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A B S T R A C T   

This paper presents an investigation of the non-minimum phase (NMP) zeros in the single input 
single output (SISO) transfer function of three-DoF (degrees of freedom) damped flexible linear 
time-invariant (LTI) systems under the assumption of classical damping. It is well-known that 
when all the modal residue signs of any multi-DoF damped flexible LTI system are the same, NMP 
zeros never occur in the system dynamics for any value of system parameters including modal 
residue, modal frequency and modal damping ratio. However, when all the modal residue signs 
are not the same, then additional conditions in terms of the system parameters are required to 
guarantee the elimination of NMP zeros. In this paper, the zero loci of a three-DoF damped 
flexible LTI system are developed to derive the sufficient and necessary conditions for the elim
ination of all NMP zeros. These conditions can be employed in the robust physical design of 
flexible systems, i.e., as long as these conditions are satisfied, the elimination of NMP zeros is 
guaranteed even when the system parameters undergo variations.   

1. Introduction and background 

Flexible system dynamics plays a vital role in the performance of several motion and vibration control applications such as space 
structures [1,2], rotorcraft blades [3,4], hard-disk drives [5,6], flexure mechanisms [7,8], and motion systems with transmission 
compliance [9,10]. These applications often require the use of feedback and feedforward control in an attempt to achieve multiple 
competing requirements including high speed, low settling time, strong disturbance rejection, low sensitivity to modeling un
certainties, and/or stability robustness. However, the presence of undamped poles and non-minimum phase (NMP) zero dynamics in 
the single input single output (SISO) transfer function lead to significant tradeoffs amongst these competing requirements. A zero is 
non-minimum phase (NMP) if it has a positive real component, and minimum phase (MP) if it has a non-positive real component. 

One particular application that highlights the tradeoffs between the above control requirements is of flexure mechanisms used in 
high-precision high-speed positioning stages that exhibit lightly damped poles and NMP zeros [7,11,12]. In this application, the system 
zeros were analytically and experimentally shown to transition from minimum phase (MP) to non-minimum phase (NMP) as a function 
of parameters such as mass asymmetry and operating point. This variability in the zero dynamics makes the flexible system all the more 
challenging to control. In such applications of flexible systems, it is highly desirable to “guarantee” the absence of NMP zeros over the 
expected range of parameter variability via informed physical design. We refer to this as robust physical design of flexible systems. 

The physical consequences of NMP zeros on control performance of flexible systems is well-documented in the literature [13–16]. 
For example, a real NMP zero (i.e. with imaginary component = 0) guarantees the presence of undershoot in the step response [16]. It 
has been experimentally shown that the undershoot due to a real NMP zero and overshoot due to undamped poles limit the response 
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time of a flexible one-link robot [14]. It is noteworthy that the presence of undershoot is only guaranteed for real NMP zeros; complex 
NMP zeros (i.e. with imaginary component ∕= 0) may or may not lead to undershoot as numerically demonstrated in [17]. The presence 
of any NMP zero also leads to a tradeoff between closed-loop bandwidth and stability robustness [15]. Poor stability robustness in 
flexible systems leads to undesired residual vibrations, especially in case of modeling uncertainty. This is experimentally shown in [13] 
where the presence of complex NMP zeros in the end-point positioning control of a cantilevered beam leads to residual vibrations. 

Apart from the effect of NMP zeros on the control performance of flexible systems, these zeros are also linked to the vibration 
performance of flexible systems. Recent investigation in the dynamics of flexure mechanisms revealed that complex NMP zeros and 
mode localization occur together for the same values of physical parameters [12]. These two phenomena concurrently occur in flexible 
systems that exhibit closely spaced modes arising from their periodic structure as well as small parametric asymmetry. It is well-known 
that mode localization is responsible for localized vibration in large space structures and turbine blades which leads to their premature 
failure [18–20]. The above-noted correlation between complex NMP zeros and mode localization can offer a means to predict and 
eliminate mode localization, which can be of significant value in these applications. Furthermore, Mottershead [21] numerically 
demonstrated the presence of complex NMP zeros in multi-DoF flexible systems and showed that in open-loop response, vibration is 
not completely eliminated at the frequency of these zeros. Furthermore, Mottershead [22,23] has shown that zeros of multi-DoF 
flexible systems placed on the imaginary axis exhibit no vibration at these zero frequencies. However, these papers do not demon
strate how complex NMP zeros can be moved to zeros on the imaginary axis. 

These undesirable physical consequences of NMP zeros on the control and vibration performance of flexible systems motivate the 
need to systematically and comprehensively investigate the relationship between NMP zeros and the system parameters. Such an 
understanding can inform the design of flexible systems to intentionally eliminate NMP zeros. 

Rath [24] provides a comprehensive review of the research literature on zeros of linear time-invariant (LTI) flexible systems, dating 
back to the 1980s. This review reveals that comprehensive sufficient and necessary conditions for the elimination of NMP zeros had not 
been reported in the literature for damped LTI flexible systems. Furthermore, Rath [24] investigated the zeros of a three-DoF (Degrees 
of Freedom) undamped flexible LTI system by employing modal decomposition of the SISO transfer function. Five different zero types 
were investigated – complex MP (CMP) i.e. imaginary component ∕= 0, real MP (RMP) i.e. imaginary component = 0, marginal MP 
(MMP) i.e. real component = 0, complex NMP (CNMP), and real NMP (RNMP). Comprehensive sufficient and necessary conditions 
were then derived in terms of the system parameters, i.e. modal residues and frequencies, to guarantee the elimination of all NMP 
zeros. But this investigation did not consider any damping. 

There is a well-established body of research on the effect of passive viscous damping on the poles of flexible systems [25–32] but less 
so on the zeros [33–40], even though zeros also play an important role in the dynamic performance of the flexible systems as noted above. 
Pang [33] analytically studied the effect of distributed viscous damping on the migration of zeros specifically for transverse vibration of 
an Euler-Bernoulli beam and showed that the zeros lie on the LHS of the imaginary axis. However, this study was only limited to a 
collocated transfer function for the specific system studied. This paper provided no commentary on whether the conclusions reached are 
applicable to any general collocated transfer function. Alberts [34] also analytically investigated the effect of distributed viscous damping 
on non-collocated transfer functions for transverse vibration of Euler-Bernoulli beams and reported the existence of NMP zeros. Duffour 
[35] analytically investigated the zero dynamics of two- and three- DoF flexible systems with and without damping. However, this paper 
did not explore the complete parameter space of the flexible systems. Hoagg [36] numerically demonstrated the presence of CNMP zeros 
in the non-collocated transfer function of a three-DoF damped flexible system for large value of damping ratio (ζ >1.3). These prior 
numerical and analytical investigations provide examples of specific flexible systems where NMP zeros are either present or absent in the 
presence of viscous damping. However, no general insights or conditions for the elimination of NMP zeros are provided. 

Lin [37,38] studied the zeros of general multi-DoF damped flexible systems, and reported a sufficient condition for the elimination 
of only NMP zeros. This sufficient condition stated that collocated transfer functions will guarantee the elimination of NMP zeros in 
flexible systems with any viscous damping. However, this sufficient condition does not address the zeros of non-collocated transfer 
functions. Williams [39], under the additional assumption of classical damping, derived another sufficient condition for collocated as 
well as non-collocated transfer functions: If all the modal residue signs are positive and all the poles are underdamped, then all the 
zeros will be CMP. Compared to this, Rath [40] provided a broader sufficient condition for any level of classical damping (under
damped, critically damped, or over-damped): If all the modal residue signs are the same, then the zeros of collocated as well as 
non-collocated transfer functions are guaranteed to be minimum phase (RMP or CMP). 

However, when all the modal residue signs are not the same, finding the sufficient and necessary conditions for elimination of NMP 
zeros becomes far more complex. Sufficient and necessary conditions for the elimination of NMP zeros have only been reported for two- 
DoF damped flexible systems [40]. To the best of the authors’ knowledge, there are no previously reported conditions for three-DoF 
damped flexible systems, even though these systems are common and effective as reduced-order models in investigating the dynamics 
of practical multi-DoF flexible systems. For example, Tohyama [41,42] studied the zero dynamics of a transfer function associated with 
room acoustics, which is an infinite DoF system, using a three-DoF flexible system model to predict the occurrence of NMP zeros. 
Similarly, Duffour [35] investigated the self-excited instability in brake-disk like mechanical systems in the presence of frictional 
contact by approximating the dynamics of the flexible system using three-DoF linearized models. 

Accordingly, this paper investigates the sufficient and necessary conditions for the elimination of NMP zeros in three-DoF damped 
flexible systems, when all modal residue signs are not the same. Similar to previous work [39,40], we assume classical damping, which 
has widespread application in engineering practice because of its conceptual simplicity and practical utility [43–45]. Section 2 
demonstrates how this assumption enables modal decomposition of the system transfer function, leading to the subsequent investi
gation into zeros. The first novel contribution of this paper, presented in Section 3, explicitly provides the sufficient and necessary 
conditions for the elimination of NMP zeros in terms of system parameters (i.e. modal residues, frequencies, and damping ratios) using 
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zero loci. Section 3 also provides several observations and inferences about the behavior of zero dynamics for this system. While the 
authors have used the mathematical tools of modal decomposition and zero loci previously [24,40], the addition of damping to a 
three-DoF flexible system makes the mathematical analysis considerably more involved and the ensuing conditions richer. This is 
evident from the fact that it takes three zero loci for a two-DoF damped flexible system [40] and eight zero loci for a three-DoF un
damped flexible system [24] to derive the sufficient and necessary conditions, in contrast to the sixteen zero loci in this paper for the 
three-DoF damped flexible system, as shown in Section 3. The second novel contribution is in Section 4, which provides a step by step 
procedure that employs the above-derived conditions to determine location and values of viscous damping so as to robustly eliminate 
NMP zeros in a three-DoF flexible system, leading to better control and vibration performance. Finally, Section 4 provides conclusion 
and future research directions. 

2. Zero dynamics and modal decomposition 

Consider the equations of motion of a multi-DoF viscously damped flexible system given by: 

[M]n×nw⋅⋅ + [C]n×nw⋅ + [K]n×nw = [B]n×1F

q = [D]1×nw
(1)  

where, [M], [C], and [K] denote the mass, damping, and stiffness matrices, respectively; F denotes the force acting on the system 
through an input vector [B]; and, q is the measured displacement and is a linear combination, captured by sensor vector [D], of the 
individual DoF displacements denoted by w. 

If the [M], [C], and [K] matrices satisfy the following Caughey and O’Kelly criterion [46], the flexible system is referred to as 
“classically damped” system. 

[C][M]
−1

[K] = [K][M]
−1

[C] (2) 

This classically damped modeling assumption is commonly used in engineering applications because of its conceptual and 
mathematical simplicity [43–45]. The natural modes of vibration (i.e. eigenvectors) of such a classically damped flexible system are 
real valued and exactly same as those of the corresponding undamped flexible system (when [C] = 0). Due to this assumption, the 
mode shapes matrix [ψ] is used to diagonalize the [M], [C] and [K] matrices simultaneously to obtain modal mass (mi

modal), modal 
damping (ci

modal), and modal stiffness (ki
modal), as follows: 

[ψ]
T
[M][ψ] = diag

(
mmodal

1 , ....., mmodal
n

)
, [ψ]

T
[C][ψ] = diag

(
cmodal

1 , ....., cmodal
n

)

[ψ]
T
[K][ψ] = diag

(
kmodal

1 , ....., kmodal
n

)
(3) 

The SISO transfer function of this system can then be modally decomposed, i.e., written as the sum of n second order modes [47], as 
follows: 

G(s) =
q(s)

F(s)
=

∑n

i=1

αi

s2 + 2ζiωis + ω2
i

(4)  

where, 

αi =
([D][ψ])i

(
[ψ]

T
[B]

)

i

mmodal
i

, ζi =
cmodal

i

2
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

mmodal
i kmodal

i

√ , ωi =

̅̅̅̅̅̅̅̅̅̅̅̅

kmodal
i

mmodal
i

√

(5) 

The total number of second order modes (n) in the modal decomposition of G(s) is equal to the number of DoF of the flexible system. 
The roots of each second order mode in Eq. (4) lie on the LHS of the imaginary axis due to the presence of positive viscous damping. 
Each second order mode is characterized by three real valued system parameters namely, modal residue (αi), modal frequency (ωi), and 
modal damping ratio (ζi). The modal residue (αi) can be expressed in terms of the input vector [B], which depends on actuator location, 
and the sensor vector [D], which depends on sensor location, as well as the mode shapes matrix ([ψ]), as shown in Eq. (5). The columns 
of the matrix [ψ] are the mode shape vectors of the flexible system. Similarly, the modal damping ratio (ζi) and modal frequency (ωi) 
can be expressed in terms of the modal damping, mass, and stiffness. 

In this paper, we use a set of mathematical and graphical tools, namely modal decomposition (as noted above) and zero loci 
(presented in Sections 3), to generate granular insights into the behavior of different types of zeros as a function of system parameters 
(αi, ωi, and ζi). We are able to differentiate between different types of NMP zeros, and provide separate conditions to eliminate each 
specific type, e.g. all NMP zeros, or CNMP zeros only, or RNMP zeros only. For example, Result 1 in Section 3 provides sufficient 
conditions for the elimination of CNMP zeros in a three-DoF damped flexible system, while Result 3 provides sufficient and necessary 
conditions for the elimination of all NMP zeros in such a system. The graphical insights also allow us to examine the robustness of the 
zero dynamics to parametric variations i.e. how close the zeros are to the imaginary axis where they can transition from minimum 
phase to non-minimum phase. 
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Thus, the conditions for elimination of various types of NMP zeros derived in this paper, in terms of the system parameters, help inform 
physical design choices such as selection of viscous damping strategies and magnitude i.e. choice of [C], actuator and sensor placement i.e. 
choice of [B] and [D], mass and stiffness distribution i.e. choice of [M] and [K]. The relation between these systems parameters (αi, ωi, and 
ζi) and the physical design choices ([M], [C], [K], [B] and [D]) are given by Eq. (3) and Eq. (5). Physical design choices, thus informed, can 
lead to robust physical designs that guarantee the elimination of NMP zeros over a wide range of system parameters. 

As discussed in Section 1, according to the sufficient conditions provided in [39,40] when all the modal residue signs are the same, 
the zeros of the transfer function of a multi-DoF damped flexible system given by Eq. (4) will always be minimum phase. Therefore, in 
the subsequent section, in order to derive the sufficient and necessary conditions for the elimination of NMP zeros, we will only 
consider the cases where all the modal residue signs are not the same. 

3. Three-DOF damped flexible systems 

The SISO transfer function of a three-DoF classically damped flexible system is given by G3 (s): 

G3(s) =
αR

s2 + 2ζRωRs + ω2
R

+
αu

s2 + 2ζuωus + ω2
u

+
αv

s2 + 2ζvωvs + ω2
v  

where ωR < ωu < ωv. Two additional assumptions are made here. The natural frequency and damping ratio of the first flexible mode, ωR 
and ζR, are assumed low enough to be set to zero. In previous experimental [11] and modeling work [12], CNMP zeros were reported in 
systems that have a low frequency rigid-body mode and at least two high frequency closely-spaced modes i.e. ωR << ωu ≈ ωv. The 
CNMP zeros occurred very close to the frequency of the closely-spaced modes, much higher that the rigid-body mode. Furthermore, in 
many flexible systems damping is relatively low [26]. Thus, at the higher frequencies of interest where CNMP zeros are likely to occur, 
the ‘ωR 

2′ and the ‘2ζR ωR s’ terms can be ignored in comparison to the ‘s 2′ term in the first mode. Motivated by practical examples [11, 
12,14], these additional approximations help limit the complexity of the mathematical and graphical analysis in this section, which 
makes them more useful for physical system design. 

Accordingly, the three-DoF damped flexible system investigated in this section can be expressed as G3 (s) =

N3(s)

D3(s)
=

αR

s2 +
αu

s2 + 2ζuωus + ω2
u

+
αv

s2 + 2ζvωvs + ω2
v

(6) 

Furthermore, αR can be set to +1 without any loss in generality. This reduces the number of system parameters that need to be 
carried through the subsequent mathematical steps. The zeros of G3 (s) are investigated by studying the roots of its numerator, N3 (s). 

N3(s) = αvs2[
(1 + κ)s2 + 2ζvωv(χη + κ)s + ω2

v

(
η2 + κ

)]
+

(
s2 + 2ζuωus + ω2

u

)(
s2 + 2ζvωvs + ω2

v

)
(7)  

where 

η ≜
ωu

ωv
, χ ≜

ζu

ζv
, and κ ≜

αu

αv  

N3 (s) is expressed in a condensed form below in terms of αv, A3 (s) and B3 (s). 

N3(s) = αvA3(s) + B3(s) (8)  

where 

A3(s) ≜ s2[
(1 + κ)s2 + 2ζvωv(χη + κ)s + ω2

v

(
η2 + κ

)]

B3(s) ≜
(
s2 + 2ζuωus + ω2

u

)(
s2 + 2ζvωvs + ω2

v

)

A transfer function, T3 (s) = A3 (s) / B3 (s), which has no physical meaning and simply serves as a mathematical tool, is defined to 
capture the zero locus of G3 (s). The root locus of T3 (s) obtained by varying αv, gives the zero locus of G3 (s). When αv is varied from 0 to 
+∞, the positive root locus originates at the roots of B3 (s) and terminates at the roots of A3 (s). When αv is varied from −∞ to 0, the 
negative or complementary root locus goes from roots of A3 (s) to the roots of B3 (s). The goal of this section is to derive the sufficient 
and necessary conditions to eliminate all NMP zeros from G3 (s) using its zero loci. First, a set of sufficient conditions for the elimination 

Table 1 
Combination of modal residue signs.  

Case αR αu αv κ(≜αu /αv) Result 

Same Signs + + + + [40] 
Alternating Signs + − + − 1,3 
Non-Alternating Signs + + − − 2,4 

+ − − +
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of only CNMP zeros is derived in Results 1 and 2, followed by the sufficient and necessary conditions for the elimination of CNMP and 
RNMP zeros i.e. all NMP zeros in Results 3 and 4. 

Table 1 shows all the possible modal residue signs for a three-DoF flexible system. The case when all the modal residues are positive 
has already been covered in [40]. In this section, the zero dynamics will be investigated for the remaining combinations (i.e. alter
nating signs and non-alternating) of modal residue signs. 

Zeros of G3 (s) are found by setting the numerator N3 (s) in Eq. (8) to zero: 

N3(s) = αvA3(s) + B3(s) = 0 ⇒ αv = −
B3(s)

A3(s)
(9) 

A few key observations can be made here. Every point on the real axis of the s-plane (i.e. y = 0) is always a solution of Eq. (9). When s 
= x, the RHS of Eq. (9) i.e. B3 (s) / A3 (s) is always a scalar with either a positive or negative sign. This means that for some positive or 
negative value of αv, this equation will always be true. Therefore, the entire real axis is part of the root locus. There exists a critical value 
of αv referred to as αv

∞ for which the root locus flips from the negative real axis to the positive real axis, or vice versa by passing through 
infinity. This corresponds to the transition of the RMP zero of G3 (s) into its RNMP zero, or vice versa. Mathematically, this condition 
corresponds to a loss in order of N3 (s), and therefore αv

∞ can be derived by setting the coefficient of s4 in N3 (s), given in Eq. (7), to zero. 

α∞
v = −

1
1 + κ

(10) 

While the entire real axis of the s-plane is part of the root locus, only certain points on the imaginary axis can be part of the root 
locus. These points can be determined by applying the angle condition to Eq. (9), rearranging the terms, taking tangent on both sides, 
and setting s = jy. 

(∠B3(s) − ∠A3(s)) = m180o(m is any integer)

tan(∠B3(s))s=jy = tan(m180o + ∠A3(s))s=jy

⇒ tan(∠B3(s))s=jy = tan(∠A3(s))s=jy

⇒ y
(
ay4 + by2 + c

)
= 0

where a ≜ κη(2ζvωv)

(
1
κη + χ

)

, c ≜
κ
η3

(
2ζvω4

uωv
)
(

η3

κ
+ χ

)

b ≜
(
4ζvω2

uωv
)(

λζ2
v − δ

)
, λ ≜ 2χ

(κ
η + χ

)
, and δ ≜

κ
η

(η
κ

+ χ
)

(11) 

Eq. (11) can have five real solutions in y, which correspond to five potential locations where the root locus of T3 (s) intersects the 
imaginary axis. Note that y = 0 is always a solution to Eq. (11), which means that the root locus always passes through the origin of the 
s-plane. This is to be expected since s = 0 is also a root of A3 (s), which corresponds to the root locus location for αv = ±∞. The other 
locations where the root locus crosses the imaginary axis correspond to the non-zero real solutions in y of Eq. (11). The mathematical 
conditions for which such crossings may or may not exist are given by: 

Condition I : b2 − 4ac < 0

Condition II : b2 − 4ac ≥ 0 AND
−b +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
b2 − 4ac

√

2a
< 0

Condition III : b2 − 4ac ≥ 0 AND
−b −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
b2 − 4ac

√

2a
< 0

(12) 

Given the fourth order polynomial in Eq. (11), the root locus can cross the imaginary axis at a maximum of two sets of conjugate 
locations. Each set of conjugate location has a corresponding αv that are referred to as αv1 

img and αv2 
img .The value of αv1 

img and αv2 
img 

when the root locus crosses the imaginary axis can be found by setting s = jy in the expression for N3 (s) in Eq. (7) and equating N3 (s) to 0. 
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αimg
v1 =

ωuωv(χ + η) − (1 + χη)y2
1

(χη + κ)y2
1

where y2
1 =

−b +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
b2 − 4ac

√

2a

αimg
v2 =

ωuωv(χ + η) − (1 + χη)y2
2

(χη + κ)y2
2

where y2
2 =

−b −
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
b2 − 4ac

√

2a

(13) 

If Condition I is true OR [Condition II AND Condition III] are true, then there are no non-zero real solutions in y. If Condition I is not 
true, AND Condition II is not true AND Condition III is true, then the root locus will cross the imaginary axis at one set of conjugate 
locations given by s = ± jy1 and corresponding αv = αv1 

img. If Condition I is not true, AND Condition II is true AND Condition III is not 
true, then the root locus will cross the imaginary axis at one set of conjugate locations given by s = ± jy2 and corresponding αv = αv2 

img. 
If Condition I is not true, AND [both Condition II AND Condition III] are also not true, then the root locus will cross the imaginary axis 
at two sets of conjugate locations given by s = ± jy1 (corresponding αv = αv1 

img) and s = ± jy2 (corresponding αv = αv2 
img). Thus, the 

above conditions determine the number of instances where the root locus crosses the imaginary axis, which in turn informs the shape of 
the root locus. These crossings can happen for positive or negative values of αv i.e. αv1 

img and αv2 
img can either be positive or negative. 

The detailed derivation of when αv1 
img and αv2 

img are positive or negative can be found in [48]. 
Having addressed how the root locus of T3 (s), or equivalently the zero locus of G3 (s), interacts with the real and imaginary axes of 

the s-plane, we next proceed to divide the parameter space, reduce the conditions from Eq. (12) to parameter ranges, and plot the 
resulting zero loci for various combination of parameter ranges. The steps are as follows:  
1 The parameter space of the modal residues ratio i.e. κ is divided into (к < −1), (−1 < к < −η2), (−η2 < к < 0) and (к > 0). These four 

ranges span all values of к from −∞ to +∞ and they were used for the analysis of NMP zeros in the analogous three-DoF undamped 

Fig. 1. Zero Loci of G 3 (s) for different ranges of к, χ and ζv as αv varies from −∞ to 0 (green curve) and 0 to +∞ (red curve). The parameter ranges 
of к, χ and ζv are given below each sub figure. 
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flexible system [24]. Using the same parameter ranges of к in this paper allows for a direct comparison between the NMP zero 
dynamics of the undamped and damped systems. This leads to inferences on how the addition of damping changes the zero loci and 
the resulting condition for the elimination of NMP zeros. These inferences are discussed in Result 1 and Result 2.  

2 The mathematical inequalities given by Condition I, Condition II, and Condition III are solved separately for all four parameter 
ranges of к. This gives the non-overlapping parameter ranges of χ and ζv for each parameter range of к where these conditions are or 
are not satisfied. These ranges are then used to draw the multiple unique zero loci of G3 (s), as shown in Fig. 1. Detailed steps on the 
derivation of these parameter ranges can be found in [48]. For example, the parameter space of ζv is divided into two parameter 
ranges i.e. ζv < ζ0 and ζv ≥ ζ0 in Figs. 1c-1e. The expression for ζ0 has been directly provided in Eq. (14). But its long derivation can 
be found in [48]. 
In each of the sub figures i.e. (a) to (p), the green curve which corresponds to the negative zero locus starts from the roots of A3 

(s) (represented by circle in above figure, given in Eq. (8)) as αv starts from −∞ and terminates at the roots of B3 (s) (represented 
by cross in above figure, given in Eq. (8)) as αv becomes equal to 0. In each of the sub figures i.e. (a) to (p), the red curve which 
corresponds to the positive zero locus starts from the roots of B3 (s) as αv starts from 0 and terminates at the roots of A3 (s) as αv 
tends to +∞. The portion of the zero locus (positive or negative) that lies strictly on the right hand side (RHS) of the imaginary 
axis leads to NMP zeros of G3 (s). The analytical expression for αv where the zero locus crosses the imaginary axis i.e. αv1 

img and 
αv2 

img is given in Eq. (13). The analytical expression for αv where the zero locus tends to +/−∞ on the real axis i.e. αv
∞ is given by 

Eq. (10). 
The zero loci of Fig. 1 span the entire range of all the parameters: к (−∞ to +∞), χ (0 to +∞), ζv (0 to +∞), η (0 to +∞), and αv 

(−∞ to +∞). For example, when (к < −1), there are six non-overlapping parameter ranges of χ and ζv that lead to six unique zero 
loci depicted by Figs. 1a-1f. The value of αv ranges from −∞ to +∞ in each of these zero loci. Based on the Table 1, the positive 
zero loci in Fig. 1 will be used to find the conditions for the eliminations of NMP zeros for the case of alternating sign of modal 
residues (αv > 0). Similarly, the negative zero loci in Fig. 1 will be used to do the same for the case of non-alternating sign of modal 
residues (αv < 0). This separation of mathematical conditions between alternating and non-alternating modal residue signs is done 
to allow a direct comparison between the results obtained in this paper and those obtained in [24] for a three-DoF undamped 
flexible system. 

3.1. Sufficient conditions for eliminating CNMP zeros 

Result 1: In a three-DoF damped flexible system given by Eq. (6), when the signs of the modal residues are alternating (i.e. αv > 0), 
the ratio of modal residues (к), ratio of modal damping ratios (χ) and modal damping ratio (ζv) should satisfy the following inequalities 
to eliminate CNMP zeros for any positive value of modal residue αv. 

Condition 1.1 : (κ < −1)AND
(

−
1
κη < χ < −

κ
η

)

AND(ζv ≥ ζ0)

OR

Condition 1.2 :
(

− η2 < κ < 0
)
AND

(

−
κ
η < χ < −

η3

κ

)

AND(ζv ≥ ζ0)

where 

ζ0 ≜

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(κ + ηχ)(κχ + η) − |κ + ηχ|

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(η3 + κχ)(1 + κηχ)

η

√√
√
√
√

̅̅̅̅̅
2χ

√
|κ + ηχ|

(14) 

Condition 1.1 is derived from Figs. 1d-1e. It can be seen that when the parameter ranges of к, χ, and ζv in Figs. 1d-1e are satisfied, 
the positive zero loci (i.e. the red curve) do not cross the imaginary axis. Hence, for these parameter ranges, G3 (s) does not exhibit 
CNMP zeros. Similarly, Condition 1.2 is derived from Figs. 1l-1m. When Condition 1.1 and Condition 1.2 are not met, Figs. 1a-1c, 
1f-1k, and 1n-1o depict the positive zero loci crossing the imaginary axis at non-zero frequencies, indicating the presence of CNMP 
zeros. 

Based on Result 1 and the positive zero loci (αv > 0) in Fig. 1, the following observations can be made about the CNMP zero 
dynamics of the damped three-DoF damped flexible system:  
1 Each of the conditions given in Result 1, i.e. Condition 1.1 and Condition 1.2, is individually sufficient for the elimination of CNMP 

zeros. Also, these sufficient conditions are not unique or necessary. Even when these sufficient conditions are not satisfied, Fig. 1a- 
1c, 1f-1k, and 1n-1o show that one can guarantee the absence of CNMP zeros by selecting ranges of αv for which the zeros never lie 
on the RHS of the s-plane (excluding the RHS real axis). These ranges of αv have been explicitly derived and reported in [48].  

2 It was shown previously that for a three-DoF undamped flexible system with alternating modal residue signs, the sufficient and 
necessary condition to eliminate CNMP zeros is to tune the value of αv such that it lies within a certain range [24]. However, as 
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shown in Fig. 1d, 1e, 1l, 1m and Result 1, the addition of viscous damping leads to sufficient conditions in terms of к, χ, and ζv that 
guarantee the elimination of CNMP zeros for any value of αv. Therefore, these sufficient conditions guarantee the elimination of 
CNMP zeros for a wider range of system parameters, especially when the modal residue αv undergoes large variation. 

Result 2: In a three-DoF damped flexible system given by Eq. (6), when the signs of the modal residues are non-alternating (i.e. αv <

0), the ratio of modal residues (к) and ratio of modal damping ratios (χ) should satisfy the following mathematical inequalities to 
eliminate CNMP zeros for any negative value of the modal residue αv. 

Condition 2.1 : (κ < −1)AND
(

−
η3

κ
≤ χ ≤ −

κ
η

)

OR

Condition 2.2 :
(

− 1 ≤ κ ≤ −η2)
AND

(

−
η3

κ
≤ χ ≤ −

1
κη

)

OR

Condition 2.3 :
(

− η2 < κ < 0
)
AND

(

−
κ
η ≤ χ ≤ −

1
κη

)

OR

Condition 2.4 : (κ > 0)

Condition 2.1, Condition 2.2, Condition 2.3, and Condition 2.4 are derived from Figs. 1b-1e, Fig. 1h, Figs. 1k-1n, Fig. 1p 
respectively. When the parameter ranges in these conditions are satisfied, their corresponding negative zero loci (i.e. green curve) in 
Fig. 1 do not cross the imaginary axis at non-zero frequencies. Therefore, the absence of CNMP zeros is guaranteed. When these 
conditions are not met, Figs. 1a, 1f-1g, 1i-1j, and 1o depict the negative zero loci crossing the imaginary axis at non-zero frequencies, 
indicating the presence of CNMP zeros. 

Based on Result 2 and the negative zero loci (αv < 0) in Fig. 1, the following observations can be made about the CNMP zero 
dynamics of the damped three-DoF damped flexible system:  
1 The sufficient conditions given in Result 2 for the elimination of CNMP zeros are not unique or necessary. Even when these 

sufficient conditions are not satisfied, Figs. 1a, 1f-1g, 1i-1j, and 1o show that one can eliminate CNMP zeros by selecting ranges of αv 
for which the zeros never lie on the RHS of the s-plane (excluding the RHS real axis). These ranges of αv have been explicitly derived 
and reported in [48].  

2 It was shown previously that the sequence of non-alternating modal residue signs (αR > 0, αu > 0, αv < 0) is a sufficient condition 
that guarantees the elimination of CNMP zeros for any negative value of modal residue (αv) in a three-DoF undamped flexible system 
[24]. However, Figs. 1a, 1f-1g, 1i-1j, and 1o depict the presence of CNMP zeros for some parameter ranges of к and χ. This shows a 
potential drawback of adding viscous damping to a three-DoF undamped flexible system. Therefore, one key advantage of the 
sufficient conditions in Result 2 is that it guarantees the elimination of CNMP zeros in the presence of viscous damping even if the 
modal residue (αv) undergoes large variation. 

3 Condition 2.4 is derived from Fig. 1p and implies that the non-alternating modal residue signs is a sufficient condition that gua
rantees the elimination of CNMP zeros for any negative value of modal residue (αv). This is unlike Conditions 2.1, 2.2, and 2.3, 
which also hold true for non-alternating modal residue signs, but they require additional conditions on χ to guarantee the elimi
nation of CNMP zeros. 

3.2. Sufficient and necessary conditions for eliminating CNMP and RNMP zeros 

The sufficient conditions in Result 1 and Result 2 that guarantee the elimination of CNMP zeros do not guarantee the elimination 
of RNMP zeros. This can be seen, for example, in Figs. 1d-1e for alternating signs of modal residues and Figs. 1k-1n for non-alternating 
signs. In fact, in each zero locus plot of G3 (s) in Fig. 1, the positive real axis is always part of the zero locus for some range of values of 
αv, which confirms the presence of RNMP zeros. In this section, we will determine the sufficient and necessary conditions for elimi
nating CNMP as well as RNMP zeros such that the zeros of G3 (s) always lie on or to the left of the imaginary axis. Based on Fig. 1, Result 
3 and Result 4 provide the sufficient and necessary conditions for the elimination of all NMP zeros for alternating and non-alternating 
modal residue signs, respectively.   

Result 3: In a three-DoF damped flexible system given by Eq. (6), when the modal residue signs are alternating (αv > 0), the 
following conditions are individually sufficient, and together necessary, to guarantee the elimination of all NMP zeros.  
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Condition 3.1 : (κ < −1)AND
(

χ ≤ −
1
κη

)

AND
(
αv ≤ αimg

v1
)

OR

Condition 3.2 : (κ < −1)AND
(

−
1
κη < χ < −

κ
η

)

AND(ζv < ζ0)AND

⎛

⎝

{
αv ≤ αimg

v1 OR αv ≥ αimg
v2

}

AND
{

αv ≤ α∞
v

}

⎞

⎠

OR

Condition 3.3 : (κ < −1)AND
(

−
1
κη < χ < −

κ
η

)

AND(ζv ≥ ζ0)AND
(
αv ≤ α∞

v

)

OR

Condition 3.4 : (κ < −1)AND
(

χ ≥ −
κ
η

)
AND

(
αv ≤ min

{
αimg

v1 , α∞
v

})

OR

Condition 3.5 :
(

− 1 ≤ κ ≤ −η2)
AND

(
αv ≤ αimg

v1
)

OR

Condition 3.6 :
(
−η2 < κ < 0

)
AND

(
χ ≤ −

κ
η

)
AND

(
αv ≤ αimg

v1
)

OR

Condition 3.7 :
(
−η2 < κ < 0

)
AND

(

−
κ
η < χ < −

η3

κ

)

AND(ζv < ζ0)AND
(
αv ≤ αimg

v1 OR αv ≥ αimg
v2

)

OR

Condition 3.8 :
(
−η2 < κ < 0

)
AND

(

−
κ
η < χ < −

η3

κ

)

AND(ζv ≥ ζ0)

OR

Condition 3.9 :
(
−η2 < κ < 0

)
AND

(

χ ≥ −
η3

κ

)

AND
(
αv ≤ αimg

v1
)

Each sufficient condition in Result 3 is derived from the positive zero loci in Fig. 1. For example, when (к < −1) AND (χ < − η3/к) in 
Fig. 1a, CNMP and RNMP zeros will not occur if αv ≤ αv1 

img. Similarly, in Fig. 1b, when (к < −1) AND (−η3/к ≤ χ ≤ −1/кη), then again 
CNMP and RNMP zeros will not occur if αv ≤ αv1 

img. Therefore, combining the parameter range of χ from Fig. 1a and 1b leads to 
Condition 3.1 i.e. (к < −1) AND (χ ≤ −1/кη) AND (αv ≤ αv1 

img). Similarly, other sufficient conditions are also derived from the positive 
zero loci of Fig. 1. The correspondence between each sufficient condition and Fig.1 is as follows: Condition 3.1 → Fig. 1a and 1b, 
Condition 3.2 → Fig. 1c, Condition 3.3 → Fig. 1d and 1e, Condition 3.4 → Fig. 1f, Condition 3.5 → Fig. 1g, 1h and 1i, Condition 3.6 → 
Fig. 1j, Condition 3.7 → Fig. 1k, Condition 3.8 → Fig. 1l and 1m, and Condition 3.9 → Fig. 1n and 1o. 

Based on Result 3 and Fig. 1, the following observations can be made about the NMP zero dynamics of a three-DoF damped flexible 
system:  
1 Each condition listed in Result 3 is individually sufficient but not necessary. For example, Condition 3.1, by itself, is a sufficient 

condition. However, Condition 3.1, by itself, is not necessary because even if this condition is not met, NMP zeros can still be 
eliminated via other non-overlapping conditions such as Condition 3.2 or Condition 3.3.  

2 Each sufficient condition comprises of parameter ranges that are essential and broadest possible. For each of these conditions, one 
can write various inferior conditions with narrower parameter ranges that would also be sufficient conditions. For example, based 
on Condition 3.1, [(к < −2) AND (χ ≤ −1/кη) AND (αv ≤ αv1 

img)] is also a sufficient condition for the elimination of NMP zeros.  
3 As shown by the zero loci of Fig. 1, the entire range of the system parameters comprising of modal residues, frequencies, and 

damping ratios is covered in this analysis. Therefore, Result 3 is a complete list of all possible sufficient conditions. In other words, 
there are no other sufficient conditions for which one can guarantee the elimination of NMP zeros. As a result, these nine conditions 
when considered together, i.e., [Condition 3.1 OR Condition 3.2 OR Condition 3.3 OR Condition 3.4 OR Condition 3.5 OR Con
dition 3.6 OR Condition 3.7 OR Condition 3.8 OR Condition 3.9], form the necessary condition for the elimination of NMP zeros.  

4 The mathematical form of the conditions is the consequence of our choice of parameterization. The normalized parameters к, χ, and 
η that are defined in terms of system parameters and used to provide the conditions could have been defined differently. For 
example, instead of using αv as the varying parameter to plot the zero locus of G3 (s), one could use a different varying parameter, 
for example αu. The zero locus could have been plotted as a function of modal frequencies or modal damping ratios. While the 
resulting mathematical form of the conditions may be different in that case, the conditions would effectively be the same in terms of 
system parameters. In other words, the conditions are unique.  

5 The graphical visualization in Fig. 1 allows one to determine the sufficient and necessary conditions for the elimination of specific types of 
NMP zeros e.g. CNMP only, RNMP only, as well as all NMP. For example, Result 1 provides a sufficient condition for the elimination of 
CNMP zeros, while Result 3 provides sufficient and necessary conditions for the elimination of all NMP zeros. Furthermore, this 
graphical visualization allows one to examine the sensitivity of different types of NMP zeros to parametric variations, which helps inform 
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the robustness of any choice of system parameters that avoid NMP zeros. For example, when the value of αv is close to αv1 
img in Fig. 1a, 

the CMP zero can flip to become a CNMP zero, and similarly when αv is close to αv
∞, RMP zero can flip to become RNMP zero in Fig. 1a.  

6 Condition 3.8 is the only sufficient condition that guarantees the elimination of all NMP zeros for any positive value of modal 
residue, αv or any negative value of modal residue αu. Such a condition becomes useful in situations where the modal residues αv or 
αu undergo variations and can enable robust physical design [12]. The application of Condition 3.8 in eliminating NMP zeros is 
demonstrated via a case study in Section 4. 

Result 4: In a three-DoF damped flexible system given by Eq. (6), when the modal residue signs are non-alternating (αv < 0), the 
following conditions are individually sufficient, and together necessary, to guarantee the elimination of all NMP zero. 

Condition 4.1 : (κ < −1)AND
(

χ < −
η3

κ

)

AND
(
αv ≥ αimg

v2
)

OR

Condition 4.2 : (κ < −1)AND
(

−
η3

κ
≤ χ ≤ −

κ
η

)

OR

Condition 4.3 : (κ < −1)AND
(

χ > −
κ
η

)
AND

(
αv ≥ αimg

v2
)

OR

Condition 4.4 :
(

− 1 ≤ κ ≤ −η2)
AND

(

χ < −
η3

κ

)

AND
(
αv ≥ max

{
αimg

v2 , α∞
v

})

OR

Condition 4.5 :
(

− 1 ≤ κ ≤ −η2)
AND

(

−
η3

κ
≤ χ ≤ −

1
κη

)

AND
(
αv ≥ α∞

v

)

OR

Condition 4.6 :
(

− 1 ≤ κ ≤ −η2)
AND

(

χ > −
1
κη

)

AND
(
αv ≤ α∞

v OR αv ≥ αimg
v2

)

OR

Condition 4.7 :
(

− η2 < κ < 0
)
AND

(
χ < −

κ
η

)
AND

(
αv ≥ max

{
αimg

v2 , α∞
v

})

OR

Condition 4.8 :
(

− η2 < κ < 0
)
AND

(

−
κ
η ≤ χ ≤ −

1
κη

)

AND
(
αv ≥ α∞

v

)

OR

Condition 4.9 :
(

− η2 < κ < 0
)
AND

(

χ > −
1
κη

)

AND
(
αv ≤ α∞

v OR αv ≥ αimg
v2

)

OR

Condition 4.10 : (κ > 0)AND
(
αv ≥ α∞

v

)

Each sufficient condition in Result 4 is derived from the negative zero loci in Fig. 1. For example, in Fig. 1a, when (к < −1) AND (χ 
< −η3/к), RNMP zeros are not part of the zero locus. Therefore, they do not occur for any value of αv. CNMP zeros are part of the zero 
locus but they only occur when CMP zeros cross the imaginary axis for αv < αv2 

img. This leads to Condition 4.1 for the elimination of all 
NMP zeros i.e. [(к < −1) AND (χ < −η3/к) AND (αv ≥ αv2 

img)]. Similarly, other sufficient conditions are also derived from the negative 
zero loci of Fig. 1. The correspondence between each sufficient condition and Fig. 1 is as follows: Condition 4.1 → Fig. 1a, Condition 
4.2 → Fig. 1b-1e, Condition 4.3 → Fig. 1f, Condition 4.4 → Fig. 1g, Condition 4.5 → Fig. 1h, Condition 4.6 → Fig. 1i, Condition 4.7 → 
Fig. 1j, Condition 4.8 → Fig. 1k-1n, Condition 4.9 → Fig. 1o, and Condition 4.10 → Fig. 1p. 

Based on Result 4 and Fig. 1, the following observations can be made about the NMP zero dynamics of a three-DoF damped flexible 
system:  
1 The general observations made for Result 3 above i.e. bullet point (1) to point (5) also hold true for Result 4 when the modal 

residue signs are not alternating.  
2 Condition 4.2 is the only condition that holds true for any negative value of modal residue αv or any positive value of αu and any 

positive value of modal damping ratio ζv or ζu. Therefore, such a condition becomes useful when the modal residue αv or αu and/or 
modal damping ratio ζv or ζu undergo large variations [12].  

3 Condition 4.10 is the only condition that holds true for any value of modal damping ratios ζv and/or ζu. Therefore, such a condition 
becomes useful when modal damping ratios undergo large variations. 
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4. Case study of three-DoF flexible system 

This section demonstrates how the results from Section 3 can be used to determine the location, value of viscous dampers and sensor 
placement in a three-DoF flexible system in order to eliminate NMP zeros in its transfer function and also place zeros on the imaginary axis. 
Furthermore, it will be demonstrated that the elimination of NMP zeros is robust to parametric variations in sensor placement. 

Consider the three-DoF flexible system shown in Fig. 2. For illustration, the physical parameters of this system are chosen as m1 =

m3 = 1 kg, m2 = 10 kg, k1 = k2 = 1 N/m. The force, F is applied at m1 and the measured displacement, q is the linear combination of the 
displacement of m1 and m3 i.e. q = w1 + 3w3. The equations of motion of the undamped three-DoF flexible system is given below. 

[M]

⎡

⎢
⎢
⎢
⎢
⎣

ẅ1

ẅ2

ẅ3

⎤

⎥
⎥
⎥
⎥
⎦

+ [K]

⎡

⎢
⎢
⎣

w1

w2

w3

⎤

⎥
⎥
⎦ = [B]F, q = [D]

⎡

⎢
⎢
⎣

w1

w2

w3

⎤

⎥
⎥
⎦ where [M] =

⎡

⎢
⎢
⎣

m1 0 0

0 m2 0

0 0 m3

⎤

⎥
⎥
⎦, [K] =

⎡

⎢
⎢
⎣

k1 −k1 0

−k1 k1 + k2 −k2

0 −k2 k2

⎤

⎥
⎥
⎦, [B] =

⎡

⎢
⎢
⎣

1

0

0

⎤

⎥
⎥
⎦

[D] = [ 1 0 3 ]

(15)  

The transfer function from applied force, F to measured displacement, q is given below along with its poles and zeros. 

q(s)

F(s)
=

s4 + 1.2s2 + 0.4
s6 + 2.2s4 + 1.2s2, Poles : p1,2 = 0, p3,4 = ±1j, p5,6 = ±1.1j, Zeros : z1,2,3,4 = ±0.127 ± 0.785j (16) 

This system exhibits a CMP-CNMP zero quartet. Our goal is to add viscous damping (location and value) to the flexible system so as 
to eliminate NMP zeros from the transfer function. The equations of motion of the resulting three-DoF damped flexible system (Fig. 3) 
are given below. 

[M]

⎡

⎢
⎢
⎢
⎢
⎣

ẅ1

ẅ2

ẅ3

⎤

⎥
⎥
⎥
⎥
⎦

+ [C]

⎡

⎢
⎢
⎣

ẇ1

ẇ2

ẇ3

⎤

⎥
⎥
⎦ + [K]

⎡

⎢
⎢
⎣

w1

w2

w3

⎤

⎥
⎥
⎦ = [B]F, q = [D]

⎡

⎢
⎢
⎣

w1

w2

w3

⎤

⎥
⎥
⎦ where [C] =

⎡

⎢
⎢
⎣

c1 + c3 −c1 −c3

−c1 c1 + c2 −c2

−c3 −c2 c2 + c3

⎤

⎥
⎥
⎦ (17) 

In this paper, we have assumed that the flexible system is ‘classically damped’. This means that the mass matrix [M], stiffness 
matrix [K], and damping matrix [C] should satisfy the Caughey and O’Kelly criterion given in Eq. (2), Section 2. Applying Eq. (2) to the 
[M], [C], and [K] from Eq. (17) and using the numerical values of m1 = m3 = 1 kg, m2 = 10 kg, k1 = k2 = 1 N/m leads to the following 
condition on the viscous dampers c1, c2, and c3. 

c1 = c2
c3 can be any arbitrary value (18) 

The result that c3 can be any arbitrary value tells us that for any value of c3, Eq. (2) is satisfied. Therefore, we choose c3 = 0 to keep 
the ensuing mathematical analysis simple. Since, the Caughey and O’Kelly criterion is satisfied, the [M], [C], and [K] matrices can be 
simultaneously diagonalized to obtain the modal mass, modal damping and modal stiffness diagonal matrices as demonstrated in Eq. 
(3). The modal mass, damping and stiffness matrices are then used to construct the decomposed form of the transfer function as 

Fig. 3. Three-DoF Damped Flexible System.  

Fig. 2. Three-DoF Undamped Flexible System.  
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demonstrated in Eq. (4) and Eq. (5). The decomposed transfer function in terms of the viscous damper, c1 is given below. Note that from 
Eq. (18), we already know that c2 = c1 and we have chosen c3 = 0. 

q(s)

F(s)
=

αR

s2 +
αu

s2 + 2ζuωus + ω2
u

+
αv

s2 + 2ζvωvs + ω2
v

=
0.33
s2 +

−1
s2 + c1s + 1

+
1.67

s2 + 1.2c1s + 1.21
(19)  

Comparing the LHS and RHS of the Eq. (19) provides the relationship between c1, ζu and ζv. 

ζu = 0.5c1 and ζv = 0.547c1 (20) 

The modal residue signs in Eq. (19) are alternating with αv > 0. According to Table 1, we should use Result 3 to eliminate all NMP 
zeros in the transfer function with alternating modal residue signs. There are 9 distinct conditions in Result 3 and we have to choose 
the appropriate condition for our current system. From Eq. (19), the value of к, η and χ can be readily found as shown below. Since, 
both ζu and ζv are proportional to c1, as evident in Eq. (20), their ratio i.e. χ is independent of it. 

κ
(

≜
αu

αv

)

= −0.6, η
(

≜
ωu

ωv

)

= 0.91, and χ
(

≜
ζu

ζv

)

= 0.914 (21) 

Based on the values of к, η and χ, it can be inferred that the following two inequalities are simultaneously satisfied. 

(
−η2 < κ < 0

)
AND

(

−
κ
η < χ < −

η3

κ

)

(22) 

In Result 3, only Condition 3.7 and Condition 3.8 are applicable to our current system since they satisfy Eq. (22). 

Condition 3.7 :
(

− η2 < κ < 0
)
AND

(

−
κ
η < χ < −

η3

κ

)

AND(ζv < ζ0)AND
(
αv ≤ αimg

v1 OR αv ≥ αimg
v2

)

OR

Condition 3.8 :
(

− η2 < κ < 0
)
AND

(

−
κ
η < χ < −

η3

κ

)

AND(ζv ≥ ζ0)

(23) 

In order to completely satisfy Condition 3.8, we only need to additionally satisfy  ζv ≥ ζ0. This will give us the value of c1 that will 
guarantee the elimination of NMP zeros in the transfer function in Eq. (19). However, in order to satisfy Condition 3.7, we will have to 
modify the value of αv which can only done by modifying the mass matrix, stiffness matrix, actuator or sensor location. Since, our goal 
is to eliminate NMP zeros by simply adding viscous damping, we decide to satisfy Condition 3.8. Using the expression of ζ0 from Eq. 
(14) along with the numerical value of к, η and χ from Eq. (21) leads to the following result. 

ζv ≥ 0.2350 (24) 

Eq. (20) is used along with Eq. (24) to find the range of values for c1 for which the transfer function in Eq. (19) will not have any 
NMP zeros. 

Fig. 4. Bode plots of: a) undamped vs. damped system with tuned damping to eliminate NMP zeros, b) damped system with tuned damping and 
sensor vector to place the zero on the imaginary axis. 
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c1 ≥ 0.4296 (25) 

Therefore, selecting c1 = c2 = 0.5 and c3 = 0 leads to a transfer function of the three-DoF damped flexible system that does not 
exhibit any NMP zeros as shown below. Note that this transfer function is simply obtained by substituting c1 = 0.5 in Eq. (19). 

q(s)

F(s)
=

s4 + 0.6s3 + 1.3s2 + 0.4s + 0.4
s6 + 1.1s3 + 2.5s4 + 1.2s3 + 1.2s2

Poles : p1,2 = 0, p3,4 = −0.2500 ± 0.9682j, p5,6 = −0.3000 ± 1.0536j

Zeros : z1,2 = −0.2700 ± 0.7210j, z3.4 = −0.0300 ± 0.8210j

(26) 

Since, the damped flexible system satisfies Condition 3.8, Fig. 1m (from which Condition 3.8 was derived) predicts that its transfer 
function will exhibit two pairs of CMP zeros. This is shown to be true in Eq. (26) where z1,2 and z3,4 denote the two CMP zero pairs. Not 
only that, one of the CMP zero pair i.e. z1,2 is placed very close to the pole pair i.e. p1,2 leading to approximate pole-zero cancelation and 
effectively eliminating any ‘vibration’ at the p1,2 frequency. The other CMP zero pair i.e. z3,4 is located very close to the imaginary axis 
leading to improved ‘vibration isolation’ at its frequency. This improvement in the ‘vibration performance’ of the damped system 
achieved via the elimination of NMP zeros is shown via a Bode plot in Fig. 4a. 

Note that the zero pair z3,4 is not exactly located on the imaginary axis. If further ‘vibration isolation’ is desired by placing z3,4 
exactly on the imaginary axis, it can also be easily achieved based on the graphical insight obtained from Fig. 1l. According to the 
positive zero locus in Fig. 1l, if  (ζv = ζ0) AND (αv = αv1 

img = αv2 
img) are satisfied, then z3,4 will lie exactly on the imaginary axis. In 

order to satisfy (ζv = ζ0), choose c1 = 0.4296 (see Eq. (24) and Eq. (25)). Choosing  (ζv = ζ0) automatically ensure that αv1 
img = αv2 

img 

(see Fig. 1l). Finally, αv = αv1 
img can be ensured by modifying the value of αv. One of the ways to modify the value of αv is by altering the 

sensor vector [D], which is parameterized as follows. 

[D] = [ 1 + ε1 ε2 3 ] (27) 

The value of ε1 and ε2 is found by using the relationship between αv and [D], given in Eq. (5), and imposing the two conditions 
shown below. The condition on к (= αu / αv) is to make sure that value of ζ0 and αv1 

img that were calculated for a constant к = −0.6 (Eq. 
(21)) do not change as αv is changed. 

(
αv = αimg

v1
)
AND(κ = − 0.6) (28) 

Solving the conditions in Eq. (28) for the two unknowns ε1 and ε2 leads to the following sensor vector. 

[D] = [ 0.92 −1.2 3 ] (29) 

The zeros of the transfer function q(s) / F(s) with the new sensor vector from Eq. (29) and c1 = 0.4296 are as follows: 

z1,2 = −0.2674 ± 0.7801j, z3.4 = ±0.6590j (30) 

It can be clearly seen that the zero pair z3,4 is now on the imaginary axis as intended. The ensuing improvement in vibration 
isolation due to the tuning of the viscous damper c1 and sensor vector [D] is shown via a Bode plot in Fig. 4b. Therefore, by informed 
choice of the damping matrix [C] and sensor vector [D], the CNMP zeros of the three-DoF undamped flexible system can be converted 
into MP zeros of its damped counterpart lying exactly on the imaginary axis. 

To investigate the robustness of the damped system obtained using the proposed technique for a fixed c1 that satisfies Eq. (25), Bode 

Fig. 5. Robust elimination of NMP zeros under variation in sensor vector.  
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plots of the damped system with variations in the sensor vector [D] are shown in Fig. 5. Variation in the sensor vector is generally 
caused by uncertainty in sensor placement. It can be observed from the Bode plots that even in the presence of finite perturbations (up 
to 10%) in the sensor parameters, the designed damping matrix [C] still ensures that all the zeros of the flexible system remain MP. This 
is because even in the presence of this sensor parameter variation, the inequalities in Condition 3.8 are still satisfied. It should be noted 
that this level of robustness exists for c1 = c2 = 0.5, which is very close to the minimum required value of damping given in Eq. (25). If a 
more robust design is needed for a given application, then larger damping values can be chosen to ensure an even wider safety margin. 
Thus, this case study highlights that the new sufficient and necessary conditions derived in Section 3 of this paper can be effectively 
used to enable robust physical design of three-DoF flexible systems. 

5. Conclusion and future work 

In this paper, the sufficient and necessary conditions for the elimination of NMP zeros in a three-DoF classically damped flexible LTI 
system (with one rigid body mode and two flexible modes) are presented when all the modal residue signs are not same. No such results 
exist in the prior literature. 

Results 3 and 4 provide a complete set of all possible sufficient conditions for the elimination of all NMP zeros. This complete set of 
sufficient conditions when imposed together also becomes the necessary condition for the elimination of NMP zeros. These conditions 
enable informed physical design choices such as selection of viscous damping strategies and values, actuator and sensor placement, 
mass and stiffness distribution, etc. These choices can lead to robust physical design that guarantees the elimination of NMP zeros over 
a wide range of system parameters, as shown via a case study. 

While the results of this paper are novel, the mathematical and graphical tools used are not necessarily unique. But these tools allow 
one to derive conditions for the elimination of specific types of zeros as well as provide graphical insights into the behavior of the zeros 
as system parameters are varied. For example, Results 1 and 2 provide sufficient conditions for elimination of specifically CNMP zeros, 
which are relevant to certain classes of flexible systems that only exhibit CNMP zeros [36]. Furthermore, the graphical insights offered 
by the zero loci allow one to examine the robustness of the zero dynamics to parametric variations i.e. how close the minimum phase 
zeros are to the imaginary axis and when they might transition to non-minimum phase. 

While we investigated three-DoF damped flexible systems here, our future work focuses on deriving analytical conditions to 
eliminate NMP zeros in multi-DoF damped flexible systems. To do so, we are currently investigating techniques to reduce the size of the 
parameter space of an n-DoF damped flexible system from 3n system parameters to fewer composite parameters. 
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