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Despite the significant progress in the development of vaccines, the COVID-19 pan-
demic still poses difficulty for its control because of many obstacles such as the proper
implementation of vaccination, public hesitancy towards vaccines, dropping out from
the second dose, and varying level of protection after the first and the second doses. In
this study, we develop a novel mathematical model of COVID-19 transmission, includ-
ing two separate vaccinated compartments (first dose and both doses). We parametrize
and validate our model using data from Dougherty county of Georgia, USA, one of
the most affected counties, where the transmission trend clearly is associated with var-
ious policies and public events. We analyze our model for stability of equilibria and
persistence of the disease, and formulate expression for reproduction numbers. We esti-
mate that the basic reproduction number in Dougherty county is 1.69, and the effective
reproduction number during the study period ranges from 0.26 to 6.36. The number of
daily undiagnosed cases peaked at 310 per day, resulting in the maximum number of
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active infectious individuals to be 2471. Our model predicts that in a high transmission
scenario, the vaccination strategies should be combined with other non-pharmaceutical
prevention strategies to ensure transmission control. Moreover, our results emphasize
that completing both doses of vaccines on time is critical to achieve maximum benefits
from the vaccination programs.

Keywords: COVID-19; Mathematical Model; Undiagnosed; Vaccination; Intervention;
Dougherty County of Georgia, USA.

1. Introduction

Coronavirus Disease (COVID-19), caused by SARS-CoV-2, is an ongoing pandemic
that has terrified the world with a record number of infections and deaths, dis-
rupting the social, economic, and political conditions of many communities.' ® The
disease can spread through the air from infected to susceptible individuals who are
physically in close proximity.! As of 22 October 2021, more than 243.6 million cases
and nearly 5 million deaths worldwide have been reported.?® The United States
has the highest number of COVID-19 cases by far with about 46.2 million cases and
more than 754 thousand deaths, the highest numbers in the world, as of 22 October
2021.12 Several vaccines against the COVID-19 have been developed recently, but
the efficacy of these vaccines depends on the vaccine type, circulating virus strain
and completion of vaccine doses if more than one dose is required.*® The emer-
gence of various virus strains, availability of the vaccine, long-term efficacy of the
vaccines, public hesitation towards the vaccines, and dropout from the second dose
of the vaccine are some of the factors that still pose significant challenges to the
control of the disease via vaccination programs.’

Georgia is one of the most impacted states of the USA, with about 28,344 deaths
and 1.62 million reported cases as of 22 October 2021. Among the 159 counties of
Georgia, Dougherty County, a rural county located in the southwest region of the
state, had one of the densest clusters of COVID-19 during the early phase of the
pandemic (March—April 2020). This county has also suffered from one of the highest
per capita deaths in the state during the pandemic.5® After the first case reported
in early March of 2020, the transmission in Dougherty County skyrocketed within
a month. State agencies announced some prevention strategies such as shelter-in-
place and restriction in business, gathering, and dine-in service. However, weak
implementation of these policies, non-masking, public gatherings and protests, may
have contributed to the high transmission of the disease. The vaccinations in the
county started in mid-February of 2021 with priorities on seniors and immune-
compromised people and became available to all public in the last week of March
2021.

Several models have already been developed to study the dynamics of the
COVID-19 spread.®192% Most of these studies have implemented an extension of
the Susceptible-Exposed—Infectious—Recovered (SEIR) type compartmental model
and used location-specific recorded positive case data to estimate model parameters.
For example, Adhikari et al.'” included immigration of infected individuals in the
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SEIR model and considered two compartments of infectious class, recorded positive
and non-recorded positive. They studied the effects of non-pharmaceutical interven-
tion strategies, such as lockdown, border screening and quarantine, and detection
and isolation, on outbreak indicators such as the number of new cases and the basic
reproduction number. Kyrychko et al.'® developed a compartmental SEIR Model
with three different components of the recovered class, asymptomatic recovered,
mild symptomatic recovered, and symptomatic/hospitalized recovered. This model
also considered populations with age structure and age-specific mixing patterns
and the impact of lockdown. Sun and Wang'? developed an SCIRA compartmental
model with susceptible, closely observed or quarantined, infected, recovered, and
asymptomatic classes. Their model assumed that the self-recovered from the asymp-
tomatic class become susceptible and also assumed that the recovery depends on the

1.18 used province-wise

number of hospitalized and quarantined people. Pantha et a
data from Nepal to study the effectiveness of universal non-pharmaceutical inter-
vention policies and identified the best policies for each province. They highlighted
that the local level study is important for implementing intervention policies.
Some modelers studied the impact of vaccinations together with non-
pharmaceutical intervention (NPI) strategies on the disease dynamics.!® 2 For
example, Bubar et al.?! 1.20
the impact of vaccines prioritization in different age groups. Their finding shows that
vaccine prioritizing the age group of 2049 years reduces the cumulative incidence,
while mortality rate can be reduced by prioritizing adults older than 60. More-
over, they emphasized on vaccinating seronegative individuals to achieve maximum
benefits from the vaccination programs. Similarly, Giordano et al.??> highlighted
the importance of the vaccines accompanied by non-pharmaceutical interventions
to reduce the cases and deaths. Childs et al.?” 2° developed age-structured SEIR
models with vaccination compartment in each age group. They considered waning of
vaccine immunity and severity of the disease in their model simulations. They also

and Feranna et al.*" used age-structured models to study

considered increased transmissibility from novel variants to estimate the impact of
relaxing non-pharmaceutical intervention on the disease resurgence. Their results
suggest that non-pharmaceutical intervention should be maintained to minimize
the chance of resurgence on top of the continued vaccination. It is important to
note that the impact of vaccination has been found to depend on the completion
of vaccine doses, and there is a significantly different level of protection of vaccines
in individuals taking only the first dose and taking both first and second doses of
vaccines.® Therefore, it is critical to distinguish individuals taking only one dose
and both doses of vaccines in proper modeling of COVID-19 transmission, and the
modeling with the different efficacies of single and double doses of vaccines on the
COVID-19 dynamics has not been well explored.

In this study, we developed a mathematical model to study the impact of vac-
cination on COVID-19 transmission dynamics in Dougherty county, Georgia, USA.
While we consider Dougherty county as a case study, our models may also be
helpful to guide implementations of vaccination programs in many rural counties
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across the nation. The unique feature of our model is its capability to incorpo-
rate two compartments of vaccinated individuals (first dose only and both doses)
with different levels of protection along with two compartments of infectious indi-
viduals (diagnosed and undiagnosed). We validate our model with COVID-19 case
data, compiled according to the various events associated with the epidemic trend in
Dougherty County. We perform a thorough analysis of the model and formulate the
reproduction numbers. Furthermore, we use our model to investigate the effects of
various vaccination strategies on the burden of this pandemic in Dougherty County.

2. Mathematical Model
2.1. Model formulation

We formulate a transmission dynamics model consisting of seven compartments:
Susceptible (S), Vaccinated with first does (V1), Vaccinated with both doses (V2),
Exposed (E), Undiagnosed Infected (I, ), Diagnosed Infected (Ig), and Recovered
(R). Two-dose vaccines are usually implemented with a certain time gap between
doses, and the protection from the vaccines highly depends on whether only the
first dose or both doses are completed.?® Thus, the vaccinated classes with the first

Fig. 1. Schematic diagram of the COVID-19 transmission dynamics with vaccinations. The bold
pointed solid lines represent the transfer of individuals to another compartment due to infection
or progression. The pointed dotted red lines represent the interaction that causes new infections.
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dose (V1) and with both doses (V2) have different levels of protection. Figure 1
presents the flow diagram of the population movement between the compartments.

In our model, individuals in all compartments die with a natural death rate
1. The susceptible individuals are recruited with a rate A, get vaccinated with a
rate vy, and are infected with the COVID-19 virus upon interaction with the undi-
agnosed infected individuals with a rate 3. Individuals in both vaccinated classes
can also contract the virus upon contact with the infectious individuals, but with
different infection rates. We assume that a; and as are the residual susceptibility
of the vaccinated individuals in V; and V5 classes, respectively. The individuals
vaccinated with the first dose (V}) receive the second dose with a rate v,. The
main difference between the two vaccinated compartments is the different level of
protection against the COVID-19 susceptibility: the individuals with two doses of
vaccine (complete vaccination) are protected higher than the individuals with one
dose of vaccine (incomplete vaccination), i.e., a; > ao.

While the vaccinated individuals have been infected and recommended for a
booster shot, the actual time and magnitude of the immunity loss have not been
quantified. Also, most of the infected individuals who were vaccinated were infected
with a different strain. Different protection levels for the different strains can be
incorporated into our model through different values of oy and as. Because of the
uncertainty on the loss of immunity and focus of the study on the single circulating
variant, we distinguish two vaccinated groups (one dose and two doses) via their
efficacy and ignore the potential waning of vaccine immunity in the short period of
our study.

The exposed individuals (F) leave the compartment with rate 1 among which
the fraction 7 progress towards diagnosed compartment, (I;), and the remaining
fraction 1 — v move toward the undiagnosed compartment, I,. Since the diagnosed
people are mostly in isolation, and also the possibility of infection by hospitalized
(infected) individuals is expected to be low due to strict hygiene and protection
protocols, we do not consider the potential transmission from diagnosed people.
The individuals in diagnosed and undiagnosed infected classes die with rates dq4
and d,, respectively, and both recover with a rate A. The rate of change of people
in each compartment can be described by the following system of equations (2.1).

% =A—-p3SI, —v1S—puS,
A%
dt
dVa
dt
dE
E = BSIu + Bal‘/l—[u + ﬁOQVvQIu - 77E - MEa
dl,

% = (1 —)E — My — 6oy — L,
o n(l—7) %

=118 — PaVil, — Vi — pVi,

= 1V1 — BaValy, — Vs,
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dl

d—d =nyE — Mg —6qlq — plg,
t

dR

— =M, + M ;— uR.

o7 +Ag—p

2.2. Model analysis
2.2.1. Positivity and boundedness of solutions

All the variables in model (2.1) are non-negative and should remain non-negative
since they represent human populations. It can be easily verified that model (2.1)
has non-negative solutions for non-negative initial conditions. Let N(t) = S(t) +
Vi(t) + Va(t) + E(t) + I,(t) + I4(t) + R(t) be the total population.

Theorem 2.1. If N(0) > 0, then the total population, N(t), is bounded below and
above by positive numbers, i.e.,

0 < Nuin < N(t) < Nyax, Vi,

where Npyin = min{ N (0), } and Npax = max{N(0), }

;L+5 3,

Proof. Since all components are non-negative, adding all equations, we get
dN
dt

Adding uN on both sides, multiplying by the integration factor e#!, and then
integrating the resulting equation from 0 to ¢, we get

=A—- ,LLN 5 I 5d1¢i- (22)

N(t) = e "N(0) + / t PO (A — 6, 1,(s) — 6414(s))ds

0
t A
< e MIN(0) + / PO Ads = e THEN(0) + = (1 — e 1),
0 H

Note that the derivative of the right-hand side is ue_’”(% — N(0)). Thus, it is a
monotone function with absolute maximum, max{N(0), %} Rewriting Eq. (2.2),
we get

dN

T A= (pp+4 06y +6a)N + 6u(N — L) + 6a(N — 1).

This implies

t
N(t) = e~ WHoutda)t () 4 / e(HH0utoa)(s=(A 4§ (N — I,) + 64(N — 1))ds
0

A
> ¢~ (HHOuFODt N () 4 —— (1 — ¢~ (HIutda)ty
o © 46y + (Sd( )
Thus, its absolute minimum is min{N(0), ﬁ}. O
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Also, it can be easily verified that the biologically feasible region Q C R” defined
by
Q = {(S(t), Va(t), Va(t), E(¢), L(t), La(t), R(t)) € RT |
0 < (N)min < N(t) < (N)max} (2.3)

is positively invariant and attracting for system 2.1, i.e., solutions that initially start
from, or enter €2, remain inside 2. Therefore, the model system 2.1 is mathematically
well-posed. This property of the model is stated in the theorem below.

Theorem 2.2. The biologically feasible region € C Ri defined by (2.3) is
positively invariant and attracting for system (2.1) with given initial conditions
in RY.

2.2.2. Vaccination reproduction number and disease-free equilibrium
The disease-free equilibrium of system 2.1 is given by

EO = (SO?V10"/207E0 IO IngO)

s L

o ( A VlA V1V2A
vi+p (v p)(ve +p)" pvr + p)(ve + p)

In the context of our modeling of COVID-19 transmission under vaccination, the

,0,0,0,0) L (24)

vaccination reproduction number (Ryac) is the average number of secondary infec-
tions produced by a typical case of an infection in a population with a proportion

(VL is susceptible, a proportion ——%“F— is vaccinated with the first dose
1+1) ) ) (1+p)(vatp)
and a proportion % is vaccinated with both the first and second doses.

Using the next generation matrix approach,3' the vaccination reproduction num-
ber, Ryac, of model 2.1, is given by the dominant eigenvalue or spectral radius of
the next generation matrix FV !, where

0 6a11/10+6a21/'20+550 0

F=10 0 0 and
0 0 0
n+u 0 0
V=|-nl-7) A+d,+p 0
—ny 0 A+ 0q + p

Therefore, the vaccination reproduction number, Ry,c, for our model is

Reone = pn( 77)(051‘/10 +o¢2V20 + SO)
’ n+ W) A+ i+ 04)
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3 : 0 _ _A 0 _ viA 0 _ viva A :
Subs.tltutmg S =W = (CEICEmE and V) = MOENI T (2.5), we
obtain

R _ 577(1 - FY)A ( a1y + Q12 4 1>
T ) )N+ S ) \ve o p(ve + p)

The following theorem is established from Theorem 2 of Ref. 31.

Theorem 2.3. The disease-free equilibrium, E°, of system (2.1) is locally asymp-
totically stable in Q) when Ryac < 1 and unstable when Ryae > 1.

2.2.3. Global stability of the disease-free-equilibrium
Define the following regions:
Qa = {(S(t), Vi(), Va(t), B(t), Lu(t), La(t), R(t)) € Q] 0 < S(t) < S°,
0 <Vi(t) <V/,0 < Va(t) < V3'), (2:6)
Lemma 2.1. The sub-region Qq C Q defined by (2.6) is positively invariant for
the model system (2.1).

Proof. For the equation

ds
T =AN—-pBSI, —v1S — uS,

Adding (v1 + p1)S on both sides, multiplying by the integration factor e )% and
then integrating the resulting equation from 0 to ¢, we get

t
S(t) = e~ (mFmEG(0) + / eFWE=(A — ST, (s))ds
0

t
< e~ tmig(0) 4 / S (1) A g
0

- e_(V1+”)tS(O) + A (1 _ 6—(V1+M)t).
v+ u
Since the derivative of the right-hand side is (v + u)e*(”ﬁ“)t(ﬁ — 5(0)), if
S(0) < 8% = Vlj-\&-u’ then S(t) is an increasing function with absolute maximum

m/«\m' That is S(t) < S° for all ¢ > 0 if S(0) < SY. Similarly, it can be shown that
Vi(t) < VP and Va(t) < V2 for all t > 0, if V41 (0) < V and V5(0) < V0, respectively.

Thus, the set g is positively invariant under the system 2.1. O

To show the global stability of E° in 4, we first decompose the model sys-
tem (2.1) into two subsystems

dX dI
E—F(X,I) and E—G(X,I),
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where X = (S,V1,Vo,R) € Ry and I = (E,I,,14) € R3 are vectors of uninfected
and infected individuals, respectively. The following theorem is established using
the technique introduced previously.??

Theorem 2.4. The disease-free equilibrium, E° = (X°,0) of the system (2.1) is
globally asymptotically stable (g.a.s) in Qq C Q, provided that Ryae < 1 (locally
asymptotically stable) and that the following conditions are satisfied:

(i) For Cfi—)t( = F(X,0), the equilibrium X° = (S°, V2, VP,0) is g.a.s,

(i) GX,I) = Al — G(X,I),G(X,I) > 0 for (X,I) € Qg where
A = DiG(X°0) is an M-matriz (the off diagonal matriz of A are mon-
negative) in .

Proof. By Castillo-Chavez et al.,%? it is sufficient to show that conditions (i) and
(ii) are satisfied if Ryae < 1. From (2.1), we have
A —pBSL, — 1S — pS
1/15 - 6a1V1[u - I/2V1 - uVl
F(X,I) = , and
Vi — BaoVoly, — Vs

M, + My — uR

BSI, + parVil, + BaxVol, —nE — pk
G(X,I)= n(l —v)E — M, — 6,1, — pl,

v E — Mg —0q1q — plg

By differentiating G(X, I') with respect to I and substituting (X,0), we obtain

—(m+mp) B+ Bar VY + PasVy 0
A=1n(l-7) —(A+ 6y +p) 0 and
ny 0 —(A+6a+ )

B(S° = S(t)) + Baa (VP — Vi(t)) + Baa(Vy) — Va(t))
G(X,I) = 0
0

Clearly, A is M-matrix, é(X, I) > 0 for (X,I) € Qg Furthermore,
X0 = (SO VP, VP,0) is a g.a.s equilibrium of £ = F(X,0) (if Ryac < 1). There-
fore, the conditions (i) and (ii) are satisfied if Ryac < 1. Hence, EV is g.a.s by the
results in Castillo-Chavez et al. [32]. |
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2.2.4. Existence of unique endemic equilibrium

Let K1y =+ p, Ko=vo+pu, Ks=n+pu, Kg =X+, +p, and K5 = X+ 54 + p.
The endemic equilibrium of the system (2.1) is given by

EY = (5" Vi, V' BN L, I, RY).

The endemic equilibrium values of S*, V*, V', E*, I, I’} and R* are expressible in
terms of the equilibrium value of I as follows:

s = = A R
BL;+ K Y (B + K (Ben L + Ks)' ol —v)’
* vivaA . YKL I
V - 9 - I and
(B + K1) (BauIy + Ko)(Bao Iy + 1) ¢ (1—9)Ks
R (A1 =) K5 + MKy

(1 —y)uks

Here, I is the solution of the following cubic equation, obtained by substituting
the equilibrium values of S*, V*, V5*, E*, I*, I; and R* into the right-hand side of

s tuo

the equations from (2.1)
Li(as(L})? + as(I3)* + an I + ag) = 0, (2.7)
where
a3 = KyKyon a3,
ay = Aaya23°n(1 — v) + K1 Ksoq o870 + K1 Kz a8
+ Ko K300 + Ko Ksoo 2 i+ Kson f2np + Ko 217,
a1 = Aagaa 8 (1 — ) + KaAao82n(1 — v) + A f2nu(l — )
+ K1 Ky Ky ffn + K Ko Ky B+ K1 Kyon Snp + Ky Kyon B
+ Ko Kyfnp + Ko Kyfp®,  and
ag = K1 KoKsKypi(1 — Ryac)-
This implies
I} =0, or (2.8)
as(13)® + az(13)* + a1l + ag =0, (2.9)

The solution I;; = 0 corresponds to the disease-free equilibrium of the system 2.1
discussed in Sec. 2.2.2.
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In Eq. (2.9), az > 0, az > 0 and a; > 0. Also, ag < 0 if and only if Ry,e > 1.
Therefore, the coefficients of Eq. (2.7) and Descartes rule of signs can be applied
to conclude that the polynomial equation in (2.7) has exactly one positive root if
Ryac > 1 and has no positive root if Ryae < 1. Also, if Ryac = 1, ag = 0 and
Eq. (2.9) becomes I (az(I})? + az(I}) + a1) = 0. This equation has a solution
I = 0, which corresponds to the disease-free equilibrium, and no positive solution
since az(I})? + az(I}) + a1 = 0 has no positive solution by Descartes rule of signs.
Thus, the following result is established.

Theorem 2.5. The system (2.1) has unique positive endemic equilibrium (E*) if
and only if Ryac > 1.

In the theorem below, we will show that the infected populations E, I, and Iy
remain persistent for Ryac > 1.

Theorem 2.6. If Ry.c > 1, then the disease is uniformly persistent in the sense
that there exists an € > 0 such that for every positive solution of (2.1), the following
inequality holds:

1itminf E(t) >e, liminfl,(t) >e, and liminfI,(t) > e.

t—o0 t—o0

Proof. A theorem by Thieme?? is used to prove the uniform persistence of the
disease. Let

L=(SWV,V%R,FE I,I1;), L=(E,IL,I;),

Q=1L ERL |L; >0,i=1,...,7, where L; is the ith component of L},
Qo={LeQ|L;>0,i=5,...,7} and

P=Q/Qy={LeQ|L;=0, for somei=5,...,7}.

We will show that system (2.1) is uniformly persistent with respect to (Qq, P). Since
P contains a single equilibrium, E°, it is sufficient to show that W*(E°) N Qo = 0,
where the set W*(EY) denotes the stable manifold of the disease-free equilibrium,
E°. Suppose this is not true, then there is a solution (S, Vi, Va, R, E, I, I4) € Qo
of (2.1) such that

lim (S(t), Vi(t), Va(t), R(t), E(t), L.(t), Is(t)) = (S°, V", V3,0,0,0,0),

t—o0
0_ _A 0 __ 1 A 0 __ viva A
where 57 = S50, V' = Giriterey 204 V2 = coriSrer
Then for any & > 0, we have SO — & < S(t) < SO+ & VP — €& < Vi(t) <
VO+E VR —&<Va(t) VR +& and 0 < Li(t) <& i =5...7, for large ¢. It
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follows from the system (2.1) that

E BSIL, + Bar Vil, + BasVal,
I, | = 0
I 0
—(n+n) 0 0 E
+ | (1 =) —(A+0,+p) 0 I,
m 0 ~(A+da+p)) \la
~(+p) BS°+ Bar Vi + fasVy —I(€) 0 E
e Gl —(A+0u+p) 0 Iy
my 0 ~(A\+da+p)) \la
= J(¢)L,
where (&) = £6(1 + a1 + @), and
—(n+p) BS°+ Bar VP + BasVy 0
J0)= | n(1=7) (A + 0w + 1) 0
7y 0 —(A+ 04+ 1)

Observe that .J (0) is equal to (F —V), and has at least one eigenvalue with positive
real part if Ryac > 1.3! Since € > 0 is arbitrary, s(j (€)) is positive for small enough
& > 0, where s(A) is the largest real part of the eigenvalues of a matrix A. Therefore,
there exist solutions of the linear system

L=J(¢)L,
that grow exponentially. This is a contradiction since solutions to system (2.1) are

ultimately bounded (in ). Hence, W*(E°)NQo = 0. Using Theorem 4.6 in Ref. 33,
it can be concluded that the system (2.1) is uniformly persistent with respect to

(Qo, P). O

3. Model Validation: Case Data from Dougherty County,
GA, USA

3.1. Owutbreak data, intervention policies, and public events

We compile the Dougherty county data of daily diagnosed cases for over 14 months
from 14 March 2020 to 31 May 2021.34 The first positive case in Dougherty County
was reported on 10 March 2020.%7 Just within a few days, the virus was spread in
the community, affecting healthcare workers as well. The high burden of the hospi-
talized patients and limited resources made the situation dire, and the employees,
who tested positive without showing symptoms, were also asked to work.3® All
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public elementary, secondary, and post-secondary schools in Georgia were ordered
to be closed effective from 18 March 2020. The order for school closure was later
extended to the entire 2019-2020 school year. Effective from 23 March 2020, the
state-imposed restrictions on public gathering and enforced social distancing. Due
to the rapid increase in the reported cases, the state implemented shelter-in-place
starting from 2 April 2020, for two weeks and is later extended to 30 April 2020.
The reported cases in Dougherty County peaked on 23 March—18 April 2020 with
daily cases peaked as high as 251 (7 April 2020). This period was considered the
worst in the state and contained one of the highest per capita infections in the
entire country.59

The number of reported cases decreased after implementing restrictions such
as shelter-in-place (2 April 2020) and limitations on gatherings (14 June 2020).
But the immediate spike in the reported cases was observed after the termination
of such restriction policies, such as the end of shelter-in-place on 30 April 2020,
for adults and 14 June 2020, for seniors. The spike particularly appeared during
increased public events with gatherings and protests during May 2020, November,
2020, December 2020, and January 2021. The phase-wise vaccination in Dougherty
county started on 22 February 2021, and was made available to the general public
age 16 and older on 25 March 2021. After the initiation of vaccination, the number
of new positive cases remained at relatively low levels.

3.2. Parameter estimation

Initial Values. According to the United States Census Bureau, the population
estimate for 2019 in Dougherty county is 87,965,36-37 with a yearly estimated decay
rate of 1.42%. This implies that the population estimate for 2020 is S(0) = 86,712.
Since there were no vaccines available for the general public before 2021, the initial
number of vaccinated people is taken as zero, i.e., V1(0) = V5(0) = 0. The initial
number of diagnosed individuals is obtained from published data and is taken as
I;(0) = 6. We assume the initial number of recovered individuals is zero, i.e.,

R(0) = 0.

Parameter values. The average life expectancy of the people in Dougherty county
is 75.05 years.?® Thus, the natural death rate is p = m per day. Assuming
the steady-state level before the start of the epidemics, we set A — .Sy = 0, where
Sp is the total population before the start of the epidemic. Thus, the recruitment
75X365 =5 per day Since the average incubation period of COVID-19 is
5.2 days,!” we take n = ﬁ per day. The infected individuals either die or recover.

rate is A =

The total number of reported cases in Dougherty County between 21 March 2020
and 25 March 2021, is 6815, among which 283 died.?* Thus, the probability that a
diagnosed patient dies can be approximated as 0.042. Also, an infected individual
leaves the compartment in about 17 days on average.'” Assuming the same death
rate for both diagnosed and undiagnosed individuals, we obtain d,, = 5d =0.042 x

—7 = 0.0025, which implies the recovery rate to be A = (1 —0.042) x 1= = 0.056 per
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day. Note that taking a reduced value for the death rate of undiagnosed infected
individuals does not make any significant difference in our conclusions.

Vaccination strategy. Based on the currently implemented two-dose vaccines by
Pfizer and Moderna, we take 25 days apart (Pfizer 21 days, Moderna 28 days)
between the first and the second doses of the vaccines.?0 For the base case, we
assume that 60% of the susceptible people get the first dose of vaccine within 5
months, and 85% of the vaccinated people with the first dose will get the second
dose within 25 days of their first dose plus an additional 14 days for the vac-
cines to be fully effective. Then solving % = —115, we get 1 = —M.
With this formulation, if 60% population are vaccinated within 5 months (150
days), we require v; = 0.006. Also, for the individuals who have got first dose
of the vaccine, we assume 85% of them get second dose and become highly pro-
tected in the next within 39 days such that v, = % = 0.022. The Pfizer
mRNA vaccine shows efficacy, ranging from 52.4% to 68.5%, with the first dose
only and 92% after completing the second dose.?? Therefore, we assume that the
first dose of the vaccine provides about 65% protection, implying «; = 0.35,
and the both doses of the vaccination provide 92% of the protection, implying

oo = 0.08.

Data fitting procedure. The transmission rate (), diagnosis rate (), the initial
value of Exposed class (E(0)), and the initial value of Undiagnosed Infected class
(I,(0)) are estimated by fitting the model to daily reported cases (smoothed by
averaging weekly) in Dougherty County.* Since the number of reported cases show
a time-varying trend depending on the timing of intervention policies and public
events, we assume that two parameters, 5 = () and v = (), are time-dependent.
We then use the optimization techniques to estimate these two parameters for each
of the intervals associated with the timing of intervention policies and public events.
Specifically, we use the local optimization solver fmincon in MATLAB to find the
local minimum and the global optimization toolbox multistart, which uses several
uniformly distributed starting points. Thus, in our data fitting process, the local
solver fmincon first finds local optima representing the best fit of the model to the
data, and then the process is repeated multiple times via the multistart algorithm,
allowing a more thorough search for a global minimum.°

3.3. Model versus data

All the parameters and initial values of the state variables are provided in Table 1,
and the estimated values of 3 and ~ for each interval are provided in Table 2.

The weekly averaged data of reported cases in Dougherty County and the model
estimates for the diagnosed cases together with the major events in Dougherty
county are presented in Fig. 2. Our model fits the data well (Fig. 2), thereby
validating our model for the COVID-19 transmission dynamics in Dougherty
county.



Effects of Vaccination on the Transmission Dynamics of COVID-19 567

Table 1. The initial values of state variables and parameter values of model (2.1).

Variable Units Initial Value References
S people 86,712 36, 37
\%t people 0 41

Vo people 0 41

E people 1 Fitted
I, people 55 Fitted
Iy people 6 34

R people 0 Assumed
Parameter Units Value References
A people x day ! 3.16 38, 36, 37

-1 1

p day 75.05 X365 38

a1 NA 0.35 Assumed
g NA 0.08 Assumed
V1 day71 0.006 Assumed
v2 day71 0.022 Assumed
n day~! 0.19 17

A day ! 0.056 17

Ou day71 0.0025 Calculated
P day~! 0.0025 Calculated

Table 2. Estimated values of the transmission rate (3) and the diagnosis rate () for each interval.

Intervals B o7

3/21/2020-4/10/2020 1.14 x 10=° 0.85
4/10-6/21 1.63 x 106 0.89
6/21-7/11 8.87 x 1076 0.61
7/11-11/17 3.39 x 1076 0.86
11/17-12/14 6.22 x 106 0.28
12/14-12/28 1.36 x 106 0.33
12/28/2020-1/11/2021 3.33 x 1076 0.23
1/11-3/25 6.21 x 1077 0.32
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Fig. 2. The COVID-19 Pandemic data (weekly average in red dots) of number of daily positive
cases and the model estimation (blue curve) in Dougherty County, GA.
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4. Characteristic of Epidemic in Dougherty County
4.1. Transmission patterns

From Fig. 2, we observe that the initial surge of the COVID-19 reported cases
started to decline shortly after the implementation of intervention policies such as
school closure (started on 18 March 2020), social distancing with restriction on
the public gathering (started on 23 March 2020), and shelter-in-place (on 2 April
2020). The shelter-in-place for adults ended on 30 April 2020, but was still active
for seniors and immune-compromised people until 14 June 2020. The state-wide
protests and end of the shelter-in-place triggered the second surge of the cases in
late June and early July of 2020. The activities and gatherings related to the general
election, gatherings during festivals such as Thanksgiving and Christmas triggered
multiple surges with the all-time high number of cases towards the end of 2020. Our
estimates show that the transmission rates are high during three interval periods
(Table 2), at the beginning of March 2020, in the middle of June 2020, and towards
the end of 2020 (after November 17).

The dynamics of undiagnosed people and the total number of infectious people
in the county are presented in Fig. 3. We observe that the number of undiagnosed
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—_ ey N N (4]
(o) o (o2 o [ o
o o o o o o o
P | | I
7]
>
>,
2
>
I I

o o
v v v
@\"\ «\\\ %\»\\

2500 —
2000 — =
1000 — 9
— R ; ; . . | | | !
N
k)

Total # of infectious cases
o @
[=] o
o o

o Q Q Q Q
W W% {4 U U
\\\ \\\ \\\ /\\\\ \\\

Fig. 3. The number of daily undiagnosed cases (a) and total infectious cases (b) under no vac-
cination strategy v1 = o = 0.
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people and the number of infectious people follow similar trends as reported cases.
The highest peak of undiagnosed and infectious individuals are estimated to be 295
and 2425, respectively, at around 10 January 2021, right after the GA election with
sharp increase beginning from the general election day (3 November 2020). These
numbers are about 25 folds higher than the peaks in earlier waves on 13 April 2020,
and 11 July 2020. These results imply that events that caused public gatherings,
such as elections, protests, and festivals, contributed to the increase in infections.
After mid-January of 2021, the number of new undiagnosed cases and the total
number of infectious cases declined sharply. The phase-wise vaccinations started in
mid-February helped to decrease these numbers further.

4.2. Basic reproduction number

In Sec. 2.2, we formulated the expression for the vaccination reproduction number,
Ryvac- When v1 = 0,15 = 0, the vaccination reproduction number Ry.. reduces
to the basic reproduction number Ry, which is defined as the average number of
secondary infections produced by a typical case of an infection in a population
where everyone is susceptible. Taking the average values of the transmission rate
(8) and diagnosis rates () (weighted averages from Table 2) and other parameters
from Table 1, the value of the basic reproduction number is Ryg = 1.69. We also
compute the basic reproduction number, R, for various values of the transmission
rate () and the diagnosis rate () with all other parameters fixed at their base
value given in Table 1 (Fig. 4). We observe that a higher diagnosis rate or a lower
transmission rate provides a lower value of R as expected. For example, for a 10%
diagnosis rate and a transmission rate of 3 = 4.655 x 107%, we get R to be 6.18,
indicating the occurrence of an outbreak, while an increase of the diagnosis rate to
90% with the same transmission rate brings Ry to 0.71, indicating the disease is
under control. We found that the value of R is less than 1 for any value of ~ if the
value of 3 is less than 6.897 x 10~". This highlights the importance of intervention
policies that reduce the contacts between individuals bringing 3 below 6.897 x 10~7
to control the disease spread.

4.3. Effective reproduction number

The basic reproduction number is calculated with the assumption that the indi-
viduals in an entire community are susceptible to COVID-19. This assumption is
valid at the beginning of the epidemic since there are only a few infected individ-
uals and intervention measure such as vaccination is not implemented. However,
as time progresses, infected individuals may get immunity by infection or vacci-
nations and are no longer susceptible to the disease. Also, intervention policies
can make individuals less susceptible. Thus, a single value representing the average
number of secondary infections throughout the whole outbreak may not provide the
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complete picture of the epidemic trend. For the time-dependent change, we evalu-
ate the effective reproduction number, R;. The value of R; indicates whether the
outbreak is expanding (R, > 1) or diminishing (R, < 1) at each time point ¢. For
our model, the expression for the time varying reproduction number is given by

BN —y(#))(a1Vi(t) + a2Va(t) + 5())

F= (- O+ 1 6,)

As shown in Fig. 5, the value of R; ranges from 0.26 to 6.36. The higher values
of R; are observed after the end of restriction policies, such as the end of shelter-in-
place, and after major public events that trigger mass gatherings, such as festivals
and elections, and R; usually starts to decrease after about two weeks of those
events. The highest value of R, is observed after the general election on 3 November
2020, followed by during the major holidays. The lowest value of R; is observed
after the implementation of shelter-in-place and restriction in gathering and social
distancing. This shows that the non-pharmaceutical intervention policies, such as
shelter-in-place, restriction in gathering, school closures, were effective in lowering
the COVID-19 transmission in Dougherty county.
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Fig. 5. The effective reproduction number R: at different intervals. The horizontal green line
represents the threshold value for the disease spread. That is, Rt = 1.

5. Role of COVID-19 Vaccination

In this section, we present the impact of vaccination programs on disease dynamics.
Note that the number of reported cases in mid-March of 2020 is similar to the time
after one year when the vaccination program was initiated in Dougherty county.
Therefore, we expect that the implementation of vaccination programs on the pre-
vious year results in similar outcomes, at least qualitatively, to the year 2021. Hence
for the purpose of demonstration, we present the results with vaccination programs
implemented for the periods for which the data are considered (21 March 2020 to
25 March 2021).

5.1. Effects on reproduction numbers

As discussed in Sec. 3.2, people vaccinated with one dose and both doses may
be infected with the virus but with different rates. Here, we evaluate the effect
of various vaccination rates and transmission rates on the value of vaccination
reproduction number Rya.. In Fig. 6, we present the values of Ry, for various
vaccinations and transmission rates with all other parameters fixed at their base
values.

Our model shows that if the first dose vaccination rate (v1) is above 0.0011, Ry,
remains less than 1 (i.e., the disease does not spread) for any rate of the second
dose vaccination, v, (Fig. 6(a)). The vaccination rate for the second dose has a
lesser impact on the value of Ryac. For example, with the first dose vaccination rate
at its minimum value, v; = 1077, the value of Ry changes from 1.43 to 1.35 on
increasing value of v from 107> to 5.7 x 1072, On the other hand, with the fixed
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second dose vaccination rate at its minimum value v» = 107°, an increase of the
first dose vaccination rate from 107° to 1.9 x 10~2 can reduce the value of Ryac
from 1.43 to 0.49, where the average values of transmission and diagnosis rates
(8 = 3.4221 x 1075 and v = 0.6673) are used in the calculation that are weighted
over the length of the interval given in Table 2. As shown in Fig. 6(b), we observe
that for smaller transmission rates (8 < 2.37 x 107°), the first dose vaccination
rate (v1) is greater than 0.002 can bring the value of Ry, below unity. Nevertheless
when the transmission rate exceeds 2.64 x 1075, Ryac remains larger than unity
regardless of the value of v1, implying that the vaccination program alone may not
be sufficient to control the disease if the transmission rate is high. Therefore, at
a high-transmission scenario, the vaccination programs should be accompanied by
other non-pharmaceutical strategies that restrict contacts between people lowering
the transmission rate.

For a fixed first dose vaccination rate at 1y = 0.015, our model simulations
(Fig. 6(c)) show that if the rate of vaccination of second dose, v2, is greater than
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0.001, the value of Ry, can be brought to below unity by making the transmis-
sion rate, /3, less than 2.68 x 10~°. However, if the transmission rate, 3 is greater
than 2.68 x 1072, the value of Rya.. exceeds unity regardless of the value of v5. In
Fig. 6(d), we present Ry, for various transmission rates and the first dose vacci-
nation rate when the second dose vaccination is absent (i.e., v = 0). In this case,
the value of Ryac exceeds unity for all rates of the first dose vaccination consid-
ered if the transmission rate is higher than 6.16 x 1075, These results imply that if
the transmission rates are low (for example, 8 < 6.16 x 107%), then dropout from
the second dose vaccine may not have a significant impact on the disease spread,
but in case of a higher transmission rate, the spread may become uncontrollable
(Ryac > 1) if the second dose of the vaccines is dropped.

Next, we present the effective reproduction number for various vaccination sce-
narios. In Fig. 7, we present the plots for R; under three vaccination scenarios: no
vaccination (1 = 0,72 = 0, no vaccination), vaccination with single dose only
(1 = 0.006,2 = 0, incomplete vaccination) and vaccination with both doses
(1 = 0.006,v5 = 0.022, complete vaccination). We observe that the vaccination
reduces the value of effective reproduction number. For example, under no vacci-
nation and under incomplete vaccination, the effective reproduction number, R,
exceeds 1 in three time intervals while it exceeds 1 in only two time intervals if
the vaccination is completed. Thus, there is an additional time interval where the
disease spread if vaccination is not provided or incomplete. Also the magnitude of
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Fig. 7. The time-dependent reproduction number R without vaccination (blue curve), with one
dose (incomplete) vaccination (black curve) and both dose (complete) vaccination (red curve).
The horizontal green line indicates the threshold value for the disease spread, i.e., Rt = 1.
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the R; gets as high as 6 (11/15/2020-12/15/2020) if no vaccine is administered,
while the maximum value is, respectively, 2.5 and 2 under incomplete and complete
vaccination. This shows the magnitude of R; is reduced significantly if at least one
dose of vaccine is administered.

5.2. Effects on cases and incidence

In this section, we study the effect of vaccination in number of daily undiagnosed
cases and total number of infectious cases. We consider a slower and a faster vac-
cination strategies. Under the slower vaccination, we assume 60% of the people get
the first dose within a year and similarly under the faster vaccination, we assume
that 60% of the people get first dose within two months. In both cases, we assume
that 85% of the people who get the first dose get the second dose 25 days and
an additional 14 days for full immunity induced by the vaccine. Thus, for slower
strategy, the vaccination rates should be vy = 0.0025 and v = 0.022 and for the
faster strategy, the rates are ;1 = 0.015 and vo = 0.022. Our model predictions
for daily undiagnosed cases and the infectious cases under the three (base, slower
and faster) vaccinations with complete (both doses) and incomplete (a single dose)
vaccinations are presented in Fig. 8.

From the figure, we observe that under both complete or incomplete vaccina-
tions, the number of daily undiagnosed cases and total infectious cases show similar
trend at the initial phase of the outbreak regardless of the vaccination paces. But
these numbers are significantly higher in the later phase if the vaccination is slower
(Figs. 8(a) and 8(c)). For example, in the base case under complete vaccination,
the number of daily undiagnosed cases and the total number of infectious cases
decline to ~ zero around September 2020 (red curve Figs. 8(a) and 8(c)), while
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it takes until November 2020 under the slow vaccination strategy and these num-
bers increase again after the mid November and stay positive until March 2021
(Figs. 8(a) and 8(c)). Similarly, under complete vaccination with faster pace, these
numbers decline to zero faster, around August 2020 (see Figs. 8(a) and 8(c)). Sim-
ilarly, under the incomplete vaccination, both daily undiagnosed cases and total
infectious cases are similar until the last week of June 2020 regardless of the pace of
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vaccination (Figs. 8(b) and 8(d)). But these numbers increase significantly in later
phase compared to the complete vaccination. For example, in 8 January 2021, the
total number of daily undiagnosed and infectious cases were, respectively, 3 and
29 under complete vaccinations and slower pace while these numbers are 11 and
98 under incomplete vaccination which is about 300% increase on that date. This
implies that completion of the both doses of vaccine is crucial to lower the disease
burden.

In Fig. 9, we present the above simulations to see how a slight delay in the
start of the vaccination program impacts the transmission trend. Assuming a two
months delay in the start of the vaccination, we observe that the daily undiagnosed
cases and the total number of infectious cases increase significantly in the later
phase under both complete and incomplete vaccination strategies compared to no
delay. For example, under complete vaccination with slower pace and without delay,
the daily undiagnosed cases and total infectious cases around the first week of
July 2020 peaked to about 9 and 49 cases, respectively (Figs. 8(a) and 8(c)) while
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Fig. 9. The number of daily undiagnosed cases under complete vaccinations (a) and incomplete
vaccination (b) and infectious cases under complete vaccinations (¢) and incomplete vaccination
(d) under slow (blue dotted curve), fast (black dotted curve) and base (red dotted curve) vac-

cination strategies when the vaccination is started after two months delay of the first diagnosed
case.
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these numbers are 13 and 73 with two months delay (Figs. 9(a) and 9(c)) causing
about 44% and 62% increases, respectively, caused by the delay. Under the fast
vaccination strategy, we do not observe much difference in the trends with and
without delay in the start of vaccination. Similarly, under incomplete vaccination
with delay, the number of daily undiagnosed cases and number of infectious cases are
much higher compared to other complete and without delay strategies (Figs. 9(b)
and 9(d)). For example, under slow and incomplete vaccination without delay, the
number of daily undiagnosed and total infectious cases on 8 January 2021 are 10
and 98, respectively (Figs. 8(b) and 8(d)), while these numbers are 26 and 240 if
the vaccination is delayed (Figs. 9(b) and 9(d)). Hence, we conclude that impact
of delay is more under slower vaccination strategy. Also, in the long run, the faster
vaccination strategy is much better than other vaccination pace in both with or
without delay.

We now evaluate the incidence during the entire study period for various vac-
cination rates and transmission rates with all other parameters fixed at their base
values (Tables 1 and 2). From our model, the total incidence is given by the following
integral:

ty
Incidence = / (BSI, + Pan I, Vi + Pas L, Va)dt.
0
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Fig. 10. The total incidence for various combinations of (a) Vaccination rates (v1 and v2) (b)
Transmission rate (8) and vaccination rate (first dose, v1), (¢) Transmission rate (3) and vacci-
nation rate (second dose, v2) and (d) Transmission rate (8) and vaccination rate (first dose, v1),
when vo = 0.

Here, t = 0 represents the beginning of our study period, i.e., 21 March 2020, while
t = t; represents the total time for the entire study period, i.e., from 21 March
2020 to 25 March 2021.

As shown by our simulation results (Fig. 10(a)), the first dose vaccination rate
is more impactful in reducing the total incidence compared to the second dose. For
example, when the first dose vaccination rate is 1 = 0.0015 and the second dose
vaccination rate is vo = 0.003, the total incidence is 3746, which reduces to 1162
(about 69% reduction) if the first dose vaccination rate is increased to 0.03 keeping
the same rate for second dose vaccination. On the other hand, if the second dose
vaccination rate is increased to vo = 0.06, the total incidence reduces to only 3023
(only 20% reduction).

In Figs. 10(b) and 10(c), we show that the total incidence increases as the trans-
mission rate increases, but with a higher vaccination rate (both first and second
doses), the total incidence does not grow significantly even with a higher transmis-
sion rate. For example, if the vaccination rate is small (v; = 0.003, v = 0.022),
the total incidence for a small transmission rate (8 = 1077) is 7 while the total
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incidence for a bigger transmission rate (3 = 107°) is 53,800. But for a higher
first dose vaccination rate (11 = 0.03, v = 0.022), the total incidence for the
small transmission rate (8 = 1077) and the bigger transmission rate (3 = 107°)
are 5 and 2,231, respectively. Similarly, when the second dose vaccination rate is
low (v2 = 0.003, v; = 0.015), the total incidence for a small transmission rate
(B = 1077) is 6 while the incidence for a bigger transmission rate (3 = 107°) is
22,290. Nevertheless, when the second dose vaccination rate is high (v = 0.06), the
total incidence for the low transmission rate (8 = 10~7) is 6, while the incidence
for the higher transmission rate (8 = 107°) is 4151. Hence, the vaccination is much
more impactful when the transmission rates are higher.

In Fig. 10(d), we present the model predicted total incidence for various trans-
mission rates and the first dose vaccination rate in the absence of second dose
vaccination (vo = 0). In this case, more people are infected as expected. For exam-
ple, with a small transmission rate (3 = 10~7), the total incidence with a small first
dose vaccination rate is 7, but when the transmission rate increases to 9 x 1079,
the total incidence increases to 75,400. Similarly, when the first dose vaccination
rate is higher (1, = 0.03), the total incidence for the higher transmission rate
(8 =9x107%) is 63,470. Since the total incidence for the higher transmission rate
remains significantly high even with a higher first dose vaccine if the second dose
vaccine is not administered. Therefore, taking both doses of the vaccines is crucial
in controlling the disease via vaccination programs.

6. Conclusion

COVID-19 is a massive problem in many places, devastating almost every aspect of
human life by infecting and killing millions of people. Although the development of
effective vaccines helped to subside new cases to some extent, the emergence of new
virus strains posed a risk in many parts of the world. Also, the limited availability
of vaccines, public hesitation to vaccinations, and inability to complete the second
dose of vaccine are some other obstacles to fully return to pre-pandemic normal
state.®

In this work, we developed a novel mathematical model including two vacci-
nated compartments: vaccinated with the first dose and both doses. We thoroughly
analyzed our model for the existence, stability and persistence of the solutions
and derived expressions for reproduction numbers. We compiled the daily reported
COVID-19 case data of Dougherty County of Georgia, USA, and used the data to
estimate model parameters. We observed that the surge in the COVID-19 cases
occurred after the lifting of the restriction policies, after increasing human activi-
ties such as protests and gatherings, and public holidays. The cases declined after
the implementation of restrictions in public gatherings, social distancing, shelter-
in-places, and the start of vaccination.

Our model estimates that during the peak of the pandemic, the effective
reproduction number in the county reached as high as 6.36, and the number of
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undiagnosed cases reached about three times higher (295 per day) than the max-
imum number of reported cases (90 in a day). Our study emphasizes the need
for the completion of both doses of vaccine (if it requires two doses) to control
the disease in the low transmission scenario, but in case of the high transmission,
only vaccinations may not be enough to contain the disease. Thus, in the high-
transmission case, other intervention strategies that reduce the transmission rate
may be required. Also, a faster vaccination strategy is the best even if there is some
delay compared to the other vaccination strategies considered.

We acknowledge some limitations in our study. We considered transmission from
undiagnosed infected individuals only assuming that all diagnosed individuals are
isolated and do not transmit the disease. This may not always be the case. We did
not include the movement of people in and out of the county as surges in other
counties in the state of Georgia may have partially contributed to the surge in
Dougherty county. Inclusion of emigration or immigration in the model and the
corresponding data may better predict the outbreak. We considered the constant
vaccination rate throughout the outbreak. The extension of our model with time-
dependent vaccination rates and formulation of optimal policies would be useful.
Also, we did not consider the potential waning of vaccine immunity as the quanti-
tative understanding of the loss of vaccine immunity is limited. Incorporating the
accurate decline of vaccination immunity could provide better insight into the trend
of the outbreak in the long run.
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