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Abstract

We present a novel class of high-order space—time finite element schemes for the Poisson—Nernst—Planck (PNP) equations.
We prove that our schemes are mass conservative, positivity preserving, and unconditionally energy stable for any order of
approximation. To the best of our knowledge, this is the first class of (arbitrarily) high-order accurate schemes for the PNP
equations that simultaneously achieve all these three properties.

This is accomplished via (1) using finite elements to directly approximate the so-called entropy variable u; := U'(c;) =
log(c;) instead of the density variable c;, where U(c;) = (log(c;) — 1)c; is the corresponding entropy, and (2) using a
discontinuous Galerkin (DG) discretization in time. The entropy variable formulation, which was originally developed by
Metti et al. (2016) under the name of a log-density formulation, guarantees both positivity of densities ¢; = exp(u;) > 0 and
a continuous-in-time energy stability result. The DG in time discretization further ensures an unconditional energy stability in
the fully discrete level for any approximation order, where the lowest order case is exactly the backward Euler discretization
and in this case we recover the method of Metti et al. (2016).
© 2022 Elsevier B.V. All rights reserved.
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1. Introduction

The Poisson—Nernst—Planck (PNP) equations describe the diffusion of charged particles under the effect of an
electric field that is itself affected by these particles. This system of equations has been widely used in the modelling
of semiconductors [1] and ion channels in biology [2].

Various numerical methods with different properties have been developed for the PNP equations [3-8]. We
particularly cite the very recent schemes [9—14] that were provably positivity preserving for the particle densities and
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unconditionally energy dissipative for the free energy, among which the schemes in [9-13] are first-order accurate
in time, while the scheme in [14] is high-order accurate in time but the associated energy dissipation law is only
valid for a modified energy due to the use of the recent scalar auxiliary variable (SAV) technique [15]. To the
best of our knowledge, no provable positivity preserving and unconditionally energy dissipative scheme for the
original energy that is at least second-order accurate in time exists so far. We fill this gap by presenting a class of
arbitrarily high-order accurate space—time finite element (STFEM) schemes satisfying these properties. The major
novelty of our approach is the seamless combination of a finite element spatial discretization using the entropy
variables and a novel discontinuous Galerkin (DG) temporal discretization for the resulting differential-algebraic
(DAE) system. Our spatial discretization is the finite element scheme proposed by Metti et al. [9] that is based on
a log-density formulation, which is similar in spirit to the entropy-stable schemes based on the so-called entropy
variables for hyperbolic conservation laws and compressible flow in the CFD literatures [16—19]. The use of finite
elements to approximate the entropy variable u; = log(c;) instead of the density variable ¢; mainly serves two
purposes: (1) density ¢; := exp(u;) is guaranteed to be positive, and (2) semi-discrete energy-stability is achieved
using classical energy variational arguments. Due to the highly nonlinear nature of the resulting DAE system, it
is difficult to design a proper time stepping strategy that yields a high-order fully-discrete energy stable scheme.
As a matter of fact, only the first-order backward Euler scheme was shown to be energy stable [9]. In particular,
fully-discrete energy stability cannot be proven for the standard high-order finite-difference based time stepping
strategies like the second-order Crank—Nicolson method, the high-order BDF methods, or the diagonally implicit
Runge—Kutta methods. The key contribution of this work is the use of a variational finite-element based high-order
time stepping strategy for this DAE system, which guarantees unconditional energy stability. To achieve this, we
use an upwinding DG time integrator for the density equations combined with a novel Gauss—Radau projection
based DG integrator for the (algebraic) electrostatic potential equation. Thanks to the unconditional energy stability
result, we can adaptively select the time step size mainly by accuracy conditions. Hence we also discuss adaptive
time stepping using the classical proportional integral (PI) step size controller [20].

Since the PNP equations can be viewed as a Wasserstein gradient flow [21], we expect our STFEM scheme with
entropy variables can be applied to construct high-order positivity preserving and unconditionally energy stable
schemes for other Wasserstein gradient flow problems, like the Fokker—Planck equation and the porous medium
equation.

The rest of the paper is organized as follows. In Section 2, we first introduce the PNP equations then present the
spatial/temporal finite element discretizations and prove that they are mass conservative, positivity preserving, and
unconditionally energy dissipative. We further discuss about the nonlinear system solver via the Newton’s method
and adaptive time step size control. Numerical results are presented in Section 3. We conclude in Section 4.

2. The PNP equations and the space-time finite element schemes

2.1. PNP equations

We consider the PNP equations with N species of charged particles [22] on a bounded domain 2 C R,
d =1,2,3, with boundary 9(2:
aC,'

E:V-(D,‘C[Vﬂ,‘), i=1,2,...,N, (la)

N
— V- (€Vh) =po+ Y _ ziec;, (1b)
i=1
where ¢; is the density of the ith charged particle species, D; is the diffusion constant,

log(ci) + ~—¢
i = 10g(c; —
28 g ksT

is the chemical potential of the ith species, z; is the valence, e is the unit charge, kp is the Boltzmann constant, T
is the absolute temperature, € is the electric permittivity, ¢ is the electrostatic potential, pg is the permanent (fixed)
charge density of the system, and N is the number of charged particle species.

The PNP system (la)—(1b) is closed with the following set of initial and boundary conditions:

¢ (0, x) :cf-)(x), in {2 (Ic)
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opi  0¢
Ci_ = — =
an on
Here for simplicity, we use the homogeneous Neumann boundary condition for the charged particle densities. Other
boundary conditions will be used in our numerical experiments. Note that the electrostatic potential ¢ is determined
up to a constant due to the pure Neumann boundary condition. Following the classical convention, we select a unique
¢ by requiring

/ ¢dx =0.
Q

The PNP system (1) satisfies the following three important properties:

0, on d{2. (1d)

(i) Mass conservation:
/c;(t,x)dx:/ c?(x)dx. (2a)
¢ 2

(ii) Positivity preservation:
If c?(x) > 0, then ¢;(t, x) > 0 for any ¢ > 0. (2b)
(iii) Energy dissipation:

d

N
—E=- Dic;|Vu;|dx, 2
o ;/g ¢i|Vu;l~dx (20)

where E({c;}, ¢) = f(z (vazl(c[(log(c,') — 1)+ %@LTW(MZ) dx is the total free energy.

Remark 2.1. The above energy dissipation (2c) is obtained by a standard energy variational argument, where, in
particular, one multiplies Eq. (1a) with the test function u; = log(c;) + kZ;eTgb and integrates over the domain (2. An
immediate consequence is that such energy dissipation would fail to hold in a standard finite element discretization

where one only approximates the fields ¢; and ¢ using finite elements.

One approach to recover energy stability is to use a log-density formulation [9], where one directly discretizes
the entropy variables

u; = U'(c;) = log(cy), 3)

instead of the densities ¢;, where U(c;) := c;(log(c;) — 1) is the entropy of the ith species. In this formulation, the
species densities ¢;(u;) := exp(u;) are derived variables which are guaranteed to stay positive ¢; = exp(u;) > 0 for
any time r > 0. We point out that such entropy-variable based schemes are similar in spirit to the entropy stable
schemes using entropy variables for hyperbolic conservation laws and compressible flow [16—19].

To this end, we work with the following reformulated PNP equations (1a)—(1b):

dexp(ui) _ : ‘ o, ke
— =V. (D, exp(u;) (Vu, + kBTVd))) , (4a)
N
—V - (€V$) =po+ Y _ zieexp(u;). (4b)

i=1
2.2. Spatial discretization

Let 7, := {K} be a conforming simplicial triangulation of the domain (2. We shall use the following conforming
finite element space

VE={ve H'(Q): vix € Pu(K), VK €T}, o)

where Py (K) is the space of polynomials of degree at most k > 1 on K.
3
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The spatial discretization of our finite element scheme for Egs. (4) with initial and boundary conditions (1c¢)—(1d)

reads as follows: Find uy, 1, ...,uyn € V; and ¢, € V;, with fQ ¢, dx = 0 such that, for r > 0,
aexp(un,;)
—Cpy;dx + D, exp(up;) | Vupn,; + —V¢h -Vu;dx =0, Vv, €'V, (6a)
0 at 0 kgT
f eV, - Vyrdx — / (,00 + Zzleexp(uh ,)) Ydx =0, V¢ €V, (6b)
2 i=1

with initial conditions
up (0, x) =log(c?(x)), i=1,2,...,N.

The following results show that the semi-discrete scheme (6) satisfies the three properties (2).

Theorem 2.1.  Assume c? > 0 for all i. Then the three properties (2) are satisfied for the solution to the
semi-discrete scheme (6), where the densities c; in (2) are given explicitly as ¢; = exp(up,;).

Proof. Taking v; = 1 in (6a), we get mass conservation property (2a). Positivity property (2b) following directly
by the definition of ¢; = exp(uy ;) > 0.
Let us prove the energy dissipation property (2c). Denoting pp; = un; + 3 ¢h € V,, taking test function
= up,; in (6a) and adding, we get

N dexp(up.;) N
hi
Z/ — " dx + Z/ D; exp(u;)| V1> dx = 0.
i=1 79 ot =174
A simple calculation yields that

0 i d
f dexplni), gy = 2L / exp(uy, ) up; — 1) dx.
0 at ’ dt Jo . -

=U(up,;i)

Hence,

N
;%/ U(uh,)dx+/ Z zie 8eXP(M/”)¢ dx+Z/ D; exp(u;)|Vui)* dx = 0. (7

Taking ¢ = %/ (kgT) in Eq. (6b) and subtract the resulting expression from (7), we get

N

d

T Ent Zf D; exp(u;)| V1> dx =0
i=1 7%

where the discrete free energy

Eh = f (Z U(l/lh 1) + Z P eXp(uh 1)¢h - 2]€_T| ¢ |2 + ]CIZ_OT(ph) dx

Taking ¥ = ¢ /(kgT) in (6b), we get

€ P
/ Z—expm,)mdx - /Q (kB—TWw - kB—°T¢h) dx

Combining the above two expressions, we get

N
_ . 2
E, —/Q<§U(uh,,)+—2k V| )dx

This completes the proof of (2¢). O
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2.3. Temporal discretization

In this subsection, we discretize the differential-algebraic system (6) using a discontinuous Galerkin (DG) time
integrator of degree m > 0. The major advantage of using the DG integrator is that we can prove an unconditional
energy stability result for the fully discrete scheme for any polynomial degree m > 0 in time. To the best of our
knowledge, this is the first class of arbitrarily high-order accurate numerical schemes for the PNP equations that
are provably positive and unconditionally energy stable.

At the nth time level ", we denote the time step size as At" and the update time interval as 1" = [¢", . We
denote the space—time finite element space on the space—time slab {2 x I" as follows:

VEm — fy e HY(R x I") : vlgsn € Pe(K) @ Pu(I"), VK € Thl, ®)

The fully discrete scheme then reads as follows: for any n = 1,2, ..., find uj; € V];[m’n and ¢! € Vﬁ,m,n with
fg ¢Z_ dx = 0 such that

d exp(u} .
/ / Mvi dxdt —i—/ (exp(uﬁ’f) - exp(uZ;L—))vl{H dx
n 0 8t N ’ ’

+/ / D; exp(uy ) | Vul ; + £V¢Z - Vydxdt= 0, Vv € Vi, (9a)
mJa ’ Y kgT
N
/ / €Vl - Vi dxdt — / / <,00 + Zz,-eexpwz,i)) Pddt= 0, vy eVim, (9b)
mJa mJa P
N
/ eV, - VYT dx — / (po + Zzie exp(%:;)) y"Tdx= 0, Vy e VS, 9¢c)
o Q P
where we denote ™~ = lim, 41 £"(z, x) and ™% = lim 0 £"(2, X).

Remark 2.2. We note that the classical upwinding DG time integrator is used in (9a), and a non-standard Gauss—
Radau type projection is used in (9b)—(9c) for the temporal discretization of the Poisson equation. Recall that the
Gauss—Radau projection of order m with right endpoint for a function f on the interval /" is given as follows: find
frn € Pn(I™) such that

/ Fuhn dt = f Fondt, ey € Pra(I),
IV! I’l
[t =@,

This Gauss—Radau type projection is necessary for us to prove the unconditional energy stability of the scheme (9)
in Theorem 2.2. In particular, for the energy stability proof, we need to take test function ¢ = 9,¢;, /(kpT) € Vﬁ’mfl’”
in (9b) and ¢ = ¢Z’7/ (kgT) € th in (9c). We further note that when m = 0, the temporal discretization is simply
the following backward Euler method considered in [9]: find u), ; € th and ¢} € V,f with [ o @, dx = 0 such that

/ (exp(ae) ;) — exp(u ) vy dx—i—At”/ D exp(l ) ( Vil + 2! ) - Vi dx = 0,
2 ’ ’ 7 ' o kgT

N
/ eVey - Vi dx — / (,00 + Zzie exp(uz’i)) Ydx = 0,
2 Q

i=1
for all v; € th and ¥ € th, where we identified the space—time space Vi’o’" with the spatial space V/, and used

dexp(u}l .)
the fact that CXPB tu B

independent of time.

=0and u}} = u); = ull, for u?, € V;'"", and the integrand in the last term of (9a) is

The following results show that the fully-discrete scheme (9) satisfies a discrete version of three properties (2).

Theorem 2.2. Assume c? > 0 for all i. For any solution to the scheme (9), the following three properties holds

/exp(uﬁ:f)dx:/ exp(uZ;.l'f)dx, (10a)
Q

i)
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Ch.i = exp(uy ;) >0, (10b)
E; — E;”' =—Diss| — N}, — N}, (10c)

where the discrete energy is given by
N
El = Ul> vl 7] dx, 10d
; L(; W)+ 5 15T ) d (10d)
the (non-negative) physical dissipation term

N
Diss] ::/ /ZZD[CZ’”V/LZ’Adedt,
mJei

and the (non-negative) numerical dissipation terms N} | and N} , for the temporal discretization are given as follows

N
1 n—1,— n
N{, :=/ ZECXP@ZJ)(%,;‘L —uh‘jr)2 dx,
0n“

el — 2
N3 :—/ TG

where &', is a function between uh * and uh "~ for each i.

Proof. Again, we only need to prove the energy stability result (10c) as the other two properties are trivially
satisfied.

We follow the same proof as the semi-discrete case in Theorem 2.1. Denoting c¢j,; = exp(uy ), u,,; =
up ; + kZ;eT " e Vk’m’", and taking test function v; = uj ; in (9a), we get

/ / thhldxdt—i-/ (Chz —ch;’ +dx—|—/\ / DCZZ|V;th| dxdt = (11a)

A simple calculation yields that

BCZ i d n,— n,+
—up,; dxdt = — U(uyp,;)dxdt = Uuy ;7 )dx — Uuy")dx,
mJo Ot mdt Jg 0 ’ %) ’

where U(n) := exp(n)(n — 1). By Taylor expansion we have

1
(exp(a) — exp(b))a = U(a) — U(b) + 3 exp(§)(a — b)’

for some £ between a and b. Hence,
n, n n, n—I1,— 1 n n—1,— n
/ <Chz+ =G, P )”h Jdx = / <U(”h D - U(“h,il’ )+ 5 eXP(Sh,i)(”h,iL - uh:?—)2> dx
7]

for some &;; between u’;l,ll’ and uh mr . Combining the above two equalities and summing the terms (11a) over all
the indices i, we get

N
Z(f U(u;;;)dx—f U(qul‘)dx>+N1’"]1+Ic,¢+/ / ZDC AVl |* dxdt = 0, (11b)
2 2 '

i=

— Diceall
7D|ssh

where N7, is the following numerical dissipation term from upwinding

N
l n
Niy = /Q - 5 exp(E )i — ) dx = 0.
i=1

and the term I 4 is given as follows:

Ls _/ / " dx dt+/ (s,’}*-s;*l’ )¢;+dx
n (7

6
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with S} = Z,N | kzl;%czl + '0—0 being the source term in (9b), where we used the fact that pg, z;, kg, T are

independent of time. Next, taklng Y = 0,9y, /(kpgT) € Vk T Eq. (9b) and combining with the above term, we

get
/ / |Vl )dxdt+f / i(S“q>”)dxdt+/ (S”‘+—S”_" )¢"+dx
mJo ot ZkBT h 0 at h¥h 2 h g "

n,—,2 n,4,2 n,— ,n,— n—1,— ;n,+

= |-5—= v SpmgpT =St ) d

/{)( 2k T| ¢h | +2k T| ¢h |+ h ¢h h ¢h > X

n— ,n.— n,—2 n—1,—

= (srop v v - \Y

/Q<h¢h ~ SV IV 9O - Ve |>
n—1,— n—1,—\ ,n,

+/ <2kBTV¢h — (S e, +) dx
=0 by (9¢).

_ n,—,2 n—1,— 2_ n—1,—
—/ <2k IV S V@ - O - S v |)

n,—

where the last step is again due to (9¢) by taking the test function ¥ = ¢’
with the equality (11b), we finally get

/(kgT). Combining the above expression

Ej + N}, + N3, + Diss, = E; ",

where we used the definition of the energy Ej and the numerical dissipation term Ny, from Theorem 2.2. This
completes the proof. [J

Remark 2.3. Our proposed scheme (9) can be also applied to the variable coefficient case to achieve all the three
properties in Theorem 2.2. For example, by multiplying all the spatial integrals in 2.2 with a coefficient A(x) > 0,
we immediately get a positive and unconditionally energy stable scheme for the following PNP system with a
variable (possibly discontinuous) A(x):

ac;
Aa—c =V .(ADic;Vu), i=1,2,...,N, (12a)
N
— V- (AeVp) =A(py + Zziec,-). (12b)

i=1

In this case, all the integrals in (10) shall be weighted by the cross-section A(x).

Remark 2.4. While we only proved the energy stability result (10c) for the PNP model with homogeneous
Neumann boundary conditions (1d), similar results hold when we replace the Neumann boundary condition for the
electrostatic potential ¢ by a Dirichlet or Robin-type boundary condition with minor modifications. For example, if
the following homogeneous Robin-type boundary condition for the electrostatic potential is to be used with « > 0:

B
e—¢ +a¢p =0, ondf?, (13)
on

we do not need the compatibility condition |, o®dx = 0 anymore as ¢ is uniquely determined, instead, we
need to add a boundary mass term fa o @Pn¥r ds to Eq. (6b) in the semi-discrete scheme (6), and add the term
Jin Jy0 @) ¥ dsdt to Eq. (9b) and [, , ¢y~ ¢ ds to (9¢) in the fully discrete scheme (9) to reflect the Robin-
type boundary condition (13). In this case, the energy stability result (10c) would still hold with an additional
(non-negative) boundary term fa o ﬁ(qﬁh’_)z ds in the discrete energy (10d), and an additional boundary term
/i 20 ﬁ(q&Z”L - (pz_]’_)z ds in the numerical dissipation term N3 ,, essentially following the same arguments in
the proof of Theorem 2.2.
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2.4. Nonlinear system solver and adaptive time stepping

We use Newton’s method to solve the fully discrete nonlinear system (9). A sparse direct solver is used for the
linear algebraic systems in each Newton’s iteration. The Newton’s iteration is stopped when the relative error of
the energy (10d) is reduced by a factor of 1073,

One main advantage of unconditionally energy stable schemes with arbitrary order is that they can be easily
implemented with an adaptive time stepping strategy so that the time step is dictated only by accuracy rather than
by stability as with conditionally stable schemes. Here we use the classical PI step size control algorithm [20]:
given a previous time step size Ar"~!, the next time step size At" is proposed as

tol K €n—1 K n—1 n . n—1
Attemp =\ At ’ A" = mln{Attempv emaxA[ s A[max}v (14)
€n €n
where rol is a prescribed error tolerance, Aty is a user defined maximum allowed time step size, and
n n,lo
n_ |En = fh (15)
Ej

is the error estimator based on the relative error in energy between the scheme (9) (with temporal order m > 1)
and a companion (temporal) low-order scheme (with m = 0) with the same spatial discretization, and we use the
following parameters suggested in [20]:

Kp=0.13, K;=1/15, 6nx=2, p=12.

We reject the proposed At" in (14) if either the Newton iteration did not converge or the target tolerance is violated
(e" > ptol). In this case, we halve the time step size by setting Ar" := 0.5At"~! and redo the computation.

Remark 2.5. We note that while the convergence of the above Newton’s method for the nonlinear system (9) is
not theoretically guaranteed, this adaptive time stepping strategy works quite well in practice; see Figs. 5 and 9 for
the Newton iteration counts. Specifically in these figures, we observe that the average number of iteration counts is
about 3—4, and there are only a few locations (around time ¢ = 240) where the iteration counts are greater than 4.

Assuming sufficiently close initial guess to the true solution and/or sufficiently small time step size, the Newton’s
method is expected to converge. But quantifying the convergence property of the Newton’s algorithm is a highly
nontrivial task, which we do not investigate in this work. In this direction, we mention the work [23] which
investigated a Newton solver of the backward Euler scheme [9]. In particular, in [23, Theorem 3.2], the authors
proved the well-posedness of a linearized PNP system when the domain is convex and the mesh is sufficiently
refined. However the convergence of the Newton’s algorithm was not theoretically proven therein.

3. Numerics

In this section, we present several numerical examples to validate our theoretical results in the previous section.
Our numerical simulations are performed using the open-source finite-element software NGSolve [24], https://n
gsolve.org/. In particular, NGSolve’s add-on library ngxfem, https://github.com/ngsxfem/ngsxfem, is used in the
implementation of the space—time finite element scheme (9). In all the examples, we choose the initial guess for
the Newton’s algorithm to be the solution at previous time level.

Example 1

(Accuracy test) We first use a manufactured solution example to test the accuracy of the scheme (9). We consider
the PNP equations (1) with N =2,z =1,z = —1,e =kg =T = D = D, = € = 1. The computational domain
is a unit square, and we take source terms such that the smooth exact solution is

ci(t, x, y) =1 4+ 0.5sin(¢) sin( x) sin(wy),
c(t, x, y) =1 — 0.55sin(z) sin(w x) sin(wy), (16)
¢(t, x, y) =sin(¢) sin(mrx) sin(ry).
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Table 1

Example 1. L2-errors at time ¢ = 1 for the methods (9) with k = m on a sequence of uniformly refined meshes. Time step

size At =2h.

k=m 1/h L%-err in ”;I. Rate L?-err in u,zl Rate L%-err in ¢,2l Rate
8 5.228e—03 - 1.362e—02 - 2.140e—02 -

| 16 1.473e—03 1.828 3.821e—03 1.834 5.461e—03 1.970
32 3.923e—04 1.908 1.000e—03 1.934 1.374e—03 1.991
64 1.016e—04 1.950 2.552e—04 1.970 3.442e—-04 1.997
8 1.218e—04 - 2.615e—04 - 1.999¢—04 -

) 16 1.407e—05 3.113 1.928e—05 3.762 1.762e—05 3.504
32 1.702e—06 3.048 1.782e—06 3.435 1.869¢—06 3.237
64 2.106e—07 3.014 1.992e—07 3.162 2.215e—07 3.077
8 9.026e—06 - 1.980e—05 - 1.809e—05 -

3 16 4.813e—07 4229 1.115e—06 4.151 1.083e—06 4.062
32 2.768e—08 4.120 6.665¢—08 4.064 6.651e—08 4.025
64 1.675e—09 4.047 3.990e—09 4.062 4.122e—09 4.012

We use homogeneous Dirichlet boundary conditions on uy, u, and ¢.

We apply the space—time finite element scheme (9) with k =m =1, k =m =2, and k = m = 3 on a sequence
of uniformly refined triangular meshes. We take uniform time step size At = 2h, where h is the mesh size. The
Newton’s method converges within 3—4 iterations for all the cases. The L?-errors at time ¢ = 1 are recorded in
Table 1. Clearly, we observe the expected (k + 1)-th order of convergence for all the variables for the scheme (9)
using polynomials of degree k = m.

Example 2

(One-dimensional problem with discontinuous coefficients) Here we solve a two-component (N = 2) one-
dimensional system (12) with variable discontinuous coefficients. The domain is {2 = [—28, 25], and we use the
homogeneous Dirichlet boundary conditions

d(x)=u;(x) =u(x) =0 Vxeaf?
and initial condition

u1(0, x) = uy(0,x) = 0.
We use the following set of parameters:

kB =T =e= 1,Z1 = 1,Z2=—],D1 = 1,D2=]0383,

—05x -7 if —28 <x < —18,
2 if —18<x < -5,
0.5 if —5<x <10,
0.9x — 8.5 if 10 < x < 25,

47448 if —5<x < —10,

A = 7r?, with r(x) =

€lx) = 189.79 elsewhere,
=300 ifxe(-2,-1)NO, 1HUE,3)U&,5U®6,7),
po(x) = 0 elsewhere.
We apply the second-order scheme (9) with polynomial degree k = m = 1, and take the initial time stepsize as
At' = 107*. The adaptive time stepping algorithm (14) is used where the companion low order scheme takes
k = 1 and m = 0 on the same mesh. For the two user defined parameters in (14), we take tol = 1073, and

2 if t < 250,

At, = . The simulation is terminated when relative error in the energy in two consecutive
max 200 if £ > 250. &y

9
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Time: 1.500e-03 Time: 2.004e+01 Time: 1.000e+02 Time: 2.404e+02
0 o 0 0
-100 _100 -50 ~10
-200
200 -100+ -
-300 20
—400 -300 150 -30
-500 {400 L ]
200 _40
-600
500 1250
-700 -50
-600 L ]
—-800 300 —60
-28-18 -5 10 25 -28 -18 -5 10 25 -28 -18 -5 10 25 -28-18 -5 10 25
Time: 3.006e+02 Time: 5.410e+02 Time: 8.604e+02 Time: 1.460e+03
0 V] 0 0
-1 -1 -1
-2
-2 -2 -2
-4
-3 -31 -3
-6 -4 -4 -4
-8 -5 -5 -5
-28 -18 -5 10 25 -28 -18 -5 10 25 -28 -18 -5 10 25 -28 -18 -5 10 25

Fig. 1. Example 2. Electrostatic potential ¢ at different times obtained with the scheme (9) with k =m = 1 on a uniform mesh with mesh
size h = 1/128.

Table 2
Example 2. Initial and final energy, and total number of time steps to reach the steady state for the
scheme (9) with k =m =1 and adaptive time stepping (14) on different meshes.

Mesh size h 1/16 1/32 1/64 1/128
Initial energy 387788.75 387798.52 387800.97 387801.58
Final energy —3023.3435 —3022.3990 —3022.1619 —3022.1025
Total time steps 206 208 210 210

time steps is less than 10713,

Er —E!

<1078,
Ej

which indicates a steady state is reached. We find the steady state is reached around time ¢ = 1400.

This problem is very challenging to solve as ¢; = exp(uy) stays near zero for x € (=5, 10) for an extended
period of time. Typical solutions at different times are shown in Figs. 1-3, which is obtained by the scheme (9) on
a very fine uniform mesh with mesh size # = 1/128. It is clear from Fig. 3 that ¢, = exp(u;) stays positive and
below exp(—50) ~ 2 x 10722 for x € (=5, 10) and ¢ € (20, 240), which can be as small as exp(—150) &~ 7 x 10766
at around time r = 100. A non positivity preserving scheme may easily lead to a negative density c;, hence an
early termination of the code using such scheme due to the need to evaluate log(c,).

The initial and final energy, along with the total number of time steps to reach the steady state is recorded in
Table 2 for four consecutively refined (uniform) meshes. We clearly observe a convergence in the energies as the
mesh is refined. Moreover, the total number of time steps to reach the steady state is similar on all four meshes.

We plot in Fig. 4 the energy evolution over time on the four meshes, along with the evolution of the dissipation
rates

El—E!

YR and Diss) / At",
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Time: 1.500e-03 6 Time: 2.004e+01 Time: 1.000e+02 s Time: 2.404e+02
6 r
0.0 1T
4 4 a
-0.5
2
2 2]
-1.0
0 o
-15 01
-2 -2
-2.0 -2
-28-18 -5 10 25 -28-18 -5 10 25 -28-18 -5 10 25 -28 -18 -5 10 25
6 Time: 3.006e+02 Time: 5.410e+02 Time: 8.604e+02 Time: 1.460e+03
5 5 5 5
4
4 a4 4
3
3 3 34
2
1 2 2 2+
o 1 1 1
-1
1] 0 04
-28 -18 -5 10 25 -28 -18 -5 10 25 -28 -18 -5 10 25 -28 -18 -5 10 25

Fig. 2. Example 2. Logarithmic density u; = log(c;) at different times obtained with the scheme (9) with k =m =1 on a uniform mesh
with mesh size h = 1/128.

Time: 1.500e-03 Time: 2.004e+01 Time: 1.000e+02 Time: 2.404e+02
V] V] 0
1.75] r
-20
1.50 _20 -101
-40
1.251 -201
1.00 40 60
_80 -301
0.751
-60 ~100 —40
0.50
| -120 -50
0.25 80
- -140
0.00+ MY —60
160
-28-18 -5 10 25 -28-18 -5 10 25 -28-18 -5 10 25 -28-18 -5 10 25
Time: 3.006e+02 Time: 5.410e+02 Time: 8.604e+02 Time: 1.460e+03
0 o o 0
-2 -1 -1 -1
-4 -2 -2 -2+
B -3 -3 -3
-84
-4 -4 -4
-101
-5 -5 =54
-121
-6
-28 -18 -5 10 25 -28 -18 -5 10 25 -28 -18 -5 10 25 -28 -18 -5 10 25

Fig. 3. Example 2. Logarithmic density uy = log(c;) at different times obtained with the scheme (9) with k =m =1 on a uniform mesh
with mesh size h = 1/128.
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Total Energy: Ej, Dissipation Rate: (E] ! — EJ)/At" Physical Dissipation Rate: Diss}/At"
400000 10° 106
—=— h=1/16 —=— h=1/16
350000 —— h=1/32 —— h=1/32
—— h=1/64 10° —— h=1/64
300000 —— h=1/128 —— h=1/128
250000 10°
200000
103
150000
100000 10°°
50000
10~°
(1]
0 240 500 1000 1400 0 240 500 1000 1400 0 240 500 1000 1400
Time Time Time

Fig. 4. Example 2. The evolution of energy and dissipation rates over time on the four meshes.

Time Step Size: At Error Estimator: |(Ej, — EJ°)/Ep| Number of Newton iterations
1021 —— h=1/16 7
10-4 —— h=1/32
1014 —— h=1/64 6
—— h=1/128

100 10-¢

1 5
10714 108

4

10—2 4

—— h=1/16 | 107%

10-3/ —— h=1/32 3
—— h=1/64 10-12

1074/ —— h=1/128 2

0 240 500 1000 1400 0 240 500 1000 1400 0 240 500 1000 1400
Time Time Time

Fig. 5. Example 2. The evolution of time step size At", error estimator ¢", and Newton iteration number over time on the four meshes.

The results in Fig. 4 numerically confirmed the energy stability result in Theorem 2.2. Moreover, the energy and
dissipation rate evolution are very similar on the four meshes, and we also observe that the computed dissipation
rate (E,'f_1 — E})/ At" is very close to and slightly larger than the physical dissipation rate Diss;, /A", which is
again consistent with the equality (10c) in Theorem 2.2.

Finally we plot in Fig. 5 the evolution of the time step size, the error estimator ¢" = |(E} — E,”l’l”)/ E} ‘, and the
number of Newton iterations. Again, the results on the four meshes are very similar to each other, and the average
number of Newton iterations is about 3 —4. In particular, we observe that the time step size gradually increases from
At = 107% to At = Atyax = 2 till time ¢ = 14, then it stays at Aty = 2 for a period of time till around ¢ = 235,
where a few drops in time step size occur from ¢ = 235 to t = 243 due to a relative large error ¢". Afterwards, At
gradually increases to Afmax = 200. The advantage of adaptive time stepping is also clearly illustrated in Fig. 5 as
a scheme with a uniform time step size At = At! = 10~* would need about 1.4 x 107 time steps to converge to
steady state, while our adaptive time stepping scheme only needs about 200 time steps as shown in Table 2.

Example 3

(Two-dimensional problem with discontinuous coefficients) Here we solve a problem similar to Example 2 on
a two-dimensional geometry. The computational domain is shown in Fig. 6. We solve the variable-coefficient PNP
equations (12) on the domain 2 using the same set of parameters as in Example 2, with the only exception
that the cross-section term is taken to be A(x) = mr(x) to take into account the 2D geometry. Homogeneous
Dirichlet boundary conditions are imposed on the left and right boundaries segments O A and P F, and homogeneous
Neumann boundary conditions are imposed on the rest of the domain boundary.

12
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C
D

(0]

Fig. 6. Example 3. Computational domain {2 (polygon). Coordinates for the vertices: A : (—=28,7), B : (—18,2), C : (=5,2), D : (-=5,0.5),
E :(10,0.5), F :(25,14), O : (—28,0), P : (25,0).

Time: 1.500e-03 Time: 2.119e+01 Time: 1.012e+02 Time: 2.412e+02
V] V] 0
1.751
-20
1.501
-20 —40 -201
1.251
-60
1.00 _a0 _40
-80
0.754
-100
0.504 -60 —60-
12
0.25 0
-140
0.00 AT -80 . _g0
-160
-28-18 -5 10 25 -28-18 -5 10 25 -28-18 -5 10 25 -28-18 -5 10 25
Time: 3.009e+02 Time: 5.643e+02 Time: 8.808e+02 Time: 1.481e+03
0 o o 0
-5 -1 -1 -1
-101 -2 -2 -2
-151 -3 -3 -3
—-20 -4 -4 -4
-25 -5 -5 =51
-30- -6
-28 -18 -5 10 25 -28 -18 -5 10 25 -28 -18 -5 10 25 -28 -18 -5 10 25

Fig. 7. Example 3. Logarithmic density uy = log(cz) along cut line y = 0 at different times obtained with the scheme (9) with k =m =1
on a uniform unstructured mesh with mesh size h = 1/32 (4.43 x 10° triangular elements).

The same second-order scheme (9) with polynomial degree k = m = 1 and adaptive time stepping (14) is used
here on three uniform unstructured meshes. The coarse mesh with mesh size 4 = 1/16 has 1.10 x 10° elements
which leads to a total of 3.37 x 10° degrees of freedom (DOFs). The medium mesh with mesh size h = 1/32
has 4.43 x 10° elements which leads to a total of 1.34 x 10® DOFs. The fine mesh with mesh size 4 = 1/64 has
1.77 x 10% elements which leads to a total of 5.34 x 10 DOFs. We use this example to show the performance of
our method in a challenging two-dimensional problem with variable coefficient and complex geometry.

The computational results are very similar to the 1D case in Example 2. Hence, we only present in Fig. 7 the
evolution of u; = log(cy) at different times along the centre cut line y = 0. In particular, we still observe that
¢y = exp(u,) stays near zero for x € (—5, 10) for an extended period of time.

We present in Table 3 the initial and final energy and the total number of time steps to reach the steady state, in
Fig. 8 the energy evolution and the evolution of the dissipation rates, and in Fig. 9 the evolution of the time step
size, the error estimator and the number of Newton iterations. Again, all the results are very similar to the 1D case
in Example 2.

13
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Table 3

Computer Methods in Applied Mechanics and Engineering 395 (2022) 115031

Example 3. Initial and final energy, and total number of time steps to reach the

steady state for the scheme (9) with k =m =1

different meshes.

and adaptive time stepping (14) on

Mesh size h 1/16 1/32 1/64

Initial energy 402624.10 395346.31 391737.06
Final energy —2918.1776 —2969.7288 —2995.4971
Total time steps 216 213 212

Total Energy: Ej

Dissipation Rate: (E] ! — EJ)/At"

Physical Dissipation Rate: Dissj/At"
6 |

106
400000 —=— h=1/16 —=— h=1/16
—— h=1/32 —— h=1/32
350000 h=1/64 10° —— h=1/64
300000
10°
250000
200000 10-3
150000
107°
100000
50000 10~°
0 + + +
0 240 500 1000 1400 0 240 500 1000 1400 0 240 500 1000 1400
Time Time Time
Fig. 8. Example 3. The evolution of energy and dissipation rates over time on the four meshes.
Time Step Size: At Error Estimator: |(Ej, — EJ°)/Ep| Number of Newton iterations
_3 7
102 10
1011 10°5 6
10°4 10-7 5
-1 4
10 10-°
-2 ] 3
10 10-1
10-3/ —=— h=1/16 2
—— h=1/32 | 1913
10-4 1 —— h=1/64 1
0 240 500 1000 1400 0 240 500 1000 1400 0 240 500 1000 1400
Time Time Time

Fig. 9. Example 3. The evolution of time step size At", error estimator ¢”, and Newton iteration number over time on the four meshes.

4. Conclusion

We presented a novel class of high-order accurate, positivity preserving, and unconditionally energy stable space—

time finite element schemes for the PNP equations based on discretizing the entropy variables associated to the

densities. To the best of our knowledge, this is the first class of arbitrarily high-order accurate schemes for PNP

equations that is both positivity preserving and unconditionally energy stable.

Our ongoing work consists of extending the STFEM framework to design positivity preserving and uncondition-

ally energy stable schemes for other Wasserstein gradient flow problems, and their coupling with incompressible

flows like electrokinetic problems. We are also planning to investigate on alternative finite element discretizations,

efficient linear system solvers, and more computationally efficient temporal discretizations for the PNP equations

in the future.
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