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CERTIFYING THE ABSENCE OF SPURIOUS LOCAL MINIMA AT
INFINITY"

CEDRIC JOSZ' AND XIAOPENG LI

Abstract. When searching for global optima of nonconvex unconstrained optimization problems,
it is desirable that every local minimum be a global minimum. This property of having no spurious
local minima is true in various problems of interest nowadays, including principal component analysis,
matrix sensing, and linear neural networks. However, since these problems are noncoercive, they
may yet have spurious local minima at infinity. The classical tools used to analyze the optimization
landscape, namely the gradient and the Hessian, are incapable of detecting spurious local minima
at infinity. In this paper, we identify conditions that certify the absence of spurious local minima at
infinity, one of which is having bounded subgradient trajectories. We check that they hold in several
applications of interest.
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1. Introduction. The idea that the absence of spurious local minima alone does
not guarantee the success of first-order methods was first expressed in the context of
binary classification in the mid-nineties. It was shown that gradient trajectories are
bounded if the objective function satisfies several technical conditions tailored to the
problem at hand [4, Theorems 3.6-3.8]. This property was referred to as having
no attractors at infinity. More recently, it was proved that adding an exponential
neuron to a wide class of neural networks eliminates all spurious local minima [33],
but it was soon realized that this procedure simply sends them to infinity [42]. These
results suggest that besides spurious local minima, a certain notion of spurious local
minima at infinity also affects the convergence of first-order methods to global optima.
However, the current optimization literature lacks a precise definition of local minima,
at infinity, and, accordingly, there is little theoretical understanding of them. Worse
still, classical tools for landscape analysis, such as the gradient and the Hessian, cannot
detect spurious local minima at infinity even in simple scenarios (see Example 1.1),
let alone handle nonsmooth functions without a gradient.

Ezample 1.1. Consider an instance of matrix completion problem, i.e., minimize

fl@y, 22,91, 92) = (m1y1 — 1)* + (291 — 1)* + (222 — 1)°.

By solving Vf(z1,22,y1,y2) = 0, the set of critical points of f can be decomposed
into four connected components:

Cr={(w1,72,y1,y2) = (t,¢,1/t,1/t) [t e R\ {0} },
Cy= {($17£B27y1,y2) = (t,O, 1/ta _1/t) |t € R\{O}},
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Fi1G. 1. Gradient method initialized uniformly at random in [—1, l]4 with constant step size 0.01
sometimes gets stuck at a spurious local minimum at infinity (3 among 10 trails in the experiment).

Cs ={(w1,72,y1,y2) = (t,—t,0,—-1/t) [t e R\{0}},
Cy= {(30175527201,?/2) = (070a0a0)}'

The critical values are f(C1) = {0}, f(C2) = f(C3) = {2}, and f(C4) = {3}. Fur-
thermore, C; is the set of global minima, and by computing the Hessian V2f, we
find that it has positive and negative eigenvalues at all points in Cy, C3, and Cj.
Therefore, f has no spurious local minima and all saddle points are strict [30, Defini-
tion 2]. One would expect first-order methods like gradient descent to converge to a
global minimum for almost all initial points [30, Theorem 11]. However, the numerical
experiments in Figure 1 show otherwise. This is because the function is not coercive.

Two newly proposed concepts related to spurious local minima at infinity are
setwise local minima [27] and spurious valleys [44]. Setwise local minima [27, Defini-
tion 2.5] generalize the notion of local minima from points to compact sets. The first
author and co-authors recently established that the uniform limit (on all compact
subsets) of a sequence of continuous functions which are devoid of spurious setwise
local minima is itself devoid of spurious strict setwise local minima [27, Proposition
2.7]. However, due to the boundedness assumption, setwise local minima cannot be
directly used to study spurious local minima at infinity. Spurious valleys [44, Defi-
nition 1] do have the potential to handle spurious local minima at infinity but they
fail to detect them when there are flat regions, such as in the ReLU network with
one-hidden layer (z1,x3) — (zomax{z1,0} —1)? (see Figure 2). Spurious valleys also
rely on the notion of path-connectedness, which is actually not necessary for defining
spurious local minimum at infinity. In this paper, we extend the concept of setwise
local minima by relaxing the boundedness assumption. This enables us to define
spurious local minima at infinity as unbounded setwise local minima over which the
infimum of the objective function is greater than the global infimum. It also allows
us to handle classical spurious local minima and flat regions in a unified way.

An existing strategy to analyze the landscape of noncoercive functions is to con-
struct a strictly decreasing path to a global minimum from any initial point. Such a
path was shown to exist in half-rectified neural network [22]. This strategy is used
to prove the existence of spurious local minima in neural networks with almost all
nonlinear activations [15]. It also explains the phase transition from the existence of
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FiG. 2. Function devoid of spurious valleys containing a spurious local minimum at infinity.

suboptimal basins in narrow networks to their disappearance in wide networks [31].
Finally, it is used to prove the absence of spurious valleys for over-parametrized one-
hidden layer neural network [44]. However, such a strategy needs to be tailored to each
application since one needs to select a particular path for each specific loss function.
In this paper, we instead develop a theory allowing one to use a common decreasing
path— subgradient trajectory—to analyze the landscape in various different contexts.
We can then rule out spurious setwise local minima (and thus those at infinity) for a
general class of functions. Our main result is as follows.

THEOREM 1.2. Suppose a locally Lipschitz function is bounded below, admits a
chain rule, has finitely many critical values, and has bounded subgradient trajectories.
Then it has no spurious local minima if and only if it has no spurious setwise local
minima.

The above statement is meant to help readers get a first taste of our main result
in this paper. Precise definitions and a detailed mathematical background will be
given in the main body,! along with a discussion on the role of its assumptions. Let
us mention already that two of its assumptions, namely those regarding the chain
rule and critical values, automatically hold for functions definable in an o-minimal
expansion of the real field [43] (by [6, Proposition 2 (iv)] and the definable Morse—
Sard theorem [5, Corollary 9 (ii)]). This includes semialgebraic, globally subanalytic,
and log-exp functions, and, importantly, many applications of interest nowadays [6,
section 4.1]. The locally Lipschitz and lower bounded assumptions usually come for
free in applications, so that in practice the sole assumption that one needs to check
for is that subgradient trajectories are bounded. Theorem 1.2 thus serves as a handy
device to conclude that there are no spurious setwise local minima for a family of
functions that are widely used in machine learning, especially in deep neural networks
and matrix sensing. We summarize the problems that we are going to consider in the
following corollary.

IThe terminology in the theorem will be given in Definition 2.8 (locally Lipschitz), Definition
2.13 (chain rule), Definition 2.12 (bounded subgradient trajectories), and Definition 2.2 (setwise local
minimum).
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COROLLARY 1.3. The following problems have no spurious local minima at in-

finity:
1. deep linear neural network

] Py — 2'
Wl}ﬂfWL (W - W1 X = Y|

2. one dimensional deep neural network with sigmoid activation function o

inf  (wro(wp—1--o(wiz)) —y)%
Wi wL

3. matriz recovery with restricted isometry property (RIP)

m

. 1 T 2,
inf %;«A“XY Ve — )%

4. nonsmooth matriz factorization where rank(M)=1 and M;; #0

m n
inf DD lwiy; — Myl
i=1 j=1

Again, the statement above aims at giving readers some feeling on what type of
functions we are considering. More rigorous descriptions of the applications will be
given in the main body.

The paper is organized as follows. Section 2 contains background material on
setwise local minima, the Clarke subdifferential, and subgradient trajectories. Section
3 contains the proof of our main result, namely Theorem 1.2. Finally, section 4
contains applications of our main result as delineated in Corollary 1.3.

2. Background. This section contains prerequisites for the proof of Theorem 1.2
in the next section. Throughout this paper, unless otherwise specified, we always equip
the Euclidean space R™ with an inner product (-,-) and its induced norm ||-|| := /{:, ).

2.1. Setwise local minimum. In this subsection, we present the formal defi-
nitions and some useful properties of setwise local minimum and local minimum at
infinity mentioned in section 1. We first review the classical definition of local and
global minima. Throughout this paper, B(z,€) denotes the open ball centered at
x € R" with radius € > 0.

DEFINITION 2.1. A point € R™ is a local minimum (respectively, global min-
imum) of a function f:R™ — R if f(x) < f(y) for all y € B(z,€) for some € >0
(respectively, y € R™). A local minimum is spurious if it is not a global minimum.

From Definition 2.1, one can see the definition of a local minimum only considers
the landscape of a function at any finite point. To discuss the function landscape
at infinity, we generalize the notion of setwise local minimum first proposed in [27,
Definition 2.5].

DEFINITION 2.2 (setwise local minimum). A nonempty closed subset S C R™ is
a setwise local minimum of a continuous function f :R™ — R if there exists an open
set U CR™ such that SCU and f(x) < f(y) for allz € S, ye U\S.

It is easy to see that a local minimum is a setwise local minimum by taking S to
be a singleton. We also define a strict setwise local minimum by replacing f(z) < f(y)
with f(z) < f(y) in Definition 2.2.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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F1G. 3. Local minimum at infinity of f(wi,ws2)= %[(wga(wl) —1)2 + (wao(—w1) + 3)?].

DEFINITION 2.3 (setwise global minimum). A subset S of R™ is a setwise global
minimum of a function f:R™ =R if S is a setwise local minimum of f and infg f =

inf]Rn f

Note that infg f is a shorthand for inf,c g f(z), and similar for supg f and maxg f.
Setwise local minima include setwise global minima as a special case, and we say a
setwise local minimum is spurious if it is not a setwise global minimum. Note that
Definition 2.2 is not exactly the same as [27, Definition 2.5] because we do not require
a setwise local minimum to be a compact set. In other words, a setwise local minimum
can be either bounded or unbounded, and we say a (spurious) setwise local minimum
is a (spurious) local minimum at infinity if it is unbounded. For example, consider
the loss function of a one-hidden layer neural network with sigmoid activation ¢ and
two data points (1,1) and (—1,—3) in Figure 3. One can see that S is a setwise local
minimum (in particular, a local minimum at infinity) and U is the corresponding open
set in Definition 2.2. Finally, observe that R™ is a strict setwise local minimum at
infinity of any function.

Now we introduce one of the most useful properties of setwise local minima in
Lemma 2.4. This property is intuitive and will be used in different scenarios through-
out this paper. Let S, S°, and 05 := S\ S° respectively denote the closure, interior,
and boundary of a subset S of R™.

LEMMA 2.4. If S is a setwise local minimum of a continuous function f:R™ — R,
then f(x)=supg f for all x € 0S.

Proof. See Appendix A for the proof. ]

It is worth relating our notion of setwise local minimum to the concept of valley
proposed in [44, Definition 1]. A walley of a function f : R™ — R is defined as a
path-connected component? of a sublevel set of f. These two definitions are distinct
in general. The interval [—1,1] is a setwise local minimum of f : R — R defined
by f(x) := 0 for all z € R yet it is not a valley. Conversely, X := {(z1,22) €
(R\{0}) x R | 2o = sin(1/x1)} is a valley of f : R?> — R, where f is defined as
the distance between x and X, yet it is not a setwise local minimum since it is not

2A subset S of R™ is path-connected if for all z,y € S, there exists a continuous function
v :[0,1] — S such that v(0) =z and (1) =y. A maximal path-connected connected set is called a
path-connected component. Path-connected components can be viewed as equivalence classes over a
set.
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closed. (The sublevel set of f corresponding to the value zero is composed of two

path-connected components, namely X and {0} x [—1,1], whose union is X.) Under
some mild conditions, their relation can be summarized in Proposition 2.5.

PROPOSITION 2.5. For a continuous function from R™ to R,

(a) a path-connected component of a strict setwise local minimum (respectively,
setwise local minimum) is a valley (respectively, subset of a valley);

(b) a connected component® of a sublevel set which has finitely many connected
components is a strict setwise local minimum.

Proof. See Appendix B for the proof. 0

Remark 2.6. The assumption on finiteness of connected components is necessary,
or else counterexample may occur when the function is oscillatory. For example,

fa)im {02 if 2 <0,

T sin% ifz>0.

The function f is continuous on R, but the sublevel set {x € R| f(z) < 0} has infinitely
many connected components. Take a connected component Cy = (—o0,0] (also path-
connected, thus a valley), and it is not a setwise local minimum because for any open
set U containing C1, there exists some xg € N such that f(zg) <0.

Finally, we discuss the case of coercive functions. Recall that a function f:R"™ —
R is coercive if f(x) — 00 as ||z] — oco.

PRrROPOSITION 2.7. If a continuous function from R™ to R is coercive, then it has
no spurious local minima at infinity.

Proof. See Appendix C for the proof. a0

In many statistical learning problems, the loss functions without regularizer are
usually not coercive, so spurious local minima at infinity may exist. Therefore, it is
important to develop some device to check whether or not spurious local minima exist
so that optimization algorithms can be designed to avoid getting trapped in them.

2.2. Clarke subdifferential. In this subsection, we will review some concepts
and results on generalized derivative in the sense of Clarke [11, p. 27], since Theorem
1.2 also considers nonsmooth functions.

DEFINITION 2.8. A function f:R™ — R™ is locally Lipschitz if for all a € R™,
there exist positive constants r and L such that

Va,y € Bla,r), [If(z)—f)l <Lllz -yl

Notice that for a locally Lipschitz function, by [20, Theorem 3.2], the derivative
exists almost everywhere. Without any assumption on convexity, in order to ensure
the existence of a subdifferential, we adopt the notion of Clarke subdifferential.

DEFINITION 2.9 (see [11, p. 27]). Let f:R™ =R be a locally Lipschitz function.
The Clarke subdifferential is the set-valued mapping Of from R™ to the subsets of R™
defined for all x € R™ by

3A subset S of R™ is disconnected if there exist nonempty disjoint open (in S) sets A and B
such that S = AU B. It is connected if it is not disconnected. A maximal connected set is called a
connected component.
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Of(z) :=={seR"| f°(z,d) > (s,d) forall deR"},
where

fly+td) - f(y)

f°(x,d) :=limsup :

Yy — T

£\ 0

It is well known that for any locally Lipschitz function f and any x € R™, the

Clarke subdifferential df(z) is a nonempty, convex, and compact set [11, Proposition

2.1.2(a)]. Similar to differentiable functions, a point = € R™ is called a (Clarke) critical

point if 0 € Of(x). A real number y is called a (Clarke) critical value of f if there
exists a (Clarke) critical point z € R™ of f such that f(z)=1y.

2.3. Subgradient trajectory. In this subsection, we will introduce some basic
concepts and fundamental properties related to subgradient trajectories.

DEFINITION 2.10 (see [2, Definition 1, p. 12]). Given two real numbers a <b, a
function x : [a,b] = R™ is absolutely continuous if for all e >0, there exists 6 >0 such
that, for any finite collection of disjoint subintervals [a1,b1],...,[am,bm] of [a,b] such
that >0 b — a; <0, we have Y v [lz(b;) — z(a;)|| <e.

By virtue of [36, Theorem 20.8], z : [a,b] — R™ is absolutely continuous if and
only if it is differentiable almost everywhere on (a,b), its derivative z’ is Lebesgue
integrable, and z(t) — z(a) = fat &' (7)dr for all t € [a,b]. Given a noncompact interval
I of R, x: I — R™ is absolutely continuous if it is absolutely continuous on all compact
subintervals of 1.

An absolutely continuous function z : [0,00) — R™ is called a subgradient trajectory
of f:R™ — R starting at z¢ € R™ if it satisfies the following differential inclusion with
initial condition:

(2.1) 2'(t) € —0f(x(t)) for almost every t >0, z(0)= =,

where “almost every” means all elements except for those in a set of zero measure.
However, a subgradient trajectory may not always exist for arbitrary f, even if f
is a smooth function. Let f(z)=—12® and 2o =1, then it is easy to see z(t) = 11 is
the unique solution for ¢ € [0,1) and it cannot be extended to an absolutely continuous
function on [0, 00) due to the singularity at ¢ = 1. In this case, one would seek a family
of functions including many loss functions arising in applications that guarantee the
existence of a subgradient trajectory. We say a function f:R"™ — R is bounded below
if infgn f = ¢ > —o0. It was shown in [34, Theorem 3.2] that a primal lower nice
function bounded below by a linear function suffices. However, in general it is not
easy to check whether those nonconvex functions in statistical learning problems are
primal lower nice. For easily checkable conditions, the following result generalized
from [41, Proposition 2.3] for differentiable functions tells us that a locally Lipschitz

function bounded below also suffices.

ProposiTiON 2.11. If f: R™ — R s locally Lipschitz and bounded below, then
there exists a subgradient trajectory of f starting at arbitrary xo € R™.

Proof. See Appendix D for the proof. ]

We remark here that with Proposition 2.11, one can recover Ekeland’s variational
principle [19, Corollary 2.3] [25, Corollary] for locally Lipschitz lower bounded func-
tions with a chain rule (see [24, Theorem 3.1] for an extension to lower semicontinuous
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lower bounded functions). Indeed, Proposition 2.11 implies that for all € > 0, there
exists (z,s) € graph df such that f(z) <inf f + € and ||s| < e.* Note that Proposition
2.11 only guarantees the existence of a solution to (2.1) for all ¢ > 0, but the solution
x(t) could go to infinity as ¢ — co. This motivates the following definition.

DEFINITION 2.12. A locally Lipschitz lower bounded function f : R™ — R has
bounded subgradient trajectories if for any xo € R™, there exists a subgradient trajec-
tory x of f starting at xo and a constant r >0, such that ||x(t)|| <r for all t > 0.

Finally, notice that when f is continuously differentiable, by [11, Proposition
2.2.4], (2.1) reduces to the classical Cauchy problem of differential equation

' (t) ==V f(z(t)) forallt>0, =z(0)=umxg

and subgradient trajectory reduces to gradient trajectory by imposing x to be contin-
uously differentiable. Recall the descent property of gradient trajectories [1, Proposi-
tion 17.1.1], i.e., fox is a decreasing function for any gradient trajectory x of f. We
want this nice property to hold even in the general case when f is only locally Lip-
schitz. We adopt the notion of chain rule in [14, Definition 5.1]. Note that functions
admitting a chain rule are also referred to as path differentiable [6, Definition 3].

DEFINITION 2.13. Let f:R™ = R be locally Lipschitz. We say f admits a chain
rule if for any absolutely continuous function x :[0,00) = R™, we have

(fox) (t)=(v,2'(t)) for allvedf(x(t)),
for almost every t € [0,00).

Thus, for any locally Lipschitz function that admits a chain rule, by [14, Lemma
5.2], the function value is always decreasing in time along the subgradient trajectory.
A detailed discussion on what class of functions admits a chain rule can be found in
[6]. Note that general Lipschitz functions are far from admitting a chain rule since
they generically have a maximal Clarke subdifferential [7, 12, 13].

3. Proof of Theorem 1.2. This section contains the proof of the main result,
i.e., Theorem 1.2. After the proof, we will explain the necessity of the assumptions
in Theorem 1.2 by raising some counterexamples. For emphasis, we summarize all
assumptions in Theorem 1.2 below.

Assumption 3.1. Let f:R™ — R be a function such that it
(a) is bounded below, namely, infg» f > —o0;

(b) is locally Lipschitz continuous on R™; see Definition 2.8;
(¢) admits a chain rule; see Definition 2.13;

(d) has finitely many critical values; see subsection 2.2;

(e) has bounded subgradient trajectories; see Definition 2.12.

Proof of Theorem 1.2. Let f:R™ — R be a function satisfying Assumption 3.1 If
f has no spurious setwise local minima, then f has no spurious local minima. We next
prove the converse. Let S C R™ be a setwise local minimum of f. We seek to show
that S is a setwise global minimum of f. If S° =), then by Lemma 2.4 f(z)=supg f
for all z € 9S = S\ S° = S since S is closed by Definition 2.2. Thus f is constant on
S. By definition of setwise local minima (Definition 2.2), there exists an open subset

4This follows from the formula f(x(t)) — inff > [°d(0,0f(x(7)))%dr, where d(z,X) :=
infye x ||z — yl| (see [14, Lemma 5.2] and [16, Proposition 4.10]).
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U of R™ containing S such that the constant value of f on S is less than or equal to
f(y) for all y € U\S. Thus every point in S is a local minimum of f. Since every
local minimum of f is a global minimum, infg f = infg~ f and S is a setwise global
minimum according to Definition 2.3. The rest of the proof deals with the case when
S° #£ (. Let C be the set of all critical points of f in S and consider the following
optimization problem:

(3.1) Inf f(z).

We claim that the set of (global) solutions to (3.1) is nonempty, and that any solution
is a local minimum of f belonging to the setwise local minimum S. We first show
that the feasible set of (3.1) is nonempty.

Since S° # 0, let zg € S°. If zy € C, then the feasible set C is nonempty.
We thus assume that xg ¢ C. Since f is locally Lipschitz and bounded below, by
Proposition 2.11 there exists a subgradient trajectory x : [0,00) — R™ starting at
xo. We next show that z([0,00)) C S. We reason by contradiction and assume that
SN z([0,00)) # 0, where S¢ is the complement of S in R™. Then S° and S¢ are
disjoint open subsets of R™ such that S° N z([0,00)) # () (the intersection contains
zg), S¢Nz([0,00)) # B, and z([0,00)) = (z([0,00)) N S°) U (x([0,00)) N S¢) C R™\dS
(since® f(z(t)) < f(x(0)) = f(xo) < f(x) for all t > 0 and = € 95, where the last
inequality follows from Lemma 2.4). Thus the connected set ([0,00)) is the union of
two relatively open disjoint nonempty sets, which is a contradiction.

Since f has bounded subgradient trajectories and z(-) is an arbitrary subgradient
trajectory starting at xg, by Definition 2.12 and without loss of generality there exists
r > 0 such that ||z(¢)|| < r for all ¢ > 0. We next show that there exists a critical
point of f in B(0,7) NS. Suppose that there exist two constants T, e > 0 for which
|z’ (t)]] = € for all ¢ > T such that 2'(t) € —9f(z(¢)). By [14, Lemma 5.2], we
have (f o z)'(t) = —||2'(t)||*> < —€? for almost every ¢t > T. By integrating, we
get f(x(t)) — f(x(T)) < —€*t and thus f(z(t)) converges to —oco as t — co. This
is impossible since x(t) € B(0,r) and f is continuous. Hence there exists a time
sequence t; — oo such that ||2'(tx)|| = 0 as k — oo and z'(tg) € —0f(x(tx)) for all
keN:={0,1,2,...}. By the Bolzano—Weierstrass theorem, there exists a subsequence
x(ty;) of x(ty) such that x(ty,) = Z € R™ as j — oo. Since 2'(tx,) € —0f(x(t,)), by
[11, Proposition 2.1.5(b), p. 29] we have 0 € —9f(&). Finally, since z([0,00)) C S and
S is closed, we have & € C. We obtain that C' # ) as desired.

Since f has finitely many critical values and C # (), the set of solutions to (3.1)
is nonempty. Let 2* € C be a solution, that is, f(z*) = min¢ f. Recall that C' is a
subset of the setwise local minimum S. If z* is a local minimum of f, then it is a
global minimum of f in S since every local minimum of f is a global minimum. Thus
infg f =infgn f and S is a setwise global minimum. For the remainder of the proof,
we consider the case where z* is not a local minimum and show that this leads to a
contradiction. We first show that there exists so € S° such that f(sg) < f(z*). This
is clearly true if z* € S° since one can then find a ball centered at x* inside S°. If
z* € S\ S° =98, then we reason by contradiction and assume that f(z) > f(z*) for
all z € S°. By Lemma 2.4, we have f(z) = f(a*) =supg f > f(y) = f(a*) for all
(z,y) € (S\S°) x S°. Hence f(z*) = f(z) for all z € S. Since S is a setwise local
minimum, there exists an open set U such that f(z) > f(«*) holds for all . € U\ S.

5Tf there exists ¢ > 0 such that f(z(t)) = f(x(0)), then f(z(t)) — f(z(0)) = fot Iz’ (s)||2ds = 0
and z’(s) = 0 for almost every s € (0,t). Since z'(s) € —9f(z(s)) for almost every s > 0, by [11,
Proposition 2.1.5(b), p. 29] we have 0 € 8f(x(0)).
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Fic. 4. An example of function with infinitely many critical values.

Thus f(z) = f(z*) for all x € U and z* is a local minimum. This yields a contradiction.
Hence let sg € S° be such that f(sp) < f(z*). The nonempty closed set S":=SN[f <
(f(so)+f(x*))/2] is a setwise local minimum of f where [f < o] :={z € R" | f(x) < a}.
Indeed, for all z € S" and y € U\S" = (U\S) U (U\[f < (f(s0) + f(z*))/2]), we have®
F(2) < (F(50)+ £(2%))/2 < f(3). Since so € 5° and f(s0) < (F(s0)+ f(2%))/2, we have
so € STN[f < (f(s0) +f(27))/2]° = (SN[f < (f(s0) + f(2"))/2]))° = (5)°. Hence the
setwise local minimum S” has nonempty interior. Also, S’ C S and supg f < f(z*) =
ming f, where we remind the reader that C' is the set of critical points in S. Thus S is
devoid of critical points. However, by the previous paragraph, setwise local minima of
f with nonempty interior must contain a critical point. This yields a contradiction. O

Remark 3.2 (finitely many critical values). This assumption is not intuitive and
we explain why it is necessary by the following example. Define f:R — R as

(r+4)2 -8 if £ < -2

() = —a? ) if z € [—2,0];
—2 k(@ —2k)2 —3(1—27%) ifze2k,2k+1], keN;
27k —2k)2 —3(1—27%)  ifxe[2k—1,2k], keNT,

where N7 is the set of all positive integers. To be more intuitive, we give the plot of
f on [=7,7] in Figure 4.

By standard calculus, one can see f is continuously differentiable, f(x) — —3 as
x — 00, and f(x) > —8 over R. Furthermore, {—4}U{2k},en are all critical points of
f, with critical values {8} U{—3(1—27%)}1en, respectively. Finally, the subgradient
trajectory of f starting at xg < 0 will converge to the critical point = —4; the one
starting at x¢o = 0 will stay at the critical point x = 0; and the one starting at o >0
such that 2k < xg < 2k 4+ 2 will converge to x = 2k + 2 for all £ € N. This shows f
has bounded subgradient trajectories. Thus, f satisfies all conditions in Assumption
3.1 except the finiteness of critical values. It is also easy to see f has no spurious
local minima because all of its critical points are either global minimum (z = —4), or
local maximum (z = 0), or saddle points. However, for any a > 0, the set [a,00) is

6Indeed, for any sets A, B, and C it holds that A\(BNC) = (A\B)U (4\C).
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a spurious local minima at infinity. This shows that Theorem 1.2 may not hold for
functions with infinitely many critical values.

Remark 3.3 (bounded subgradient trajectories). This is the main assumption of
Theorem 1.2. Without it, one could easily think of a smooth function without any
spurious local minimum, yet has spurious local minimum at infinity. This is the case
of the function in Figure 3 in which the yellow curve corresponds to an unbounded
gradient trajectory. In order to prove the necessity of the boundedness assumption,
it suffices to consider the univariate function f defined in [27, Figure 4(a)] defined by

f) =TT =

2z(xt — 222 — 1)
(x4 +1)2

By solving f’(z) = 0, we know that f has three critical points, among which x =0
is the global minimum and z = +(v/2 — 1)~'/2 are two global maxima. Thus, f
is bounded below, continuously differentiable (hence locally Lipschitz and admits a
chain rule), has finitely many critical values, and has no spurious local minima. Since
f is strictly decreasing for all z > (v/2—1)"'/2~ 1.55 and f(z) — 1 as 2 — 0o, one can
easily see [2,00) is a spurious local minimum at infinity. This shows that Theorem 1.2
does not hold and the reason is that f does not have bounded subgradient trajectories.
To see this explicitly, consider the Cauchy problem
2z (z* — 222 — 1)

i= =y =2

By using separation of variables, the unique solution z(t) is given by

c+2t= ix4—|—x2+ (24 V2)log(z? — V2 — 1)
+(2—V2)log(a® + V2 - 1) —logz =: g(x),

where ¢ is a constant determined by z(0) = 2. It is easy to see that x is strictly
increasing so x(t) > 2 for all ¢t € [0,00). Note that g is continuous on [2,00), so if x is
bounded, then g oz is bounded. This contradicts the fact that g(x(t)) =2t + ¢ — oo
as t — oo, and thus f has an unbounded subgradient trajectory.

4. Applications. In this section, we use Theorem 1.2 to analyze the landscape of
some widely used loss functions in unconstrained optimization. To be more specific,
we will consider deep linear neural network, one dimensional deep sigmoid neural
network, matrix sensing, and nonsmooth matrix factorization in the following four
subsections, respectively.

4.1. Deep linear neural network. As a prototypical example in deep learning,
the landscape of deep linear neural network has been widely studied; see, for example,
[28, 29, 44]. Consider minimizing the loss function of linear neural network without
bias term

1
(4.1) fWy,... W) ::§||WL--.W1X—YH2F,
where X € R%0*d: Y ¢ R4L*de and W; € R%*di-1 for j=1,..., L. Here |||z denotes

the Frobenius norm. It was recently established that f has no spurious valleys [44,
Theorem 11]; however, this fact alone does not imply the absence of spurious local
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minima at infinity (recall Figure 2). Together with the fact that f has no spurious
local minima [46, Corollary 1] and that f is semialgebraic, it can be deduced that f
has no spurious setwise local minima (and thus no spurious local minima at infinity).

The proof of the absence of spurious valleys [44, Theorem 11] is tailored to the
problem at hand. Using linear algebra, it argues that from any initial point one can
construct a piecewise linear path to a global minimum along which the objective func-
tion is nonincreasing. The proof spans multiple pages and requires several technical
lemmas. The proof that we propose is shorter and follows a general principle, namely
Theorem 1.2, that applies to various problems as the next subsections will show. The
first four assumptions of Theorem 1.2 are easy to verify: f is nonnegative, hence
bounded below; f is continuously differentiable, hence locally Lipschitz and admits
a chain rule; f is semialgebraic, by [38, Corollary 1.1], it has finitely many critical
values. Thus, it suffices to show f has bounded gradient trajectories.

PROPOSITION 4.1. Linear neural network with loss function (4.1) has bounded
gradient trajectories.

An existing proof of Proposition 4.1 under additional assumptions on network
structure, initialization, input data, or target data can be found, for instance, in [3, 9,
18]. To the best of our knowledge, the closest result to Proposition 4.1 is [3, Theorem
3.2], which shows that gradient trajectories are bounded if X X7 is of full rank. In
the proof of Proposition 4.1, we show that this rank assumption on X can be removed
and hence Proposition 4.1 applies to any linear neural network.

Proof of Proposition 4.1. Since f is locally Lipschitz and lower bounded, by
Proposition 2.11 there exists a gradient trajectory for any initial point. By [3, Lemma
2.1], the gradient trajectories of f satisfy the initial value problem
(4.2a) Wi=—(Wr- W) "(Wr - Wi X = Y)(Wiq - W1 X)T,

(4.2b) Wi (0)=W?, WP eR%*di-1 is a given constant matrix

K2

for all i=1,..., L. Note that if ¢ = L, (4.2a) reduces to
Wp=—(Wr--- WX =Y)Wr_1--- W, X)T,
and if =1, (4.2a) reduces to
Wy=—(Wp - Wo)T (W W1 X -Y)XT.

Note that [3, Theorem 3.2] proved the boundedness of gradient trajectories of
f when XXT is invertible. Thus, we need only show we can always reduce the
boundedness of gradient trajectories of f for general X to the boundedness of gradient
trajectories of another function g in the same form as f but with invertible X XT.
Let X =UXVT be a singular value decomposition, where U € R%*d0 and V' € R *d
are orthogonal matrices, and ¥ € R%*% is a rectangular matrix satisfying

A O .
E:{O O}’ A =diag(A1,...,A\r) =0,

where r < min{do, d,}. Eliminating X in (4.2a), it reduces to

Wi=—-(Wg- - W) TWr - WUSVT = Y)Wy - - WUSVT)T
=—(Wg-- - W) TWp - WUS =Y V) (Wi --- WLUS)T.
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Define Z :=YV € R4 >4 and (4.2) reduces to
4.3a) Wi=—(Wg - Wi )" (W - WUS — Z)(Wi_y ---W1UD)T,
(4.3b) W;(0)=W? forall i=1,...L.

Denote W, := WU € R%*do gand W(l) = WPU € R%*do To keep the notation
consistent, also let W, := W, and W? =W} for i=2,..., L. Thus, (4.3) reduces to

(4.4&) Wz = —(WL . 'WiJr]_)T(WL . -le — Z)(Wi,1 . 'le)T,
(4.4b) Wi(0)=W, foralli=1,...L.

Partition the matrices W, th), and Z into two column blocks:
_ _ —0 _ —
Wi=[Wu Wiy, W,= [W(1)1 W?Q} , Z=[Z Zs],

where W1, W(l)l, and Z; consist of the first  columns of W, W(l) and Z, respectively.
Thus, when ¢ =1, (4.4) can be reduced to

Wu :—(WL"‘WQ)T(WL"'WQWllA_Zl)AT7 Wm:(),
— —0 —_ —0
W11(0) = Wna W12(0) = W12-

When i=2,...,L, (4.4) can be reduced to

Wi — _(WL . Wi+1)T(WL .. 'WQW]lA — Zl)(Wifl o 'W2W11A)Ta
Wi(0)=W,.

It indicates that Wia(t) = W(IJQ for all ¢ > 0. Denote Wy := W1 and W0 := W?l.

To keep the notation consistent, also let W; := W,; and W := W? fori=2,...,L.

Therefore, (4.4) reduces to

(4.52) Wi=—(Wp - W) Wy - WiA — Z0)(Wiy - W A)T,

(4.5b) W;(0)=W? forall i=1,...L.
Define the new function g as
— — 1 —
g(Wla .- ‘7WL) = §HWL o WlA - Zl”%’

Notice that the gradient trajectories of g satisfy (4.5). To prove f has bounded
gradient trajectories, it is equivalent to prove g has bounded gradient trajectories,
because [[Wi | = [WiU | = [Wal| - and [y (8)[3 = W3 (8)[3 + [T il[3 for all ¢ >
0. Since AAT is invertible, by [3, Theorem 3.2], g has bounded gradient trajectories,
and so does f. 0

With Proposition 4.1, we verified that f satisfies Assumption 3.1. Thus, (4.1) has
no spurious setwise local minima if and only if it has no spurious local minima. Since
a local minimum at infinity is an unbounded setwise local minimum, and f has no
spurious local minima, we conclude that f has no spurious local minima at infinity.
This proves the first result in Corollary 1.3.
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4.2. One dimensional deep sigmoid neural network. Though famous for its
benign theoretical properties, linear neural network is rarely used in practice because
of its low representation power. We want to take a step further in the case of nonlinear
deep neural network. In this subsection, we focus on neural network with sigmoid
activation function in one dimensional case. Landscape analysis of one or two-hidden
layer sigmoid neural network can be found, for instance, in [15, 31, 44]. However,
none of the results above can be easily generalized to arbitrary many layers.

Consider minimizing the following loss function of sigmoid neural network:

(4.6) flwy,...,wr) = %(IULO'(IUL_] —o(wix)) —y)?,

where o(z) := (14 e7#)7! is the sigmoid function and w;,z,y €R for all i=1,..., L.
We want to apply Theorem 1.2 to conclude that (4.6) has no spurious setwise local
minimum, and hence no local minima at infinity. Again, the first three assumptions
in Assumption 3.1 are easy to verify: f is nonnegative, hence bounded below; f is
continuously differentiable, hence locally Lipschitz, and admits a chain rule. Note
that f is not semialgebraic, but it is definable in the real exponential field [45], [6,
section 6.2], so by Morse-Sard theorem for definable functions [5, Corollary 9(ii)], it
has finitely many critical values.

Again, it remains to show (4.6) has bounded gradient trajectories. However, the
techniques in the proof of Proposition 4.1 cannot be adapted to this case because the
auto-balancing property in [17, Theorem 2.1] does not hold. Surprisingly, it is still
true that (4.6) has bounded gradient trajectories.

PROPOSITION 4.2. One dimensional sigmoid neural network with loss function
(4.6) has bounded gradient trajectories.

Proof. Since f is locally Lipschitz and lower bounded, by Proposition 2.11 there
exists a gradient trajectory for any initial point. For simplicity, define p; for ¢ =
0,...,L — 2 recursively by pg:=x, p1 :=o(wiz) and p;y1 := o(w;1p;). The gradient
trajectories of f satisfy

(4.7a) wr =—(wpo(wr—1pr—2) —y)o(wr—1pr—2),
. Pi—1 . .
(47b) U}i:mwl'+1wl‘+l, Z:L—].,...,l.

We will prove each w; is bounded inductively from the last layer to the first layer.
The relation between the last two layers wy, and wy_1, and the relation between the
first two layers can be regarded as the base cases.

We claim that there exists a time 7" such that w; and w; does not change sign for
all t > T and for all i. To verify this, first notice that the claim is true for the last
layer, i.e., Wy, and wy, will not change sign for all ¢ > T'. Suppose wy, changes sign, by
continuity and mean value theorem, there exists t* > 0 such that wr,(t*) = 0. However,
wr,(t*) = 0 implies w;(t*) = 0 for all 4, meaning that a critical point is achieved and
the gradient trajectory is stopped for all ¢ > t*. In this case, all w;’s are trivially
bounded. Thus, we assume the trajectory will never stop at a finite time. In this
case, either wy, (¢) > 0 or wy,(t) <0 for all ¢ > 0. Since wy, is monotonic, it either keeps
the sign unchanged or changes the sign only once. Thus, there exists T, > 0 such that
wy, does not change sign on [Tr,00). Notice that for all i > 2, p;_1(¢) € (0,1) for all
t > 0. Since wrwy, does not change sign on [Tf,00), (4.7b) implies that wr_; does
not change sign on [T7,00) either. Therefore, we conclude that w1 is monotonic.
Similarly, there exists T, > T, such that wy_; and wy_; does not change sign on
[TL,—1,00). Recursively using the above argument, we can show the claim is true for
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all i > 2 on [Tz,00). For ¢ = 1, although pg =  may not be in (0,1), since z is a
constant, the fact that wy and wy do not change sign still implies that w; does not
change sign and hence there exists 77 > T» such that w; does not change sign on
[T1,00). Therefore, the claim holds for ¢ =1,..., L by choosing T'=1Tj.

By the claim proved in the last paragraph, for i =1, ..., L, either w;w; is nonnega-
tive or w;w; is negative on [T, 00). Now we are going to prove each w; is bounded. The
first step is to prove the last two layers wy, and wy_; are bounded. Consider the case
where wypwy, is nonnegative on [T, 00). Equation (4.7b) implies that wy;_; > 0 and
wp,—1 is increasing over [T),00), so there exists a constant ¢;_; such that wyp_1(t) >
cr—1 forall ¢t > 0. Since pr,_2 € (0,1), we have o(wr—1pr—2) = o(—|cr—1]) > 0. Again,
by [14, Lemma 5.2], 4 f(w1,...,wr) <0 and f(wi,...,wy) < C for some constant
C on [0,00). Thus, it is easy to see |wr|o(wr—1pr—2) < Cy for some constant C; on
[0,00). Since o(wr_1pr—2) € [o(—|cL-1]),1), we conclude |wy| is bounded. Suppose
wr,—1 is unbounded. Since it is increasing and does not change sign, wy,_1(t) > 0 for
all t > T and wr_1(t) = 0o as t — co. By (4.7b),

prL-2
1 + eWL-1PL-2

(4.8) wr_1 = wrwy S WLwr,

because pr_2 € (0,1) and 1+ e“PL-2 > 1. By (4.8), wi—1 — 2w? is a decreasing
function on [T, 00). Hence, wy_1 — %w% < Cy for some constant Cy. Notice that wy,
is bounded but wy,_1(t) = o0 as t — 0o, so a contradiction occurs. Therefore, wy,_1
is bounded.

Now we consider the case where wywy, is negative on [T, 00). In this case, (4.7b)
implies w1 <0, so wr_1 is decreasing on [T,00) and there exists a constant dy,_1
such that w1 < dp—1. Since pp_o/(1 4+ e*t-PL-2) € (0,1) and wyrwy < 0 on
[T,0), we have w1 > wrwy. This shows wy_1 — %w% is increasing on [T, 00),
and hence wr_1 > cZL,l for some constant JL,l. Therefore, wy_q1 € [JL,l,dL,l] is
bounded. By exactly the same argument as in the case when wywy, is nonnegative,
we know o (wz_1pr_2) € [0(—|dr_1]),1) and wy, is bounded by using the boundedness
of objective function f.

Up to now, we have proved boundedness for the last two layers wy and wp_;.
Fori=2,...,L—2, by discussing two cases w;+1w;+1 >0 and w;11w;+1 <0, together
with the boundedness of w; 11, we can prove that w; is bounded by exactly the same
argument as we did in the last two paragraphs. The induction starts with proving
wr,—o is bounded and ends with proving ws is bounded. Once we prove ws is bounded,
consider the relation between w; and ws,

(]. + ewlw)u')l = x'l,l.JQ’UJQ.

If z =0, then w; = 0 implies w; is a constant over [0,00), so it must be bounded.
Suppose = # 0, by taking integration with respect to ¢ and multiplying = on both
sides, we have

2
x
2
wiz + e = 5 W2 + Cs.

Let z = wiz, then z + e — +o0 as z — +oo. Thus, the boundedness of wy implies
the boundedness of z =w;x. Since x # 0 is a constant, w; is bounded. Therefore, we
proved that w; is bounded for all i =1,..., L. 0

With Proposition 4.2, we can conclude that f has no spurious setwise local min-
imum if and only if it has no spurious local minima. However, from the gradient of
f, we can easily see that any critical point of it will be a global minimum, so f has
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neither spurious local minimum nor spurious setwise local minimum. This verifies the
second result in Corollary 1.3.

Unfortunately, unlike linear neural networks, the result in Proposition 4.2 is not
true in general even in one-hidden layer case if more than one data point is given; see
Example 4.3. However, it is still an open question whether the gradient trajectories
will be bounded in the overparameterized case (in which case there exists at least one
achievable global minimum).

Ezxample 4.3. Consider the following function:
1
(4.9) fwi,wy) = 5[(“’20(701) —1)% + (wao(—w1) + 1)°].

The above function represents a one-hidden layer sigmoid neural network with two
data (x1,y1) = (1,1) and (x2,y2) = (—1,—1). By directly computing the gradient,
one can easily see that (4.9) has only one critical point (0,0) which is a strict saddle
with f(0,0) = 1. The global minimum is asymptotically attained as w; — oo and
we — 1 —2(1 +€?¥1)~1 and its corresponding objective value approaches to 1/2. In
this case, the gradient trajectory of (4.9) starting at any point xg such that f(zg) <1
must be unbounded.

4.3. Matrix sensing. Matrix sensing is a widely used model in computer vision
and statistics; see, for instance, [10, 39]. Given r > 1, the goal is to recover an
unknown target matrix M € R™*"2 of rank less than or equal to r from a set of
linear measurements b; = (A;, M) g, where A; € R"*"2 for 4 = 1,...,m are sensing
matrices and (-,-)p is the Frobenius inner product. In order to do so, we minimize
the mean square loss

1 m
4.10 X,Y):=— A, XYY g —b;)2,
(410) FOEY) = 5 D (X T )
where X € R™*" and Y € R™*". The landscape of (4.10) has been studied widely,
for example, in [32, 37, 47]. Most of those works are based on the RIP of sensing
matrices. A set of sensing matrices A; for i =1,...,m are said to have (r,d,)-RIP [39]
if there exists 0, € (0,1) such that

m

— 1 — —
(1= 0 IMIF < — > (Ai, M) < (1+6,)||M]

i=1
holds for any matrix M with rank(]T/f ) < r. To the best of our knowledge, the
minimal assumptions to guarantee no spurious local minima for (4.10) is for the
sensing matrices to satisfy (4r,d4,.)-RIP with d4,. < 1/5, as proposed in [32, Theorem
IIL.1].

However, Theorem 1.2 is applicable to matrix sensing under a weaker condition
than RIP. The first four assumptions in Assumption 3.1 hold because of exactly the
same reasons as in the linear neural network case. Thus, it suffices to show (4.10)
has bounded gradient trajectories. A sufficient condition is to require the sensing

matrices to be lower bounded, i.e., there exists a constant ¢ > 0 such that for any
matrix M € R™*"2 with rank(M) <,

1 & —~ —~
o Z<Ai,M>% > c|| M7
1=1

It is easy to see any level of RIP will imply the existence of such a constant c.
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PROPOSITION 4.4. Matriz sensing with loss function (4.10) and lower bounded
sensing matrices has bounded gradient trajectories.

Proof. Since f is locally Lipschitz and lower bounded, by Proposition 2.11 there
exists a gradient trajectory for any initial point. The gradient trajectories of f satisfy
the initial value problem

m

: 1
X=——> (4, XY )p = b;)AY,
- i:1(< )F = bi)

. 1
V= > (An XYT)p —b)AT X,

=1

X(0)=Xo, Y(0)=Ye.
Notice that XTX =Y7TY and XTX =YTY, so
d

a(XTX YY) =XTX + XTX YTy —vyTy =0.

This implies that XTX — YTY = C, where C € R"™ " is a constant. Since the
function value is decreasing along gradient trajectories [14, Lemma 5.2], there exists a
constant ¢; such that f(X(¢),Y(t)) < ¢ for all £ > 0. Combined with the assumption
that sensing matrices are lower bounded, there exist constants ¢ and co such that

1 & 1 &
XYT))Z <= A, XYHZ < — (A, XYT) o — b;)? + 207
CH HF m Z< ) m; ) >F ) + z]

=1 i
2
=2f(X,Y —E b <2 —§ b} =
f( ) )+mi:11 Cl+mi:1z

We have || XY T||Z < ¢3:=ca/c. Notice that
IXTXNE + YTV = 1XTX = YTY |5 + 2 XY 7|5 <[ICfF + 2c5.
Define the constant ¢4 :=2c3 + ||C||%. By the Cauchy—Schwarz inequality,
XI5 + 1Y |1 < rank(X) | XTX[[F + rank(Y) [YTY |5 < (01 + 02 +7)es

Thus, X and Y are bounded. O

Therefore, Theorem 1.2 says that matrix sensing has no spurious setwise local
minima if and only if it has no spurious local minima, given that the sensing matri-
ces are lower bounded. Equipped with (4r,0d4,)-RIP where d4, < 1/5, we conclude
that matrix sensing has no spurious local minima at infinity, as shown in the third
statement in Corollary 1.3.

4.4. Nonsmooth matrix factorization. In this subsection, we consider the
application of Theorem 1.2 in a nonsmooth setting, namely, the nonsmooth matrix
factorization problem. We consider minimizing the loss function

(4.11) JXY) = IXYT - M]),

where X € R™*" Y € R" " are decision variables and M € R™*"™ is the given data
matrix. Here |[Af; := Y%, ?:1 |A;;| for any A € R™*™. In the robust principal
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component analysis (PCA) problem with sparse noise, (4.11) is usually used as a
surrogate function for the original fp-norm formulation; see [8, 23]. There are few
landscape results of (4.11) in the general rank case. However, if rank(M) =1 =r,
(4.11) is shown to have no spurious local minima if every entry M;; of M is nonzero
[26].

It is hard to analyze (4.11) because it is nonsmooth, nonconvex, and noncoercive.
Despite all those “non” properties, we show that Theorem 1.2 is still applicable to
(4.11) without any rank assumption on M. As a corollary, when rank(M) = 1 and
every entry of M is nonzero, (4.11) has no spurious setwise local minimum, hence no
spurious local minima at infinity. Again, the first four assumptions in Assumption 3.1
are easy to check: f is bounded below because it is nonnegative; f is locally Lipschitz
because of [11, Theorem 2.3.10]; since f is semialgebraic, by [16, Corollary 5.4] and
[38, Corollary 1.1], it admits a chain rule and has finitely many critical values.

To verify (4.11) has bounded subgradient trajectories, we discover that the auto-
balancing property in [17, Theorem 2.2] also holds for nonsmooth matrix factorization.
The result can be summarized in the following proposition.

PROPOSITION 4.5. Nonsmooth matriz factorization with loss function (4.11) has
bounded subgradient trajectories.

Proof. Since f is locally Lipschitz and lower bounded, by Proposition 2.11 there
exists a subgradient trajectory for any initial point. Let (Xo,Yp) € R™*" x R™*".
Consider an absolutely continuous function Z : [0,00) — R™*" x R™*" such that

Z'(t) e —0f(Z(t)) for almost everyt >0, and Z(0)= (Xo,Yo).

By [11, Theorem 2.3.10],

of(X,Y) = { (AAT};(> ‘ A €sign(XYT — M)} ,

where sign is an elementwise operation mapping each entry of a matrix to a real
number in [—1,1] such that

-1 ifx <0,
sign(z) =4 [-1,1] ifz=0,
1 ifz > 0.

Hence, with Z =: (X,Y), for almost every ¢t > 0 we have

(4.12a) X'(t)=-A@)Y (1), Y'(t)=-A@)TX(t),
(4.12b) A(t) €sign(X ()Y ()T — M).

Consider ¢ : [0,00) — R defined by ¢(t) := X(#)TX(t) — Y(t)TY (). By taking
derivative, we have

(4.13) F)=X'"OTX)+XO)TX' ) -Y'O)TY () - Y'Y (t).
Combining (4.12a) and (4.13), we have

¢'(t) =Y ()T AT X(1) - X()TA@)Y (2)
+XOTAY () + Y () TA#)TX (1) =0.
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Hence the continuous function ¢ is constant on [0,00). Also, we have

IXTX =YY= | XTX[F + [YTY 5 - 260X X, YY) P
= [ XTX|F+ 1YY - 21XV 7%
> [ XTXNE+IIYTY )3 - 2| XY 7|5
=Xz + 1113 -2 XY 7%
> [ X013+ 1Y 13 = 2mn | XY T
> [ XNz + Y12 = 2mn(|XYT = My + [ M]|)*.

Here || - ||2 denotes the spectral norm. Therefore, for all ¢ > 0, we have

XA+ 1Y @I < [ XOTX () - Y (O)TY @)
+2mn (| X (@)Y ()" — Ml + [[M]]1)?
< [ Xg Xo — Yy Yol
+2mn (]| XoYs" — My + [[M[|1)*. 0

Combined with Proposition 4.5, Theorem 1.2 shows that (4.11) has no spurious
setwise local minimum if and only if it has no spurious local minima. Under the
condition in [26, Theorem 1], i.e., rank(M) = 1 = r and all the entries of M are
nonzero, (4.11) reduces to

(4.14) f(z,y) ::ZZIxiyj — M),

i=1j=1

where z € R™ and y € R™. In this case, (4.14) has no spurious local minima, thus it
has no spurious local minima at infinity, and we obtain the last result in Corollary 1.3.

Appendix A. Proof of Lemma 2.4. Let S C R" be a setwise local minimum
of a continuous function f:R™ —R. Let U D S be an open set such that f(z) < f(y)
for all x € S and y € U\S. Note that S is closed, so its boundary is defined by
05 :=S5\5°. Let z € 0S and consider any real number € > 0. Since f(z)+ (—¢,€) is a
neighborhood of f(z), by continuity of f, there exists a neighborhood N(z) of z such
that f(N(z)) C f(2) 4+ (—¢,€). Since U is a neighborhood of z, N'(z) := U N N(z)
is also a neighborhood of z with f(N'(z)) C f(z) + (—€,€). The set N'(z) NS is
nonempty because z € S and the set N’'(z)\S is nonempty because z € 5. For any
zeN'(z)NS and y € N'(2)\ S, it follows that

(iﬁgf—«f(y)—e<f(z)<f(m)+e<sgpf+e<iU\ngf+e-

The last inequality follows from the definition of setwise local minima. As € > 0 was
arbitrary, we deduce that

inf f = () =sup [

Thus, f is a constant on the boundary of S and f attains its maximum over S on the
boundary of S.
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Appendix B. Proof of Proposition 2.5.

(a) Let S be a setwise local minimum. By Lemma 2.4, we know that ¢:=supg f =
f(2) for all z € 9S. Take a path-connected component C' of S. Then C' C
[f < ¢ :={z eR"| f(z) < c¢}. Since C is path-connected, there exists a
path-connected component V of [f < ¢] such that C C V. By definition, V
is a valley. This shows that a path-connected component of a setwise local
minimum is a subset of a valley.

If, in addition, S is a strict setwise local minimum, then we distinguish
two cases. If S = R", then the path-connected component C' of S is equal
to R™ and is therefore a valley. Otherwise, it suffices to show that V' C S.
Indeed, V is then a path-connected subset of S containing the path-connected
component C' of S, so that by maximality, V' = C. Therefore, C' is valley.

Consider an open set U D S such that f(z) > f(y) for all z € U\ S and
y € S. In order to show that V' C S, it suffices to show that VN (U\S) =0 and
V' NU® =0 because if so, then V=(VNS)U(VN(U\S)U(VNU)=VNS.
Since f(w) < cfor all w e V and f(w) > ¢ for all w € U\S (the supremum
function value f(y) = c can be attained by some y € 9S C S), we know that
VN (U\S)=0. Thus, V=(VNS)U(VNU*). Note that V NS is nonempty
and closed because C C VNS and V and S are both closed. Since VNU€ is
also closed and V is connected, V N U° must be empty.

(b) Let f : R® — R be a continuous function, and let a € R be a nonempty
sublevel set of f. By continuity of f, [f < a] is closed in R™. Suppose [f < a]
has finitely many connected components Cj,...,C). Denote B as the closure
of any set B C R™. Since C;’s are connected, by [35, Theorem 23.4], C;’s are
also connected. Since C; C [f < a], C; C [f <a] = [f < a]. By [35, Theorem
25.1], C; cannot intersect any other C; for j #i. Together with the fact that
[f <a] = Ule C;, we have C; C Cj, and hence C; = C;. Thus, each C; is
closed in R”.

For any fixed i, denote C_; := [f < a]\C}, then C_; = U?Zl’j# C;is a
closed set disjoint with C;. By [35, Theorem 32.2], there exist disjoint open
sets D, E C R™ such that C; € D and C_; C E. Take U = D in Definition
2.2, then f(z) < a for all z € C; because C; C [f < a]. Furthermore, f(y) >a
for all y € U\C; because (U\C;) N [f < a] =0. This verifies that C; is a strict

setwise local minimum of f.

Appendix C. Proof of Proposition 2.7. Let S be a spurious setwise local
minimum at infinity. Since infg f > infg~ f, it must be that S # R™. By Definition
2.2, there exists y € S¢ such that S C {x e R™| f(x) < f(y)}. Since f is coercive, its
sublevels sets are bounded and hence S is bounded. S is thus not a spurious local
minimum at infinity.

Appendix D. Proof of Proposition 2.11. For a fixed real number 7 > 0,
define a sequence xj, recurrently by letting xj := z¢ and

lz — 271>

} for all k e N.
2T

x}, 1 € arg min {f(x) +
TER™

A solution exists because f is bounded below and the objective function is coercive.
Any solution satisfies

r
1’k+1—$

Vpyq i= b € —0f(xp4,) forallkeN.
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Define two functions 7,2 : Ry — R"™, where R, :=[0,00) by
o7 (t):=apy, Z7(t):=ap+(t—kr)vp,, forallte (kr,(k+1)7]

for all £ € N, with initial condition 27 (0) = Z7(0) = zo. Note that " is absolutely
continuous because it is piecewise affine. On the contrary, 27 is not continuous. Also,
define v™ : Ry — R” by

v (t):=vj,, forall te(kr,(k+1)r], forall k€N,

and choose v7(0) € —9f(xp). Since (Z7) = v™ on (k7,(k+ 1)7) for all k € N, and
v7(t) € =9f(x7(¢)) for all t > 0, we conclude that (Z7)'(t) € —0f(z"(¢)) for almost
every t € R;. By optimality of x7 ,,, we have

741 — 27l

o < f(zf) for allkeN.

flig) +

For any [ € N, we have

l T — T 2
5 Wkt I ) 1070 < sa0) g =0 < o0

2T
k=0

since f is bounded below. Observe that

l

N i e

3 2
> T =3 Dkl - Z/ 1))t
k=0

Fix T > 0 from now on. From the above, we have

LT/7) (k)7

(D.1) /T|< > dt < Z/ (0)]Fdt <2

Since Z7 is absolutely continuous, for any s,t € [0,7] we have

/S Y (w) du

T 1/2
(D.2b) < ( / <a~f>'<t>||2dt> [t — s"/2 < V2Ot — 8| /2
0

R O I

where we use the Cauchy—Schwarz inequality. Now one can see (Z7),s¢ is a family
of uniformly bounded and equicontinuous functions on the compact interval [0, 7.
Therefore, by the Arzela—Ascoli theorem [40, Theorem 7.25], there exists a sequence
of positive reals (7 )ken such that 7, — 0 and £™ — z* uniformly on [0,T] as k — .
For all k € N and t € (k7, (k+1)7], we have 27 ((k+1)7) = 2], +7v] | = 2], =27 ().
Thus |27 (t) — 27 ()| = |37 (t) — 27 ((k + 1)7)|| < vV2C7/2 for all ¢ € [0,T], where the
inequality is due to (D.2) (take s:=(k+ 1)7). Combined with the fact that 2™ — z*
uniformly on [0, 7], one can see that ™ — z* uniformly on [0,7]. Since (D.1) implies
that ((Z)")ren is a bounded sequence in L?([0,77],R™), there exists a subsequence
(7k, )jen such that (™) — v* weakly in L*([0,7],R™) as j — oo by [21, Corollary
14, p. 413]. Since ™ is absolutely continuous, for all ¢ € [0, 7], we have
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F () — 37 (0) = /O (&™) (u) du.

Take j — oo on both sides, we have

2 (1) — 2*(0) = /O v* (u) du,

where the convergence of the integral relies on the fact that the constant functions
equal to the canonical basis of R™ lie in L*°([0,7],R™). Thus, 2* is absolutely contin-
uous and (z*)'(t) =v*(¢t) for almost every ¢ € [0,T]. Recall that for all k£ € N, it holds
for almost every ¢ € [0,7T] that

(@) () =v™ () € =0 f (2™ (t)).

Since f is locally Lipschitz, the set-valued function —9f is upper semicontinuous [11,
Proposition 2.1.5(d), p. 29] with nonempty compact values [11, 2.1.2 Proposition (a),
p. 27|, hence proper upper hemicontinuous [2, Proposition 1, p. 60]. In addition,
2™ — z* uniformly on [0,7] and (™)’ — (z*)" weakly in L([0,T],R"™). Therefore,
(x*)'(t) € —0f(x*(t)) for almost all ¢t € [0,T] by [2, Theorem 1, p. 60].” The initial
condition also holds since Z7(0) =z for all 7> 0.

We have proved that for any initial point zq, there exists «* : [0,7] — R"™ such
that (z*)'(t) = —9f(x*(t)) holds for almost every ¢ € [0,T] with any T > 0. Since T is
independent of xg, by setting T'=1, there exists a sequence of absolutely continuous
functions (zy)ken such that

zy(t) € —0f (zx(t)) forae.te€[0,1], zx(0)=zx_1(1),

for all k € N where x_1(0) = zp. Therefore, the desired function z : [0,00) — R™ can
be defined in a piecewise fashion by

x(t) =zt —k), telkk+1) forallkeN.

By construction, z is absolutely continuous on any compact interval [a,b] C [0, c0).
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