymeric soft solids. Our next immediate plan is to employ the current formulation to study Plateau–

Rayleigh instabilities in the spirit of our recent contribution [52].
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Appendix A. Axisymmetric surface energies and their associated derivatives

Here we list the derivatives of the surface free energy densities (54) for axisymmetric problems. These derivatives

are useful for the computational implementation using the finite element method. We recall the definitions of the

axisymmetric fourth-order tensors

ˆ := �F̂ -t ⌦ F̂ -1 + [n̂⌦ n̂]⌦ [F̂ -1 · F̂ -t] , ˆ := F̂ -t ⌦ F̂ -t ,

ˆ := F̂ ⌦ F̂ -t , ˆ := F̂ -t ⌦ F̂ , ˆ := I ⌦ Î .
(A.1)

Table A.2: The surface free energy density (54)1 together with its corresponding derivatives with respect to F̂ and ⇣̂.

 ̂ = 1
2 µ̂
⇥ Ĵ -1 ⇣̂-1 [F̂ : F̂ + ⇣̂2] � 2

⇤
+ 1

2 ̂ [ log(Ĵ ⇣̂) ]2 ,

P̂ :=
@ ̂

@F̂
= µ̂ Ĵ -1 ⇣̂-1 F̂ � 1

2 µ̂ Ĵ -1 ⇣̂-1 [ F̂ : F̂ + ⇣̂2 ] F̂ -t + ̂ log(Ĵ ⇣̂) F̂ -t ,

Ŝ :=
@ ̂

@⇣̂
= � 1

2 µ̂ Ĵ -1 ⇣̂�2 [ F̂ : F̂ � ⇣̂2 ] + ̂ log(Ĵ ⇣̂) ⇣̂-1 ,

Â :=
@P̂
@F̂
= µ̂ Ĵ -1 ⇣̂-1 [ ˆ � ˆ � ˆ ] � 1

2 µ̂ Ĵ -1 ⇣̂-1 [ F̂ : F̂ + ⇣̂2 ] [ ˆ � ˆ ]

+ ̂ + ̂ log(Ĵ ⇣̂) ˆ ,

B̂ :=
@Ŝ
@F̂
= 1

2 µ̂ Ĵ -1 ⇣̂�2 [ F̂ : F̂ � ⇣̂2 ] F̂ -t � µ̂ Ĵ -1 ⇣̂�2 F̂ + ̂ ⇣̂-1 F̂ -t ,

Ĉ :=
@P̂
@⇣̂
= �µ̂ Ĵ -1 ⇣̂�2 F̂ + 1

2 µ̂ Ĵ -1 ⇣̂�2 [ F̂ : F̂ � ⇣̂2 ] F̂ -t + ̂ ⇣̂-1 F̂ -t ,

D̂ :=
@Ŝ
@⇣̂
= µ̂ Ĵ -1 ⇣̂�3 F̂ : F̂ � ̂ [ log(Ĵ ⇣̂) � 1 ] ⇣̂�2 .
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Table A.3: The surface free energy density (54)2 together with its corresponding derivatives with respect to F̂ and ⇣̂.

 ̂ = 1
2 µ̂
⇥ Ĵ -1 ⇣̂-1 [F̂ : F̂ + ⇣̂2] � 2

⇤
+ 1

2 ̂ [ Ĵ ⇣̂ � 1 ]2 ,

P̂ :=
@ ̂

@F̂
= µ̂ Ĵ -1 ⇣̂-1 F̂ � 1

2 µ̂ Ĵ -1 ⇣̂-1 [ F̂ : F̂ + ⇣̂2 ] F̂ -t + ̂ [ Ĵ ⇣̂ � 1 ] Ĵ ⇣̂ F̂ -t ,

Ŝ :=
@ ̂

@⇣̂
= � 1

2 µ̂ Ĵ -1 ⇣̂�2 [ F̂ : F̂ � ⇣̂2 ] + ̂ [ Ĵ ⇣̂ � 1 ] Ĵ ,

Â :=
@P̂
@F̂
= µ̂ Ĵ -1 ⇣̂-1 [ ˆ � ˆ � ˆ ] � 1

2 µ̂ Ĵ -1 ⇣̂-1 [ F̂ : F̂ + ⇣̂2 ] [ ˆ � ˆ ]

+ ̂ [ Ĵ ⇣̂ � 1 ] Ĵ ⇣̂ + ̂ [ 2Ĵ ⇣̂ � 1 ] Ĵ ⇣̂ ˆ ,

B̂ :=
@Ŝ
@F̂
= 1

2 µ̂ Ĵ -1 ⇣̂�2 [ F̂ : F̂ � ⇣̂2 ] F̂ -t � µ̂ Ĵ -1 ⇣̂�2 F̂ + ̂ [ 2Ĵ ⇣̂ � 1 ] Ĵ F̂ -t ,

Ĉ :=
@P̂
@⇣̂
= �µ̂ Ĵ -1 ⇣̂�2 F̂ + 1

2 µ̂ Ĵ -1 ⇣̂�2 [ F̂ : F̂ � ⇣̂2 ] F̂ -t + ̂ [ 2Ĵ ⇣̂ � 1 ] Ĵ F̂ -t ,

D̂ :=
@Ŝ
@⇣̂
= µ̂ Ĵ -1 ⇣̂�3 F̂ : F̂ + ̂ Ĵ2 .

Table A.4: The surface free energy density (54)3 together with its corresponding derivatives with respect to F̂ and ⇣̂.

 ̂ = 1
2 µ̂
⇥ Ĵ -1 ⇣̂-1 [F̂ : F̂ + ⇣̂2] � 2

⇤
+ 1

2 ̂
⇥ 1

2 [Ĵ2 ⇣̂2 � 1] � log(Ĵ ⇣̂)
⇤
,

P̂ :=
@ ̂

@F̂
= µ̂ Ĵ -1 ⇣̂-1 F̂ � 1

2 µ̂ Ĵ -1 ⇣̂-1 [ F̂ : F̂ + ⇣̂2 ] F̂ -t + 1
2 ̂ [ Ĵ2 ⇣̂2 � 1 ] F̂ -t ,

Ŝ :=
@ ̂

@⇣̂
= � 1

2 µ̂ Ĵ -1 ⇣̂�2 [ F̂ : F̂ � ⇣̂2 ] + 1
2 ̂ [ Ĵ2 ⇣̂2 � 1 ] ⇣̂-1 ,

Â :=
@P̂
@F̂
= µ̂ Ĵ -1 ⇣̂-1 [ ˆ � ˆ � ˆ ] � 1

2 µ̂ Ĵ -1 ⇣̂-1 [ F̂ : F̂ + ⇣̂2 ] [ ˆ � ˆ ]

+ 1
2 ̂ [ Ĵ2 ⇣̂2 � 1 ] ˆ + ̂ Ĵ2 ⇣̂2 ˆ ,

B̂ :=
@Ŝ
@F̂
= 1

2 µ̂ Ĵ -1 ⇣̂�2 [ F̂ : F̂ � ⇣̂2 ] F̂ -t � µ̂ Ĵ -1 ⇣̂�2 F̂ + ̂ Ĵ2 ⇣̂ F̂ -t ,

Ĉ :=
@P̂
@⇣̂
= �µ̂ Ĵ -1 ⇣̂�2 F̂ + 1

2 µ̂ Ĵ -1 ⇣̂�2 [ F̂ : F̂ � ⇣̂2 ] F̂ -t + ̂ Ĵ2 ⇣̂ F̂ -t ,

D̂ :=
@Ŝ
@⇣̂
= µ̂ Ĵ -1 ⇣̂�3 F̂ : F̂ + 1

2 ̂ [ Ĵ2 + ⇣̂�2 ] .
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Table A.5: The surface free energy density (54)4 together with its corresponding derivatives with respect to F̂ and ⇣̂.

 ̂ = 1
2 µ̂
⇥ Ĵ -1 ⇣̂-1[F̂ : F̂ + ⇣̂2] � 2

⇤
+ 1

2 ̂ [ Ĵ ⇣̂ + Ĵ -1 ⇣̂-1 � 2 ] ,

P̂ :=
@ ̂

@F̂
= µ̂ Ĵ -1 ⇣̂-1 F̂ � 1

2 µ̂ Ĵ -1 ⇣̂-1 [ F̂ : F̂ + ⇣̂2 ] F̂ -t + 1
2 ̂ [ Ĵ ⇣̂ � Ĵ -1 ⇣̂-1 ] F̂ -t ,

Ŝ :=
@ ̂

@⇣̂
= � 1

2 µ̂ Ĵ -1 ⇣̂�2 [ F̂ : F̂ � ⇣̂2 ] + 1
2 ̂ [ Ĵ ⇣̂ � Ĵ -1 ⇣̂-1 ] ⇣̂-1 ,

Â :=
@P̂
@F̂
= µ̂ Ĵ -1 ⇣̂-1 [ ˆ � ˆ � ˆ ] � 1

2 µ̂ Ĵ -1 ⇣̂-1 [ F̂ : F̂ + ⇣̂2 ] [ ˆ � ˆ ]

+ 1
2 ̂ [ Ĵ ⇣̂ � Ĵ -1 ⇣̂-1 ] ˆ + 1

2 ̂ [ Ĵ ⇣̂ + Ĵ -1 ⇣̂-1 ] ˆ ,

B̂ :=
@Ŝ
@F̂
= 1

2 µ̂ Ĵ -1 ⇣̂�2 [ F̂ : F̂ � ⇣̂2 ] F̂ -t � µ̂ Ĵ -1 ⇣̂�2 F̂ + 1
2 ̂ [ Ĵ ⇣̂ + Ĵ -1 ⇣̂-1 ] ⇣̂-1 F̂ -t ,

Ĉ :=
@P̂
@⇣̂
= �µ̂ Ĵ -1 ⇣̂�2 F̂ + 1

2 µ̂ Ĵ -1 ⇣̂�2 [ F̂ : F̂ � ⇣̂2 ] F̂ -t + 1
2 ̂ [ Ĵ ⇣̂ + Ĵ -1 ⇣̂-1 ] ⇣̂-1 F̂ -t ,

D̂ :=
@Ŝ
@⇣̂
= µ̂ Ĵ -1 ⇣̂�3 F̂ : F̂ + ̂ Ĵ -1 ⇣̂�3 .
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