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Abstract

High-order entropy-stable discontinuous Galerkin methods for the compressible Euler and Navier-Stokes
equations require the positivity of thermodynamic quantities in order to guarantee their well-posedness. In
this work, we introduce a positivity limiting strategy for entropy-stable discontinuous Galerkin discretizations
constructed by blending high order solutions with a low order positivity-preserving discretization. The
proposed low order discretization is semi-discretely entropy stable, and the proposed limiting strategy is
positivity preserving for the compressible Euler and Navier-Stokes equations. Numerical experiments confirm
the high order accuracy and robustness of the proposed strategy.

1. Introduction

Computational fluid dynamics simulations increasingly require higher resolutions for a variety of applica-
tions [1]. For certain flows, high order accurate numerical methods are more accurate per degree of freedom
compared to low order methods, and provide one avenue towards high accuracy while retaining reasonable
efficiency [2]. This paper focuses on high order discontinuous Galerkin (DG) methods, which are suitable
for convection dominated problems and admit relatively simple and efficient implementations due to the
locality of many operations [3].

Unfortunately, high-order DG methods typically suffer from stability issues in the presence of under-
resolved solution features. High-order entropy stable DG (ESDG) discretizations of the compressible Euler
and Navier-Stokes equations provide one method of addressing such stability issues while retaining high
order accuracy. ESDG discretizations satisfy a semi-discrete balance of entropy and remain robust even in
the absence of additional stabilization, filtering, or artificial viscosity [4, 5, 6, 7, 8, 9, 10]. However, while
entropy stable schemes require the positivity of thermodynamic quantities such as density and pressure,
such schemes do not enforce positivity over the course of a simulation. This paper focuses on techniques to
enforce positivity while retaining beneficial properties of high order ESDG schemes.

Positivity-preserving limiters have been widely employed for several decades [11, 12], and a variety of
limited numerical schemes have been applied both to the compressible Euler [13, 14] and compressible
Navier-Stokes equations [15]. While a comprehensive review of limiting strategies is outside of the scope
of this paper, it is worth reviewing several relevant limiting techniques to provide context for the strategy
introduced in this paper.

One popular class of limiting strategies are algebraic flux-correction (AFC) schemes (see for example
Kuzmin et al. [15, 16, 17, 18]). The underlying low-order method is a generalization of the local Lax-
Friedrichs (LLF) method to nodal finite element discretizations. Guermond and Popov [19] showed that
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this low order scheme ensures preservation of invariant domains if the artificial “graph viscosity” coefficient
is chosen to be sufficiently large. When combined with the convex-limiting framework (a generalization of
algebraic flux correction) this robust low order discretization can be used to construct limited solutions which
are second-order accurate and invariant domain preserving (implying positivity) [20, 21]. This framework
has also been extended to the compressible Navier-Stokes equations [22] using an operator splitting approach
and appropriate discretization of the parabolic terms.

For high order DG schemes, Zhang, Shu, and colleagues introduced simple and effective positivity-
preserving scaling limiters for systems of conservation laws [23, 24]. These limiters have been extended to
advection-diffusion problems and the compressible Navier-Stokes equations as well [25, 26, 27, 28], and are
often paired with additional shock capturing techniques, such as TVD limiting or artificial viscosity.

The limiting strategy used in this paper essentially combines an AFC-type low order scheme and a Zhang-
Shu scaling limiter on each element. This limiting strategy is similar to the use of sub-cell finite volume
limiting schemes for high order DG methods [29, 30, 31, 32, 33], and most closely resembles the limiting
approaches introduced in [32, 33]. Our approach generalizes these approaches to the compressible Navier-
Stokes equations using techniques from [26]. We also extend the construction of sparse summation-by-parts
operators on quadrilateral elements in [34] to triangular elements.

We briefly note some ways in which the limiting strategy introduced in this paper differs from strategies
introduced in recent works such as [22, 34, 35, 36]. First, we treat the parabolic terms fully explicitly, while
[22, 36] treat the parabolic terms using an implicit-explicit operator splitting. As a result, the spatial reso-
lution of the method in this paper is limited by a parabolic CFL condition. However, numerical experiments
suggest that this approach can still produce meaningful results when the viscous regime is under-resolved.
Secondly, while a local minimum entropy principle is imposed in [22, 34, 35, 36], we impose limiting on the
density and pressure. The motivation for this is that the minimum entropy principle is consistent with the
compressible Euler equations but not the compressible Navier-Stokes equations.

The outline of the paper is as follows: Section 2 reviews the compressible Euler and Navier-Stokes
equations and the notations used in the paper. Section 3 presents the discrete operators in our proposed
discretizations, and Section 4 reviews high order nodal entropy stable discontinuous Galerkin discretizations.
In Section 5, we introduce the low order positivity preserving discretization. In Section 6 we present the
elementwise limiting strategy. In Section 7, we introduce the time discretization used, and in Section 8,
we provide various numerical experiments in 1D and 2D to verify the convergence and robustness of the
proposed limiting strategy. Finally we summarize our work in Section 9.

2. Background knowledge

In this work, we focus on the compressible Euler and Navier-Stokes equations in two space-dimensions.
The theoretical contributions of this paper are straightforward to extend to three dimensions.

2.1. Governing equations

The two-dimensional compressible Navier-Stokes equations in conservative form are given by:
du aff G ofy
BN o
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where u, f}, fV denote the vector of conservative variables, inviscid fluxes, and viscous fluxes respectively.
We follow [37] and write the nondimensional compressible Navier-Stokes equation in 2D as:
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Here, p,u,v, E denote the density, velocity in the x,y directions, and total mechanical energy respectively.
In this work, we assume an ideal gas closure, such that the pressure p and the temperature T are given by
the equations of state:

p=(vy—1)pe, e=c,T,
where e is the specific internal energy, and ¢,, v, k, 4 are specific heat capacity, ratio of specific heats, heat
conductivity, and dynamic viscosity respectively. Re, the Reynolds number, and Pr, the Prandtl number,

are dimensionless quantities. The relation between the total energy and the specific internal energy is given
by:

1 2 2
E = pe + 2p(u + v )

The nondimensional compressible Navier-Stokes equations are equivalent to the conservative form (1)
through a scaling of physical parameters [37]. In this work, we assume all parameters to refer to their
nondimensionalized quantities. The compressible Euler equations are a special case of the compressible
Navier-Stokes equations with Re — co. In other words, the compressible Euler equations describe com-
pressible fluids with zero viscosity and thermal conductivity.

The admissible set of the compressible Euler and Navier-Stokes equations is the set of conservative vari-
ables with positive density and specific internal energy. We can write this admissible set as the intersection
of superlevel sets of concave functions:

A={u=(p,pu, B) | p(u) > 0,pe(u) >0} =[] {u|p(w)>po}N{u|pe(u) > poco}. (3)

Physically meaningful solutions to (1) lie in this admissible set, which is a convex set for both sets of
equations [26]. From [38, 39, 40, 41], solutions to the compressible Euler equations lie in the admissible
set under appropriate regularity assumptions. While we are not aware of similar theoretical results for
solutions of the compressible Navier-Stokes equations, we follow works such as [42, 22] which assume that
such solutions are consistent with positivity of thermodynamic quantities. The focus of this work is to limit
discretely entropy-stable discontinuous Galerkin methods so that the limited solution at each time step
remains in A.

2.2. Entropy variables and the symmetrization of viscous fluxes

Both compressible Euler and Navier-Stokes equations admit a mathematical entropy balance with respect
to a convex scalar mathematical entropy

___ps
n(u) = o

where s = log (p%) denotes the physical entropy [43]. Entropy variables are then defined as the derivative

of the mathematical entropy with respect to the conservative variables. The mappings between the entropy
variables v and the conservative variables w are given by

pe(y+1=8)-E u v _1
e e e

v(u)=[v1 vy vz w= [ pe

'U2 'U2
u(v) = {7(;)6)1;4 pevy  pevs  pe (1 - 22143” .

The internal energy and physical entropy can also be expressed in terms of entropy variables

o v =1 1/(V_1)e*ﬁ ey +v§—|—v§
pe = (71}4)7 ’ =7 1 2’04 .
It was shown in [43] that the entropy variables symmetrize the viscous fluxes in the following sense

ofy | ofy _ _9 v AN v v
o + oy —V-(KV'U)—ax K118m+K128y +8y K218x+K223y ; (4)
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where K;; are blocks of a symmetric positive semi-definite matrix K

K — |:K11 K12}

Ky Ko

2.3. On notation

We follow the notation convention introduced in [6]. Vector and matrix quantities are denoted using lower
and upper case bold fonts respectively (for example, A and u). Spatially discrete quantities are written in
bold sans serif font (for example, x). For clarity, continuous real functions evaluated over spatially discrete
quantities are taken to mean point-wise evaluations. For example,

T u(:cl)
, u:R—R, u(x) =

For systems of conservation laws, there are multiple scalar components. When A € R™*™ u € R™" we
abuse notation and adopt the convention that Au is the Kronecker product (A & I,,)u [10].

In this paper, we will adopt the lexicographical ordering of nodes and basis functions, so that a multi-
index is replaced by a lexicographical single index for clarity of notation. We will use a number subscript
Ai,A; or a letter subscript A, A interchangeably to indicate the coordinates of discrete operators. This
work will present the theory on the reference element D and ignore the involving geometric terms for clarity
of notation. We refer readers to [4, 44, 45] for the extension of high order ESDG schemes to mapped elements
and curved meshes. The extension of positivity preserving schemes to curved meshes follows the approach
in [34], and is expanded on in more detail in Appendix A.

3. Discrete operators

We denote the computational domain by Q@ C R2. We discretize the domain using non-overlapping
quadrilateral or triangular elements D¥. We assume for now that each physical element is the images of the
reference element D through an affine mapping ®*(r, s), such that geometric change-of-variable factors are
constant on each element. The extension to curvilinear meshes is briefly described in Appendix A.

3.1. Multidimensional Summation-By-Parts operators

The construction of both the high and low order numerical schemes in this work relies on summation-
by-parts (SBP) operators [46, 47]. In this work, we focus on diagonal-norm SBP operators, which can be
interpreted as differentiation matrices weighted by diagonal mass matrices. FEach SBP operator is induced
by an appropriate volume quadrature rule (r,w). We assume these quadrature rules contain identically
distributed surface points on each face, and that these surface points correspond to a separate surface
quadrature rule (r/, wf). We denote the number of collocated nodes by N,, and the number of surface
quadrature points by IN. Moreover, we require positivity of both volume and surface quadrature weights
and assume that the volume and surface quadrature rules are exact for polynomials of degree 2N — 1 and
2N respectively.

Figure 1 illustrates the SBP quadrature points on a tensor product and a simplicial reference element.
A degree N SBP quadrature on tensor product elements is simply the tensor product of (N + 1)-point
Gauss-Lobatto quadratures, and the surface quadrature rule on simplicial elements is the (N + 1)-point
Gauss-Lobatto rule.

We can now introduce the relevant SBP matrix operators. First, we define the lumped mass matrix in
terms of SBP quadrature weights:

w,

WnN,
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Figure 1: SBP quadrature rules

Next, we introduce SBP differentiation matrices by Q,., Q, and nodal differentiation matrices D, = M'Q,,
D, = M 'Q,. These differentiation matrices satisfy high order accuracy conditions: let u denote the vector
containing nodal values u(x;) for some degree N polynomial u(x). Then, D,, Dy satisfy
ou ou
(Dru)i = E R (Dsu)z— = % . .

r=r; S;

We note that these operators can be constructed directly using a Lagrange polynomial basis on quadrilateral
elements. On triangular elements, we construct nodal SBP operators using Theorem 3.1 of [48].

A key property of SBP operators involves the relationship between the differentiation matrices and
surface matrices. We first introduce E as the extrapolation (or face extraction) matrix from the volume
quadrature points to the surface quadrature points. Since we assume the SBP quadrature includes the
surface quadrature points, the extrapolation matrix is a matrix of size Né x N, with entries either 0 or 1.
Next, we introduce boundary integration matrices of size Nrf) X NIf)

5 £
wlnT-J wln‘g’]

Br = - ; Bs = - )
w f'?l f w f’;i f
Np r,Np Np s,Np

where n,.,ns are components of outward normal vectors of the reference element. Finally, we note that
SBP operators Q (e.g. the differentiation matrices weighted by the lumped mass matrix) satisfy the SBP

property:

Q. +Q =E'B,E, Q.+Q =E"B.E. (5)
The SBP property replicates integration by parts at a discrete level in the following way:
u’'(Q, + Q7 )v=u"ETB,Ev — / u@ +/ %,v :/ U, V7l (6)
p Or Jpor oD

3.2. Sparse low order Summation-By-Parts operators

Given a set of SBP quadrature points, we also wish to construct sparse low-order summation-by-parts
operators QY. Since we will construct a low-order scheme by applying an algebraic dissipation operator based
on the sparsity pattern of our discrete operators, we seek operators which are sparse to avoid introducing
unnecessary dissipation in the low-order algebraic scheme [18, 17, 35, 34]. We require only that the operators
satisfy an SBP property and a conservation property:

Qb+ (@) =€eBE Q1o (1)

Q.+ (Q&)T —E"B,E,  QL1=0. ®)
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For tensor product elements, we follow [34] and construct sparse low order SBP operators are derived
by integrating the piecewise linear basis p; constructed on the LGL nodes

1 1
£ 2
oD -0 1
(@), = [pF2an @u=|* 3§ 3 | Q-lwedh  Qi-Qhely

For simplicial elements, we follow [49] and construct sparse operators based on a user-provided stencil
(or a connectivity graph) built upon the SBP quadrature points. We motivate this procedure as follows.
First, note that any SBP operator can be written as the sum of its skew-symmetric part and the boundary
integration matrix:

T
r T Xy 1
Q, = Q- -Q, . Q . 5ETBTE, (9)
T
- 1
Q. = % + gETBSE. (10)

Because the boundary integration matrices are fully determined by the surface quadrature rule, an SBP
operator can be determined by specifying its skew-symmetric part. Thus, constructing a sparse SBP operator
reduces to constructing a sparse skew-symmetric matrix which also satisfies the conservation properties (7)
and (8).

To determine the sparsity pattern of the skew-symmetric part of the SBP matrix, we restrict the low
order SBP operator to have the same sparsity pattern as the adjacency matrix of the graph. In this work,
we define the adjacency matrix A through a simple formula

: w; \B [w;\B
(A)z’j _ {1 if |lry —rjlly < amax{( ~ ) ,(7) } (11)

0 otherwise

where o, € R are parameters. Note that when @ = 1,58 = %, two quadrature points are considered
“adjacent” if they both lie in the circle of area max {w;, w;} centered at either quadrature point. In one-
space dimension this is equivalent to the notion of ”three-point stencil’: for each time step, the evolution of
the solution at the current node depends only on its own value and the value of its immediate neighbors.
Finally, we can define the sparse low order SBP operator by assuming that nonzero entries of the skew-

symmetric part S; = % (Qi - QZT) are of the form S; ;. = ;1 — ;s ;, where 1 is some “potential” vector

[50] and the subscript ¢ denotes one of the reference coordinates r,s. We compute the vector 1; by solving
the constrained linear system:

Q1=0
if Ljp =
s.t. Sijk: 0 ! Ik 0
7 ¥ —i,; otherwise
Pi1=0

where Q' =S, + %ETBiE. It was observed in [50] that this system reduces to
1
Ly = iETBiEl s.t. PlI1 =0,
where L is the graph Laplacian
deg(r;) ifi=j
(L); =1 -1 if A;; #0 .
0 otherwise

The constraint 971 = 0 ensures the existence and uniqueness of the solution. We refer interested readers
to [49] for a more detailed description of this process.
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4. High order entropy-stable discontinuous Galerkin discretizations

In this section, we will review nodal entropy stable DG methods for the compressible Euler and Navier-
Stokes equations. We first review entropy conservative numerical fluxes as introduced by Tadmor [51, 52],
which are fundamental to the construction of entropy stable DG schemes. Such fluxes are symmetric
bivariate functions fs(uy,ur) that are consistent with respect to a given flux f(u), i.e. fs(u,u) = f(u).
In addition, they satisfy an entropy conservation property

(vp —vr)  fs(ur, ur) = ¥(ur) — ¥(ug),

which relates the flux to the entropy variables and entropy potential ¢»(u). In this paper, we utilize numerical
fluxes derived by Chandrashekar which are both entropy conservative and kinetic energy preserving [53].

The derivative of the inviscid flux f! can then be reformulated using the entropy conservative flux. The
reformulation is commonly referred to as “flux differencing” and can be interpreted as a high-order subcell-
based finite volume formulation. Gassner, Winters, Kopriva and Chan provide continuous interpretations
of the technique [54, 4]

Ofi(w(@) _, 0fis(ulx) uly))
ox; Ox;

y=x
Then, we can discretize the variational form of the derivative of the inviscid flux using the high order
weighted differentiation matrix and the the row sum of a Hadamard product
a.fl u) = Discretiz

(O g Do, (QuoR 1 (Fu)y = s (uw). (12)

D T
where 1 denotes the vector of Lagrange polynomial basis functions.

An entropy conservative DG formulation for the compressible Euler equation can then be written as

follows:

2 2

du T I,% I

Mo+ 2(QuoFi)1+) E Bk<fk ffk):(). (13)

k=1 k=1
We can rewrite the formulation in a skew-symmetric form by using the SBP property

du 2 2
du AT TR, fl* _

M+ > ((Qk Qk) o Fk) 1+ ;:1 ETB,fL* =0, (14)

where we denote the interface numerical flux by fi* For this paper, we use local Lax-Friedrichs interface
fluxes in our high order ESDG formulation. When the maximum wave speed estimate is suitably chosen,
the Lax-Friedrichs fluxes are entropy-stable, implying that (14) will also be entropy-stable.

To discretize the symmetrized viscous fluxes, we first rewrite the viscous terms as a first-order system of
partial differential equations using derivatives of the entropy variables and auxiliary variables o;. Then we
can derive an LDG-type formulation for the first-order system [6],

_qQF
e, = v MO, = Q-Q v+ETBvt
6xi 2
0; = Ki©) + K;,0, 2=, 5 =K;10; + K20, (15)
ofy | ofy 0oy 0oy 2 T 2\ o7
_ o1, 0oz MH = - F7) 1 ETBo
P + -~ 7o, + Sos ]; ((Qk Qk) o k) +’; kO
” (ok); + (ok);
( k)ij - 9
v + v (ok); + (ok);

(v*); -9 0 Oji):f’



where MH is the discretization of ff) (ggi + ggj) 7. Note that we have written the product of the SBP

operator and the flux vector in a flux differencing formulation involving the Hadamard product of the SBP
operator and a central flux matrix [6]. This formulation will become useful in Section 5.

Under appropriate choices of interface flux and interface penalization, formulations (13), (14) and (15)
satisfy semi-discrete entropy balances. For details of the proof, readers may refer to [6]. For completeness,
we state the semi-discrete entropy balance for the compressible Navier-Stokes equation for reference:

Theorem 4.1. Assume continuity in time and positivity of the density and internal energy. If the domain
is periodic, then
d dn (u)

2
du
— ~1"™M = TM—<—§: 'mMK,,0,; <
dt/Qn(u) a VU Va ”»:102 10 =0

which corresponds to the continuous entropy balance

[ = ) o< [ 32 (5 (o)

This discrete entropy balance extends also to certain non-periodic boundary conditions (for example,
adiabatic or reflective walls) [6].

5. A positivity preserving low order method for the compressible Navier-Stokes equations

The nonlinear entropy stability described in the previous section holds only when the density and internal
energy are positive. In this section, we will introduce a sparse low-order positivity preserving discretizations.
The formulation is based on a sparse low order DG discretization which, when augmented with an artificial
dissipation term (usually referred to as the “graph viscosity” [20]), preserves the positivity of density and
pressure. The sparse low-order positivity preserving DG discretization can be written in matrix form as

M(jl: — <(Qk (QI£>T> o Fk) 1—-(AoD)1+ kzzl E” [Bfi — Ax[ul] =0 (16)

%(f,i,i+f,£,j—<ak>i—<ak>j), i = 5 (Fh+ 7~ (on) — (00)7)

Nij = Xij,  (Dij) = uj —u,.

(Fr);; =

Note that o = 0 recovers the compressible Euler equations.

Formulation (16) starts from the skew-symmetric form of the discontinuous Galerkin collocation spectral
element discretizations [8]. To construct the low order positivity-preserving scheme, we replace the high-
order SBP operators Q; with the sparse low-order operators Qt introduced in Section 3. As suggested in
[18, 17, 35, 34], sparsifying the SBP operator prevents the accuracy of the proposed low order discretization
from decreasing as the order of approximation increases [34].

The key to achieving positivity is the addition of the graph viscosity term (A o D)1 and the penalization
Ak [u] at interfaces. The graph viscosity coefficients are chosen as

.
Aij = max 5(%701‘,),5( Tl )} n;;
g { s 7 gy ) f 17l

[(Br)s!
2

(Ak})z max {B ulvo-lvnz)a/@ (uj‘,a;",ﬁl)} n;; =



T T
We note that the graph viscosity coefficient A;; is nonzero if and only if (Q} — (Qf‘) ) r (Qf — (Qf) )
ij ij
is nonzero (equivalently, the graph viscosity term has the same sparsity pattern as the graph-Laplacian L, ex-
cluding the diagonal entries). Moreover, if the coefficient 3 is defined appropriately, we can ensure positivity

of the fully discrete version of (16). In particular, we define

sluom =a+lnul+ o (Vi @n? s 2delnr i e planl). 09
nor—|™ (01)y + M2 (0’1)3] _ |:’u,1 (01)y +uz(01)5 — (0’1)4:|
nq (0'2)2 + U9 (0'2)3 ’ ul (0'2)2 + u2 (0'2)3 - (02)4

where € is a positive number arbitrarily close to 0, and we assume the normal n is an unit vector. This
definition is motivated by the observation in [26] that positivity of the quantity

But (f'(u)—0o) n (19)

is equivalent to the following condition:

1
s (Vi @+ 27—l + pla-n). (20)

where n is a unit normal vector. This observation can be used to show that, under forward Euler time-
stepping and an appropriate CFL condition, the low order scheme preserves positivity of the density and
pressure.

Using the SBP properties (7) and (8), we can rewrite formulation (16) (under a forward Euler time
discretization) for each index i as

Lin+1 T N — (o). — i o).
m; - Y Z<Qk ( ) >4.fk(uj) : k)]g Pl k)Z*Aij(Uj+Ui)
JEL() k=1 ij
+ A,

s Z (ETB’“EL@ fr (uf) = (on); 2— Fio (i) + (o), (An)s (4 + uy)
jEB(i) k=1

D0 20+ D0 Y 2(0); | ui=0, (21)

JET() jeB() k=1

where we write ul" as u; for simplicity of notation. We define Z(%), the neighboring nodes of node 4, as the
T T
set of indices j where <Q7I? - (Q}) ) r (QI; - (Qf:) ) is nonzero. B(7) is the set of indices for nodes
ij ij
exterior to the surface quadrature points on a given element, whose states are usually denoted by u™.
We can rearrange (21) to express the low order solution as a convex combination of the previous state
u™ and the intermediate states u:

2
27\ 275 _ 27 (Ax); Z =
Lon+1
u; " = (1 - m Z) u; + 4” E Uy, u;,0;,0;,n;; + E TZ uuri,u;r,ai,aj,ni’ (22)

t tojez() k=1 b jeB()

where we define the intermediate states, introduced in the context of Godunov-type methods for hyperbolic
systems [55], as

1 gl
25L - ||n|| (.fR fr+oL), (23)

Br,r = max {5 <UL, or, > <uR, OR, n)} (24)
[ml 7]

We can show the intermediate states are admissible with the graph viscosity coefficients defined in (17):
9
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Lemma 5.1. For admissible states uy, € A, ur € A, the intermediate states Wy, w0, ,05.n are admissible.

Proof. We can rewrite the intermediate state as

_ 1 I n 1 I n
Uuy upon,onm = 55— |BLRUR+ (fr—OR ':|+[ﬁL,RuL_ fi—oL) w1 25
unumononn = 95 Ui =m) il * %, Fimon) gy 9
By (24), Br.r > BL,BL,r > Br, so the intermediate state Uy, wp.op,0n,n 18 admissible by (20) [26]. O

Then the conservation and positivity preserving properties of the formulation (16) directly follows from
Lemma 5.1.

Theorem 5.2. Assume the domain is periodic. The formulation (16) is conservative
1TMu* ! = 1T Mu*. (26)
In addition, if u} € A and a timestep condition is satisfied

2
732";1, =3 i Y Y (s (27)

JEL(P) JeB(i) k=1

then the formulation is positivity preserving under forward Euler time-stepping:

u "t e A (28)

T
Proof. To show conservation, we proceed algebraically and observe that (QI;; — (QIIS) ) oF; and AoD are

skew-symmetric. Thus,

2 T

% [Z((Qk_(QI]S) )oFk>1—(l\oD)1 —0. (29)
k=1
Additionally, assuming the domain is periodic yields
2
17E"Y " (Bify — Ai[u] + B f; — Xe[u™]) = 0. (30)
k=1

where we have used that By = fB‘k" and that the jump changes sign contributions on a neighboring element

across a face. The conservation property follows.

To show positivity, we note that (22) implies that the low order update is an convex combination of
admissible states if a timestep condition is satisfied: 7 < 2";] Since the admissible set A is convex, the low
1 is admissible. O

L
order update u;""

Remark 1. We note that the timestep condition (27) is comparable to other conditions derived in the
literature [25, 26, 34], and scales as O(h/N?). However, it has been observed that this positivity-preserving
time-step is around 2-3 times smaller than the maximum time-step for a high order DG method [25]. This
has been addressed using heuristic approaches, e.g., using a less restrictive CFL and backtracking to the
positivity-preserving CFL condition when bounds violations are detected. However, we have not utilized
such approaches in this work.

Remark 2. We emphasize that we only consider explicit time-stepping in this work, and the time step
size will be limited by a parabolic CFL condition when solving the compressible Navier-Stokes equations.
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Thus, while the time-step restriction (27) implies positivity, it is not sufficient to imply stability of the
time-stepping iteration [26].

While the proposed method is restricted by the parabolic CFL condition for very fine resolutions, it
is applicable to the simulation convection-dominated flows at lower resolutions. The stable time-step for
the compressible Euler equations scales as O(h), while the stable time-step for the parabolic part of the
compressible Navier-Stokes equations scales as O(h®?Re), where Re is the Reynolds number. Thus, if h =
O(1/Re), the parabolic CFL condition is not overly restrictive compared to the hyperbolic CFL condition.

6. An entropy stable and positivity preserving limiting strategy

In this section, we will discuss procedures for blending the positivity-preserving low-order discretization
with the high-order entropy-stable discretization. The limiting strategy we will focus on in this paper was
first proposed in [23], and we refer this limiting strategy as elementwise (Zhang-Shu type) limiting. Readers
may refer to Appendix B for another limiting strategy called convex limiting inspired by flux corrected
transport [56].

Our objective is to construct a limited solution u;
such that u?*! lies in the generalized admissible set

L,n+1 Hn+1
Uy

"+ from low and high order solution updates u;

n+1 c .A( min pemm) {uz |p uz) > pmm > 0 Pe(ul) >p€mm 0} (31)

Here, we extend the notion of admissible set (3) to satisfy positive lower bounds on the density and specific
internal energy. We emphasize that these lower bounds are defined per node and are time dependent.

To simplify notation, we write the low order and high-order approximations (14), (15) and (16) over
node 7 in the residual form:

ulm
miiz - L + l'lL =0 (32)
H,n+1
u; —u;
mf +ri =0, (33)

where we define the low order and high-order residuals at node i as

-2 Z ( B <Qk)T)Z [f’“ (W) + fi () = (on); — (ka)j} = Aij (uj —u;)

JEI(i) k=1
p Z 5 (ETBLE) [fitw) + fic (uf) — (01), — (o)} ] = W) (uf — w) (34)
JEB(3) k=1
r = ; (Qk - Qk> [-fk s (uj,uj) — ) ; (Uk)j]
2 1w .
+ Z (ETBkE) [fk s (u“qu) _ (O'k)i +2 (U'k)i ] et ()\;nax,k:)z (uj _ Ui) ) (35)

The low and high order updates satisfy the relation
mu " = mu 4 (e - ) (36)

Following Zhang and Shu’s previous work on positivity-preserving limiters for high order DG methods
23, 25], the limited solution ™' can be written as

mul T = mau " e (- ) (37)
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where [¢ € [0,1] is the limiting parameter. These limiting parameters are defined as the maximal value of
the blending parameter [ such that nodal values of the solution satisfy the following constraints on each
element D*

P

1 = max {l €0,1] :u" 4 1L

i

(rf = ") € A(p"™, pe™™) for all i € Dk} . (38)
We refer to [¢ as the elementwise (Zhang-Shu type) limiting/blending parameters.

6.1. Solving for the blending parameter

We can solve for the value of the limiting/blending parameter [¢ explicitly. In particular, its value is the
maximum over quadratic constraints of form:

b + 1P € A (p" permin) (39)

Solving the constraint for the internal energy reduces to solving a quadratic equation. We state the explicit
formula of [ here and refer readers to [21] for details of the proof. Denote u® = (pL,mL,EL) and P =
(pP, mP, EP); then, the blending parameter [ is given by

” 1 if pU+ pP >0, 0
"~ ) max (#, 0) otherwise, (40)
1 if {I> 2 =0} =
oo — . i {l_.0|al +bl+c 0} a, (41)
min{l >0 al>+bl+c=0} otherwise,
[ = min (I*,1°¢), (42)

where a, b, ¢ are defined via

1 ‘
a:EPpP—imP~mP, b= E"pP + pEP — mb . mP — pF pemin,

¢=ELpl - %mL - mb — pLpemin,

An admissible set of limiting parameters exists as the solution to (38) if the low order solution satisfies
ui’ € A (pin, pein). We consider a lower bound that depends on the low order solution u® and a relaxation
factor (:

Pt =Cp(ur),  pe™ =Cpe (up),  CE(0,1]. (43)
We note that (43) enforces a stronger condition than the minimal positivity constraints
min

Pt =¢€9 >0, pe™™ = ¢5 > 0, (44)

where € is a small threshold. Numerical experiments suggest that the stronger bounds (43) avoid various
issues (e.g., the time-step size converging to zero) without compromising accuracy.

6.2. Entropy stability of the low order and limited scheme

We can, in addition, show the low-order positivity preserving method in Section 5 is discretely entropy-
stable if we modify the amount of dissipation «:

Theorem 6.1. Let Apax(wr, wr, ) be an upper bound on the maximum wavespeed. If the graph viscosity
coefficients in (17) are defined as

)\i': )\max iy Uy, u iy Oy H ) j j ) H i 45
g ma"{ (“ U ||mj||>’5(” 7 ||mj> ﬁ(“ﬂ"’ﬂ Tt ) g Il (45)
12



then the positivity preserving low order method (16) also satisfies a semi-discrete entropy balance over each
element D

d d 2 - 2
i = vTM— Z[lTETBkEwk] —VETW, - Y @7 MK;;e;, (46)

k=1 i,5=1
where ©® = 0 for the compressible Euler equation.

Proof. We begin by interpreting the low order scheme (16) as a low order subcell-based finite volume method
using local Lax-Friedrichs type fluxes. In particular, an equivalent form of the formulation (16) is
du

ME+2(||ninoF)1+ETWff —0, (47)

-~ -~ n;; -~
F’ij :.f (ui7ujarﬁ>7 f(uu u,.,n )7

(Il

where ||n;;|| denotes the matrix whose (z,7) entry is |n;;| defined in (17), and Wy denotes the diagonal
matrix of face quadrature weights. We define the local Lax-Friedrichs type flux as

f(ur, up,mn)=mn- f(uL);f(uR) - a(uL’uR’;L’GR’m

(ur —ur) (48)

We next test the formulation (47) with entropy variables v evluated at nodes. We can rewrite the volume
contribution as [4]

T (2nij| o F) 1= —v" (IIng o?) 1437 (|l oF )1 (49)
= 3l v =" F (o ) (50)

[

—ZH sl I (s — ) (51)

JH

2 T 2
_yaT (E DE Q};f) oy — ] (Qk SEoe ) =3 [1TETBiEw| . (52)
k=1

k=1

where we used the skew-symmetry of F and the SBP property of Q. From (50) to (51), we have used the
entropy stability of the Lax-Friedrichs flux:

(vi—vy)" F<abi — ;. (53)
The surface contribution —vZETW ff* directly follows from rearrangement, and the viscous contribution
2
- 3 ©I'MK,;0;, follows from [6]. O
ij=1

We note that for the compressible Euler equations, the viscosity coefficient 8 defined in (18) is never
larger than the maximum wavespeed. Therefore, the modified viscosity coefficient « defined in (45) reduces
to the standard maximum wavespeed estimate for compressible Euler. As a result of Theorem 6.2, the
limited solution satisfies a semi-discrete entropy balance.

Theorem 6.2. Assume the domain is periodic. Then, the semi-discrete limited scheme is conservative and
satisfies a semi-discrete entropy balance for the compressible Navier-Stokes equations,

d 2
T D??(U) <- > ©/MK;0, (54)
ij=1
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Proof. Over each element, the elementwise limited solution can be written as a linear combination of low
and high order solutions:

ul = (1 = ) un g gttt (55)

where [ is the elementwise limiting parameter. The result follows from the fact that both high and low-order
solutions are conservative and satisfy a semi-discrete entropy balance [10, 7]. O

We note that while the proposed positivity-preserving limiter is fully discrete, Theorem 6.2 is a semi-
discrete result. This is because (to the authors knowledge) it is not possible to prove a fully discrete entropy
inequality for the high order method for either forward Euler or Runge-Kutta time-steppers. However, we
note that it is possible to enforce a fully discrete entropy inequality using space-time formulations [57] or
explicit relaxation Runge-Kutta methods [58].

6.3. Incorporating shock capturing

Finally, our limiting strategy can be straightforwardly adapted as a shock capturing strategy. We can
replace the limiting parameter as a blending function £. This shock capturing approach can be understood as
blending the high order approximation with the low order positivity preserving approximation we proposed.
Then we can write the shock-captured solution as:

u = ub g (- ) (56)

The blending function ¢ depends on Persson and Peraire’s modal shock indicator [59]. In this work’s
numerical experiment, we utilize the same the blending function and shock capturing parameters as in
Hennemann et al. [32].

7. Time discretization

Until now, we have assumed a first order forward Euler time discretization. We extend to higher or-
der in time using Strong Stability Preserving (SSP) explicit Runge-Kutta schemes. We present here the
SSPRK(3,3) method for reference.

w = u™ + 7L, u"), 20 = w® 4 7L 4 7, 0™M)

3 1 1

w® = Zu" + zz(l), 2 =w® 1L + 3T w®),
1 2

"t = gt 4 222
3 3

where T is the timestep size, and L(t, u) is the evaluation of the time derivative. The limiting framework we
propose ensures the solution remains in the convex admissible set (3) for a single forward Euler timestep.
SSP schemes are convex combinations of first-order forward Euler steps, and since convex combinations of
the solution remain in a convex set, SSPRK time-steppers preserve positivity [60].

8. Numerical experiments

In this section, we present various numerical experiments to verify the convergence and robustness of the
proposed limiting strategy 2. All of the simulations advance in time using the third-order SSP Runge Kutta
method introduced in Section 7. The timestep size is determined from the timestep condition in (27):

m,
At = CFLmin -2 57
T (57)

2The codes used for the experiments are available at
https://github.com/yiminllin/ESDG-PosLimit /tree/main/examples/IDP
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where CFL is a user specified parameter. For all numerical experiments, if not specified, we set the positivity
threshold as €g = 107 in (18) and (44).

For all numerical experiments on simplicial elements, we construct sparse low order SBP operators by
building the adjacency matrix and graph Laplacian in equation (11) with § =1 and « = 4,2.5,3.5,3.5 for
polynomial degrees N = 1,2, 3,4 respectively. We note that the selection of parameters are not optimal,
and numerical results are not sensitive to the choice of the parameters.

All entropy stable schemes in this work utilize the entropy conservative numerical flux introduced by
Chandreshekar [53]. We evaluate the logarithmic mean with Ismail and Roe’s numerically stable expansion
[61].

All limiting strategies use the modified viscosity coefficients introduced in Theorem 6.1. We estimate
the maximum wavespeed associated with the 1D Riemann problems by the Davis estimate [62]

Amax (UL, UR, M) = max <|uL -n|+ \ /"yp—L, |lug - n|+ \ /7pR> . (58)
PL PR

In all numerical experiments, we study the generalized positivity bound proposed in (43). All reported
values of ( in the numerical experiments refer to the relaxation factor in the generalized positivity bound.

Finally, we note that to enforce invsicid slip wall boundary conditions, we utilize the exact solution of
the Riemann problem derived by Vegt and Ven [64], which was shown to be entropy stable [65]. We point
out that this imposition of boundary condition is not provably positivity preserving, but it greatly improves
the robustness near wall compared to other weak impositions of reflective wall boundary conditions [10, 6].

8.1. Convergence tests

The high order accuracy of entropy stable DG discretizations has been demonstrated in various works
[7, 4], and the convergence of low order positivity preserving methods for the compressible Euler equations
was explored in detail in [19, 34]. Thus, in this section, we focus on studying the behaviour of the elementwise
(Zhang-Shu type) limiting on test cases where the entropy stable discretization fails due to the loss of
positivity.

Most test cases in this section admit analytical solutions, and we evaluate the relative LP errors in the
conservative variables using quadrature:

1/p 1/p 1/p

[ITM (pu™ — pu)p} v [ITM (pv™ — pv)p}

[ITM (pu)p} 1/p {ITM (pv)p} 1/p

1M (p" - pY]
]1/17

[1TM (E" — E)”}

1/p ’

(59)
e ]

where the numerical solutions and exact solutions evaluated at quadrature nodes are denoted by ™ and u
respectively.

8.1.1. Leblanc shocktube

We first consider the Leblanc shocktube problem for the compressible Euler equations. This is a chal-
lenging Riemann problem and entropy stable discretizations without limiting fail due to negative density
and pressure. The domain is [0, 1], and the initial condition is

PL 1.0 PR 10_3
ug (x) = UL, v xO. , up= |ur| = 0.0 , ugp= |ug| = 0.0 ,  (60)
UR, otherwise oL (y—1)0.1 PR (y—1)10710

3We note that the Davis estimate does not provide a robust upper bound of the maximum wavespeed. Appendix B
of [63] describes an example where the Rusanov estimate underestimates the maximum wavespeed, which could potentially
compromise the positivity-preservation and semi-discrete entropy stability of the low order discretization (16). While we have
not observed issues using Rusanov estimate in our numerical experiments, we hope to explore more robust estimates of the
maximum wavespeed [63] in future works.
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where x¢p = 0.33,v = g We set the exterior values at endpoints of the domain = 0,1 to be uy,ug to

enforce inhomogeneous Dirichlet boundary condition. The test case has an exact solution of form [19]

ur, £< -3
ot p**> “log<n
w@) =4 (s v ) M<g<o (61)
PRV p*) vT<E< A3
UuR, Az <&
P = (0.75 — 0.75¢)% o™ = 0.75 (; + 5) , P = %5 (0.75 — 0.75¢)°
Pl = 5.40793353493162 x 1072, p% = 3.99999806043000 x 1073, p* = 0.515577927650970 x 1072,
v* = 0.621838671391735, A1 = 0.495784895188979, A3 = 0.829118362533470,

where { = #5%¢. We discretize the domain by uniform intervals, set CFL = 0.5, and run the simulations
until 7 = 2/3. We calculate the L! errors of different strategies for polynomial degrees N = 2,5 and meshes
with K uniform elements.

We compare the L' error and the convergence rate of the low order solution and the solutions using
limiting with ¢ = 0.1 and 0.5. As Table 1 shows, all strategies are first order accurate, which is optimal for
this test case. Figure 2 compares two different limited solutions with ¢ = 0.1 and 600 degrees of freedom.

Figure 2 and Table 1 suggest that higher order approximations appear to produce less oscillatory solutions
and generates more accurate results compared with lower order solutions. However, Figure 3 compares low
order solutions for a mesh with 600 degrees of freedom. The results are nearly identical for polynomial
degrees N = 2 and N = 5. The results of Table la verify that the quality of the low-order solutions using
sparsified SBP operators does not degrade as we increase the polynomial order [34].4

Low order, N =2 Low order, N =5

K L' error Rate L' error Rate
50 | 2.115 x 1071 1.705 x 10T
100 | 1.664 x 107! | 0.35 | 1.116 x 10~! | 0.61
200 | 1.117 x 10~ | 0.57 | 7.382 x 1072 | 0.60
400 | 7.275 x 1072 | 0.62 | 4.627 x 1072 | 0.67
800 | 4.610 x 1072 | 0.66 | 2.868 x 10=2 | 0.69

(a) Low order method

Limited, N =2 Limited, N =5 Limited, N =2 Limited, N =5
K LT error Rate LT error Rate K LT error Rate LT error Rate
50 | 8.058 x 10~2 5.070 x 1072 50 | 8.681 x 1072 5.956 x 1072

100 | 3.506 x 1072 | 1.20 | 1.236 x 1072 | 2.04 || 100 | 3.658 x 1072 | 1.25 | 1.436 x 1072 | 2.05
200 | 1.351 x 1072 | 1.37 | 3.660 x 1073 | 1.76 || 200 | 1.329 x 10~2 | 1.46 | 3.630 x 1073 | 1.98
400 | 6.193 x 1073 | 1.13 | 1.227 x 1073 | 1.58 || 400 | 6.015 x 1073 | 1.14 | 1.129 x 103 | 1.69
800 | 2.953 x 1073 | 1.07 | 6.333 x 107 | 0.95 800 | 2.910 x 1073 | 1.05 | 5.889 x 10~* | 0.94

(b) Elementwise (Zhang-Shu type) limiting with ¢ = 0.1 (¢) Elementwise (Zhang-Shu type) limiting with ¢ = 0.5

Table 1: Leblanc shocktube convergence tables

4We note that the low order solution does exhibit a staircasing-like effect near element boundaries. This has been observed
in other discretizations which utilize the “bar state” reformulation (21) (personal communication with Guermond, Popov, and
Maier, March 2022). We speculate that this may have to do with the magnitudes of the diagonal mass matrix entries varying
over a high order element, as they decrease near element boundaries.
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Figure 2: Leblanc shocktube, Elementwise (Zhang-Shu type) limiting with ¢ = 0.1
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Figure 3: Leblanc shocktube, low order solutions

8.1.2. Viscous shockwave

We next consider a viscous shockwave problem for the compressible Navier-Stokes equations [22]. The
test case starts from a steady state solution of the compressible Navier-Stokes equation, and the solution is
translated with constant velocity ts. The domain is [—1,1.5], and the analytical solution is defined as

p(§)
u(z,t) = P (&) (o +u(§)) , £ =2 — Usot,
p(€) (¢(&) + 5 (e +u(€)?)
= Mo emzi —7+1u2—uaj2
p) =% el =g (T ).

where the velocity profile u (z) is defined implicitly by the equation

2K ur, ur, —u(x) UR u(z) —ugr
T = log — log .
(y+1)mo |ur —ugr ur — Ug Ur — UR Uy — UR

(62)

(63)

Here, ur,ur denote the velocity at —oo,c0 respectively. We assume the velocity at oo depends on the

pre-shock Mach number My, ug = % We define ug = Jurugr and Pr = %.
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First, we verify the convergence of the low order positivity preserving discretizations. We set the parame-
ters as follow: v = 1.4, u = 0.01, uoo, = 0.2, ur, = 1.0, my = 1.0, My = 3. We enforce inhomogeneous Dirichlet
boundary condition on boundaries. We discretize the domain into uniform intervals, set CFL = 0.5, and
run each simulation until 7= 1.0. We compute the L' and L? errors of the low order positivity-preserving
scheme. As Table 2 shows, the low-order method is first order accurate for N = 2,3, 4.

N=2
K L1 error Rate L2 error Rate
50 | 7.69 x 102 1.73x 1071
100 | 398 x 1072 | 0.95 | 1.05 x 107! | 0.72
200 | 2.17x 1072 | 0.87 | 6.34x 1072 | 0.73
400 | 1.14 x 1072 | 0.93 | 3.62x 1072 | 0.81
N=3
50 | 5.97 x 1072 1.42 x 107!
100 | 3.32x 1072 | 0.84 | 9.01 x 10~2 | 0.66
200 | 1.70x 1072 | 0.96 | 5.21 x 1072 | 0.79
400 | 8.70 x 1073 | 0.97 | 2.86 x 1072 | 0.86
N =4
50 | 5.16 x 10~2 1.26 x 10~ 1
100 | 270 x 1072 | 093 | 7.70 x 1072 | 0.71
200 | 1.39x 1072 | 0.96 | 4.37x 1072 | 0.82
400 | 7.09 x 1073 | 0.97 | 2.36 x 1072 | 0.89

Table 2: Viscous shockwave My = 3, Low order solutions

Next we verify the convergence of the elementwise limited solutions. First, we set the parameters as
before: v = 1.4,u = 0.01,us, = 0.2,uy, = 1.0,my = 1.0, My = 3. We discretize the domain using uniform
intervals, set CFL = 0.5, and run the simulations until 7' = 1. For this case, we observe the limiting is
activated only when the mesh is very coarse (K = 10), and we recover high order rates of convergence as
we refine the mesh. Tables 3 and 4 show O(hYY) to O(hN+1/2) convergence rate when the relaxation factor
is taken to be ¢ = 0.1 or ¢ = 0.5.

N=2 N=3 N =4 N=5
K L2 error Rate L2 error Rate L2 error Rate L2 error Rate
10 | 1.089 x 1071 6.245 x 102 6.281 x 102 4.378 x 1072

20 | 3486 x 1072 | 1.64 | 3.022x 1072 | 1.05 | 7.368 x 1073 | 3.09 | 6.972 x 1073 | 2.65
40 | 1.066 x 1072 | 1.71 | 3.847 x 1073 | 2.97 | 1.370 x 1073 | 2.43 | 9.533 x 10~* | 2.87
80 | 1.821 x 1072 | 2.55 | 4.612x 10~* | 3.06 | 6.458 x 10~° | 4.41 | 4.667 x 10~° | 4.35
160 | 2.604 x 10~* | 2.81 | 2.873x107° | 4.00 | 2.579 x 10~% | 4.65 | 6.652 x 10~7 | 6.13

Table 3: Viscous shockwave My = 3.0, Elementwise (Zhang-Shu type) limiting with ¢ = 0.1

Next, we set the viscous shock tube parameters as: v = 1.4,u = 0.001,us = 0.2,u; = 1.0,my =
1.0, My = 20.0 and enforce the inhomogeneous Dirichlet boundary condition on boundaries. Under this set
of parameters, high-order entropy-stable discretizations will fail due to negative density and pressure on
coarse meshes.

We compare the L! error and the convergence rate of the low-order solution and the solutions using
elementwise (Zhang-Shu type) limiting with ¢ = 0.1 and ¢ = 0.5. As Table 5a shows, the low order solution
is first order accurate. Elementwise limited solutions yield between O (hN ) and O (hN +1/ 2) convergence
rates when the limiting is activated on coarse meshes. When K = 1600, the limited solutions are virtually
identical to unlimited high order ESDG solutions, for which we have verified high order convergence in [6].

18



N=2 N=3 N=4 N=5

K L2 error Rate L2 error Rate L2 error Rate L2 error Rate
10 | 9.139 x 102 5.874 x 1072 6.324 x 1072 4.370 x 1072
20 | 3.481 x1072 | 1.39 | 3.022x 1072 | 0.96 | 7.368 x 103 | 3.10 | 6.972 x 1073 | 2.65
40 | 1.066 x 1072 | 1.71 | 3.847 x 1073 | 2.97 | 1.370 x 1073 | 2.43 | 9.533 x 10~* | 2.87
80 | 1.821 x 1073 | 2.55 | 4.612x 107* | 3.06 | 6.458 x 107° | 4.41 | 4.667 x 107° | 4.35
160 | 2.604 x 107% | 2.81 | 2.873 x 107° | 4.00 | 2.579 x 1076 | 4.65 | 6.652 x 10~" | 6.13

Table 4: Viscous shockwave My = 3.0, Elementwise (Zhang-Shu type) limiting with ¢ = 0.5

Figure 4 compares different elementwise limited solutions with ( = 0.1. As in the Leblanc shocktube test
case, we observe higher-order approximations result in less oscillatory solutions.

Low order, N = 2 Low order, N =3
K L' error Rate L1 error Rate
50 | 9.000 x 102 7.061 x 1072
100 | 4739 x 1072 | 0.93 | 3.711 x 1072 | 0.92
200 | 2.455 x 1072 | 0.95 | 1.939 x 1072 | 0.94
400 | 1.281 x 1072 | 0.94 | 1.006 x 10=2 | 0.95
800 | 6.599 x 102 | 0.96 | 5.179 x 10=3 | 0.96
1600 | 3.394 x 1073 | 0.96 | 2.699 x 1073 | 0.94

(a) Low order method

Limited, N = 2 Limited, N =3 Limited, N =2 Limited, N =3
K LT error Rate LT error Rate | K LT error Rate LT error Rate
50 4.753 x 102 3.272 x 1072 50 4.209 x 102 3.987 x 1072

100 | 3.323x 1072 | 0.52 | 1.568 x 10~2 | 1.06 | 100 | 2.305 x 102 | 0.87 | 2.071 x 10~2 | 0.94
200 | 1.349 x 1072 | 1.30 | 6.788 x 1073 | 1.21 | 200 | 9.858 x 1072 | 1.23 | 6.749 x 10~3 | 1.62
400 | 3.862 x 1073 | 1.80 | 1.009 x 10~3 | 2.75 | 400 | 3.382 x 1073 | 1.54 | 1.278 x 1073 | 2.40
800 | 5.768 x 107* | 2.74 | 1.163 x 10~* | 3.12 | 800 | 5.765 x 10~* | 2.55 | 1.163 x 10~* | 3.45
1600 | 8.836 x 107° | 2.71 | 1.269 x 107° | 3.20 | 1600 | 8.836 x 107° | 2.71 | 1.269 x 107> | 3.20

(b) Elementwise (Zhang-Shu type) limiting with ¢ = 0.1 (¢) Elementwise (Zhang-Shu type) limiting with ( = 0.5

Table 5: Viscous shockwave My = 20.0, convergence tables

We have also performed convergence studies using the viscous shockwave for the 2D compressible Navier-
Stokes equations. These results are included in Appendix C.

8.2. Sine-shock interaction

We now consider the sine-shock interaction problem [66]. This problem illustrates the behaviour of the
proposed limiting strategy for both smooth and non-smooth solution features. The initial condition is

3.857143 1+ .2sin (5x)
4.0 PL PR
u(z) = {“L’ T = | = [2629369], wg = |ug| = 0.0 . (64)
UR, otherwise PL 10.3333 DR 1.0
We assign wj, as exterior value on the left boundary x = —5, and impose no boundary condition on the

right boundary = = 5.

We discretize the domain by K = 64 and K = 128 uniform intervals, and use polynomial degree N = 3
and CFL = 0.5. We run each simulation until 7" = 1.8, , including a reference solution using a 5-th order
WENO scheme with 25000 cells [67]. Each mesh is run with different relaxation factors ¢. From Figure
5 and 6, we observe all limited solutions are close to the reference solution. Because we only limit for
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Figure 4: Viscous shockwave, Elementwise (Zhang-Shu type) limiting with ¢ = 0.1

positivity and not for monotonicity or a minimum entropy principle, we observe spurious oscillations near
shocks. These oscillations are mitigated somewhat by using a larger relaxation factor.

—reference —reference

—zeta= 0.0 —zeta = 0.0
54 —zeta=0.1 —zeta=10.1

—zeta=0.5 —zeta = 0.5

-5 0 5 -2.5 0.0 2.5

Solutions Zoom in view

Figure 5: Sine-shock interaction N = 3, K = 64

8.2.1. Isentropic vortex

We now test the convergence of the positivity-preserving limited scheme in 2D. We examine the conver-
gence of the elementwise limited solutions in 2D using the isentropic vortex test case [60]. The domain is
[0,20] x [0, 10], and the exact solution in primitive variables is defined as

2]V
pe] | [1= gk (560 -n) (st
u (z,t) 2
u(z,t) = = 1 — Bel-r(@t)® () _ ,
@)= 14 (2. 1) e =)
p(z,t) € (’ )(g—yo)
plx,t

r (@) = (@ — 20 — ) + (y — 0)°,
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Figure 6: Sine-shock interaction N = 3, K = 128

where (zo,y0) = (9.0, 5.0) denotes the center of the vortex at time ¢t = 0, and 8 = 8.5 denotes the strength
of the vortex. Most numerical experiments in the literature choose the strength of the vortex § = 5, and the
minimum density is 0.36 [4]. For § = 8.5, the maximum and minimum density in this test case are 1.0 and
2.145 x 1073, respectively, and the unlimited entropy stable scheme fails due to large jumps in the density
and pressure.

We first test the convergence of the solutions on quadrilateral elements. We construct a uniform uniform
quadrilateral mesh by discretizing the x, y directions with 2K1p, K1p uniform intervals. We enforce periodic
boundary conditions on the domain and run the simulations until 7" = 2.0 with CFL = 0.9. Table 6 and

7 show that the elementwise limited solutions with ¢ = 0.1 and ¢ = 0.5 both have asymptotic convergence
rates between O(AN*1/2) and O(RN*1).

N =1 N =2 N=3 N =4
L? error Rate L? error Rate L? error Rate L? error Rate
2.134 x 109 1.172 x 10° 1.511 x 10° 8.365 x 10~ 1

1.410 x 10° | 0.60 | 1.165 x 10° | 0.01 | 5.718 x 10! | 1.40 | 3.359 x 10~! | 1.32
1.162 x 109 | 0.28 | 4.603 x 10~! | 1.34 | 1.609 x 10~! | 1.83 | 9.425 x 1072 | 1.83
6.710 x 10~* | 0.79 | 1.050 x 101 | 2.13 | 2.310 x 10~2 | 2.80 | 7.087 x 103 | 3.73
3.004 x 1071 | 1.16 | 1.727 x 1072 | 2.61 | 2477 x 1073 | 3.22 | 1.915 x 10~* | 5.21

85 ok ol R

Table 6: Isentropic vortex, quadrilateral mesh - Elementwise (Zhang-Shu type) limiting with ¢ = 0.1

N=1 N=2 N=3 N=14
L2 error Rate L? error Rate L? error Rate L? error Rate
2.134 x 10° 1.171 x 10° 1.443 x 10° 8.163 x 107!

1.310 x 10° | 0.60 | 1.148 x 10° | 0.03 | 5.958 x 10~! | 1.28 | 4.073 x 10~' | 1.00
1.160 x 10° | 0.28 | 4.865 x 10~! | 1.24 | 1.905 x 10~! | 1.64 | 8.987 x 1072 | 2.18
6.712x 1071 | 0.79 | 1.223 x 10~ | 1.99 | 2.308 x 1072 | 3.05 | 1.511 x 1072 | 2.57
3.009 x 1071 | 1.16 | 1.706 x 1072 | 2.84 | 2.393 x 1073 | 3.27 | 1.915 x 10~* | 6.30

85 0 s o

Table 7: Isentropic vortex, quadrilateral mesh - Elementwise (Zhang-Shu type) limiting with ¢ = 0.5

We next test convergence on simplicial elements. We construct each simplicial mesh by subdividing
each element in a uniform quadrilateral mesh into two uniform triangles. We enforce periodic boundary
conditions on the domain and run the simulations until 7" = 2.0 with CFL = 0.5. Table 8 and 9 show the
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optimal convergence rate between O (hN+1/2) to O (hN'H) on the simplicial mesh.

N=1 N=2 N=3 N =4
L? error Rate L? error Rate L? error Rate L? error Rate
2.301 x 109 1.004 x 10° 1.206 x 10° 7.700 x 10~ 1

1.061 x 10° | 1.12 | 7.873x 107! | 0.35 | 4.773 x 10~ | 1.33 | 3.998 x 10~* | 0.95
8.050 x 10~ | 0.40 | 3.650 x 10~ | 1.11 | 1.683 x 10~' | 1.50 | 8.982 x 1072 | 2.15
4.445 x 1071 | 0.86 | 8.736 x 1072 | 2.06 | 2.842 x 1072 | 2.57 | 9.365 x 1073 | 3.26
1.593 x 1071 | 1.48 | 1.322x 1072 | 2.72 | 2.794 x 1073 | 3.35 | 3.248 x 104 | 4.85

R

Table 8: Isentropic vortex, simplicial mesh - Elementwise (Zhang-Shu type) limiting with ¢ = 0.1

N=1 N =2 N=3 N =4
L? error Rate L? error Rate L? error Rate L? error Rate
2.297 x 109 9.937 x 1071 1.204 x 10° 7.391 x 1071

1.049 x 10° | 1.13 | 7.887 x 107! | 0.33 | 5.034 x 10~ | 1.26 | 4.059 x 10~* | 0.86
8.036 x 1071 | 0.39 | 3.834 x 10~ | 1.04 | 1.881 x 10~ | 1.42 | 9.890 x 1072 | 2.04
4434 x 1071 | 0.86 | 8.993 x 1072 | 2.09 | 2.944 x 1072 | 2.68 | 1.578 x 1072 | 2.65
1.594 x 1071 | 1.48 | 1.298 x 1072 | 2.79 | 2.606 x 1072 | 3.50 | 4.258 x 10~* | 5.21

R

Table 9: Isentropic vortex, simplicial mesh - Elementwise (Zhang-Shu type) limiting with ¢ = 0.5

8.3. Sedov blast wave

We next run the Sedov blast wave problem [68] to test the proposed limiting strategy for the compressible
Euler equations on both quadrilateral and simplicial meshes. The problem involves a large region of near-
zero density and pressure, and is often used to evaluate the behaviour of numerical methods in near-vacuum
regions. The domain is [—1.5,1.5]%, and the initial condition in primitive variables is [68]

. 1.0 Pamb 1.0
Uint , r<To Uing 0.0 Uamb 0.0
u(z, = , Uy = = , ug = = , 65
(@,9) {uamb, otherwise ! Vint 0.0 0 Vamb 0.0 (65)
Pint w Pamb 10_5
7T7‘0

where we define r = /22 + y2 and set v = 1.4, Ey = 1.0,79 = 4h, where h is the mesh size. We discretize
the domain with uniform quadrilateral and simplicial meshes as described in 8.2.1, and we define the mesh
size in both cases by h = Kim Periodic boundary conditions are enforced.

We approximate the solution until final time 7" = 1 with degree N = 3 polynomials. We use three

different limiting configurations:

1. ¢ = 0.1 without shock capturing,
2. ¢ = 0.1 with shock capturing, and
3. ¢ = 0.5 without shock capturing.

We plot the density and its 10 logarithmically spaced contours. We truncate the color range to [0.01, 6] for
clearer visualization. Figures 7 and 8 shows the results on quadrilateral and triangular meshes, respectively.
The simulations remain robust in all configurations. Without shock capturing, when ¢ = 0.1, the simulations
manifest spurious oscillations on both types of meshes. On the other hand, when shock capturing is activated,
spurious oscillations are reduced on both meshes. Increasing the relaxation factor ¢ to 0.5 also suppresses
the oscillations to some extent.
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¢ = 0.1, without shock capturing ¢ = 0.1, with shock capturing

¢ = 0.5, without shock capturing

Figure 7: Sedov blast wave, quadrilateral mesh, N = 3, Kip = 100

¢ = 0.1, without shock capturing ¢ = 0.1, with shock capturing

¢ = 0.5, without shock capturing

Figure 8: Sedov blast wave, simplicial mesh, N = 3, K1p = 100
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8.4. Double Mach reflection

Next, we run the Double Mach Reflection [69] for the compressible Euler equations. The domain is
[0,3.5] x [0,1], and the initial condition in primitive variables is

PL 8.0 PR 1.4
ur, £E>0 ur, 8.25 cos (7/6) UR 0.0
u(z,y) = , up = = . , UR= = , 66
(@) {uR, otherwise E VL —8.25sin (/6) R VR 0.0 (66)
pL 116.5 PR 1.0

where £ =y — 3z + \/Tg’ We enforce reflective wall boundary conditions on [%, 3.5] x 0 and assign ur,ug
as exterior values,

~Jur, ifze[0, 3] x {0} U {0} x[0,1] U [0,s(t)] x {1} ~14+3/6 10
't (@y) = {uR, ifz e [5(156),3.5] % {1} U {3.5) x [0,1] SO=—7F  t @
(67)

We discretize the domain by a uniform quadrilateral mesh with 875 x 250 elements, with polynomial
degree N = 3. We run the simulation until 7' = 0.2 with Re = co. We truncate the color range to [1,24] for
clearer visualization, and we use 20 contours linearly spaced between the interval [1, 24].

Figure 9 shows results using Elementwise (Zhang-Shu type) limiting using the generalized positivity
bound with ¢ = 0.1. In the presence of strong shocks, the simulations remain robust. In addition, the
simulations resolve fine scale vorticular behavior, which suggests that the proposed limiting strategy does
not introduce excessive numerical dissipation. However, we observe numerical artifacts near shocks which
perturb the vortices when ¢ = 0.1. The numerical oscillations can be either suppressed with additional shock
capturing as Figure 10 shown, or increase the relaxation factor ( = 0.5 as Figure 11 shown. We observe
in both cases the spurious oscillations near the shock are suppressed, and fine scale features are still well
resolved with extra dissipation introduced.

Figure 9: Double Mach Reflection, elementwise (Zhang-Shu type) limiting with ¢ = 0.1 (without shock capturing)
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Figure 10: Double Mach Reflection, elementwise (Zhang-Shu type) limiting with ¢ = 0.1 (with shock capturing)

Figure 11: Double Mach Reflection, elementwise (Zhang-Shu type) limiting with ¢ = 0.5 (without shock capturing)

8.5. Daru-Tenaud shocktube

We conclude by examining the 2D shocktube problem proposed by Daru and Tenaud [70, 71] for the
compressible Navier-Stokes equation. This test case involves complex interactions between viscous shocks,
contact waves, and viscous boundary layers. The domain is [0, 1] x [0,0.5], and the initial condition is

oL 120.0 PR 1.2
ur, x> 0.5 ur, 0.0 UR 0.0
u s = s u = = s u = = y 68
() {uR, otherwise o vL 13600 R UR (1)2 (68)
pL T PR T

where v = 1.4, Pr = 0.73. We enforce reflective wall boundary conditions on [0, 1] x 0.5 and adiabatic no-slip
wall boundary condition on [0,1] x 0 |J 0 % [0,0.5] |J 1 x [0,0.5] using previous works by Chan [6] and
Hindenlang et al. [65].

We discretize the domain using an uniform quadrilateral mesh with 2K;p x Kip elements. We run the
simulation until 7' = 1.0 and C'F'L = 0.5. The solution is visualized using a numerical Schlieren plot, which
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visualizes gradients of the density field by plotting the quantity p*"[20]:

9 — Jmin

9Imax — Ymin

o a1V g wiee) g maxe() (69

pschl = exp (_10

Figure 12 shows the solution when Re = 1000 at T' = 1 for various mesh resolutions and polynomial
degrees. In this convergence study, we consider the generalized positivity bound with ( = 0.1 without
introducing any extra dissipation or shock capturing. All simulations remained robust and did not crash,
and we observe the convergence of the general flow structures.

Three configurations are worth analyzing in more detail: (N =1, Kjp = 300), (N = 2, K1p = 200), and
(N =1,K;p = 150). All three configurations have the same number of degrees of freedom (720000). We
notice that for higher degree polynomials N = 2,3, there are noticeably more oscillations near the shock
compared with an N = 1 approximation. These oscillations appear to stem from the shock-shock interaction.

Higher order schemes (N = 2,3) also produce qualitatively different flow structures near the bottom
wall boundary compared to the second order approximation with N = 1. The higher order solutions
are qualitatively more similar to the fine-grid reference solution in [72]. However, we note that the limited
scheme does not appear to converge uniformly towards this reference solution. For example, while the N = 3
solutions for grid resolutions Kjp = 100,300 both resemble the reference solution in [72], grid resolution
Kip = 200 displays qualitatively different flow features near the x = [0.45, 0.65] bottom wall boundary.
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Next, we study the sensitivity of Daru-Tenaud shocktube with respect to shock capturing and the strength
of the relaxation factor (. We run simulations under Reynolds numbers Re = 1000 and Re = 10000 using
polynomial order N = 2 and K;p = 200. For each configuration, we apply three limiting configurations:
¢ = 0.1 without shock capturing, ¢ = 0.1 with shock capturing, and ¢ = 0.5 without shock capturing.

For both Reynolds numbers, simulations remain robust, and Figures 13 and 14 suggest that the choice
of the relaxation factor ¢ has little impact on the qualitative features. The solution features become more
sensitive to the relaxation factor when the Reynolds number is large, which may be due to the increased
sensitivity of the solution as viscosity decreases. In contrast, Figure 13 demonstrates that even at lower
Reynolds numbers, the solution is very sensitive to additional shock capturing. In particular, the qualitative
structure of the shocks in the region [0.45,0.64] x [0.04,0.18] and the boundary phenomena in the region
[0.45,0.64] x [0.0,0.04] is significantly changed by the addition of shock capturing. Moreover, the results
with additional shock capturing appear to be incorrect when compared with fine-grid reference results from
[71, 72].

9. Conclusion

In this paper, we present a positivity-preserving limiting strategy for entropy stable schemes applied
to the compressible Navier-Stokes equations. We construct a low order positivity preserving discretization,
which is then blended elementwise with a higher order entropy stable discretization. The proposed limiting
scheme preserves positivity of the density and pressure under a CFL condition while retaining conservation
and a semi-discrete entropy balance.

The scheme is purely explicit, and as such is subject to a parabolic time-step restriction. Future work
will investigate techniques to ameliorate the parabolic time-step restriction, as well as the extension of this
limiting procedure to generalized SBP schemes [73] and modal entropy stable discretizations.
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A. Extension to curved meshes

While the limiting strategy in this paper has been derived for Cartesian and affine meshes, the algebraic
formulation makes it possible to extend the approach to curved meshes. The main steps follow [34], which
we briefly review here. First, recall that the high order formulation (14) and low order formulations (16)
are posed in terms of discretization matrices. To extend these formulations to a curved element, it suffices
to define appropriate curved discretization matrices. Positivity of the low order scheme then follows under
modified conditions on the graph viscosity and time-step size involving these new matrices.

We construct discretization matrices over each curved “physical” element from discretization matrices
defined on a reference element. First, we assume that each physical element is the image of the reference
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Elementwise (Zhang-Shu type) limiting with ¢ = 0.1, with shock capturing

Figure 13: Daru-Tenaud shocktube, Re = 1000, N = 2, K1p = 200

element under a differentiable mapping. Let « and Z denote the physical and reference coordinates, respec-

tively. Then, geometric change of variables terms g;i_ can be computed on each element. Outward normal

J
vectors can also be computed from these geometric terms [44]. We note that it is important to compute
these geometric terms such that a discrete version of the geometric conservation law
0 8:::1 —0

832]' axj

is satisfied. For the high order method, this can be done using a curl representation of the geometric terms
[44], while for the low order method this can be done by solving algebraically for a separate set of low order
geometric terms (34, 33].
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Figure 14: Daru-Tenaud shocktube, Re = 10000, N = 2, K1p = 200

These geometric terms can then be used to construct physical discretization matrices. Let g;; denote the

vector containing values of the geometric terms ggi_ at nodal points on a single element, and let J denote the
J

vector of nodal values of the determinant of the Jacobian of the reference-to-physical mapping. Let I\7I, ai,
and B; denote the reference mass matrix, ith reference high order differentiation matrix, and ith reference
boundary matrix. A physical mass matrix can be constructed on each element via

M = Mdiag (J) .



Physical high order differentiation matrices can be constructed via
d 4 R R
Q=) 5 (diag (g:;) Qj + Q;diag (gij)) :
j=1

Physical boundary matrices can be constructed similarly

d
Z dlag gZ j

It can be shown that these matrices satisfy both summation by parts and conservation conditions if the
geometric terms satisfy discrete versions of the GCL [75, 44, 34]. The same procedure (with appropriate
low order geometric terms) can be used to construct sparse low order physical differentiation matrices.

B. Convex limiting strategy

In the appendix, we will explore another limiting technique called convex limiting and provide an al-
ternative approach to limit entropy stable discretizations. To simplify the notation, we adapt the notation
used in [21], so we can write the low order and high-order approximations over node ¢ in algebraic forms:

Ln+1
L T Dl (70)
JEL(i) JeB(i)
uH n+l
m————— Z Fii+ Z F (71)
JEL(3) JEB(1)

In particular, for the compressible Navier-Stokes equation, the low and high order algebraic fluxes are

Fi=2 ; (Q% - (ok)T) . [ () + Fi (45) = (), = (00);] = A (uj — ), (72)
1
Pt =305 (E7BAE) [ () + fi (uF) = (00, = ()] = W), (uf —w) (73)
k=1
Fij = (Qk - (Qk)T)i_ {fk,s (u5,u;) — W} ; (74)
k=1 J
2 f
P (£10E), s o) - P Py
k=1

and we can derive the low and high order algebraic fluxes for the compressible Euler equation by eliminating
the viscous terms. We can establish the relation between the low and high order updates through the low
and high order algebraic fluxes:

e (S0 (F ) Y (R D) ()

JEL(i) JEB(1)

B.1. Converx limiting
Inspired by flux corrected transport [56], the limited solution can be written as

mautt = mul " 47 Z lij ( ) Z lij ( 2L ~F> H) , (77)

JEZ(L JEB(3)
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where [;; are limiting parameters in the range [0, 1]. Following the idea in [20], we can rewrite the limited
solution as a convex combination of substates of form u + [P:

u?+1 = Z Aj (u?’n+1 + lijPij) + Z Aj (u%’mJrl + lijp?j> , (78)
GET(1) JEB(L)
T L H B T B,L B,H o
Pii= (F,-F).  Ph= ¥ (Fo"—F2™), SN =1 A0,

JEL(H) U B()

where {)‘j}I(i) UBG) s aset of strictly positive convex coefficients. For example, in the numerical experiments
in this work, we will use one of the most obvious choices of convex coefficients: \; = Wl)UB(v)) In
[21], other choices of convex coefficients are explored and they do not show significant advantages over the
uniform choice.

Since the admissible set A is convex, the limited solution lies in the admissible set if every sub-state
of the form u® + [P is admissible. When the limiting parameter [ = 0, we recover the admissible low
order approximation, and when the limiting parameter | = 1, we recover the high order entropy-stable
approximation, which may not be admissible. In order to stay as close to the high-order scheme as possible,
we determine the value of limiting parameters by finding the largest possible [ that satisfies the positivity
constraints:

lij = max {l € [0, 1] | u?’n—‘rl + lPij S .A, u?’”“ + lei € .A} . (79)

The constraint uX +IP € A is a quadratic constraint with respect to I. As discussed in previous sections,
(42) gives the exact solution of the limiting parameters. The limiting parameters l;; are typically enforced
to be symmetric [21], then the limited solution (77) is conservative and admissible.

This limiting strategy is adopted in [20, 21, 34], and can be advantageous because it offers sub-cell
“blending” of high and low order schemes in addition to any sub-cell resolution provided by the low order
positivity-preserving scheme. However, in this work we only enforce minimal positivity conditions (i.e.,
global positivity of density and internal energy), while previous literature used convex-limiting to enforce
stronger constraints (e.g. local bounds-preservation on density and local minimum principle on the specific
entropy).

We note that the elementwise (Zhang-Shu type) limiting strategies considered in this work utilize a single
blending parameter on each element, which naturally preserves a semi-discrete cell entropy inequality. In
contrast, the convex limiting strategy can not be shown to preserve a semi-discrete cell entropy inequality if
the positivity constraint is the only constraint imposed. The lack of a numerical entropy inequality has been
shown to introduce spurious phenomena [76]. This can be remedied by also enforcing entropic constraints
through the limiting process [33, 77].

B.2. Localization of the limiting parameters

Symmetrizing the limiting parameters in (79) ensures the conservation property of the limited solution.
However a naive implementation of symmetrization requires the exchange of information on neighboring
elements. We use the local Lax-Friedrichs type interface fluxes in our high order ESDG formulation, which
avoids this exchange of information and localizes the convex limiting procedure. Then, for the compressible
Euler and Navier-Stokes equations, the interface numerical fluxes of the high order entropy stable methods
are identical to the interface numerical fluxes of the low-order scheme:

O — FBL Z% (E"BAE) £ (u) + Fiu (uF) = (@), = ()] | = ), (uf —w) . (0)

Since the low and high order algebraic fluxes are identical on the interface, the limited solution can be
written in terms of only low and high order algebraic fluxes in the interior of the element:

miu?H = miu?’m'l + 7 Z lij (F,{Jj — FE) . (81)
JEL(4)
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The high-order method is still entropy stable, as shown in [10, 78].

We note that this localization property is not specific to the Lax-Friedrichs flux, and that convex limiting
reduces to a local procedure for any high and low order schemes which share the same interface flux and
interface discretization matrices.

C. 2D viscous shockwave

We now examine the convergence of the limited solution in 2D for the compressible Navier-Stokes equa-
tions using the 1D viscous shockwave in Section 8.1.2 extruded in y-direction. In other words, the initial
condition can be written as

€ ( o (€))
Uso + U
u(z,y,t) = g 0 ) (82)

p(€) (€(6)+ § (uoe +u(6))?)

with variables defined as in (62), (63). We enforce the boundary condition similarly as in Section 8.1.2 and
set CFL = 0.75. The parameters we used are v = 1.4, 4 = 0.01,us, = 0.2,ur, = 1.0,my = 1.0, My = 3.
We present the L' error and the convergence rate of the elementwise limited solution with ¢ = 0.1 on the
uniform quadrilateral and triangular meshes defined in Section 8.2.1. Table 10 and 11 show the elementwise
limited solutions with ¢ = 0.1 have asymptotic convergence rates between O(h¥+1/2) and O(hN*1) on both
meshes, which is optimal for smooth solutions.

N=1 N =2 N=3 N =4
K L? error Rate L? error Rate L? error Rate L? error Rate
10 | 7.368 x 102 4.751 x 102 1.796 x 102 5.448 x 1073

20 | 3.204 x 1072 | 1.20 | 1.007 x 1072 | 2.24 | 2.168 x 1073 | 3.05 | 1.203 x 1073 | 2.18
40 | 1.145 x 1072 | 1.48 | 1.349 x 1073 | 2.90 | 3.533 x 10~* | 2.61 | 1.011 x 10~* | 3.57
80 | 2.921 x 1072 | 1.97 | 1.976 x 10=% | 2.77 | 3.882 x 107° | 3.19 | 3.231 x 107% | 4.97

Table 10: 2D viscous shockwave, quadrilateral mesh - Elementwise (Zhang-Shu type) limiting with ¢ = 0.1

N=1 N =2 N=3 N =4
K L? error Rate L? error Rate L? error Rate L? error Rate
10 | 6.372 x 1072 3.053 x 1072 1.834 x 1072 4.957 x 1073

20 | 2.384 x 1072 | 1.42 | 5.663 x 1073 | 2.43 | 3.805 x 1073 | 2.27 | 9.617 x 10~* | 2.37
40 | 7.324 x 1073 | 1.70 | 1.308 x 1073 | 2.11 | 4.876 x 10~* | 2.96 | 7.997 x 1075 | 3.59
80 | 2.020 x 1073 | 1.86 | 2.163 x 10=* | 2.60 | 5.127 x 1075 | 3.25 | 2.807 x 1076 | 4.74

Table 11: 2D viscous shockwave, simplicial mesh - Elementwise (Zhang-Shu type) limiting with ¢ = 0.1
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