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Abstract

The ring of g-character polynomials is a g-analog of the classical ring of character poly-
nomials for the symmetric groups. This ring consists of certain class functions defined
simultaneously on the groups Gl (IFy) for all n, which we also interpret as statistics on
matrices. Here, we evaluate these statistics on all matrices and work toward comput-
ing the structure constants of the product in this ring. We show that the statistics are
periodically polynomial in g and governed by universal polynomials P, ,(g) which
we compute explicitly, indexed by pairs of integer partitions. The product structure is
similarly polynomial in ¢ in many cases, governed by polynomials R} 1@ indexed
by triples of partitions, which we compute in some cases. Our calculations seem to
exhibit several unexpected patterns. Mainly, we conjecture that certain indecompos-
able statistics generate the whole ring and indeed prove this for statistics associated
with matrices consisting of up to 2 Jordan blocks. Furthermore, the coefficients we
compute exhibit surprising stability phenomena, which in turn reflect stabilizations
of joint moments as well as multiplicities in the irreducible decomposition of tensor
products of representations of Gl,, (IF;) for n > 1. We use this stabilization to compute
the correlation of the number of unipotent Jordan blocks of two sizes.
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1 Introduction

In this paper, we study the ring of g-character polynomials—a collection of class
functions on invertible matrices Gl, (F,), where [F, is a field of ¢ elements and n
ranges over all positive integers. These are g-analogs of character polynomials of
symmetric groups, introduced in [7], and they arise as the stable characters of finitely
generated sequences of representations Gl,(F;) ~ V, as n — oo known as VI-
modules. When considered as statistics on matrix groups, these functions exhibit a
uniform behavior as ¢ and n vary. The main goal of this paper is to work toward
understanding the product structure of this ring relative to a particular natural basis.
As a motivating example, consider the following invariant of matrices:

Fix(B)y = |{v € F | Bv = v}|.

Fulman and Stanton [5] compute the distribution of this function as a statistic on
Gl, (IF,) as a uniform probability space. One notable consequence of their calculation
is that the moments of this statistic become independent of n as n — oo (e.g., the
expectation is always 2). This pattern is explained in [7] as a general stability phe-
nomenon of g-character polynomials, of which Fix(-), is the most basic example. The
general case has fixed vectors replaced by fixed subspaces—Iet us recall the general
definition.

Definition 1 (g-Character polynomials, [7]) Given a finite field of g elements I,
let A be any fixed m x m matrix. The g-character polynomial associated to A is
the following statistic X4 : [ [~ End(Fy) — Q, defined simultaneously on square
matrices B € End(IFZ) of any size:

Xa(B,q)={W < IFZ|dimW = d satisfies B(W) € W and B|y ~ A}|.

Here, B|w ~ A refers to matrix similarity. When the cardinality of the field is clear
from context, we will suppress it from the notation and write X 4(B). See [8] and
[9] and Remark 4.0.1 for related but distinct statistics on matrices. A g-character
polynomial is any Q-linear combination of functions X4 : [ [, End(F7) — Q.

One of the main contributions of this paper is the complete evaluation of g-character
polynomials. Interestingly, though the functions are not defined as such, they are often
polynomial functions in ¢.

Theorem 1.1 (Periodic polynomiality) If A and B are matrices over Fy, the statistics
X 4(B, q") coincide with integer polynomials in ¢ in a periodic manner. Explicitly,
if d is the degree of the splitting field of the characteristic polynomial of A over I,
then there exist polynomials Pi(t), ..., Py(t) € Z[t] such that if m = i modulo d,
then

Xa(B,q") = Pi(g"™). ey
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In particular, the zeta function generated by these statistics is rational, though we omit
the proof.

Furthermore, if A and v are two integer partitions, let J, and J, be unipotent
matrices in Jordan form with block sizes specified by the respective partition (and so
defined over all fields). Then, there exists a single polynomial P, (t) such that

Xy, (Jy, p™) = Pru(p™)
for all primes p and powers m > 1.

In fact, we show that the polynomials Py, (#) associated with statistics of unipo-
tent matrices determine all other statistics P4, p(#)—see Theorem 2.6 for the precise
formula and a proof of Theorem 1.1. Some readers might be interested to learn that
the periodic list of polynomials in Theorem 1.1 takes a form familiar from number
theory and combinatorics: in many cases P; () = P, ,L(tlcm(i d))ged(.d) for some fixed
d > 1. In §3, we compute the polynomials P, , (¢) explicitly; hence, all evaluations
X 4(B) are completely determined.

Moving on to products, it is shown in [6, Corollary 3.9] that the collection of
g-character polynomials is closed under pointwise multiplication. Combined with
the stabilization of expectation [6, Corollary 4.6], this product structure is responsi-
ble for the aforementioned stabilization of higher joint moments of X4 and similar
g-character polynomials. Recalling that g-character polynomials are characters of
certain sequences of representations Gl, (F,) ~ V,;, the expectation of products also
describe multiplicities in the irreducible decomposition of V,,, which therefore simi-
larly stabilize as n — oo (see [6] for details).

To the best of our understanding, the product structure of ¢-character polynomials
has not been previously explored, and is the original motivation for this work. Our
main results regarding this structure take a similar form to Theorem 1.1.

Theorem 1.2 (Product expansions) There exist integer polynomials labeled by triples
of partitions R;\’, #(t) € Zt], such that if J5 and J,, are unipotent matrices in Jordan
form with block sizes specified by the respective partitions, then

X«I)L : XJH = Z R;L),,u(qd)x-]\r
v

when considering the statistics as defined on matrices over the field IE"qd.

For general matrices A and B, the analogous expansion X 4 - X p is expressible
in term of R:\), u and the characteristic polynomials of A and B, so long as these
characteristic polynomials split over F. See Theorem 4.7 for a general formula.

The main tool that sheds light on the coefficients of generalized product expansions
is a recursive algorithm we give in §4 for computing them. This approach allows us to
posit a general criterion for constraining the conjugacy classes that may appear in the
product expansions, see Lemma 4.3. A proof of Theorem 1.2 is found immediately
below Corollary 4.6.
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Theorem 1.3 (Recursive description) For every pair of integer partitions » and i, the
polynomials R, u (@ which govern the product expansions of q-character polynomials
satisfy the following recursion

R} (1) =P y(t) - Puy(@®)— Y R} ()P, (0).

i<l

where the sum goes over all partitions v' of numbers < ||v||. Here, ||v| denotes the
sum of the integers in the partition v.

We prove Theorem 1.3 in §4.

Our product expansions generalize classical problems in g-combinatorics. One
explicit example with a natural interpretation as a product of g-character polynomials
is the following.

Example 1.3.1 (Identity matrices) For every integer n > 1, let I,, denote the n x n-
identity matrix. Then, for every n and k > 1, the evaluation X, (/,,) is simply counting
the number of n-dimensional subspaces in F”", commonly denoted by the Gaussian
binomial coefficient (Z)q. Hence, expanding the product of two such statistics gener-
alizes the product expansion of these g-binomial coefficients as linear combinations
of other g-binomial coefficients:

min (m,n)
m+n—k m+n —2k V(o
X[’" ’ XI” = Z < k ) ( k ) . q(m o k)XlnH»ufk‘
k=0 q m-— q

Evaluating this equation on a large identity matrix Iy gives a uniform expansion for
(1)g Gy

This equality is easily verifiable by a simple counting argument: the left-hand side
is counting the number of ways to pick two subspaces V and W in Ff]\’ of dimensions
m and n, respectively. The right-hand side counts the same thing, but by first fixing
the spaces V + W and V N W, then enumerating the pairs V and W that could result
in those.

In §5, we apply our recursive description of the structure constants of the product
to determine general formulas for the product expansions of g-character polynomials
associated to unipotent matrices with various Jordan block sizes. A notable example
is the product expansions of statistics counting a single Jordan block.

Example 1.3.2 For b > a > 1, let J, and Jp, be unipotent Jordan blocks of sizes @ and
b, respectively. Then,

a—1
Xy, - Xy =Xy, + (Z " g — 1)XJ,,,,,,> +q%Xy,,.
m=1

See Example 5.0.1.

Product expansions of more complicated matrix statistics are listed throughout §5,
and many small cases are given in Table 1.
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There are several consequences and stability patterns manifested in the prod-
uct expansions that we compute—many already visible in Example 1.3.2 above. In
Sect. 5.2, we formulate a number of explicit conjectures regarding the form and prop-
erties of the expansion polynomials R;\’ﬁ M(q). One notable conjecture addresses the
question of generators for the ring of g-character polynomials.

Conjecture (Single blocks generate the ring) Products of statistics X j, associated to
single Jordan blocks generate the entire ring of q-character polynomials over the field
of rational functions Q(q).

More precisely, for every partition A = (A > ... > Ag) let J, be the unipo-
tent Jordan matrix with block sizes specified by A. Then, there exists a polynomial
P(t1, ..., t,) of degree k with coefficients in Q(q) such that

XJA:P(XJI,XJZ,...,XJM).

Example 5.0.1 shows that the conjecture holds for partitions with < 2 parts.

Finally, through the stabilization of expectations of g-character polynomials ( [6,
Corollary 4.6]), our product expansions facilitate a relatively straightforward approach
to determining the higher and joint moments of the random variables X 4 for various
A. For example, it is easy to see that the number of eigenvectors with distinct eigen-
values are uncorrelated among random matrices of dimension 2 or greater. A notable
implication of the expansion given in the last example is the following correlation
between the counts of subspaces on which a random matrix acts as a unipotent Jordan
block of a given size—these are the values of X, .

Theorem 1.4 For b > a, the correlation between random variables X j, and X j, in
the uniform probability space Gl, (Fy) is ./ Zz—j oncen > 2b.

As nice as this correlation formula may appear, we do not know a direct counting
argument that proves it—perhaps our reader can find one. Similar explicit though
more complicated formulas exist for smaller n. We will not discuss those here. For a
discussion and proof of Theorem 1.4, see §6.

We conclude this introduction by laying out some basic notation to be used in future
sections.

Notation 1 For a square matrix S, let dim(S) and n g both denote the number of rows of
S. Denote by Jy; n,,....n; (1) the matrix in Jordan form with block sizes ny, na, ..., n;
and eigenvalue A. Alternatively, consider a partition u of n with frequency representa-
tion (11,22, .. k™). Then let J, (A) = Jymi omz g (A) also denote the matrix
in Jordan form with m; blocks of size i and eigenvalue A. The unipotent matrix J, (1)
will be denoted simply by J,, and the nilpotent matrix J, (0) by N, . Observe that the
total number of rows of J,, (1) will always be |||l =) im;.

2 g-Character polynomial evaluations

In order to determine product structure constants, we will first show that for any two
matrices A and B over I, the evaluation X4 (B, qd ) is determined by evaluations
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of unipotent matrices. Furthermore, we show that the latter evaluations on unipotent
elements are polynomial in 7 = p? for any prime power. With these results, we
compute the evaluations explicitly in Theorem 2.6.

2.1 Disjoint sets of eigenvalues

First, we show that matrices with disjoint sets of eigenvalues interact trivially, in the
following sense.

Lemma 2.1 Let A and B be square matrices over ¥ and suppose that B factors as a
direct sum of square matrices B ~ By @ By such that By shares no eigenvalues with
A, then X 4(B) = X A(By).

Proof Let Fglm(B) = V1@ V; be adecomposition such that B acts on V; by B;. Suppose
W< IFSIm(B) is a subspace counted by X 4 (B), i.e., B(W) € W and B|w ~ A. This
implies that A and B act on W with the same eigenvalues. But since B, shares no such
eigenvalues with A, it follows that W NV, = 0 and W C V. Therefore, W is counted
in X 4(Bp) as well.

Conversely, if W < V| is counted in X 4(B1), then since W < V| @ Vo, = F,
and satisfies Blw = Bj|w, itis clearly counted in X 4 (B) as well. Thus, the two counts
coincide. O

dim(B)
q

Similarly, consider the product of statistics.

Lemma 2.2 If A and B are square matrices that share no eigenvalues, the product of
statistics X o - X p is equal to X ogp-

Proof. By [6, Corollary 3.9], there exist coefficients rg’ 5 such that

Xa-Xg = ng,Bxc
C

where C ranges over conjugacy classes of matrices where
max(dim(A), dim(B)) < dim(C) < dim(A) + dim(B).

For every such C, the evaluation X 4(C) counts the number of dim(A)-dimensional
subspaces of Fglm(c) that are C-invariant and on which C acts by A up to conjugation.
Let S4 be the collection of these subspaces, so that |S4| = X4(C). Similarly let Sp
be the set of the analogous subspaces for the case where A is replaced by B.

Now we claim that for every V| € S4 and V> € Sp we have V1 NV, = {0}. Indeed,
the intersection W = V| N V; is itself C-invariant, since both V| and V5 are such.
Assume for the sake of contradiction that dim(W) > 0. Then, the restriction of C
to W has some eigenvalue A (perhaps only a member of a larger field). But since the
action of C on Vj is conjugate to that of A, this A must then also be an eigenvalue A,
and similarly, it must also be an eigenvalue of B. This is a contradiction, as A and B
have no common eigenvalues.
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If (X4 - Xp)(C) # 0, then both S4 and Sp are non-empty. Thus, from the above
argument we conclude that for any choice of V| € S4 and V; € Sp,

dim(A) + dim(B) = dim(V}) + dim(V») = dim(V; @ V») < dim(C)

showing that the only matrices C for which the product X 4 - X g is nonzero are of the
maximal dimension dim(A) 4 dim(B). It also follows that Iﬁ‘glm(c) = V1 & V», thatis
the space has a basis built from a basis for V; followed by a basis for V;. Since both

subspaces are C invariant, in every such basis the matrix C is represented by
C'=A@®B

where A’ = Cly, ~ A and B’ = C|y, ~ B, so C' is conjugate to the block matrix
A @ B. But since change of basis corresponds to conjugation, it follows that C ~ C”.
We thus found that the only matrices C with dim(C) < dim(A) 4 dim(B) such that
(X4 - XB)(C) # 0 are those conjugate to A & B.

Conversely, this block matrix clearly evaluates to 1 on both X 4 and X p, thus giving
the desired equality

Xa-Xp=Xags.

2.2 Independence of eigenvalues

Now that we have reduced the problem to matrices with only one eigenvalue, the next
reduction verifies that the choice of eigenvalue for our matrices does not matter.
The following notation would be used throughout the remainder of this section.

Notation 2 For a nilpotent matrix Ap defined over a field IF and a scalar A € F, we
denote A; := Ag + AI. Observe that for all A, A’ € [ the matrices A; and A,  have
the same Jordan block sizes and generalized eigenvectors, but their eigenvalues are A
and A, respectively.

Lemma 2.3 Let Ao and By be two nilpotent matrices. Then, X 4, (B;) = X4,,(By).

Proof 1t is easy to see that a subspace W is Bj-invariant iff if it is B, /-invariant as
B, (W) C W iff B, (W) + (A — X)W C W. It is similarly clear that the restriction
B |w is conjugate to A, iff the restriction B, |w is conjugate to A,,. Thus it follows
that a space W is Bj-invariant and B, |w ~ A, if and only if W is By -invariant
and B,/|w ~ A, . Hence, the sets of all such W coincide, which by definition gives
X4, (Br) = X 1 (By). 0

Since the statistics X 4 are invariant under changing eigenvalues, one can, in par-

ticular, reduce general calculations to those involving only unipotent matrices, i.e.,
matrices in which all eigenvalues are 1.
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2.3 Field extensions and Jordan matrices

Next, we determine how the evaluations of matrices are affected by field extensions,
ultimately facilitating the reduction of any evaluation and expansion calculations to
those involving statistics on matrices in Jordan form. Let F' := Fr, denote the Frobe-
nius automorphism of Fq.

Lemma 2.4 Let My be a nilpotent matrix in Jordan form and A be a matrix with entries
in ¥y that is conjugate over I ja to

M,
MFE)

MFd—l )

for some A such that Fq(A) = F 4. Let B be an n x n matrix with coefficients in F.
Then, X 4(B, q) = Xum, (B, q%).

Proof Let S = {W < Fy | Wis B-invariant and Blw ~ A}and T = {V =< IFZd |
V is B-invariantand B|y ~ M, }. We wish to construct a bijection between S and T
since |S| = Xa(B, q) and |T| = Xy, (B, ¢%).

Consider W € S. Extend scalars to F 4 to form W. It is clear that W is still
B-invariant and B acts by A up to conjugation on W. Now, consider the function
g : § — T given by sending W to the A-generalized eigenspace of B|y. This map
produces a subspace that must be B-invariant, as it is a subspace of W, and on which
B acts by M, up to conjugation.

Conversely, consider V € T. As V is B-invariant, Bv € V for all v € V, so
Fi(Bv) = BF(v) € FI(V)foralli.Thus F'(V)is B-invariant as well. Furthermore,
for any sequence of vectors vy, .. ., vg such that Bv; = Av; 4+ v;_1 (with vg = 0), one
has that B(F (v;)) = F(B(v;)) = F(A)F(v;) + F(vi—1). Thus, on F (V) the operator
B acts through a matrix conjugate to M ).

Let W = @} F/(V). Since every F'(V) is B-invariant, the sum is also. Fur-
thermore, since F : Fi(V) — Fit1(V), the sum is also F-invariant. Lastly, B acts
on W by the block matrix containing the Jordan matrices M FiQ) forO<i <d-1,
thus the B action on W is conjugate to A by assumption. By Galois descent (see, e.g.,
[3]), there exists a unique W < Fg whose extension to IFZ[, is precisely W. Explicitly,

W consists of the F-fixed vectors in W.

As W is B-invariant, for all w € W C W we have Bw € W. However, we also
have F(Bw) = F(B)F (w) = Bw because W consists of the F-fixed vectors. Thus,
it follows that Bw is F-fixed, and so we must have Bw € W, i.e., W is B-invariant.
Also, B acts by A up to conjugation on W because A and B|w have the same rational
canonical form. Thus, W € S, so we have constructed a map from # : T — S that
sends V to W. We now show that g and / are inverses, thus establishing |S| = |T|
and completing the proof.
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In the construction of g(h(V)) = g(W), one first considers W after extending
scalars. We then consider the map from W to the A-generalized eigenspace of Bl
which is V because V is a summand of W and on all other summands, B has different
eigenvalues. We conclude that g(h(V)) = V.

Now, consider h(g(W')) for some W’ € S, and let W’ be the space formed by
extending the scalars of W’ to [ a. We claim that the F ! (A)-generalized eigenspace of
By is precisely Fi(g(W")). Note that for all v" € g(W’) we have (B — A1)"v' =0
for some fixed m. Then, F((B—AI)"v') = (B—F'()I)"F'(v') = 0,s0 Fi (g(W))
must be equal to the F’ (1)-generalized eigenspace. Thus, we observe that the map &
on g(W') precisely takes a direct sum of the eigenspaces of W’ to produce W'. Finally,
h reduces W’ back to W’ by uniqueness of Galois descent. Therefore, h(g(W')) = W'.

This implies g and & are inverse bijections, so |S| = |T|. ]

For an explicit illustration of the previous lemma, consider the following simple
example.

Example 2.4.1 Over the field F4 there is a similarity (} (1)) ~ ((6) 602) where

€ € Fy satisfies €2 + € + 1 = 0. Lemma 2.4 shows that for any matrix B over F» we

have X(“) (B,2) = X (B, 4), i.e., counting the number of eigenlines over F4 with
10
eigenvalue €.

Thus, this lemma demonstrates that determining the evaluations of statistics on
matrices in Jordan form will prove sufficient in computing general evaluations.

2.4 Reducing to unipotent elements

With the reductions given above, one can express general evaluations X 4 (B, ¢¢) in
terms of evaluations of statistics on unipotent matrices. We compute those evaluations
explicitly in the next section (see Theorem 3.2 below), but let us first use the fact of

their polynomiality to prove Theorem 1.1.

Lemma 2.5 Using Notation 2, let My be a nilpotent matrix in Jordan form and let A
be a matrix with entries in ¥, that is conjugate over I ja to

M,
MFE)

MFd—l )

for some A such that Fq (1) = F 4. Let B be an n x n matrix with coefficients in .
Then, for allm > 1,

XA(B,qm) — XM}L(B’qlCm(m,d))ng(m,d).
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Proof. We will use the matrices N; = @‘jj/: %Cd(m’d)_l Mpitmj;, where 0 < i <

ged(m, d) — 1.

Let n(A) denote dim(A), and let V < F"ffn)(m o be a vector subspace that is A-
invariant and T'|4 ~ Mpi N (such vector spaces exist since Iqu < ]Fqlcm(m,d)). Then,
as indicated in the proof of Lemma 2.4, the image F"/ (V) is similarly A-invariant
and A|ij(V) ~ MFH»mj()L)

Now consider the sum W = DL Fi*™i(V), and observe that A acts on
W by the block matrix N;. Then, W is clearly F™-invariant. By Galois descent (see,
"(A) such that its extension to F l(fn)(m 2 18 w.
Observe that W is A-invariant as a sum of such subspaces. Then, by uniqueness of
W it follows that it is also A-invariant. It follows that Al is defined over F,;m and
conjugate to N;, and in particular N; is conjugate to a matrix N; defined over Fym

d/ gcd(m d)—1

e.g., [3]), there exists a unique W < IF

Note that A = @%i%(m’d) ! N;. Since the {N; }ng(m D=1 have pairwise disjoint
sets of eigenvalues, by Lemma 2.2,
ged(m,d)—1
XaB.q"y =[] Xwn(B.q™.
i=0

Let + = g™. The smallest power £ for which IF,¢ contains the eigenvalues of A is
lem(m, d)/m, so by Lemma 2.4,

X, (B, 1) = X, (B, 1Dy = Xy (B, g'm D)

Fi()
. L= d/ ged(m,d)—1

where the second equality is apparent from the construction N; = € =0

MFi-%—mj ()») .

Now, in the Jordan normal form of B over Fqlcmon.d), let By N denote the sum of
blocks corresponding to eigenvalue F*(1). Note that B Fi and Bpj ;) have the same
Jordan form since B was defined over [F; and F (1) and F/ () are Galois conjugate.
Therefore, by Lemmas 2.1 and 2.3,

X, (B, glemmdy = Xpi ) (BFigy, g " ") = X, (B, """ D)

= Xu, (B, g D).

Finally, we have,

ged(m,d)—1 ged(m,d)—1
XaB.g" =[] XnB.gMm= ] Xu,(B.g""")
i=0 i=0
= XMA (B’ qlcm(msd))g(:d(m»d). o
Theorem 2.6 For a pair of invertible matrices A and B over Fy, let ¢y, ..., be a

set of representatives for the Galois-conjugacy classes of eigenvalues of A. For every
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1 <i < klet )i and u; denote the partitions enumerating the Jordan block sizes with
eigenvalue &; in A and B, respectively (lu; is the zero partition if {; is not an eigenvalue
of B). Then,

PA,B(qm) _ 1_[ P)ui,/ti (qlcm(m,di))gcd(m,di)

1

where d; denotes the degree of the minimal polynomial of {; over F.

Proof of Theorems 2.6 and 1.1 First, let f4(g") be the characteristic polynomial of A
and factor f4 over [F,[x] into distinct irreducible polynomials fi, f2, ..., fi with
multiplicities r1, .. ., r¢. That is,

fal@™) = fitg™" fa(g™)"™ - fi(g™)™ .

Let A; be the restriction of A to the subspace ker(f; (A)"?). Observe that the charac-
teristic polynomial of A; is fij(¢g™)"" and A ~ @Ll A;. Since for every i # j the
matrices A; and A; have coprime characteristic polynomials, they have disjoint sets
of eigenvalues. So by Proposition 2.2, we have X 4 (B) = ]_[f=1 X4, (B).

The characteristic polynomial of A; can be factored over a field extension as

fi(@™) = (@™ — &) (g" —Fr(g) - (¢" — Fr (g

where d; = deg(f;) and ¢; € qu,. . Furthermore, A; ~ @‘f;ol Frj(M;i) where M, is
an r; x r; matrix in Jordan normal form with eigenvalue ¢;. Therefore, by Lemma 2.5,
X 4, (B, qm) — XMQ», (B, qlcm(m,d,-))gcd(m,di).

Decompose B as Ny, @ N’ where N, is in Jordan form over F o4 and has eigenvalue

i, and N’ has eigenvalues distinct from ¢;. This decomposition is possible since
g € Iqui . Then, by Lemma 2.1

XM;[. (B, qlcm(m,d,-))gcd(m,d,-) — XM;[. (NC,' ® N/, qlcm(m,dl-))gcd(m,d,-)

— XM;,. (Nli , qlcm(m,di))gcd(m,d,-).

Let A; and p; be the partitions that represent the Jordan block sizes of M, and N,,
respectively. By Lemma 2.3, X M, (Ng;. glemim.di)y — Py ( g'emm-d)y - Altogether,

k k
Xa(B,q") =[] Xa (B, g™ =[] Pry.yus (glemmyzednad )
i=1 i=1
as claimed.
Note that this formula for X 4 (B, ¢™) is by definition periodically polynomial as
specified in Theorem 1.1. O

Corollary 2.7 When all eigenvalues of A lie inIF,, the evaluation X (B, q™) is poly-
nomial in q"™.
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Remark 2.7.1 A special case of this corollary, when A and B are unipotent matrices
in Jordan normal form, implies that there is a single polynomial P, ;, which coincides
with X j, (J,,, ¢") for all prime powers g™.

3 Calculating unipotent evaluation polynomials P,

Having shown that it suffices to consider unipotent matrices, we now explicitly deter-
mine the evaluations of our statistics on unipotent matrices. A unipotent conjugacy
class is characterized by an integer partition, enumerating the sizes of the Jordan
blocks. Hence, if for every partition A we let J, denote a unipotent Jordan matrix with
block size specified by A, the evaluations P, (q) := X, (J,, g) are parameterized
by pairs of partitions. In this section, we will calculate P, ,(¢g), showing in the process
that they are polynomial in ¢ with positive integer coefficients. To begin, recall the
definition of the g-binomial coefficient.

Definition 2 The g-binomial coefficient (’;’)q counts the number of n-dimensional
subspaces in F'. Explicitly,

(m) _@"=DE" - 9" —q?) - @" =" 'ﬁ " —q'
n/, @" =" =) (q" —q" ") 04" 4’

if m > n and is O otherwise.

It is a fact that the g-binomial coefficients are polynomials in g with positive
integer coefficients (see, e.g., [1]). We start by considering the evaluation of statistics
associated with matrices composed of Jordan blocks of equal size.

Lemma 3.1 Fix matrices A = Jjaj and B = J», b, and let ng denote the number
of rows in B. Then,

k
X, (B) = (Zi:j bi) L v G E ]
q

aj

Proof Denote the ambient space on which B acts by V = IFZB. We need to count the
number of B-invariant subspaces W; < V' that have Blw; ~ J;«;. With respect to
N := B — I, the nilpotent matrix with the same Jordan blocks as B, the counting
problem amounts to computing the cardinality of the set

Kj={W; <V |NW,;)C W, Nlw, ~ No}.
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To do this, consider following quotients:

ker(N/) c 1%
ker(N/)/ker(N/~1) c V/ker(N/~1)

We start by showing that the quotient map 7 induces a surjection from K ; to the set
of aj-dimensional subspaces of ker(N 7Y/ ker(N7~1). Then, we proceed by observing
that all fibers of this surjection have equal cardinality; hence, the count will be given
by |K | = |base| x |fiber]|. ]

Claim 3.1.1 For every Wj € K, we have that Wj = n(W;) is a aj-dimensional
subspace of ker(N7)/ ker(N/—1).

Proof Fix W; € K. Then, since N|w;, ~ N s i.e., similar to a nilpotent matrix with
a; Jordan blocks of size j, it follows that W; has a basis of the form

{vi, Nvy, N2vy, ..., N/7lyy,
vy, Nuvy, szz, R N-’_lvz,
Nuv,., N? NI~
Vaj» NV, Vajs - -+ s Va, }

such that N/v; = 0 for all i. Thus, Wj < ker(NY). It further follows that Wj is
spanned by (7 (v1), 7 (v2), ..., n(vaj)) and is of dimension at most a ;. To see that the
7 (v;)’s are indeed independent suppose

0=Arm(v) + rw(vp) + ... + Aajn(vaj) =a(Av + Aqvy + ... + Aa; vaj).
It follows that Ajvy 4 A2v2 + ... + A4, va; € ker(N/~1). So,

0=N"""vy 4+ rova + ...+ XajVa;)
=N o+ oN Ty 0 N

But {N-/_lvl, Ni=btyy, ..., N-/_lva_/} is a subset of a basis of W;, thus A; = A =
<o+ = Aq; = 0. It follows that 7 (vy), 7 (v2), ...7w (vg,) are linearly independent and
W is of dimension a;. O

Claim 3.1.2 For every aj-dimensional subspace Wj < ker(Nj)/ker(Nj_l) there
exists W; € K such that 1 (W;) = Wj.

Proof Let Wj be any a;-dimensional subspace of ker(N 1)/ ker(N/=1) and pick
{vg, ..., vaj} C ker(N/) such that {r(w), T (v2), ..., Jr(vaj)} form a basis for Wj.
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Consider the space

Wj=span(vl,Nvl,N2v1,...,N/_lvl,
vz,sz,szz,...,N]_lvz,
Nv,., N? NI

Vaj, Nvg;, N7vg,, .. ., Va;)-

We claim that W; € K; and w(W;) = Wj. Indeed, since all N"v; € ker(N/~1) for
r > 1 vanish in the quotient, it follows that 7 (W;) = w j

To see that W; € K it remains to show that N(W;) € W; and lej ~ Nj“j.
The N-invariance is clear since it obviously holds on the spanning set defining W;. To
determine the conjugacy class of N|w;, we only need to show that the spanning set is
linearly independent, since this would imply that {N"v;}; . is a basis with respect to
which N|w; has the desired Jordan form.

Suppose that

Ar1vr + A1 2Nvg + )»1,3N2v1 4+t )Ll,ij_]Ul
+A21v2 + A2 2 Nvy + 12’3N2v2 4+t Kz,ij_lvz

+)»aj,1vaj +)\-aj,2Nvaj +)taj,3N2Uaj, e +)¥aj,ij_lva- = 0

J

Applying 7 to this equation gives
Aam () + Az (v2) + A317(V3) + .. Ag; 17T (Va;) = 0.
But {m(vy), ®(v2), ..., n(vaj)} was chosen to be a basis for Wj SOAL1 = A1 =
-++ = Ag;,1 = 0. Continue by induction to show that the first » columns of the equation
above vanish.
Assume that A; ; = 0 for all i and s < r, so the linear relation reduces to
aj j—1
N DD hisN Ty | =0.

i=1 s=r

This implies that the argument Y Y A; ¢ N*"v; already vanishes in the quotient.
Applying 7 to this argument gives a new relation

Ay + ..+ )\a‘;,rﬂ(vaj) =0

which again by linear independence of the 7w (v;)’s gives A1, = ... = )»aj,, = 0, thus
completing the induction step.

@ Springer



Journal of Algebraic Combinatorics (2023) 57:975-1005 989

Thus, the set {N/v;}; ; is indeed a basis, so W; € K; and 7(W;) = W; as
claimed. O

Note the following useful fact: for every r > 0

dim(ker N") = np — dim(im N") = np — » (i —r)b; 3)

i>r

where b; is the number of blocks of size i in the Jordan matrix N. In particular, it
follows that there are

(dim(ker N7) — dim(ker Nfl)) B (Ziz j bi>
q q

aj aj

ways to pick a a ;-dimensional subspace W; < ker(N/)/ker(N/~1).

We now turn to computing the number of W; € K; that project to a given quotient
W;.
Claim 3.1.3 Fix a aj-dimensional subspace Wj < ker(N/)/ker(N/~1). There are
precisely

" 5= L0z =+ Dbi=(j=D)a]|

spaces W; € K such that m(W;) = Wj.

Proof If s : W j — ker(N 7Y is any section of 7, with image denoted by Wy, then the
proof of Claim 3.1.2 shows that W; := )" N”"(Wp) is a an element of K ; projecting
onto W . So, this procedure defines a function from sections s to K ; whose image
lands in vector spaces W; we wish to count. We therefore compute the size of its
image.

Let us first count the set S of sections of 7 : n_l(Wj) > W j- Fix a section
50 : W; — Wo. Then, the set of all sections is in bijection with hom(W ;, ker(N/~1))
where a map ¢ : w j — ker(N ) corresponds to the section so + ¢. It follows that
the number of sections is

qdimW_,wdimker(N/*l) _ qaj(ngfzizj(ifjJrl)b,-)‘

Next we compute the size of the fiber over a given W; € K such that w(W;) = W;.
The same argument as in the previous paragraph shows the number of sections of
7:W;— Wjis

[hom(W j, W; N ker(N/~1))| = g dim (W Pker V),

But because N|w; ~ Njaj, it follows that dim(W; N ker(N/=1)) = (j — Daj.

Since all fibers have the same size, the total number of sections | S| = |image| x
[fiber|. So, the image we wish to count has cardinality %, yielding the claimed
count. O
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Combining all claims in the proof, the set K; of interest maps onto a set of size
(Zi 5// b")q with fibers of equal size given by the previous claim. It follows that

Xa(B) = |K,| = <Zizj bi) e ]
aj q
This completes the proof of Lemma 3.1. O
Using Lemma 3.1, we now prove the general case by induction.

Theorem 3.2 (General evaluation formula) Consider the matrices A = Jyai2ay_ jax
and B = Jby9p, by Then,

,,,,,

S (b —ai) + bj> a; <n3—Z.(i—j'i'l)bi—(j_l)aj_z(j_l) > ai—) a,-)
.q .

k
X4(B) = 1_[ (i>j i>j i~ i<j

j=1 aj

q
(4)

In particular, only the number of blocks in B of size > k enters the formula, and not
their specific sizes.

Proof We prove this theorem by induction on k—the largest block size of A.

The base case is when there are 0 blocks in A, corresponding to the empty matrix
acting on the zero vector space. The only vector space counted in this case is the zero
space, so the count X 4(B) = 1, as is the RHS of (4).

Assume by induction that the formula is true for matrices A’ with block sizes smaller
than k. Let A = Jja1 o be a matrix with blocks of size at most k.

As in the proof of Lemma 3.1, we set N := B — [ for the nilpotent matrix. Now,
since (A — I)*¥ = 0, it follows that any B-invariant space W on which Bly ~ A
has NK(W) = (B — )*(W) = 0. So for the purpose of counting subspaces W of
this form, it is sufficient to restrict the ambient space on which B acts to ker(N ky,
which we denote by V. On this smaller ambient space, the transformations B and
N have their Jordan blocks restricted to have size at most k. Thus, without loss of
generality we assume that B has only blocks of size at most k. Note that the terms
ng — Ziz ;@ — j + 1)b; remain unchanged by this replacement for all j < k since
they are measuring dim(ker N/~1) by (3). This in particular shows that the sizes of
blocks larger than k does not matter, and rather only their total count is significant.

By Lemma 3.1, we know that the number of B-invariant subspaces on which B
acts by a transformation conjugate to Jya; is

(Zizk bi) + gl =Tin ikt Db~k D] )
q

Ak

Let Wy be any subspace of this form. We wish to count the number of way to extend
Wi in an B-invariant way so that B acts by a transformation conjugate to A. This is
equivalent to finding a subspace W’ < V /W, that is B-invariant and on which B is
conjugate to A" := Jja;__yya-1. Since this latter matrix has blocks sizes smaller
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than k, our inductive hypothesis applies, and the number of such subspaces is known.

However, note that the transformation induced by B on the quotient, call it B’, is

represented by a matrix obtained from B by removing a; blocks of the maximal size

k.Thatis, B"has b = by—ay and b/j = bjforall j # k. Alsonotethatng = npg—kay.
Therefore, the number of ways to pick the subspace W' < V /Wy is

k=1 S (b —a;) + bj
(=)

Jj=1 aj

q

aj |:n3—kak—IZ_(i—j—H)bi+(k—j+l)ak—(j—l)aj—2(j—l)II(Z]. ai—.z.a,-i|
-q i>] i=j <] (6)
The preimage subspace W for which W /W), = W’ is uniquely determined by W’, and
is an B-invariant subspace satisfying B|w ~ A.

We thus have a count of the number of pairs (Wy, W) such that Wy < W are two
B-invariant spaces with respective restrictions of B conjugate to Jia and A: this is
the product of (5) and (6). However, we are interested in counting only the set of
subspaces W alone, so we must divide by the number of pairs (Wy, W) with a given
space W.

Fixing W, the number of choices for a subspace Wy < W that is B-invariant and
on which B acts as Jy« is again counted in Lemma 3.1. Since B acts on W as the
matrix A, we have a; = b; for all i in the lemma; thus, the number of such subspaces
Wi < Wis

k=1
(ak) ) q“k("Af“k*(k*I)uk) 1 'qak ng jaj
ag q

Dividing the product of (5) and (6) by this overcounting factor, we get the number of
desired spaces W to be:

3 (bi —a;) + b o
<i>j 1 1 ]) ) qf(a,b)

aj

1

k
=J

q

where the exponent is

f@.by=ac|ng—> (i —k+ Db — (k- Day

i>k
k—1
+> aj | np =) (i —j+ Db
Jj=1 i>j
k—1
—(=Dax =G —Daj =2 =D ai— Y a
i=j i<j
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k—1
—a ) ja
j=1

k
= Zaj ng —Z(i —Jj+ Db —( — l)aj
i=1

=]

2 -1 ai—) a

iz i<j
completing the proof of the induction step. O

The evaluation formula has a surprising consequence: the size of the largest Jordan
block does not in fact matter—as long as its multiplicity is the same in A and B.

Corollary 3.3 Suppose that A and B are unipotent Jordan matrices such that the largest
Jordan block of B is of size n. If a, = ¢ and Y_ b; = c, then X A(B) is independent

i>n
of n.

4 Product of g-character polynomials

With the evaluations of our statistics explicitly calculated, we move to describe a
recursive procedure for determining the product expansions of such g-character poly-
nomials. The main consequences of the recursive formula are that many expansion
coefficients must vanish, and that expansion coefficients are often polynomial in g.
We are seeking to determine the coefficients rg’ 5 in the expansion

Xa-Xp=)Y rfpXc.
C

Remark 4.0.1 A related problem was considered in [10] in which Wan and Wang study
what is essentially a collection of simultaneous class functions on the groups Gl, ()
labeled by conjugacy classes of matrices, like our X 4’s. Explicitly, their functions
coincide with expressions of the form Y4 := X gy, dim(A) when restricted to Gl,, (IF),
where A is not of the form Ay @ I for any k& > 0. While our function X4 counts
invariant subspaces and ignores their complement, the function Y4 only count those
subspaces with a pointwise-fixed complement.
Interestingly, Wan and Wang prove that products of their functions expand as

Ya-Yp = Z ag,B e
dim(C) <dim(A)+dim(B)

similar to the relation for X 4 - X g, although the two phenomena appear to be distinct.
In our terminology, they deal with the lowest order term in the expansion of X 4q, -
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X pe1,, writing it in terms of functions X gy, about which our work says nothing.

Furthermore, their expansion coefficients generally depend on n, while our coefficients
do not.

4.1 Recursive formula for product expansions

Our approach proceeds via the following key observation.

Proposition 4.1 Given two matrices A, C where dim(C) < dim(A), then X4 (C) =0
unless A ~ C, in which case X 4(C) = 1.

Proof If we consider any subspace W C F4m(©) then dim(W) < dim(C) < dim(A).
By the definition of X 4, if a subspace W is counted by X 4 (C) then dim(W) = dim(A)
and therefore dim(A) = dim(C). Otherwise, when dim(C) < dim(A) no spaces are
counted and X4 (C) = 0. If X4(C) # 0, then W must be the entire space [Fdim(C) |
so the condition C|w ~ A simplifies to C ~ A. In this case, only one subspace is
counted so X4(C) = 1. O

The proposition gives a recursive formula for the coefficients r/f B

Theorem 4.2 (Recursive formula for expansion coefficients) For any matrix C, the
expansion coefficient rg g is given by,

r s =Xa0)-XpC)— > ripXu(O). (7)
dim(M)<dim(C)

Proof of Theorem 4.2. By evaluating the statistics in the equation described in Theorem
1.2 at a given conjugacy class of a matrix C, we see that

XA(C)- Xp(C) =r§ gXc(O)+ > rilpXu(0). O
dim(M) <dim(C)

This recursive formula allows us to apply the following inductive procedure to
calculate the coefficients.

1. Start with k = max{dim(A), dim(B)}.

2. List the conjugacy classes of matrices C with dim(C) = k, and for each class
calculate a Jordan form for C (possibly in a field extension).

3. Evaluate X4, Xp and X, for all M with dim(M) < dim(C) appearing in (7)
using the formula in Theorem 2.6. Then, Theorem 4.2 determines rg’ B

4. Increment k by 1 and return to Step (2). Repeat these steps until k = dim(A) +
dim(B).

4.2 Properties of expansion coefficients

Many of the coefficients in the aforementioned product expansion are, in fact, zero.
For example, a necessary condition for the non-vanishing of a coefficient rg g 18 that
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the largest Jordan block of C is exactly the same size as the largest one among those
of A and B. To prove this and other vanishing results for the expansion coefficients,
we posit the following general strategy.

Lemma 4.3 Suppose P is a collection of conjugacy classes in Unz 1 Gl (IFy) such that
A, B € P and for all C ¢ P, there exists a conjugacy class C’ of strictly smaller
dimension such that X¢(C) = 1 and Xp(C) = Xp(C') for any D € P. Then rﬁ{%

is supported on P, i.e., rgﬁB #0onlyifC e P.

Proof We show that r§ 4. = 0 whenever C ¢ P by induction. List all of the conjugacy
classes of matrices with dimensions between 1 and ni 4+ ny inclusive, Cq, Ca, ..., Ck
such that dim C; < dim Cp < --- < dim Cy.

Assume by induction that for alli < m, the coefficient r§ a p of Xc; is O whenever
C; ¢ P, we will prove the same holds for C,,1. From Theorem 4. 2,

m

Cm Ci
ra’s' = Xa(Conp1) - Xp(Cgt) = Y ry' g X (Cug)
i=1

If C\4+1 ¢ P, then by assumption there exists a smaller matrix Cy with £ < m + 1
such that X4 (Cp+1) = Xa(Cp) and Xp(Ci4+1) = Xp(Cy). Additionally, for all
1 <i < m such that rg g 1s nonzero, the induction hypothesis implies that C; € P,
and therefore X¢, (Cp4+1) = Xc,(Cy¢). Furthermore, for all i with £ +1 < i < m,
Proposition 4.1 implies that X¢,(C¢) = 0 since dim(Cy¢) < dim(C;) and C; # C,.
Therefore,

m

Cn i
rE = XaCn)XB(Cns) = DX, (o)
i=1
-1

= XA(Cns)XB(Cns) = 375 pXC, (Cnst) — 15 5 X, (Cns1)
i=1

m
- Z rngXC,- (Cmt1)
i=0+1
—1
= XA(COXp(Co) = Y r§pXc,(Co) —rSty =0,
i=1

where the last equality follows from Theorem 4.2 applied to rng. This completes the
induction step and we conclude that the coefficient r/fy g isonly nonzeroif C € P. O

Let us apply Lemma 4.3 to a few notable examples for the collection P.
Corollary 4.4 If C contains any eigenvalue that is not an eigenvalue of A or B, then

c _
rip =0.
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Proof Apply Lemma 4.3 to the collection of conjugacy classes P that only contain
eigenvalues that appear in either A or B. For every C ¢ P, let C’ be the restriction of
C to the maximal subspace on which C acts with eigenvalues that appear in either A
or B. Then, by Lemma 2.1, Xp(C) = Xp(C’) and X/ (C) = X¢/(C") = 1 for all
D € P. The conditions of Lemma 4.3 are met, and we are done. O

Corollary 4.5 Let A and B be unipotent Jordan matrices such that the largest Jordan
blocks of A and B are of dimension a and b, respectively, with a < b. Consider the
expansion

Xa-Xp=)Y rfpXc.
C

If rfﬁ g 7 0, then the largest Jordan block of C has size exactly b.

This restriction greatly reduces the necessary calculations involving the recursive
algorithm described above. The simplification will feature prominently in the next
section.

Proof By Corollary 4.4, rgy g can only be nonzero when C is unipotent. We apply
Lemma 4.3 to the collection of unipotent matrices P with largest Jordan block of size
< b.For any C ¢ P define C’ to be the result of replacing all Jordan blocks of size
> b in C by ones of size b. By Corollary 3.3, it is clear that X p (C") = X p(C) for any
D € P. Furthermore, by Theorem 3.2 it is easy to verify that X (C’) = 1. Therefore,
the collection P satisfies the conditions of Lemma 4.3, so ri g 7 0 only when the
largest Jordan block of C has size < b.

We next prove that there are no matrices C with largest Jordan block of size < b
for which rfﬁ g # 0. For the sake of contradiction, assume the contrary and let C be

a counterexample of minimal dimension, i.e., rAC’ p # 0 and the maximal block size
in C is < b, while for any matrix of strictly smaller dimension with maximal block
size < b the expansion coefficient vanishes. Substitute C into the product expansion.
On X 4 - X g the evaluation is O since it is so on X g. On the other hand, the evaluation
must be rg’ g s Xc(C) = 1 and all other terms evaluate to 0 by minimality of C.
We arrive at a contradiction as rg’ g = 0. Altogether, if rgy g 7 0 then largest Jordan
block of C has size b. O

Corollary 4.6 (Polynomiality of expansion coefficients) Consider square matrices A
and B such that all their eigenvalues are contained in ¥ ;. Then considered as matrices
over Iqu, the expansion coefficient rg’ g # Oonly for conjugacy classes of matrices C
over Fy, and for every such C there exists an integer polynomial RS, 5 (X) € Z[x] such
that for every field extension Fym the product expansion coefficient is the evaluation,
VC — RC ( m)

A,B AB\9 )

In other words, the product expansion has coefficients polynomial in q,

Xa-Xp= Y  RSz@™MXc.

C overFy
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where the statistics are considered as matrices over Fym

Proof Suppose without loss of generality that A and B have dimensions n4 < np,
respectively. By Corollary 4.4, it follows that the coefficient rg’ g in the product expan-
sion is nonzero only if C shares its eigenvalues with A and B, thus only when C has
eigenvalues in F;. As a result, rg’ g 7# 0 only when C is conjugate to a matrix over
F,. So, it suffices to consider conjugacy classes of F,-matrices.

List all of the conjugacy classes of F,-matrices with dimensions between np and
ng+npgasCi,Co,...,C,ordered such thatdimC; < dimCy < --- < dim C,. We
show by induction that the coefficient of X ¢, is a polynomial in ¢™. For the base case
i = 1, Theorem 4.2 shows that the coefficient rg"B is XA(C1,q™) - Xp(C1,q™). By
Theorem 2.6, both X4(C1, ¢™) and Xp(Cq, ¢™) are integer polynomials evaluated
at ¢™, and therefore so is rgle. Denote this polynomial by RS} 5(1), so that rg’lB =
R 5(g™.

Assume by induction that for i < k, the coefficients rgf g coincide with integer

polynomials Rgf 5(q™). Then, by Theorem 4.2,

k
C Ci
ra's = Xa(Cri1,4") - Xp(Cri1, q™) — E R, (@) Xc,(Chy1,9™).
i=1

By Corollary 4.4, the eigenvalues of C; must be eigenvalues of A or B, so by The-
orem 2.6, all three of X 4 (Cr+1, g ) XB(Cis1,9™), and X, (Cr41, g™) are integer

polynomials in ¢"™. It follows that r ; kgl is an integer polynomial in g™ as well, thus
completing the induction and the proof i

Proof of Theorems 1.2 and 1.3 By Corollary 4.6, the product expansions coefficients
of X, and X, for unipotent matrices J, and J,, coincide with integer polynomials
Rﬁ’ I (t) € Z[t] evaluated at ¢g". Furthermore, Corollary 4.4 shows that all matrices
C that contribute non- trivially to the product expansion are again unipotent. Simplify
the notation as R} L (1) = R " ).

Recalling that PM (t) € Z[t] are taken so that P, (pd) =Xy, pd) for all prime
powers, the recursive formula of Theorem 4.2 shows that

R}, (ph) = Pru(p®) - Piu(ph) = Y R}, (p) Py (p?).

V' <v

Since this equality holds for infinitely many evaluations, it already holds in the ring
Z[t]. From this recursion in Z[¢] it is clear that the polynomials R} M () are expressible
in terms of P, (t) for various v" and v”. In particular R} (1) does not depend on the
characteristic p, as none of P, (t) do. ]

The sense in which the polynomials R} ,(x) determine the product structure of
g-character polynomials is given by the followmg formula.
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Theorem 4.7 Consider square matrices A and B such that their eigenvalues are con-
tained in the field F,. Let ay, . . ., ay be the set of distinct eigenvalues of A and B, and
let ); and i denote the partitions enumerating the Jordan block sizes with eigenvalue
o in A and B, respectively. Then,

k
Xa-Xp= ) (]—[ R} . (q)> Xy @) @-@ 1y () ®)
Vi \i=1
where the sum goes over all k-tuples of partitions vy, . . ., v with Y ||v;|| < dim(A)+
dim(B).

Here, we only consider matrices with eigenvalues defined over I, for otherwise
the expansion would have been periodically polynomial in ¢, as in Theorem 2.6.

Proof By Lemma 2.2,
k k k

Xa-Xp= HXJA,.@:,-) : HXJM(an = HXJAi(ai)XJ,Li(a[>-
i=1 i=1 i=1

Let us now show that
Vi
X e Xt = D R (DX, -

Vi

Proceed by induction on ||v; || with the recursive formula (7). Suppose that for all vi/
Iy (@) !
with [[v/|| < [lvi[l, we have RJAI. (ai)ij(ai)(q) = R;\}Ii,#i (g). Then, by (7),

Jr(ai)
R‘])\Z_ @),y @)@ = X, @) Dy (@) - X g, (@) (S (@)
Jys (i)
- Z RJA; (@), Jy; (Dli)(Q)X]vlf (@) (Jy; (@)
v ll<lvi l
V!
= X5 (L) Xp, (L) = > R @)Xy, (Jy)
vl <t ll
=R (@),

where the second equality follows from Lemma 2.3. This completes the induction. We
conclude that
k
Xa-Xp= ]_[ X, @) X, @)
i=1
k

[1>_ R @Xs, @

i=1 v

k
Z (H R (6])> X, @) @@y (o)

Vi vk \i=l1

where we have rewritten the product as a sum in the last step using Lemma 2.2. O
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5 Calculations of expansion coefficients

We now use our recursive description of the product expansion coefficients to study
their general properties and compute specific product expansion coefficients.

5.1 Small cases

We first endeavor to find the explicit product expansion coefficients for the product of
statistics on unipotent matrices with small numbers of Jordan blocks.

Example 5.0.1 (Single Jordan blocks) For b > a, the following expansion holds.

X XJ[7+ Zm lqzm l(q_l)X-/bm +an-]ba b>a
Jo AT =
Xg+ (X0 ¢? g — DXy, ) +4* g+ DXy, b=a
)

Proof We will only prove the case when b > a as the other case is similar.

One can find the coefficients in Eq. (9) recursively using the algorithm in Sect. 4.
However, it suffices to verify that Eq. (9) satisfies the recursion in Theorem 4.2 for all
the matrices C such that Ri’ 1, (@) may be nonzero. By Corollary 4.5 and the fact that
the dimension of C is at most a + b, any such C must be of the form Jj, 4ca
with 3 25_; jej < a.

Consider any such C = Jp 4ca
the matrix C without its largest block. Note that by Lemma 3.1, X, (C) = g* and
X;,(C) = (C“fl)qk_cﬂ. Now, consider the evaluations X, (C) with 1 < m < a.
Theorem 3.2 implies,

262, 1€1

.....

202 1e1, letting k = 3 °5_; jc; denote the size of

> k+b—<(b—m+1>+z(i—m+1)c,->—(m—1>—2(m—1)
) ( >61

i=m izm . qk_l
q
Z Ci 2k+1-2m+ Y (m—1—i)c;
= (iZm > . q izm .
I

Using the identity (g — 1)(T)q = ¢° — 1 we conclude,

"~ (g = Xy, (€)= g* - (gXimn s — 1) gXizn(r=1=0a
— g% (qzizmﬂ(mfi)c,- _ quZm(mflfi)c,-) .

The sum of these expressions for 1 < m < a telescopes, finally yielding,

Y a"  a=DXpn(€) = ¢ (¢° = g ) = (1= q7F) = g* ",
m=1
(10)
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Lastly, adding X,(C) = ¢* and ¢**~' X}, ,(C) = (C]a)q - q*k=¢a 1o (10) gives the LHS

of (9) to be
c . ) {c 1
o) o) )
q q q

ey + 1
=qg* (1 ) = X;,(C)- X;,(C),
q

where the third equality follows from Pascal’s identity for g-binomial coefficients.
From this equality we conclude that there is no remaining non-trivial linear contribu-
tions of any X ¢, and thus, Eq. (9) is indeed satisfied by all conjugacy classes. O

Remark 5.0.1 Observe that in the expansion X, - Xj,, where b > a, the only non-
trivial contributions to the expansion are from conjugacy classes with one or two
Jordan blocks. Furthermore, the formula implies is that any statistic associated with a
matrix with two Jordan blocks can be generated by statistics on single Jordan blocks.

Corollary 5.1 All statistics X 5, , can be expressed as degree 2 polynomials in {X j,|n €
N} with coefficients in rational functions € Q(q).

See §5.4 for a conjectural generalization.

Example 5.1.1 (Jordan matrices with 2 or fewer blocks) Using similar methods as the
previous example, one can determine the expansion coefficients for the product of a
statistic on a single Jordan block with a statistic on two Jordan blocks. For example,
givenb > a > 1,

a—1
X5 X =qXp,+ Y ¢ (g — DXy, +4* "Xy,
m=2 (11)
a—1
+qz(‘]2 — DXy, + Z q2m+1(q - DXy, 0+ q2a+2XJb,a,l'
m=2

Proof sketch. A similar proof to that of Example 5.0.1 shows that the left and right
hand sides are equal as desired.

Example 5.1.2 (More matrices) Table 1 collects calculations concerning small cases
that fall outside the above general cases. This table is generated with the premise that
b is greater than the size of the maximal Jordan block in Term 2, a condition necessary
for the expansions to stabilize.

5.2 Observations and conjectures
The examples computed above exhibit a number of patterns that we did not anticipate

at the start of this project. We take this section to record some of our observations and
suggest new conjectural structure on the ring of g-character polynomials.
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Table 1 Table of product expansions

Term 1 Term 2 Product expansion
X X 2X g, 4 (g — Dg*x +48x
Jp 22 9 A2 T 4 AJpo1 T4 Xpan
X]b X]3,2 qZX]b’z + q4XJb‘3 +(q— l)q4X]b,2.l + (q2 - l)q6XJb‘2,2

+g—Dg®X g, 5, +4"0%, 5,
@ Xy, + @ = DX, +4%Xy, , +a* @ = DXy, |
Xy, Xy, +q =12 X5, +@* = 1g%Xy, 5 +4%(q = DXy 5,
+4%q — DXy, +42Xy, 4,

@ Xy, + @ —Dg*X g, + @ — DXy, 5+ (g* — Dg®Xy, 5,
+q =12 X5, + (@ — DG Xy, + (@ — g Xy, 5,
+q =% X, + 08X+ @ —Dg" Xy, ,,
+q—Dq"%X ), 5 +a' X5,

9*X s + (@ —Dg*X g, + @@ =D X, 5+ (g7 — Dg®Xy, 5,
+q = D?¢ X5, + (@ —Dg Xy, + (@ —1Dg°Xy, 5,

Xy, XJg +q =12 X ., +(@—Dqg' Xy s+ —Dg" Xy, ,
+a—=12"X 5, +9"0X 5,0 +@—-Dg"Xy, 5,
+(g — 1)(112X1,,,611 +f/16XJ,,,6,2

Xy, X735 PXgps + @ = Dg Xy 5, + (= DgBXy, 55 +4"2Xy, 5
q3XJbt3 + QSXJbA + (f] - l)qSX‘]b,&l + (q - l)q8XJbt3’2

X, st,z

X X
b Y43 +(q — 1)q7XJ;,_4<1 + (qZ - 1)(110XJ],'3Y3 +(q— l)qIOXJbsz + q14XJh‘4,3
TXgps + @ = DXy, + @ =D Xy, + @ = Dg*Xy, o,
X]h X]5,3 +(f1 - 1)2q6X]b.4_1 + q7XJhY5 + (42 - l)qIOXJb,:;j + (q - 1)2(]9X‘]b,412

+(q - l)qu-lb,S,l + (q - 1)(]13X_]b'4,3 + (q - l)qlzx.lbj,z +q16X.lb_5,3
a*X g4+ @ —14g%X g, + @ —Dg°Xy, ,,

Xy, Xy,
b 44 +(q — l)qlzx./b,g;_g + q16XJb14,4
4 7 12
X, X1 T Xppop T @=Da" Xy 55, +4 X155,
X X qSXJb,s.z +(q - l)qulbs,z,l + qBXJbs,z
I 1332 _Dallx 2 _ il 16y
+g—=Dg Xy,55, + 04 X300 +4 X055,

5.3 Stabilization for large blocks

First, observe that in the examples above, the size of the large Jordan block Jj plays
only a minor role in the expansion: once b is larger than the dimension of the second
matrix Jg, .. 4, the product expansion takes a fixed form but for the fact that all entries
have a single ‘leading’ Jordan block of size b.

Proposition 5.2 (Independence of largest block) For every partition A = (a1 >
> ay) there is a fixed sequence of partitions u\V, ..., u") and polynomials
p1(t), ..., pr(t), such that for all b > || 1| one has

.
XXy = Z PiDX @ ) -

i=1
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Proof Due to Corollary 4.5 and Theorem 1.2, there exists an expansion

Iy®J
XXy = Z Ry T @OX ne,-

Nl =Nl

We will show with induction on ||u]|| that the polynomials R @] “(q) are indeed
1ndependent of b once b > ||A|. For the base case, when ||y,|| = 0, we obtain

Jb, I (q) = X, (Jp, q), which is independent of b once b > a; as noted in The-

. . . . Jp®J
orem 3.2. Now for a partition u, assume by induction that the polynomial R J:, JAI (9)
is independent of b for all ||u’|| < ||||. We obtain from Theorem 4.2,

Jb@-’/t

Jb I (Q) X.Ib(-,b@] :CI)'XJA(Jb@J ,CI)
Jh®J,
> Ry @Xner, s ® Ty q). (12)
i/ I<lpell

The evaluation X, (J, @ J,) is independent of b as a result of Theorem 3.2 since
b > aj. We next show that X j, ¢ Iy (Jp @ Ju, q) is also independent of b for every

lle I < Nl In particular, this proves that X 7, (J, @ Ju, q) is independent of b.
Assume Jp @ J, = Jymigma..pympy (Where mp = 1) and Jp, @ Jy = Jymigna.pmp
(where n, = 1). Applying Theorem 3.2, we obtain

Xnet, o @ Jyu)

i>j i>j i<j

Z(n,—m)—l—n,) m_/(Zini Y (i—j+Dni—(j—Dm;j=2(j—1) > m;— Z”’H)
q 1

— m] q

i<j i>j i>j i<j
)

b (Z(n, m)—l—nj) mj(_zim > (=j+Dni—(j—Dm;=2(j—1) 3 mi— Zmi)
—. q

mj

from which one immediately observes that except for the term corresponding to j = b,
every term in the product is independent of b. For j = b, the g-binomial is clearly
independent of b, and the exponent of g is

b—1 b—1
> ini = (=bA-bmp — (b=t —2(b —1)-0— Y "m;
i=1 i=1

b—1

= in; —m; = |i|| — #(parts of 1)
i=1

which is also independent of b. Thus each polynomial in the RHS of Eq. (12) is
independent of b, which implies R I, J "(g) is independent of b as well. O
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We note that this pattern is rather reminiscent of representation stability in that it
exhibits an increasing sequence of partitions that differ only by adding one very large
leading part. See [2] for details of that theory.

The pattern further suggests that there is a well-defined completion of g-character
polynomials, in which one could allow certain blocks of infinite size. It is likely that
in this ‘stable’ regime, the product structure of ¢-character polynomials will be more
manageable and described in full. A plausible context for this stable range is a Deligne
category of Gl, (IF,)-representations (for a distinct but suggestive reference, see, e.g.,

[4]).
5.4 Filtration by number of blocks

Next, we note that in all computed example, the product of statistics X j, and X, with
k and £ Jordan blocks, respectively, only has nonzero contributions from statistics with
k + £ or fewer Jordan blocks.

Conjecture 5.3 If A and p are any two partitions with k and £ Jordan blocks, respec-
tively, then the only nonzero expansion coefficients in

X5 Xp =Y R, (@)X,
v

are those with v having k + £ or fewer parts.

Conversely, we remarked above that every statistic with 1 or 2 Jordan blocks is
expressible as a polynomial of degree 2 in the single-blocked X j,. We conjecture that
they in fact generate the entire ring of g-character polynomials.

Conjecture 5.4 For every partition (ay > ... > ag), there is a polynomial
P(t1, ..., tq) of degree k with coefficients in Q(q) such that

XJA = P(le, XJza BRI Xfal)~

To further support these conjectures, we extrapolate from the patterns found in
Example 1 and propose the following concrete expansions.

Conjecture 5.5 Let m, n be fixed positive integers.
Xy Xm
m—1
qmXJn.m + Z q3k+m_l(q - 1)XJ/1,m,k + q4mX«ln,m.m l-fn > m
k=1
1(2 e 2,2
0" ()Xo + X a2 = DX,
k=1
+4*" 2 (3) , X o ifn=m

12 k
ql’l— (])qXJm,m +

—1
g2 gt = DXy, + 47X, ifn < m.
k=1
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Conjecture 5.6 Letn > m > k be positive integers. Then,

m—k—1
k k+2i—1 2m—k
X - ij.k =4 Xjn.k + Z (L] i (¢ - 1)Xjn,1<+i) +q™" X-ln,m
i=1
k—1
k+31—1
+ 3 (g - 0%y,
=1
m—k—1
k+3k+2j-2 2 2m+31—k—1
+ (q kA2 (g—1 XJn,kJer) +4q mt (g — I)X‘In,m.l)

J=

—

+q% 2@ - DXy,
m—k—1
n Z (4k+2p—1( DX )+ 2m+2k y
q q J)l,k+p.k q Jn,m.k'
p=l1

6 Application: correlations of Jordan blocks

Our determination of product expansion coefficients allows for calculations of expec-
tations of products of g-character polynomials. These, in turn, can be used to calculate
joint moments such as the correlation of two of our statistics.

We first review the simple formula for the expected value of each statistic X 4.
Suppose A is an invertible m x m matrix. It is shown in [7] that the expected value
of X4 over all n x n invertible matrices B is independent of n once n > m. One may
thus calculate this expectation by considering the simplest case when n = m. In this
case, X4 (B) = 1 whenever A ~ B and X 4 (B) = 0 otherwise. It follows that

_|Conj(A)| 1
T IGLEl  ICA)]

E[X 4] 13)

where Conj(A) is the conjugacy class of A and C(A) is its centralizer.
It remains to determine the stabilizer of A.

Fact 6.0.1 For matrices in Jordan form with < 2 blocks, the order of their centralizes
is given by,

ICUI=¢"""q -1 (14)
IC(Upa)l = ¢* T 72(g — 1)* whenb>a (15)
ICUpp)| = q*"*(q* — D(g* - q). (16)

Recall that the correlation of two random variables is the measure of their associa-
tion.

Definition 3 The correlation of random variables X and Y is

E[XY]— E[X]E[Y]
VEIX?] - EIXP)E[Y2] - E[Y )

PXY =
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In the case of g-character polynomials, one can calculate expectations of products
such as E[X Y] or E[X?] by first applying our product expansions to write the product
as a linear combination of g-character polynomials. Then, the expected value is deter-
mined by (13). This approach lets us describe fully the correlations between statistics
counting single Jordan blocks.

Proof of Theorem 1.4. By definition

b= E[X ;X1 —E[X,,]E[X;]
/ (E[X7,]1 — E[X,,1)(E[XF,] - E[X,1%)

First, consider b > a. We determine E[X;, X ;] and E[X %a]. The former is in
Example 5.0.1,

a—1

E[X;,X5] =EIX;1+ ) ¢* (g — DE[X,,, 1+ ¢*“EIX,,,]
i=1

q“ -1
= g2 — 12 X IEX ]
We find E[X7 ] similarly,
q“ -1 2
E[X] 1= 55— + E[X,,1%
Ja q2a—2(q -2

and similarly for b. Putting these together,

a1

qa+b—2(q_1)2 _ qa —1

\/ q“—1 . qb—1 o q b_ 1"
> 2(g-1)?  ¢*2(g-1)?
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