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Fig. 1. We accurately and efficiently differentiate pixel reconstruction filters in the path-space formulation [Zhang et al. 2020, 2021b]. Our sampling method
is applicable to challenging inverse-rendering problems, with a variety of pixel reconstruction filters. Above, we optimize the world map relief with multiple
target images using the tent filter: initialized with a flat shape with constant reflectance (a), the inverse-rendering optimization with our technique (d)
successfully recovers the detailed target geometry and texture (b). Without our technique, on the contrary, the optimization fails to recover the geometric
details (c) due to high-variance gradient estimates. (Please use Acrobat and click on (d) to see the optimization process animated.)

Pixel reconstruction filters play an important role in physics-based rendering

and have been thoroughly studied. In physics-based differentiable rendering,

however, the proper treatment of pixel filters remains largely under-explored.

We present a new technique to efficiently differentiate pixel reconstruction

filters based on the path-space formulation. Specifically, we formulate the

pixel boundary integral that models discontinuities in pixel filters and in-

troduce new antithetic sampling methods that support differentiable path

sampling methods, such as adjoint particle tracing and bidirectional path

tracing. We demonstrate both the need and efficacy of antithetic sampling
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when estimating this integral, and we evaluate its effectiveness across several

differentiable- and inverse-rendering settings.
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1 INTRODUCTION
Pixel intensities in physics-based rendering are not typically formu-

lated as individual radiance values but rather image-plane integrals

of the radiance field, modulated by pixel reconstruction filters. This
mimics physical camera sensors, allowing alias-free rendered images

(i.e., with proper sampling rates) and complex sensor effects.

Consequently, the treatment of pixel reconstruction filters has

been an essential component of forward rendering. Unidirectional

path tracing initiates light paths by importance sampling “camera
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rays” according the reconstruction filters. Adjoint methods, on the

other hand, trace light transport paths from emitters and evaluate

pixel filters when directly connecting a path vertex to the camera

with next-event estimation. Bidirectional methods such as bidirec-

tional path tracing (BDPT) leverage both aforementioned strategies.

In physics-based differentiable rendering, the treatment of pixel

reconstruction filters has typically been approached by repurposing

techniques developed in forward rendering. Unfortunately, while

adequate for static geometry, this can lead to high variance in deriv-

ative estimates (w.r.t. changes in geometry) with dynamic geometry.

Our work systematically studies the treatment of pixel reconstruc-

tion filters in differentiable rendering, and under the differentiable

path-space paradigm [Zhang et al. 2020, 2021b]. We present a path-

space method that formulates the derivative of a pixel’s intensity

as the sum of interior and boundary path integrals. We focus on

the ubiquitous perspective pinhole camera model and develop new

Monte Carlo methods to efficiently handle derivatives and discon-

tinuities emerging from pixel reconstruction filters, e.g., due to

geometric changes in the scene. Our technique is general, support-

ing a wide array of pixel filters (e.g., tent, box, anisotropic Gaussian),

and this under both surface- and volume-based light transport.

Concretely, our contributions include:

• a new antithetic sampling method to efficiently estimate interior
integrals (§5), applicable to primal and adjoint path sampling (i.e.,

tracing light transport paths from cameras and emitters),

• a new pixel boundary integral that explicitly treats reconstruction

filters (e.g., box) with jump discontinuities (§6), and

• efficient Monte Carlo sampling methods to estimate this integral.

We demonstrate the effectiveness of our method, comparing gra-

dient image estimates with and without our sampling strategy in

Figures 12 and 13. Moreover, we compare inverse-rendering perfor-

mance using synthetic examples in Figures 1, 14 and 15.

2 RELATED WORK
We review works in forward- and differentiable-rendering related

to pixel reconstruction and path-space differentiable rendering.

BSDF sampling. Most physics-based forward rendering methods

rely on Monte Carlo light path sampling. Local sampling methods,

e.g., unidirectional path tracing and adjoint particle tracing, con-

struct light paths incrementally by importance sampling vertices

according to local bidirectional scattering distribution functions (BS-

DFs). Many suitable BSDF models exist, including widely-adopted

microfacet BSDFs (e.g., [Cook and Torrance 1982;Ward 1992; Schlick

1994; van Ginneken et al. 1998; Kelemen and Szirmay-Kalos 2001;

Walter et al. 2007; Heitz et al. 2016; Bagher et al. 2016; Lee et al.

2018; Xie and Hanrahan 2018]) with effective importance sampling

schemes [Walter et al. 2007; Heitz and d’Eon 2014; Heitz et al. 2016].

Adaptive sampling and reconstruction. Many adaptive sampling

method have been developed to reduce variance in Monte Carlo

forward rendering. By analyzing light transport processes, these

techniques can reason about per-pixel sampling rates and recon-

struction filters suited to the underlying dynamics, e.g., using local

frequency analyses [Durand et al. 2005; Egan et al. 2009; Soler et al.

2009; Bagher et al. 2012; Mehta et al. 2012] or covariance matri-

ces [Belcour et al. 2013, 2014, 2017]. We refer readers to a compre-

hensive survey of these methods [Zwicker et al. 2015]. Our work is

complementary to these approaches and, in principle, can be applied

to differentiate reconstruction filters obtained in these methods.

Physics-based differentiable rendering. With numerous applica-

tions in computer graphics, vision, and computational imaging,

physics-based differentiable rendering treats the numerical esti-

mation of derivatives of forward-rendering results (or rendering

losses) with respect to arbitrary scene parameters, such as object

geometries and/or optical material properties. Generally, physics-

based differentiable rendering amounts to estimating (i) interior
integrals given by differentiating the integrands of corresponding

forward-rendering integrals; and (ii) boundary ones defined over

discontinuities in those integrands.

The interior integrals are usually estimated by repurposing for-

ward rendering sampling strategies. Zeltner et al. [2021] have stud-

ied how various parameterizations (e.g., “attached” and “detached”)

affect the performance of Monte Carlo estimation of the interior in-
tegral. Zhang et al. [2021a] additionally introduced BSDF antithetic

sampling to more efficiently handle glossy materials.

The boundary integrals are unique to differentiable rendering.

Recent works have shown that the boundary integrals can be esti-

mated by Monte Carlo sampling object silhouettes [Li et al. 2018;

Zhang et al. 2019]. Alternatively, they can be avoided altogether

by reparameterizing rendering integrals [Loubet et al. 2019; Ban-

garu et al. 2020]. Moreover, a differential path integral formula-

tion [Zhang et al. 2020, 2021b] that expresses both the interior and
the boundary components as full path integrals, allows for the de-

velopment of sophisticated Monte Carlo estimators for both com-

ponents (i.e., beyond unidirectional path tracing). Yan et al. [2022]

devised a guiding-based method to efficiently estimate boundary
path integrals. Work on effective sampling and variance reduction

for differentiable rendering remains nascent compared to analogous

explorations in forward rendering.

Our work focuses on the largely under-explored problem of dif-

ferentiating pixel reconstruction filters in a differential path integral

formulation. While most closely related to BSDF antithetic sam-

pling [Zhang et al. 2021a], our method differs in several notable and

significant ways, which we discuss in §5.

3 PRELIMINARIES
We briefly review themathematical formulations of generalized path

integral [Veach 1997; Pauly et al. 2000] in §3.1 and its differential

counterpart [Zhang et al. 2021b] in §3.2.

3.1 Generalized Path Integral
The response 𝐼 ∈ R of a radiometric detector can be expressed as a

generalized path integral of the form:

𝐼 =

∫
𝛀

𝑓 (𝒙̄) d𝜇 (𝒙̄), (1)

where 𝒙̄ = (𝒙0, . . . , 𝒙𝑁 ) denotes a light transport path (with 𝒙0
on an emitter and 𝒙𝑁 on a detector), 𝛀 is the path space, 𝑓 is
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the measurement contribution function, and 𝜇 the Lebesgue

measure on 𝛀.

Veach [1997] has shown that, for surface-only light transport

(treating only interfacial reflection and refraction), the path space
1

is given by 𝛀 = ∪∞
𝑁=1

M𝑁+1
, where M is the union of all object

surfaces, and 𝜇 is the area-product measure. Pauly et al. [2000]

extend this formulation to treat volumetric light transport based on

radiative transfer theory [Chandrasekhar 1960]. We briefly review

this generalized formulation, below.

Path space and measure. LetV ⊂ R3 be a volume that encapsu-

lates the scene and M ⊂ V be the union of all object surfaces (and

media interfaces) in the scene. Then, the path space is defined as

𝛀 =
⋃
𝑁 ≥1V𝑁+1 . (2)

For a light transport path 𝒙̄ = (𝒙0, 𝒙1, . . . , 𝒙𝑁 ) ∈ 𝛀 with (𝑁 + 1)
vertices and 𝑁 segments, the measure 𝜇 satisfies

d𝜇 (𝒙̄) =
𝑁∏
𝑛=0

{
d𝐴(𝒙𝑛), (𝒙𝑛 ∈ M)
d𝑉 (𝒙𝑛), (𝒙𝑛 ∈ V \M)

(3)

where d𝐴 and d𝑉 denote the surface-area and volume measures.

Measurement contribution. Provided light path 𝒙̄ = (𝒙0, . . . , 𝒙𝑁 ),
its measurement contribution is the product of per-vertex and per-

segment contributions:

𝑓 (𝒙̄) :=
[
𝑁∏
𝑛=0

𝑓v (𝒙𝑛−1�𝒙𝑛�𝒙𝑛+1)
] [

𝑁∏
𝑛=1

𝐺 (𝒙𝑛−1 ↔ 𝒙𝑛)
]
. (4)

In this equation, the per-vertex contribution is defined as

𝑓v (𝒙𝑛−1�𝒙𝑛�𝒙𝑛+1) :=
𝑓s (𝒙𝑛−1�𝒙𝑛�𝒙𝑛+1), (0 < 𝑛 < 𝑁 and 𝒙𝑛 ∈ M)
𝜎s (𝒙𝑛) 𝑓p (𝒙𝑛−1�𝒙𝑛�𝒙𝑛+1), (0 < 𝑛 < 𝑁 and 𝒙𝑛 ∈ V0)
𝐿e (𝒙0�𝒙1), (𝑛 = 0)
𝑊e (𝒙𝑁−1�𝒙𝑁 ), (𝑛 = 𝑁 )

(5)

where 𝑓s is the bidirectional scattering distribution function
(BSDF), 𝑓p denotes the single-scattering phase function, 𝜎s is the
scattering coefficient, and 𝐿e and𝑊e capture the source emis-
sion and detector importance (or response). The per-segment

contribution equals the generalized geometric term,

𝐺 (𝒙 ↔ 𝒚) := 𝜏 (𝒙 ↔ 𝒚) V(𝒙 ↔ 𝒚)
𝐷𝒙 (𝒚) 𝐷𝒚 (𝒙)
∥𝒙 −𝒚∥2︸                          ︷︷                          ︸

=: 𝐺0 (𝒙↔𝒚 )

, (6)

where V is the mutual visibility function. For any 𝒙,𝒚 ∈ V ,

𝐷𝒙 (𝒚) :=
{��𝒏(𝒙) · −→𝒙𝒚�� , (𝒙 ∈ M)
1, (𝒙 ∈ V0)

(7)

with 𝒏(𝒙) being the (unit-length) surface normal at 𝒙 , and −→𝒙𝒚 :=

(𝒚−𝒙 )/∥𝒚−𝒙 ∥. Further, 𝜏 (𝒙 ↔ 𝒚) indicates the transmittance be-

tween 𝒙 and 𝒚 that equals

𝜏 (𝒙 ↔ 𝒚) = exp

[
−

∫
𝒙𝒚 𝜎t (𝒙′) dℓ (𝒙′)

]
, (8)

1
We hyperlink keywords to their definitions.

where 𝜎t is the extinction coefficient; 𝒙𝒚 denotes the line segment

connecting 𝒙 and 𝒚; and ℓ is the curve-length measure.

3.2 Generalized Differential Path Integral
Zhang et al. [2020; 2021b] have recently shown that derivatives of

generalized path integrals can be expressed as generalized differential
path integrals, a result we briefly recapitulate, below.

Material-form reparameterization. To facilitate the differentiation

of a generalized path integral (1) when the scene geometry de-

pends on the parameter 𝜃 , Zhang et al. propose to apply a change of

variable to the ordinary path integral so that the new domain of inte-

gration becomes independent of the scene parameter 𝜃 . This can be

achieved by parameterizing the scene-encapsulating volume V(𝜃 )
using amotion X such that X(·, 𝜃 ) is a differentiable bijection that

maps some fixed reference volume BV ⊂ R3 toV(𝜃 ). Addition-
ally, when restricted to some fixed reference surface BM ⊂ BV ,

the mapping X(·, 𝜃 ) becomes a bijection from BM to the object sur-

faces and media interfacesM(𝜃 ). Lastly, any 𝒙 ∈ V(𝜃 ) and 𝒑 ∈ BV
are called a spatial point and a material point, respectively.
Let the material path space ˆ

𝛀 be the set of all finite-length

paths over the reference volume:

ˆ
𝛀 :=

⋃∞
𝑁=1

B𝑁+1
V , (9)

whose elements 𝒑̄ ∈ ˆ
𝛀 are termed as material light paths.

Then, for any 𝜃 , the global parameterization X(·, 𝜃 ) induces a path-
wise bijection X̄(·, 𝜃 ) that maps a material path 𝒑̄ = (𝒑

0
, . . . ,𝒑𝑁 ) ∈

ˆ
𝛀 to an ordinary one X̄(𝒑̄, 𝜃 ) := (X(𝒑

0
, 𝜃 ), . . . , X(𝒑𝑁 , 𝜃 )) ∈ 𝛀(𝜃 ).

Applying the change of variable given by X̄(·, 𝜃 ) to Eq. (1) gives the

material-form generalized path integral:

𝐼 =

∫
ˆ
𝛀

ˆ𝑓 (𝒑̄) d𝜇 (𝒑̄), (10)

where the domain of integration
ˆ
𝛀 is independent of the scene

parameter 𝜃 . In Eq. (10),
ˆ𝑓 is thematerial measurement contri-

bution provided by the original measurement contribution of Eq. (4)

and Jacobian determinants 𝐽 capturing this change of variable:

ˆ𝑓 (𝒑̄) := 𝑓 (𝒙̄)∏𝑁
𝑛=0 𝐽 (𝒑𝑛), (11)

where 𝒙̄ = X̄(𝒑̄, 𝜃 ), 𝒙𝑛 = X(𝒑𝑛, 𝜃 ), and, for any material point 𝒑,

𝐽 (𝒑) :=
{
∥d𝐴(X(𝒑, 𝜃 ) )/d𝐴(𝒑)∥, (𝒑 ∈ BM )
∥d𝑉 (X(𝒑, 𝜃 ) )/d𝑉 (𝒑)∥ . (𝒑 ∈ BV \ BM )

(12)

Choice of reference configuration. In practice, when estimating

derivatives at 𝜃 = 𝜃0 (for some fixed 𝜃0), the reference volume can

be set to BV = V(𝜃0) and the reference surface to BM = M(𝜃0).
Under this configuration, at 𝜃 = 𝜃0, the mapping X(·, 𝜃0) becomes

the identity map, causing the Jacobian determinants ∥d𝒙𝑛/d𝒑𝑛 ∥ de-
fined in Eq. (12) to reduce to one. Further, the path space 𝛀(𝜃0)
coincides with the material path space

ˆ
𝛀.

We note that, when 𝜃 controls scene geometry, the derivative of

∥d𝒙𝑛/d𝒑𝑛 ∥ with respect to 𝜃 is generally nonzero—even at 𝜃 = 𝜃0.
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Fig. 2. A perspective pinhole camera is specified by its center of projec-
tion 𝒙cam ∈ V , axis of projection 𝒏cam ∈ S2, and per-pixel reconstruction
filters ℎ defined over an image plane. We treat a light transport path as
(𝒙0, . . . , 𝒙𝑁 −1,𝒚 ) with 𝒚 being an arbitrary (surface or volume) vertex that
encodes the response of a pinhole camera via Eq. (14).

Generalized differential path integral. In general, the derivative of

Eq. (10) have been proven [Zhang et al. 2020, 2021b] to equal

d𝐼

d𝜃
=

interior∫
ˆ
𝛀

d
ˆ𝑓 (𝒑̄)
d𝜃

d𝜇 (𝒑̄) +

boundary∫
𝜕 ˆ𝛀

Δ ˆ𝑓𝐾 (𝒑̄)𝑉ΔB𝐾 (𝒑𝑘 ) d ¤𝜇 (𝒑̄) . (13)

This result is called the (material-form) differential generalized
path integral. In Eq. (13), the interior component is over the same

material path space
ˆ
𝛀 as the material-form generalized path inte-

gral in Eq. (10). The boundary integral, on the other hand, is over

the material boundary path space 𝜕 ˆ𝛀 that is unique to differ-

entiable rendering and generally depends on the scene parameter

𝜃 . At a high level, 𝜕 ˆ𝛀 comprises material boundary paths: for
each 𝒑̄ = (𝒑

0
, . . . ,𝒑𝑁 ) ∈ 𝜕 ˆ𝛀 there exists exactly one boundary

segment 𝒑𝐾−1 𝒑𝐾 such that 𝒑𝐾 lies on a discontinuity boundary

w.r.t. 𝒑𝐾−1.

4 FORMULATING PERSPECTIVE PINHOLE CAMERAS
We focus on the commonly-used perspective pinhole camera model,

parameterized by a point 𝒙cam ∈ V for the center of projection
and a direction 𝒏cam ∈ S2 for its axis of projection. Additionally,
each pixel has a pixel reconstruction filter ℎ specified over the

image plane perpendicular to 𝒏cam at unit distance from 𝒙cam.
Zhang et al. [2021b] propose an encoding of perspective pinhole

cameras using the detector importance function𝑊e as:

𝑊e (𝒙𝑁−1�𝒚) = 𝑓v (𝒙𝑁−1�𝒚�𝒙cam)𝑊 pinhole

e
(𝒚), (14)

where, for all 𝒚 ∈ V ,

𝑊
pinhole

e
(𝒚) := 𝐺 (𝒚 ↔ 𝒙cam) ℎ(𝒚⊥)

(𝒏cam · −−−−−→𝒙cam𝒚)3
, (15)

where 𝐺 is the generalized geometric term of Eq. (6), 𝒚⊥ is the

projection of 𝒚 onto the image plane, and
−−−−−→𝒙cam𝒚 is the unit vector

from 𝒙cam to 𝒚. In Eqs. (14) and (15), we rename the vertex 𝒙𝑁 as 𝒚
to emphasize that it is directly “connected” to the pinhole camera.

Under this formulation, as illustrated in Figure 2, a light path

takes the form of 𝒙̄ = (𝒙0, . . . , 𝒙𝑁−1,𝒚) where𝒚 ∈ V is an arbitrary

surface or volume vertex that encodes the response of the pinhole

camera at 𝒙cam. This effectively treats the entire scene volumeV
as a virtual detector and, thus, does not require restricting the last

vertex of each light path to 𝒙cam (which would introduce additional

Dirac delta functions to the measurement contribution 𝑓 ).
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Fig. 3. Pixel-level antithetic sampling (interior): (a) Correlated sets of
light paths are generated so that their intersections 𝒚⊥, 𝒚⊥

1
, 𝒚⊥

2
and 𝒚⊥

3

with the image plane are symmetric around the pixel center. (b) Given an
ordinary path 𝒙̄ = (𝒙0, 𝒙1,𝒚 ) , we construct its antithesis 𝒙̄∗

𝑖
by replacing

only the last vertex with 𝒚∗
𝑖
, yielding 𝒙̄∗ = (𝒙0, 𝒙1,𝒚∗

𝑖
) for 𝑖 = 1, 2, 3.

As the scene evolves with a parameter 𝜃 , the camera’s posi-

tion 𝒙cam, axis 𝒏cam, and pixel reconstruction filters ℎ can also

generally be treated as functions of 𝜃 . We treat both 𝒙cam and 𝒏cam
as being differentiable with respect to 𝜃 . Moreover, we assume pixel

reconstruction filters ℎ are also differentiable, except at a set of

zero-measure jump discontinuities (e.g., pixel boundaries).

Provided Eq. (14), for anymaterial light path 𝒑̄ = (𝒑
0
, . . . ,𝒑𝑁−1, 𝒒),

the material-form generalized path integral (10) can be rewritten as

𝐼 =

∫
ˆ
𝛀

ˆ𝑓0 (𝒑̄)𝑊 pinhole

e
(𝒚) 𝐽 (𝒒)︸                        ︷︷                        ︸

= ˆ𝑓 (𝒑̄)

d𝜇 (𝒑̄), (16)

where 𝒚 = X(𝒒, 𝜃 ); 𝐽 (𝒒) is defined in Eq. (12);
ˆ𝑓0 (𝒑̄) is a factor of

the material measurement contribution
ˆ𝑓 (𝒑̄); and 𝒒 is the spatial

counterpart of 𝒚 (that is “connected” to the pinhole camera at 𝒙cam).
As described in §3.2, differentiating Eq. (16) with respect to a

scene parameter 𝜃 yields a generalized differential path integral (13)

where the interior component requires estimating derivatives dℎ/d𝜃
of the pixel reconstruction filter ℎ, and the boundary component

needs to capture jump discontinuities of ℎ. Previously, both aspects

have remained largely under-explored. In the rest of this paper, we

introduce new Monte Carlo methods to efficiently estimate both the

interior (§5) and the boundary components (§6).

Discussion. Besides what we will present in §5 and §6, the differ-

entiation of Eq. (16) can be treated using several existing methods

such as applying attached sampling [Zeltner et al. 2021] to the pixel

reconstruction filter ℎ and differentiating through filter normaliza-

tion [Vicini et al. 2022]. Unfortunately, these methods suffer from

many problems, which we will demonstrate in Appendix A.

5 ESTIMATING THE INTERIOR COMPONENT
When differentiating radiometric measurements of a perspective

pinhole camera given by Eq. (16) with respect to a scene parameter 𝜃 ,

the interior component of the resulting derivative has the form∫
ˆ
𝛀

d

d𝜃

(
ˆ𝑓0 (𝒑̄)𝑊 pinhole

e
(𝒚) 𝐽 (𝒒)

)
d𝜇 (𝒑̄), (17)

where𝑊
pinhole

e
is defined in Eq. (15) and involves the pixel recon-

struction filterℎ(𝒚⊥). When the parameter 𝜃 affects object geometry
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that is directly visible to the camera, for any spatial point 𝒚 associ-

ated with the object, ℎ(𝒚⊥) depends on 𝜃—even if the filter ℎ itself is

constant. This is because, under the material-form parameterization

in §3.2, we have 𝒚 = X(𝒒, 𝜃 ) for some fixed material point 𝒒.
To efficiently estimate this integral when the derivative dℎ/d𝜃

exhibits point symmetry with respect to the pixel center—which is

typically the case in practice—Zhang et al. [2021b] proposed leverag-

ing pixel-level antithetic sampling. The basic idea is to generate pairs

of material paths 𝒑̄ = (𝒑
1,0,𝒑1,1, . . . , 𝒒) and 𝒑̄∗ = (𝒑

2,0,𝒑2,1, . . . , 𝒒
∗)

such that image-plane projections of 𝒚 = X(𝒒, 𝜃 ) and 𝒚∗ = X(𝒒∗, 𝜃 )
are point-symmetric. This can be achieved by (i) sampling image-

plane location𝒚⊥
1
based on the reconstruction filter ℎ and setting𝒚⊥

2

as the point reflection of 𝒚⊥
1
; (ii) tracing two camera rays through

𝒚⊥
1
and𝒚⊥

2
to obtain spatial points𝒚 and𝒚∗ (which in turn yield the

corresponding material points 𝒒 and 𝒒∗); and (iii) constructing the

remaining vertices of paths 𝒑̄ and 𝒑̄∗ with standard methods, like

path tracing (with correlated random samples).

Although the aforementioned process works adequately in some

cases, it suffers from several major problems: first, it has a high

computational overhead since two full paths 𝒑̄ and 𝒑̄∗
have to be

constructed; second, coupling an ordinary path with only one an-

tithesis (that exploits point symmetry) can sometimes produces high

variance at edges; and, finally, the process does not handle an impor-

tant path-sampling scheme for adjoint particle tracing (APT) and

BDPT, where next-event estimation is applied at 𝒒 (with a shadow

ray towards 𝒙cam).
To address these problems, we introduce a new antithetic sam-

pling method for pixel reconstruction filters. Provided an ordinary
path 𝒑̄ = (𝒑

0
, . . . ,𝒑𝑁−1, 𝒒), we deterministically construct three

antithetic paths 𝒑̄∗
𝑖
= (𝒑

0
, . . . ,𝒑𝑁−1, 𝒒

∗
𝑖
) for 𝑖 = 1, 2, 3. The ordinary

and antithetic paths are identical except for the last vertices 𝒒 and

𝒒∗
𝑖
: their image-plane projections of 𝒚 = X(𝒒, 𝜃 ) and 𝒚∗

𝑖
= X(𝒒∗

𝑖
, 𝜃 )

are symmetric about the pixel center (see Figure 3.) We demonstrate

the advantage of this four-point pattern in Figures 4 and 16.

Let pdf (𝒑̄) be the probability density of a material path 𝒑̄ sampled

using standard techniques such as unidirectional and bidirectional

path tracing as well as adjoint particle tracing. When the mapping

(induced by aforementioned construction) between the original

path 𝒑̄ and the antithetic one 𝒑̄∗
𝑖
is one-to-one (for each 𝑖 = 1, 2, 3),

we can express the probability density pdf
∗
𝑖 (𝒑̄∗

𝑖
) of antithetic path 𝒑̄∗

𝑖
analytically based on pdf (𝒑̄). We will discuss the construction of

𝒑̄∗
𝑖
and the calculation of its probability density pdf

∗
𝑖 (𝒑̄∗

𝑖
) in §5.1.

We combine the contributions of both the ordinary path 𝒑̄ and

its antitheses 𝒑̄∗
𝑖
using multiple importance sampling (MIS):

𝑤 (𝒑̄)
d

d𝜃
ˆ𝑓 (𝒑̄)

pdf (𝒑̄) +
∑︁
𝑖

𝑤∗
𝑖 (𝒑̄

∗
𝑖 )

d

d𝜃
ˆ𝑓 (𝒑̄∗

𝑖
)

pdf
∗
𝑖 (𝒑̄∗

𝑖
) , (18)

where𝑤 and𝑤∗
are the MIS weighting functions which we set using

the balanced heuristics [Veach 1997]:𝑤 (𝒑̄) = pdf (𝒑̄)
pdf (𝒑̄)+∑𝑗 pdf

∗
𝑗 (𝒑̄)

and

𝑤∗
𝑖
(𝒑̄) = pdf

∗
𝑖 (𝒑̄)

pdf (𝒑̄)+∑𝑗 pdf
∗
𝑗 (𝒑̄)

, for any material path 𝒑̄ and 𝑖 = 1, 2, 3.

Below, we discuss how antithetic path 𝒑̄𝑖∗ can be constructed in

a one-to-one fashion given the ordinary 𝒑̄ for each 𝑖 . We detail how

to estimate contributions of antithetic paths in Appendix B.

5.1 Constructing Antithetic Paths
Provided an ordinary path 𝒑̄ = (𝒑

0
, . . . ,𝒑𝑁−1, 𝒒), we discuss the

construction of an antithetic path of the form 𝒑̄∗ = (𝒑
0
, . . . ,𝒑𝑁−1, 𝒒

∗)
that induces a bijective mapping from 𝒑̄ to 𝒑̄∗

. Note that this process

will be applied to obtain each antithetic path 𝒑̄∗
𝑖
for 𝑖 = 1, 2, 3.

Since 𝒑̄ and 𝒑̄∗
only differ in their last vertices, the problem

amounts to constructing the last vertex 𝒒∗ of the antithetic path 𝒑̄∗

in a one-to-one fashion. Below, we discuss how to construct 𝒒∗

based on the ordinary path 𝒑̄ and, more specifically, its last vertex 𝒒.

Surface vertex. When 𝒒 is a surface vertex (i.e., 𝒒 ∈ BM ), as

illustrated in Figure 5-a, 𝒒∗ can be constructed by:

(1) Finding the image-plane projection 𝒚⊥
1
of 𝒚 = X(𝒑, 𝜃 );

(2) Obtaining the point 𝒚⊥
2
by mirroring 𝒚⊥

1
(based on antithetic

sampling pattern);

(3) Tracing a camera ray through the image-plane at 𝒚⊥
2
to obtain

the first surface intersection 𝒚∗ (ignoring all media without

refractive interfaces);

(4) Letting 𝒒∗ = X−1 (𝒚∗, 𝜃 ).
Since the mapping between image-plane locations 𝒚⊥

1
and 𝒚⊥

2
is

one-to-one, so is the mapping between 𝒒 and 𝒒∗.
To obtain the probability density pdf

∗ (𝒑̄∗) we rely on the relation

pdf
∗ (𝒑̄∗) = pdf (𝒑̄)




 d𝐴(𝒒)
d𝐴(𝒒∗ )




 . (19)

We now derive the ratio ∥d𝐴(𝒒)/d𝐴(𝒒∗ )∥ on the right-hand side of

Eq. (19) due to the effective change of variable from 𝒒 to 𝒒∗. Let 𝜙𝒚
and 𝜙∗𝒚 denote, respectively, the angles from the camera’s axis of

projection 𝒏cam to directions
−−−−−→𝒙cam𝒚 and

−−−−−−→
𝒙cam𝒚∗. Then, as shown

by Lehtinen et al. [2013], it holds that



 d𝐴(𝒚)
d𝐴(𝒚∗)





 = 𝐺0 (𝒚∗ ↔ 𝒙cam) cos3𝜙𝒚
𝐺0 (𝒚 ↔ 𝒙cam) cos3𝜙∗𝒚

, (20)

where 𝐺0 is the (standard) geometric term defined in Eq. (6). Thus,



 d𝐴(𝒒)
d𝐴(𝒒∗)





 = 𝐺0 (𝒚∗ ↔ 𝒙cam) cos3𝜙𝒚
𝐺0 (𝒚 ↔ 𝒙cam) cos3𝜙∗𝒚

𝐽 (𝒒∗)
𝐽 (𝒒) . (21)

In practice, as discussed in §3, when estimating derivatives at

𝜃 = 𝜃0 with the reference surface set to BM = M(𝜃0), both X(·, 𝜃0)
and X−1 (·, 𝜃0) become identity maps. This causes 𝒒∗ to coincide

with 𝒚∗, and 𝒒 with 𝒚. Further, 𝐽 (𝒒∗ )/𝐽 (𝒒) in Eq. (21) reduces to one.

Volume vertex. When 𝒒 is a volume vertex (i.e., 𝒒 ∈ BV \ BM ),

we construct the vertex 𝒒∗ using a three-step process identical to

the surface case except for the third step where we select the spa-

tial point 𝒚∗ along the ray 𝒙cam �𝒚⊥
2
such that the transmittance

between 𝒙cam and 𝒚∗ matches that between 𝒙cam and 𝒚 (see Fig-

ure 5-b): that is, 𝜏 (𝒙cam ↔ 𝒚∗) = 𝜏 (𝒙cam ↔ 𝒚).
Similar to Eq. (19), the probability density pdf

∗ (𝒑̄∗) satisfies

pdf
∗ (𝒑̄∗) = pdf (𝒑̄)




 d𝑉 (𝒒)
d𝑉 (𝒒∗ )




 . (22)

Let 𝑟 = ∥𝒚 − 𝒙cam∥ and 𝑟∗ = ∥𝒚∗ − 𝒙cam∥. Then, we can verify that:

d𝑉 (𝒚 )/𝑟 2 = cos
3𝜙𝒚 d𝐴(𝒚⊥

1
) d𝑟,

d𝑉 (𝒚∗ )/(𝑟 ∗ )2 = cos
3𝜙∗𝒚 d𝐴(𝒚⊥

2
) d𝑟∗ .

(23)
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Fig. 4. Antithetic sampling pattern: We evaluate the effectiveness of four different antithetic sampling patterns (c–f) using derivative images of a
pyramid-like object viewed from the top using the tent pixel reconstruction filter (31). The derivatives are estimated with respect to translations along the X
and Y axes (that are within the image plane), and rotation about the Z axis (that is perpendicular to the image plane), respectively. All derivative images in
(b–f), whose accuracy are measured using mean absolute error (MAE), are generated in equal time. Previously, Zhang et al. [2021b] proposed to use the
two-point pattern in (e). Although this works adequately in many cases, we found the four-point pattern in (f) to offer better robustness. We note that the
derivative estimates in (b–f) are all unbiased and will eventually converge to the correct solution with sufficiently many samples.
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Fig. 5. Construction of antithetic path: Given ordinary light path with
the last vertex 𝒚 , we build the antithetic path that is identical to the
ordinary except for the last vertex 𝒚∗. We construct 𝒚∗ such that the
mapping between 𝒚 and 𝒚∗ is one-to-one based on the type of vertex
𝒚 : (a) When 𝒚 is a surface vertex (i.e., 𝒚 ∈ M), we trace a camera ray
𝒙cam � 𝒚⊥

2
and set 𝒚∗ as the first surface intersection while ignoring all

medium (with index-matched interfaces); (b) When 𝒚 is a volume vertex

(i.e., 𝒚 ∈ V \ M), we set 𝒚∗ = 𝒙cam + 𝑟 ∗
−−−−−−→
𝒙cam 𝒚⊥

2
with some 𝑟 ∗ > 0 such

that 𝜏 (𝒙cam ↔ 𝒚 ) = 𝜏 (𝒙cam ↔ 𝒚∗ ) .

Our construction of the vertex 𝒚∗ implies that d𝐴(𝒚⊥
1
) = d𝐴(𝒚⊥

2
)

and d𝑟 ∗/d𝑟 = 𝜎t (𝒚 )/𝜎t (𝒚∗ ). It follows that



 d𝑉 (𝒒)
d𝑉 (𝒒∗)





 = 



 d𝑉 (𝒚)
d𝑉 (𝒚∗)





 𝐽 (𝒒∗)
𝐽 (𝒒) =

cos
3𝜙𝒚 𝑟2 𝜎t (𝒚∗)

cos
3𝜙∗𝒚 (𝑟∗)2 𝜎t (𝒚)

𝐽 (𝒒∗)
𝐽 (𝒒) . (24)

Similar to the surface case, when estimating derivatives at 𝜃 = 𝜃0
with the reference volume set to BV = V(𝜃0), the factor 𝐽 (𝒒∗ )/𝐽 (𝒒)
in Eq. (24) reduces to one.

5.2 Discussion
Failed constructions. Occasionally, for an ordinary path 𝒑̄, the

construction of its antitheses 𝒑̄∗
𝑖
(§5.1) can fail when: (i) the camera

ray for the antithetic path does not intersect any scene surface for

the surface case; or (ii) there is no point 𝒚∗ along the ray satisfying

the transmittance constraint 𝜏 (𝒙cam ↔ 𝒚∗) = 𝜏 (𝒙cam ↔ 𝒚). When

the construction fails, we simply consider the antithetic path 𝒑̄∗
to

be nonexistent and set its contribution to zero.

Similarly, when calculating the probability density pdf
∗
𝑖 (𝒑̄) for

some path 𝒑̄, there may not exist an ordinary path whose 𝑖-th an-

tithesis equals 𝒑̄. In this case, we set pdf
∗
𝑖 (𝒑̄) = 0.

Equal-transmittance vs. equal-distance. When𝒚 is a volume vertex

(Figure 5-b), its antithesis 𝒚∗ can also be constructed in a equal-
distance fashion by setting 𝑟∗ = 𝑟 rather than requiring 𝜏 (𝒙cam ↔
𝒚∗) tomatch 𝜏 (𝒙cam ↔ 𝒚). This, however, tends to increase variance
(see Figure 6). On the other hand, when the aforementioned equal-

transmittance construction is difficult, e.g., in heterogeneous media,

the equal-distance variant can be used instead.
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(a) Ordinary(a) Ordinary (b) FD reference(b) FD reference (c) No antithetic(c) No antithetic

MAE: 5.69 × 10
−3MAE: 5.69 × 10
−3

(d) Equal-dist.(d) Equal-dist.

MAE: 5.37 × 10
−3MAE: 5.37 × 10
−3

(e) Equal-trans.(e) Equal-trans.

MAE: 4.44 × 10
−3MAE: 4.44 × 10
−3

Fig. 6. Equal-time comparison of derivate images (visualized using the
same color map as Figure 4) estimated with volumetric adjoint particle
tracing (APT) with: (c) no antithetic sampling; (d) our equal-distance an-
tithetic sampling with 𝑟 ∗ = 𝑟 ; and (e) our equal-transmittance antithetic
sampling with 𝜏 (𝒙cam ↔ 𝒚∗ ) = 𝜏 (𝒙cam ↔ 𝒚 ) . This example contains a
homogeneous translucent bunny (without refractive interfaces) lit by an
area light and uses the tent reconstruction filter (31). The derivatives are
computed with respect to the horizontal translation of the bunny.

Handling multiple pixels. When the supports of reconstruction

filters of neighboring pixels overlap, a light path 𝒑̄ can “intersect”

(i.e., contribute to) multiple pixels. Here, for each intersecting pixel 𝑗 ,

we construct one antithetic path 𝒑̄∗
𝑗
using the same ordinary path 𝒑̄,

and use our MIS estimator of Eq. (18) with 𝒑̄ and 𝒑̄∗
𝑗
for this pixel.

Relation with BSDF antithetic sampling. Our technique is related
to the BSDF sampling method introduced by Zhang et al. [2021a].

Besides being applied to pixel reconstruction filters as opposed to

BSDFs, our method differs from Zhang et al.’s in the following ways.

Firstly, we leverage a four-point sampling pattern in the image plane,

and Zhang et al. use a two-point pattern in the half-way vector

space. Secondly, our technique considers volume light transport

while Zhang et al.’s approach is restricted to the surface-only case.

Lastly, as we will demonstrate in §6, our antithetic sampling also

benefits the estimation of boundary integrals.

6 ESTIMATING THE BOUNDARY COMPONENT
We now discuss the estimation of the boundary integral emerging

from the differentiation of Eq. (16). Previously, Zhang et al. [2021b]

have assumed the pixel reconstruction filter ℎ to be continuous. We

relax this assumption by considering jump discontinuity points of

ℎ and focus on the following pixel boundary integral:∫
ΔBV [ℎ]

(∫
ˆ
𝛀0

ˆ𝑓0 (𝒑̄+) d𝜇 (𝒑̄)
)
Δ𝑊

pinhole

e
(𝒚) 𝑣 (𝒒) 𝐽 (𝒒)︸                                                     ︷︷                                                     ︸

=: 𝐹B (𝒒)

d𝒒, (25)

where:

(a) Ordinary(a) Ordinary (b) Derivative (full)(b) Derivative (full)

(c) interior(c) interior (d) pixel boundary(d) pixel boundary (e) other boundary(e) other boundary

Fig. 7. Derivative component visualization: (a) Forward rendering of
a duck model [Dong et al. 2014] using a box reconstruction filter (32). (b)
Corresponding derivative image with respect to horizontal translation of
the duck (visualized with the same color map as Figure 4). The full derivative
equals the sum of the interior (c), pixel boundary (d), and other boundary
components (e). We discuss the estimation of (d) in §6.

• 𝒚 = X(𝒒, 𝜃 ), 𝐽 follows Eq. (12), and

d𝒒 =

{
dℓ (𝒒), (𝒒 ∈ BM )
d𝐴(𝒒), (𝒒 ∈ BV \ BM )

(26)

with ℓ being the curve-length measure;

• 𝒑̄+ := (𝒑
0
, . . . ,𝒑𝑁−1, 𝒒) indicates the path obtained by appending

the vertex 𝒒 to 𝒑̄ = (𝒑
0
, . . . ,𝒑𝑁−1);

• ˆ
𝛀0

:= ∪∞
𝑁=0

B𝑁+1
V denotes the space ofmaterial paths with at least

one vertex (as opposed to the material path space
ˆ
𝛀 comprised

of paths with at least two vertices);

• ΔBV [ℎ] denotes all jump discontinuity points of ℎ (with respect

to the material point 𝒒);

• 𝑣 (𝒒) captures the scalar change rate (with respect to the scene

parameter 𝜃 ) of the discontinuity boundary along the normal

direction (we will provide more details later);

Additionally,

Δ𝑊
pinhole

e
(𝒚) = 𝐺 (𝒚 ↔ 𝒙cam) Δℎ(𝒚⊥)

(𝒏cam · −−−−−→𝒙cam𝒚)3
, (27)

where Δℎ is the difference of the pixel reconstruction filter ℎ across

the discontinuity boundary. We note that the pixel boundary in-

tegral (25) only integrates over a subset of the full boundary path

space 𝜕 ˆ𝛀 (see Figure 7 for per-component derivative visualizations).

We focus on estimating the pixel boundary integral (25), below.

Contributions from other forms of boundary paths can be handled

using previous methods like multi-directional sampling [Zhang et al.

2020, 2021b] and primary-sample-space guiding [Yan et al. 2022].

Eq. (25) behaves in a similar fashion as the so-called primary

boundary integral that captures the discontinuities of the general-

ized geometric term𝐺 (𝒚 ↔ 𝒙cam) emerging from object silhouettes
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Fig. 8. Similarity between primary (a) and pixel boundary integrals (b): The
former emerges from object silhouettes, and the latter from jump disconti-
nuities of pixel reconstruction filters.

with respect to the camera (see Figure 8). Both integrals essentially

capture discontinuities of the𝑊
pinhole

e
(𝒚) term defined in Eq. (15).

To efficiently estimate the pixel boundary integral (25), we first

rewrite the outer integral as one over image-plane locations 𝒚⊥.
Conceptually, this is similar to the handling of the primary boundary
(Figure 8-a) by integrating over image-plane projections of object

silhouettes [Li et al. 2018; Zhang et al. 2019, 2020, 2021b].

Specifically, as illustrated in Figure 9, we rewrite Eq. (25) as∫
ΔI[ℎ]

(
𝐹B (𝒒s)





 dℓ (𝒒s)
dℓ (𝒚⊥)





 + ∫ 𝐷

0

𝐹B (𝒒v)




 d𝐴(𝒒

v
)

d𝑟 dℓ (𝒚⊥)





 d𝑟 ) dℓ (𝒚⊥),
(28)

where:

• ΔI[ℎ] are curves comprised of jump discontinuities of the pixel

reconstruction filter ℎ with respect to image-plane points 𝒚⊥;

• 𝐷 ∈ R>0 denotes the distance from the pinhole camera 𝒙cam to

the first surface intersection along the direction 𝝎𝒚 :=
−−−−−−→
𝒙cam𝒚⊥;

• 𝒚
s
:= 𝒙cam + 𝐷 𝝎𝒚 , and 𝒒

s
= X−1 (𝒚

s
, 𝜃 ) that are surface vertices;

• 𝒚
v
:= 𝒙cam + 𝑟 𝝎𝒚 , and 𝒒

v
= X−1 (𝒚

v
, 𝜃 ) that are volume vertices;

𝐹B is the integrand of Eq. (25) and can be estimated using stan-

dard forward-rendering methods like unidirectional path tracing.

Additionally, the change-of-variable ratios are



 dℓ (𝒒s)
dℓ (𝒚⊥)





=



 dℓ (𝒚s)
dℓ (𝒚⊥)





 



dℓ (𝒒s)
dℓ (𝒚

s
)





= 𝐷 sin 𝛽⊥

cos
−1 𝜙𝒚 sin 𝛽s





dℓ (𝒒s)
dℓ (𝒚

s
)





 , (29)
and



 d𝐴(𝒒

v
)

d𝑟 dℓ (𝒚⊥)





=



 d𝐴(𝒚
v
)

d𝑟 dℓ (𝒚⊥)





 



d𝐴(𝒒v)
d𝐴(𝒚

v
)





= 𝑟 sin 𝛽⊥

cos
−1 𝜙𝒚





d𝐴(𝒒v)
d𝐴(𝒚

v
)





 ,
(30)

where cos
−1 𝜙𝒚 is the distance from image-plane point 𝒚⊥ to 𝒙cam.

When estimating derivatives at 𝜃 = 𝜃0 with aforementioned con-

figurations of reference surface and volume, the ratios ∥dℓ (𝒒s
)/dℓ (𝒚

s
)∥

and ∥d𝐴(𝒒
v
)/d𝐴(𝒚

v
)∥ in Eqs. (29) and (30) reduce to one.

Calculating scalar change rates. We discuss the computation of

the scalar change rate 𝑣 (𝒒) in the formulation of Eq. (28), a key

component in the integrand 𝐹B (𝒒) of the pixel boundary integral.

Given a image-plane location 𝒚⊥ that is a jump discontinuity

point of the pixel reconstruction filter ℎ, we trace a camera ray

𝒙cam � 𝒚⊥ and compute the intersection distance 𝐷 ∈ R>0 and

location 𝒚
s
∈ M in a differentiable fashion. The spatial points 𝒙cam

Image-plane
discontinuity

curves
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Fig. 9. The pixel boundary integral in Eq. (25) involves an outer integral
over jump discontinuities of the pixel reconstruction filter ℎ with respect to
material point 𝒒. The triangle and curve marked in orange illustrate (the
spatial counterpart of) some such points. We rewrite the outer integral
as (i) a line integral over discontinuity curves ΔI[ℎ] of ℎ with respect to
image-plane position 𝒚⊥ (blue rectangle) and (ii) another integral over the
line segment (dashed red line) connecting the camera 𝒙cam and the (first)
surface intersection 𝒚

s
of the camera ray 𝒙cam�𝒚⊥.

and𝒚⊥ both depend on the scene parameter 𝜃 via the material-form

parameterization discussed in §3.2.

Let 𝒒
s
= X−1 (𝒚

s
, 𝜃 ) and note that, despite being a material point,

𝒒
s
still depends on 𝜃 in general as its spatial counterpart 𝒚

s
is ob-

tained by differentiable ray intersection. Provided 𝒒
s
, the scalar

change rate is 𝑣 (𝒒
s
) = 𝒏(𝒒

s
) · (d𝒒s/d𝜃), where 𝒏(𝒒s) ∈ S2 is the unit

normal of the discontinuity curve at 𝒒
s
. This curve resides on the

reference surface BM and, when estimating derivatives at 𝜃 = 𝜃0
with BM = M(𝜃0), coincides with the orange line in Figure 9.

Let𝒚
v
= (1−𝜉) 𝒙cam+𝜉 𝒚s with 𝜉 = 𝑟/𝐷 treated as a constant. Sim-

ilar to 𝒒
s
, 𝒒

v
= X−1 (𝒚

v
, 𝜃 ) is a spatial point depending on the scene

parameter 𝜃 . Then, the scalar change rate is 𝑣 (𝒒
v
) = 𝒏(𝒒

v
) · (d𝒒v/d𝜃),

where 𝒏(𝒒
v
) ∈ S2 denotes the unit normal of the discontinuity sur-

face at 𝒒
v
. When estimating derivatives at 𝜃 = 𝜃0 with the reference

volume setting to BV = V(𝜃0), this surface coincides with the

orange triangle illustrated in Figure 9.

Antithetic sampling on pixel discontinuities. Although the Eq. (28)

do not involve derivatives of the measurement contribution
ˆ𝑓 , we

make a key observation that the estimation of this term can still ben-

efit significantly from pixel-level antithetic sampling if the image-

plane discontinuity boundary ΔI[ℎ] exhibit the same types of sym-

metries as the pixel reconstruction filter itself. In practice, this is

the case for many common used (e.g., box) filters.

Specifically, as shown in Figure 10, we sample image-plane points

𝒚⊥, 𝒚⊥
1
, 𝒚⊥

2
and 𝒚⊥

3
from discontinuity curves ΔI[ℎ] following the

same antithetic sampling pattern for the interior integral. Then, we
construct the corresponding path vertices 𝒚, 𝒚∗

1
, 𝒚∗

2
and 𝒚∗

3
—which,

in turn, gives full boundary paths 𝒑̄, 𝒑̄∗
1
, 𝒑̄∗

2
and 𝒑̄∗

3
—in a similar

fashion as the interior case discussed in §5.1.

Since𝒚⊥ and𝒚⊥
3
are point symmetric, the normals of ΔI[ℎ] at𝒚⊥

and 𝒚⊥
3
are in opposite directions. This implies that, when the scene

geometry to vary slowly within the pixel, Δ𝑊
pinhole

e
(𝒚) 𝑣 (𝒒) ≈

−Δ𝑊 pinhole

e
(𝒚∗

3
) 𝑣 (𝒒∗

3
), where 𝒒 and 𝒒∗

3
are the spatial representa-

tions of 𝒚 and 𝒚∗
3
, respectively. It follows that the contributions of
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Fig. 10. Pixel-level antithetic sampling (boundary): (a) We draw image-
plane points 𝒚⊥, 𝒚⊥

1
, 𝒚⊥

2
and 𝒚⊥

3
from discontinuity curves of the pixel

reconstruction filter following the same antithetic sampling pattern as the
interior case illustrated in Figure 3. (b) For each 𝑖 = 1, 2, 3, we obtain 𝒚⊥

𝑖
on

the image plane based on 𝒚⊥ and trace a camera ray through 𝒚⊥
𝑖
to obtain

the vertex 𝒚∗
𝑖
in a similar fashion as the process illustrated in Figure 5.

corresponding boundary paths 𝒑̄ and 𝒑̄∗
3
(and, similarly, the paths 𝒑̄∗

1

and 𝒑̄∗
2
) to largely cancel each other out, producing lowered vari-

ance.

7 RESULTS
We developed a CPU-based differentiable renderer that utilizes En-
zyme [Moses and Churavy 2020] for reverse-mode automatic dif-

ferentiation (AD). Contrary to most AD libraries that work at the

source code (e.g., C++) level, Enzyme operates at the LLVM level

taking arbitrary code as input in LLVM Intermediate Representation

and code generating gradient routines of its functions.

Specifically, we use LLVM to compile our C++ source code (that

contains Enzyme-specific intrinsics) into LLVM’s Intermediate Rep-

resentation (IR; Figure 11). Then, we use Enzyme to automatically

differentiate the LLVM IR and, in turn, compile the output into exe-

cutables using LLVM. Since the differentiation occurs at the LLVM
level and is integrated with LLVM’s powerful optimization pipeline,

the resulting system offers high performance and scalability.

Moreover, we develop a slightly different pipeline (also based

on Enzyme) to generate gradient images with respect to one scene

parameter. We use this pipeline exclusively for debugging and vali-

dation purposes, i.e., not for solving inverse-rendering problems.

7.1 Validation and Evaluation
Filter settings. To evaluate our technique, we use two pixel re-

construction filters: tent and box. Assuming square pixels P in the

image plane I with edge length 𝑑 (and surface area 𝑑2), we have

ℎtent (𝒚⊥) :=
1

𝑑2
max

(
1 −

|𝑦⊥
s
|

𝑑
, 0

)
max

(
1 −

|𝑦⊥
t
|

𝑑
, 0

)
, (31)

ℎ
box

(𝒚⊥) :=
1

[
−𝑑/2 < 𝑦⊥

s
< 𝑑/2 and − 𝑑/2 < 𝑦⊥

t
< 𝑑/2

]
𝑑2

, (32)

C++ 
Source 
Code

LLVM IR 
(ordinary)

LLVM IR 
(diff.)

LLVM Enzyme
Executable

LLVM

Fig. 11. Our system utilizes the Enzyme [Moses and Churavy 2020] auto-
matic differentiation framework that operates at the LLVM level by gener-
ating differentiable versions of LLVM Intermediate Representations (IR).

Table 1. Performance statistics for our inverse-rendering results. The “DR”
numbers indicate per-iteration computation time (conducted on a work-
station with an AMD Ryzen 3950X 16-core CPU) for estimating image-loss
gradients using our method; and “post.” captures the cost for updating mesh
vertex positions using the large-step method [Nicolet et al. 2021].

Scene # Target # Param. # Iter. DR Post.

World map (Fig. 1) 13 6 496 256 300 20.4s 2.3s

Bunny 1 (Fig. 14) 20 29 844 60 2.0s 0.2s

Kitty 2 (Fig. 14) 20 300 123 200 11.0s 2.0s

Terrain (Fig. 15) 5 196 608 200 1.1s 0.6s

Pig 2 (Fig. 15) 20 599 733 200 2.7s 5.0s

where 1[·] is the indicator function. Additionally, 𝑦⊥
s
:= (𝒚⊥ − 𝒄) · 𝒔

and 𝑦⊥
t

:= (𝒚⊥ − 𝒄) · 𝒕 where 𝒄 ∈ I denotes the center point of

the pixel, and 𝒔, 𝒕 ∈ S2 indicate the horizontal and vertical axes of

the image plane, respectively. We intentionally let the supports of

the tent filter from neighboring pixels to overlap, allowing the sum∑
𝑖 ℎ

(𝑖 )
tent

over all pixels to be constant across the image plane.

Given Eqs. (31) and (32), it is easy to verify that both filters

integrate to one (on the image plane) and have discontinuities

ΔI[ℎtent] = ∅ and ΔI[ℎ
box

] = 𝜕P, respectively.

Differentiable-rendering comparisons. We now evaluate our tech-

nique using differentiable-rendering results.

In Figure 12, we show results using the tent reconstruction fil-

ter (31). Since this filter is continuous (i.e., has no jump discontinu-

ities), the pixel boundary integral vanishes. We apply our pixel-level

antithetic sampling for the interior integral. Further, we use adjoint
particle tracing (APT) and bidirectional path tracing (BDPT) to sam-

ple light transport paths. As discussed in §5, previous pixel-level

antithetic sampling [Zhang et al. 2021b] is designed mostly for uni-

directional path tracing and does not fully support methods like

APT and BDPT that trace shadow rays toward the camera.

The “earth” and “bust” examples in Figure 12 contain, respectively,

a textured diffuse earth object and a homogeneous translucent bust.

Both examples are rendered using APT. Additionally, the “kitty 1”
result involves a kitty object [Zhou et al. 2016] inside a Cornell box

lit by an area light facing toward the ceiling, creating a indirect-

illumination-dominated situation. The “glass ball” example contains

a rough glass sphere lit by a small area light. Since both “kitty 1”
and “glass ball” involve light-transport configurations known to be

challenging for unidirectional methods, we render both examples

using BDPT.

In all four examples, derivatives obtained with our method agree

with references computed using finite differences (in much longer

time). Meanwhile, our results are significantly cleaner than the base-

line ones computed in equal time without our antithetic sampling.

In Figure 13, we show results using the box filter (32) that is

not supported by previous path-space methods [Zhang et al. 2021b]

since they require reconstruction filters to be continuous. As the box

filter is constant in the interior, we apply our antithetic technique

to the pixel boundary integral only.

In this figure, the “wheel” example shows a disc with the color

wheel pattern. The “pig 1” and “duck” results use textured duck [Dong
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Fig. 12. Antithetic sampling (interior): To demonstrate the effectiveness of our pixel-level antithetic sampling of interior integrals (§5), we show comparisons
of derivative estimates (visualized using the same color map as Figure 4) with respect to object translations. Results in (b) and (c) are generated at equal time
without and with our antithetic sampling, respectively. The references in (a) are generated using finite differences in much longer time. The earth and the bust
examples are generated with volumetric adjoint particle tracing (APT); the kitty and the glass ball use bidirectional path tracing (BDPT). All examples use the
tent pixel reconstruction filter (31).

et al. 2014] and pig [Zhou et al. 2016] objects. The “jumpy dumpy”
example contains an object filled with homogeneous participating

medium. We use unidirectional path tracing to estimate the interior
integrals.

For all examples, derivative estimates obtained using our method

agree well with the finite-difference references while containing

significantly lower variance than the baseline results.

7.2 Inverse-Rendering Results
To further demonstrate the effectiveness of our technique, we com-

pare inverse-rendering results with and without our pixel-level

antithetic sampling. For each comparison, we use identical opti-

mization configurations including initial states, learning rates, and

optimizers. Additionally, we set the sample counts so that each

inverse-rendering iteration (with and without our technique) takes

approximately equal time. We use the large-step method [Nicolet

et al. 2021] for robust updates of object shapes.

Please see Table 1 for performance statistics and the supplemental

material for animated versions of these results.

Figure 14 shows inverse-rendering results using the tent recon-

struction filter (31). The “bunny 1” example includes a translucent

bunny under area lighting. The “kitty 2” result uses a configuration
similar to that in Figure 12 with a Cornell box containing a kitty and

an area light facing the ceiling. We render the interior components

of the two examples using unidirectional and bidirectional path trac-

ing, respectively. For both examples, we optimize the object shapes

by minimizing the image loss. The reduced variance offered by our

antithetic sampling technique has allowed both optimizations to

converge more quickly, resulting in reconstructed geometries with

lower error (measured by Chamfer distances [Barrow et al. 1977]).

Figure 15 contains results using the box reconstruction filter (32).

The “terrain” example includes a terrain-like glossy surface. The

“pig 2” result contains a pig model [Zhou et al. 2016] with detailed

structures on the back. Using highly smooth initial shapes, we opti-

mize the object geometries by minimizing image losses. For both

examples, our technique allows the inverse-rendering optimizations

to converge nicely. Without our sampling, on the other hand, the

resulting gradients are very noisy, which can cause the mesh to

self-intersect (even with the large-step method [Nicolet et al. 2021]

applied).

Lastly, using the “pig 2” scene, we demonstrate in Figure 16 the

advantage of our four-point antithetic sampling pattern (i.e., using

𝒚⊥, 𝒚⊥
1
, 𝒚⊥

2
, and 𝒚⊥

3
illustrated in Figure 10) over the two-point

one (i.e., using only 𝒚⊥ and 𝒚⊥
3
) for inverse rendering. Since the

pig model’s detailed surface geometry produces many “edges” in

rendered images, the four-point pattern—which is more robust at

these edges—allows the inverse-rendering optimization (at equal

time per iteration) to converge more quickly.
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Fig. 13. Antithetic sampling (boundary): To demonstrate the effectiveness of our pixel-level antithetic sampling of boundary integrals (§6), we show
comparisons of derivative estimates (visualized using the same color map as Figure 4) with respect to object rotation (a) and translations (b–d). Results in (b)
and (c) are generated in equal time without and with our antithetic sampling, respectively. The references in (a) are generated using finite differences in much
longer time. The interior components of all results are estimated using unidirectional path tracing. All examples use the box pixel reconstruction filter (32).

Please refer to the supplemental material for more examples.

7.3 Additional Experiments
Tent vs. box filters. Strictly, derivatives obtained with tent and box

filters are distinct. On the other hand, the differences are typically

at sub-pixel levels and quite subtle.

For applications where both tent and box filters can be used, we

observed that the box one typically has lower variance at equal time,

despite requiring an extra pixel boundary integral estimate. This is

due to two reasons: first, the box filter of Eq. (31) is constant in the

interior of a pixel, allowing the interior component to be estimated

using relatively few samples due to its smooth and low contribution

(as shown in Figure 7-c); second, compared with the interior integral
that requires differentiating full measurement contributions, the

pixel boundary integral (25) is significantly less expensive to esti-

mate because its integrand 𝐹B only has one component—the change

rate 𝑣 (𝒒)—that requires differentiation.
We demonstrate this using two examples in Figure 17. The “pig 3”

result has a Cornell box containing a pig model. The “jumpy dumpy”
example uses the same scene as the one in Figure 13. In both cases,

using the box filter leads to notably lower variance.

Anisotropic Gaussian filters. Another type of filters commonly

used in adaptive sampling and reconstruction (e.g., [Mehta et al.

2012]) is axis-aligned anisotropic Gaussians that take the form of

ℎgauss (𝒚⊥) =
1

2𝜋𝑑2𝛼s 𝛼t
exp

(
−
(𝑦⊥

s
)2

2𝑑2𝛼2
s

−
(𝑦⊥

t
)2

2𝑑2𝛼2
t

)
, (33)

where 𝑦⊥
s

and 𝑦⊥
t

are defined the same way as in Eq. (31), and

𝛼s, 𝛼t > 0 are the filter’s standard deviations along the image plane’s

horizontal and vertical axes (i.e., 𝒔 and 𝒕), respectively.
Our antithetic sampling technique also benefits anisotropic Gauss-

ian filters, which we demonstrate in Figure 18 using three examples.

All these example share the same scene containing a translucent

bunny (similar to “bunny 1” in Figure 14) but use different per-pixel

filter parameters 𝛼s and 𝛼t visualized below the corresponding ordi-

nary renderings. Further, the first example (“config 1”) uses smoothly

varying parameters increasing from the center toward the edge of

the image; the second result (“config 2”) has checker-board pat-

terns for both parameters; and the third example (“config 3”) utilizes
depth-driven parameter maps, mimicking a depth-of-field effect.

Thanks to our antithetic sampling, for all examples, our results

enjoy significantly lower noise compared with the baseline ones.

8 DISCUSSION AND CONCLUSION
Limitations and future work. When handling volumetric light

transport, our method works best for homogeneous participating

media where equal-transmittance constructions can be performed
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Fig. 14. Antithetic sampling (interior):We show inverse-rendering comparisons of derivatives estimated with (c) and without (d) our interior antithetic
sampling (presented in §5). All examples use the tent pixel reconstruction filter (31). The mesh error numbers shown under visualized geometries in (c1) and
(d1) as well as plotted in (c2) and (d2) indicate the Chamfer distances [Barrow et al. 1977] between the reconstructed and groundtruth geometries (normalized
so that the GT has a unit bounding box). We use this information only for evaluation (and not for optimization).

efficiently. Better handling heterogeneous media where transmit-

tance cannot be easily estimated or inverted is worth exploring.

Further, our technique uses pixel reconstruction filers that depend

only on image-plane positions; investigating other types of filers,

such as bilateral filters that take intensities into account, is an inter-

esting future topic. Lastly, since our technique focuses on pixel filers,

combining it with BSDF antithetic sampling [Zhang et al. 2021a]

will be useful for future differentiable rendering systems.

Conclusion. We systematically studied the treatment, and impor-

tance, of pixel reconstruction filters for path-space differentiable

rendering. Specifically, we devised the pixel boundary integral to

capture jump discontinuities of pixel filters. Furthermore, we intro-

duced a new Monte Carlo antithetic sampling method to efficiently

estimate both the interior and boundary integrals. Our technique

supports both surface and volume (differentiable) light transport

and is applicable to both primal and adjoint path sampling scenarios.

We evaluated the effectiveness of our technique by comparing

against baseline methods on several differentiable-rendering and

inverse-rendering experiments.
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Fig. 19. Problem of pixel-level attached sampling: For any light
path 𝒙̄ = (𝒙0, . . . , 𝒙𝑁 −1,𝒚 ) , when the last vertex 𝒚 is drawn by apply-
ing attached sampling to the pixel reconstruction filter, the change rate
d𝒚/d𝜃 is determined by the sampling process and differentiable ray intersec-
tion. On the other hand, the change rates of other vertices 𝒙0, . . . , 𝒙𝑁 −1 are
given by the material-form parameterization (discussed in §3.2). When the
distance between 𝒚 and the neighboring vertex 𝒙𝑁 −1 (e.g., 𝒙2 in this figure)
approaches to zero, which can occur at object edges/corners (a) and in the
interior of participating media (b), the change rates d𝒚/d𝜃 and d𝒙𝑁 −1/d𝜃
remain different, leading to highly noisy derivative estimates.
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A PROBLEMS OF ALTERNATIVE METHODS
We now discuss two alternative methods for differentiating pixel re-

construction filters and their limitations. Specifically, wewill present

attached sampling [Zeltner et al. 2021] in §A.1 and differentiating

through filter normalization [Vicini et al. 2022] in §A.2.

A.1 Attached Sampling
Assuming that the pixel reconstruction filter can be perfectly im-

portance sampled, the pixel intensity 𝐼 can also be expressed in

primary-sample-space as

𝐼 =

∫
[0,1)2

𝑐 𝐿i (𝒙cam (𝜃 )�𝒚⊥ (𝝃 ;𝜃 )) d𝝃 , (34)

where 𝑐 is a normalization factor, 𝐿i the incident radiance that can

in turn be estimated using path integrals (10), and 𝒚⊥ : [0, 1)2 ↦→
I a mapping that encodes the importance sampling (of the pixel

reconstruction filter) and transforms a primary sample 𝝃 ∼ 𝑈 [0, 1)2

(a) FD reference (b) Attached sampling (c) Ours
Glass cubeGlass cube

MAE: 1.80 × 10
−2MAE: 1.80 × 10
−2 MAE: 2.60 × 10

−3MAE: 2.60 × 10
−3

Bunny 3Bunny 3

MAE: 3.31 × 10
−2MAE: 3.31 × 10
−2 MAE: 2.80 × 10

−2MAE: 2.80 × 10
−2

Fig. 20. Equal-time comparison of derivative images estimated with
the vertex 𝒚 drawn using pixel-level attached sampling (b) and our anti-
thetic sampling (c). All results use the tent reconstruction filter (31) and
are rendered with differentiable unidirectional path tracing. The ordinary
renderings are shown as insets in (a).

to an image plane pointI.We note that, when the scene evolveswith

a parameter 𝜃 , the mapping 𝒚⊥ generally depends on 𝜃 and, thus,

needs to be differentiated when estimating derivatives of Eq. (34).

This formulation is also known as attached sampling [Zeltner et al.

2021] (applied to the pixel reconstruction filter ℎ) and has been used

previously by Zhang et al. [2019].

Under the attached-sampling formulation of Eq. (34), for any

light path 𝒙̄ = (𝒙0, . . . , 𝒙𝑁−1,𝒚), the last vertex 𝒚 is given by at-

tached sampling (and ray intersection), and the remaining ones

𝒙0, . . . , 𝒙𝑁−1—which are used to estimate the incident radiance

𝐿i (𝒙cam�𝒚⊥) and its derivative—by the path-space method (§3.2).

Thus, the change rates of 𝒚 and 𝒙0, . . . , 𝒙𝑁−1 (with respect to 𝜃 ) are

calculated differently where the former is obtained by differentiating

the sampling and ray intersection process:

d𝒚

d𝜃
=

d

d𝜃
rayIntersect(𝒙cam (𝜃 )�𝒚⊥ (𝝃 ;𝜃 )), (35)

and the latter by differentiating the material-form parameterization:

d𝒙𝑛
d𝜃

=
d

d𝜃
X(𝒑𝑛, 𝜃 ), (36)

for all 𝑛 = 0, 1, . . . , 𝑁 − 1 with 𝒑𝑛 being a spatial point independent

of the scene parameter 𝜃 . The discrepancy between Eqs. (35) and

(36) becomes problematic when the vertex 𝒚 and its neighbor 𝒙𝑁−1
are very close to each other—which can occur at corners or in

participating media (as illustrated in Figure 19).

Precisely, when the distance ∥𝒚 − 𝒙𝑁−1∥ between 𝒚 and 𝒙𝑁−1
approaches zero while the difference ∥(d𝒚/d𝜃)−(d𝒙𝑁 −1/d𝜃)∥ between
their derivatives does not, the term

d𝐺 (𝒚↔𝒙𝑁 −1 )
d𝜃 /𝐺 (𝒚↔𝒙𝑁 −1 ) diverges

(i.e., goes to infinity). This term is a factor of the interior path integral
when differentiating 𝐿i (𝒙cam�𝒚⊥) in Eq. (34).

We demonstrate this in Figure 20 using two examples. The “glass
cube” result contains a rough glass cube lit by a large area light.

Attached sampling leads to very high variance around the silhouette
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(a) Ordinary (b) Ours (c) Filter norm.
(1a) Initial(1a) Initial (1b) Grad.(1b) Grad.

MAE: 1.01MAE: 1.01

(1c) Grad.(1c) Grad.

MAE: 2.06MAE: 2.06

(1d) Grad. (FD)(1d) Grad. (FD)

(2a) Target(2a) Target (2b) Opt.(2b) Opt. (2c) Opt.(2c) Opt.
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2
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6

1e 2 Image Loss

Ours
Filter Normalization

Fig. 21. Problem of differentiating filter normalization: Under the
material-form parameterization, this approach produces high variance. This
example contains a tree-like object. In the top row, we show derivative
estimates (with respect to the rotation of the object about the vertial axis).
Our result (1b) closely agrees with the finite-difference reference (1d) while
the result obtained by differentiating filter normalization (1c) contains
high bias. In the bottom row, we compare inverse-rendering results (with
the rotation angle being optimized). Using our unbiased gradients, the
optimization converges to the target nicely (2b). On the contrary, when
using the biased gradients, the optimization diverges (2c).

of the cube. The “bunny 3” example contains a translucent bunny

with a rough refractive interface. In this case, when the vertex 𝒚
is on the interface and its neighbor 𝒙𝑁−1 in the interior, the two

vertices can be arbitrarily close, causing most pixels covering the

bunny to suffer from high variance. In both examples, our method

uses the same material-form parameterization for all vertices and,

thus, produces significantly cleaner results.

A.2 Differentiating Filter Normalization
In a concurrent work, Vicini et al. [2022] proposed to approximate

the derivative of a pixel value by differentiating the filter normaliza-

tion process. Precisely, for a pixel with the reconstruction filter ℎ,

let 𝒚⊥
1
,𝒚⊥

2
, . . . be image-plane locations sampled from ℎ. Then, the

derivative with respect to some scene parameter 𝜃 is approximated

by differentiating ∑︁
𝑗

ℎ(𝒚⊥
𝑗
) 𝐿i (𝒙cam�𝒚⊥

𝑗
)∑

𝑘 ℎ(𝒚⊥𝑘 )
. (37)

Although this method works adequately under the formulation of

warped-area sampling [Bangaru et al. 2020], when applied to the

material-form parameterization (presented in §3.2), it produces high

bias that can cause inverse-rendering optimizations to diverge. We

demonstrate this using a synthetic example in Figure 21. Please see

the supplement for an animated version of this result.

B THROUGHPUTS OF ANTITHETIC PATHS
To evaluate our MIS estimator of the interior integral in Eq. (18),

a key ingredient is computing the throughputs of antithetic paths
given by

d

d𝜃
ˆ𝑓 (𝒑̄∗

𝑖 )/pdf∗𝑖 (𝒑̄∗
𝑖 ) for 𝑖 = 1, 2, 3.

Let 𝒑̄ = (𝒑
0
, . . . ,𝒑𝑁−1, 𝒒) be an ordinary path sampled with

probability pdf (𝒑̄) and 𝒑̄∗ = (𝒑
0
, . . . ,𝒑𝑁−1, 𝒒

∗) be an antithesis of

𝒑̄ (with the subscript 𝑖 omitted for notational simplicity). Then,

ˆ𝑓 (𝒑̄∗)
pdf

∗ (𝒑̄∗) =
ˆ𝑓 (𝒑̄)

pdf (𝒑̄)
ˆ𝑓 (𝒑̄∗)
ˆ𝑓 (𝒑̄)

pdf (𝒑̄)
pdf

∗ (𝒑̄∗) . (38)

We note that, as long as we treat all probability densities as con-

stants (i.e., by “detaching” pdf (𝒑̄) and pdf
∗ (𝒑̄∗)), the derivative

d

d𝜃
ˆ𝑓 (𝒑̄∗ )/pdf∗ (𝒑̄∗ ) can be obtained by differentiable evaluation of

Eq. (38).

On the right-hand side of Eq. (38), the first component is essen-

tially the throughput of the ordinary path 𝒑̄ and can be obtained

when constructing 𝒑̄. Since the antithetic path 𝒑̄∗
only differs from

the ordinary one 𝒑̄ by the last vertex, the second component equals

ˆ𝑓 (𝒑̄∗)
ˆ𝑓 (𝒑̄)

=
𝑔(𝒒∗;𝒑𝑁−1,𝒑𝑁−2)
𝑔(𝒒;𝒑𝑁−1,𝒑𝑁−2)

, (39)

where 𝑊
pinhole

e
is defined in Eq. (15). Further, for any material

points 𝒑,𝒑′,𝒑′′ ∈ BV with spatial counterparts 𝒙 = X(𝒑, 𝜃 ), 𝒙′ =
X(𝒑′, 𝜃 ), and 𝒙′′ = X(𝒑′′, 𝜃 ):

𝑔 (𝒑;𝒑′, 𝒑′′ ) := 𝑓v (𝒙′′�𝒙′�𝒙 )𝐺 (𝒙′ ↔ 𝒙 ) 𝐽 (𝒑)𝑊 pinhole

e
(𝒙 ) . (40)

Lastly, as discussed in §5.1, the third component satisfies that

pdf (𝒑̄)
pdf

∗ (𝒑̄∗) =





d𝒒∗
d𝒒





 , (41)

where the ratio ∥d𝒒∗/d𝒒∥ follows Eqs. (21) and (24).

Transmittance ratio. Computing the ratio of measurement con-

tributions provided by Eq. (39) in turn requires evaluating ratios in

transmittances of the form 𝜏 (𝒙↔𝒚∗ )/𝜏 (𝒙↔𝒚 ) for 𝒙 ∈ {𝒙𝑁−1, 𝒙cam}.
Let 𝑠 = ∥𝒙 − 𝒚∥, 𝑠∗ = ∥𝒙 − 𝒚∗∥, 𝜆(𝑡) := 𝜎t ((1 − 𝑡)𝒙 + 𝑡 𝒚), and

𝜆∗ (𝑡) := 𝜎t ((1 − 𝑡)𝒙 + 𝑡 𝒚∗), where 𝜎t denotes the extinction coef-

ficient. Then, it holds that 𝜏 (𝒙 ↔ 𝒚) = exp

(
−

∫
1

0
𝑠 𝜆(𝑡) d𝑡

)
, and

𝜏 (𝒙 ↔ 𝒚∗) = exp

(
−

∫
1

0
𝑠∗ 𝜆∗ (𝑡) d𝑡

)
.

Therefore, we have

𝜏 (𝒙 ↔ 𝒚∗)
𝜏 (𝒙 ↔ 𝒚) = exp

(∫
1

0

Δ𝜆(𝑡) d𝑡
)
, (42)

d

d𝜃

𝜏 (𝒙 ↔ 𝒚∗)
𝜏 (𝒙 ↔ 𝒚) =

(∫
1

0

d

d𝜃
Δ𝜆(𝑡) d𝑡

)
𝜏 (𝒙 ↔ 𝒚∗)
𝜏 (𝒙 ↔ 𝒚) , (43)

where Δ𝜆(𝑡) := 𝑠 𝜆(𝑡) − 𝑠∗ 𝜆∗ (𝑡) for all 𝑡 ∈ [0, 1).
When the vertex 𝒚∗ is obtained using equal-transmittance con-

struction, Eq. (42) reduces to one for 𝒙 = 𝒙cam. Its derivative given
by Eq. (43), on the contrary, remains nonzero in general since the

equality in transmittance is only enforced at 𝜃 = 𝜃0.

In practice, for homogeneous media, Eqs. (42) and (43) can be

evaluated analytically. For heterogeneous media, the transmittance

ratios need to be estimated numerically with, e.g., power-series

estimators [Kettunen et al. 2021]:〈
𝜏 (𝒙 ↔ 𝒚∗)
𝜏 (𝒙 ↔ 𝒚)

〉
= e

𝑘∏
𝑗=1

Δ𝜆(𝑡 𝑗 ), (44)〈
d

d𝜃

𝜏 (𝒙 ↔ 𝒚∗)
𝜏 (𝒙 ↔ 𝒚)

〉
=

(
d

d𝜃
Δ𝜆(𝑡0)

) 〈
𝜏 (𝒙 ↔ 𝒚∗)
𝜏 (𝒙 ↔ 𝒚)

〉
, (45)

where e is Euler’s number, 𝑘 ≥ 0 an integer drawn from Pois(1),
and 𝑡 𝑗 ∼ 𝑈 [0, 1) is sampled independently for all 𝑗 = 0, 1, . . . , 𝑘 .
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