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We study the statistical properties of the off-diagonal matrix elements of observables in the energy
eigenstates of integrable quantum systems. They have been found to be dense in the spin-1/2 XXZ
chain, while they are sparse in noninteracting systems. We focus on the quasimomentum occupation
of hard-core bosons in one dimension, and show that the distributions of the off-diagonal matrix
elements are well described by generalized Gamma distributions, in both the presence and absence
of translational invariance but not in the presence of localization. We also show that the results
obtained for the off-diagonal matrix elements of observables in the spin-1/2 XXZ model are well

described by a generalized Gamma distribution.

I. INTRODUCTION

Whether thermalization occurs in isolated quantum
many-body systems has attracted much attention since
the birth of quantum mechanics [1]. A recent impetus
for exploring this question comes from experimental ad-
vances in ultracold quantum gases, in which nearly iso-
lated quantum systems are realized and used routinely as
quantum simulators [2-6]. Thermalization has been ob-
served experimentally in nonintegrable (quantum-chaotic
interacting) systems [7—10], as it had been observed ear-
lier in numerical simulations [11-13] (see Ref. [14] for
a review). On the other hand, lack of thermalization
has been observed experimentally in near-integrable sys-
tems [15-19], as well as in early numerical simulations of
integrable quantum dynamics [20, 21] (see Ref. [22] for a
review). Integrable systems are the focus of this work.

Thermalization in nonintegrable systems is understood
in terms of the eigenstate thermalization hypothesis
(ETH) [11, 14, 23-25]. The ETH can be written as an
ansatz for the matrix elements of few-body observables
Oup = (@|O|B) in the energy eigenstates {|a)} [14, 25],

Oap = O(E)bup + ¢ 5 B2 fo(E,w)Rap, (1)

where the average energy of pairs of eigenstates is £ =
(Eo + Eg)/2, the difference is w = E, — Es, S(E) is
the thermodynamic entropy at energy E, R,gs is a ran-
dom (in general, normally distributed) variable with zero
mean and unit variance, and O(E) and fo(FE,w) are
smooth functions of their arguments. Since the thermo-
dynamic entropy is an extensive quantity away from the
edges of the spectrum, e 5(#)/2 is exponentially small
in the system size. For E close to the center of the en-
ergy spectrum, e 5(F)/2 ~ 1/\/57 where D is the size
of Hilbert space. The smoothness of the diagonal ma-
trix elements as functions of the energy E makes the
agreement between the observable after equilibration and
statistical mechanics possible, while the smallness of the
off-diagonal matrix elements ensures the smallness of the
temporal fluctuations after equilibration.

Thanks to many computational studies, over the last
fifteen years we have sharpened our understanding of the
differences between integrable systems (which do not ex-
hibit eigenstate thermalization) and nonintegrable ones
(which do), see, e.g., Refs. [11-13, 26-35], and Ref. [14]
for a review. Within integrable systems, we have also
learned about the crucial effect of interactions, and that
noninteracting systems are very special (as we will dis-
cuss later). The presence of interactions, even in models
that can be mapped onto noninteracting ones (such as
hard-core boson models), results in integrable dynamics
that is fundamentally different from that in noninteract-
ing systems [36].

For a paradigmatic integrable interacting model, the
spin-1/2 XXZ chain, two important observations have
been made recently about the matrix elements of observ-
ables in energy eigenstates [33]. The first one is that the
off-diagonal matrix elements are dense (the overwhelm-
ing majority does not vanish as it does in noninteracting
systems, in which they are sparse). One can therefore
define a meaningful function Vo (E,w) = )04,
which we refer to as the scaled variance. It can be
seen as the analog of the |fo(FE,w)|? function in Eq. (1).
Vo(E,w) has been shown to be a smooth function of w,
fixing E to be at the center of the spectrum, for various
observables [33, 35, 37, 38]. We note that |fo(E,w)|?
for nonintegrable models, and Vp(E,w) for integrable
ones, control (together with the initial state) the dy-
namics of the specific observable. Those functions can
be probed experimentally, e.g., by measuring heating
rates [39]. The second observation is about the distri-
bution of the off-diagonal matrix elements, and it is the
focus of this work. In contrast to the Gaussian distri-
butions of matrix elements that are generic for nonin-
tegrable systems [31, 33, 35, 37, 38, 40—-44], the distri-
butions of matrix elements in the spin-1/2 XXZ chain
were found to be close to skewed log-normal-like distri-
butions [33, 35, 38].

The distributions of matrix elements of observables in
the spin-1/2 XXZ chain were studied using full exact di-



agonalization in the presence of translational invariance
in Refs. [33, 35], and for chains with open boundary con-
ditions in Ref. [38]. Because of the exponential increase in
complexity of those calculations with the chain size, the
largest chains studied had L = 26 sites. This prevented
an accurate characterization of the distributions and of
their scaling with the chain size. The main focus of this
work are models of hard-core bosons in one-dimensional
lattices, i.e., bosons that exhibit an infinite on-site repul-
sion, with particle-number conservation and no inter-site
interactions. Such models are mappable onto noninter-
acting spinless fermion models. Our goal is to use them
to gain a more accurate understanding of the distribu-
tions of off-diagonal matrix elements of observables in
integrable models in the presence of interactions, and of
their scalings with the system size.

We study the occupation of quasimomentum modes
(nonlocal one-body observables), which can be measured
in experiments with ultracold quantum gases. We con-
sider both the translationally invariant model as well as
the Aubry-André model. The dynamics of various ob-
servables in the latter model were studied in Ref. [45],
where equilibration to the predictions of a generalized
Gibbs ensemble was shown to occur in the delocalized
regime. The dynamics of the same observables in the
noninteracting spinless fermion model were studied in
Ref. [46], along with the diagonal matrix elements of the
occupation of the zero quasimomentum mode in the hard-
core boson model. The latter study revealed the expected
lack of compliance with the ETH due to the integrability
of the model.

Here we discuss the differences between the behavior
of the off-diagonal matrix elements of observables in the
hard-core boson model and in the noninteracting spinless
fermion model to which the former can be mapped. We
then show that, in the delocalized regime of the hard-
core boson model, the distributions of off-diagonal ma-
trix elements of the occupation of the quasimomentum
modes are well described by generalized Gamma distribu-
tions [47]. We also show that results reported in Ref. [35]
for the distribution of the off-diagonal matrix elements of
a local observable in the spin-1/2 XXZ chain are well de-
scribed by a generalized Gamma distribution, suggesting
that such distributions are generic in integrable interact-
ing models.

The paper is organized as follows. In Sec. I, we dis-
cuss the general differences between the off-diagonal ma-
trix elements of few-body observables in systems consist-
ing of noninteracting spinless fermions (which are sparse)
and of hard-core bosons (which, for nonlocal observables,
need not be sparse). In Sec. ITI, we study the properties
of the off-diagonal matrix elements of the occupation of
the zero quasimomentum mode of hard-core bosons in the
presence of translational invariance. Sections IV and V
are devoted to studying the effect of breaking transla-
tional invariance, as well as of localization, in the context
of the Aubry-André model. In Sec. IV we discuss results
for noninteracting fermions, while in Sec. V we discuss

results for the corresponding model of hard-core bosons.
A discussion of the relevance of our results beyond hard-
core boson models is presented in Sec. VI. Specifically, we
show that a generalized Gamma distribution describes
the distribution of the off-diagonal matrix elements of an
observable studied in Ref. [35] in the integrable spin-1/2
XXZ chain. We summarize our results in Sec. VII.

II. NONINTERACTING SPINLESS FERMIONS
VS HARD-CORE BOSONS

We begin with a general discussion of the properties
of the matrix elements of observables in noninteracting
spinless fermion models and in hard-core bosons mod-
els. Having the quasimomentum occupation in mind, we
identify important differences between the off-diagonal
matrix elements of nonlocal few-body observables in both
models.

A. General results for
noninteracting spinless fermions

Let us begin by discussing properties of the off-
diagonal matrix elements of observables in a general
model of noninteracting spinless fermions with particle
number conservation in a lattice with L sites. The Hamil-
tonian can be written as is

L L

B = = S (Afif+ He) + S Vifl L (@)
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where f; (f;) creates (annihilates) a spinless fermion at
site 4, A;; is the hopping amplitude between sites ¢ and
J, and V; is the magnitude of a local potential at site
i. All many-body energy eigenstates |a) of HSY, for N
fermions, can be written as Slater determinants

N
ja) = T ék.10), 3)

m=1

where
L .
. o=> d fl (4)
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creates a spinless fermion with eigenenergy E,, (the co-
efficients df, implement the change of basis).

We are interested in the off-diagonal matrix elements
of particle-number conserving observables O between en-
ergy eigenstates |a) and |3) that have the same number
of particles, namely, on On5 = (@|O|B). Let us assume
that O can be expressed using at most M pairs of cre-
ation and annihilation operators (say, in the site basis),
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where o are constants. Then, a necessary criterion for
O, to be nonzero is that the analog of Eq. (3) for |3)
that
are not contained among the N operators ¢f, —in |a).
This follows after noticing that one can rewrite Eq. (5)
in terms of the creation (annihilation) operators éf (é,.),
and this does not change the form of O in terms of the
new operators (only the coefficients change).

Using this, one can find an upper bound for the number
of nonzero off-diagonal matrix elements Oq,g,
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contains at most M single-particle operators égm

where (ﬁ) is the number of many-body energy eigen-

and Zi;l (IJV) (L;N) bounds the number of

nonzero matrix elements that the terms in O with up to
4’ pairs of creation and annihilation operators can gen-
erate for any given many-body energy eigenstate. Com-
paring Noonzero to the total number of Oqnp, which is
Niot = ( ﬁ,) [( f,) - 1}, the fraction of nonzero off-diagonal
matrix elements must be smaller than or equal to

L )Y

Tnonzero = - /LN 4 - (7)

(N) -1
Taking the thermodynamic limit, N — oo and L — oo
with N/L = const and a fixed M, results in a vanishing
Tnonzero- One usually refers to the operators O in Eq. (5)
as nonlocal few-body operators when M is O(1), namely,

when M is independent of N and L.
In this work, we focus on the occupation of quasimo-

mentum modes

states,

L
Z Z ik(j— l)fT (8)

which can be considered as a special case of Eq. (5) with
M = 1. my is a nonlocal one-body operator, and it
can be measured in experiments with ultracold quantum
gases in optical lattices [3]. For a system with L sites
and N particles, the square of the (properly normalized)
Hilbert-Schmidt norm of my, is

D
. 1
lill? = 5 i) = 5 > |

a,B=1

a|mk|ﬂ

where D = (ﬁ,) is the size of the Hilbert space, at a given
N and L, over which the trace is computed.

It follows from Eq. (7) that for M = 1 the fraction of
nonzero matrix elements is

L* n(l—n)
~ D(1-1/D)’

_ N(L-N) I?
fmo = 7D 1)

(10)

where we introduced the “filling” n = N/L.

For an average number of nonzero off-diagonal matrix
elements DN (L—N) of (mg)ag, as per Eq. (6), we can use
the Hilbert-Schmidt norm from Eq. (9) to estimate their
typical magnitude (assuming that all matrix elements are
similar in magnitude). One gets that the typical nonzero
matrix elements scale as

s, 1 1 1
[(mo)asl” ~ m = ﬁm : (11)

Summarizing our discussion so far, the fraction of
nonzero off-diagonal matrix elements of few-body opera-
tors in many-body energy eigenstates of models of non-
interacting spinless fermions vanishes in the thermody-
namic limit [28, 48]. The specific results obtained here
for (mg)ap will be used in our discussion in Sec. IV.

B. General results for hard-core bosons

Next we turn our attention to the most general
(particle-number conserving) model of hard-core bosons
in one dimension that can be mapped onto a model of
noninteracting spinless fermions. The Hamiltonian has
the form

L

L
— Z(Ai,iJrlBIBiJrl + HC) + Z ‘/;ngz ) (12)
i=1 =1
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where b! (b;) creates (annihilates) a hard-core boson at
site ¢, A; ;41 is the hopping amplitude between nearest-
neighbor sites 7 and ¢ + 1, and V; is the magnitude of a
local potential at site ¢. Periodic boundary conditions are
assumed in Eq. (12), i.e., Z;L+1 = b, and Ap 1 =Ara.
The hard-core constraint 312 = 53 = 0 prevents two (or
more) bosons from occupying the same lattice site.

The hard-core boson Hamiltonian H"CB in Eq. (12)
can be mapped onto a similar Hamiltonian of noninter-
acting spinless fermion Hamiltonian, specifically, onto
HSF in Eq. (2) in one dimension when 4;; = 0 for
li —j] > 1 [49]. The mapping is carried out first us-
ing a Holstein-Primakoff transformation [50], followed by
a Jordan-Wigner transformation [51],

i-1 -

bt = fI T e fnfn H imfndn fo(13)

m=1 m=1

hs

Using properties of Slater determinants, one can cal-
culate (in polynomial time) the matrix elements of the



one-body operators B;rl;] in the many-body eigenstates
{|laf1CB)} of Bq. (12), (af°B|b]b,|B1CB) [52, 53]. This
allows one to also compute the matrix elements of the
occupation of quasimomentum modes

L

. 1 kG—0)iti

e =+ El 16 J )bjbl . (14)
Jt=

We note that, in order to avoid confusion, we denote the
hard-core boson occupation of quasimomentum modes as
My, and the noninteracting spinless fermion occupation
of quasimomentum modes as my.

Because of the hard-core interactions, which are en-
coded in the nonlocal nature of the mapping between
hard-core bosons and noninteracting fermions, the one-
body sector of the former system is fundamentally dif-
ferent from the one of the latter, see, e.g., Ref. [36] for
a comparison of their dynamics. In particular, the occu-
pation of quasimomentum modes is in general different
for hard-core bosons and noninteracting fermions, both
in equilibrium and out of equilibrium [49].

More importantly for the purpose of this study, the
off-diagonal matrix elements (aHCB|l;ZTl;j| BHCBY need not
be sparse as they are for noninteracting fermions. To
show it, let us rewrite 7y, in Eq. (14) in terms of spinless
fermions operators

L
X L ik(j—1) ft
mk:E.El le J fj
Jil=

-1 o
H PR fi- (15)
m=j

Equation (15) shows that 7y is a many-body operator
in the spinless fermion representation. As a result, it can
connect exponentially many many-body eigenstates of
the noninteracting spinless fermion Hamiltonian to which
the hard-core bosons are mapped.

Our goal is to gain an accurate understanding of the
properties of matrix elements of few-body observables in
energy eigenstates of integrable interacting models via
the computational study of the properties of the matrix
elements of my. The latter can be done efficiently using
the mapping onto noninteracting fermions.

III. TRANSLATIONALLY INVARIANT
HARD-CORE BOSONS

We first consider the case in which the hard-core boson
Hamiltonian is translationally invariant (no inhomogene-
ity and periodic boundary conditions):

L—1
PEB == " (blbi1 + Hee) — (blby + He),  (16)
i=1
for which the corresponding spinless-fermion Hamilto-
nian after the mapping in Eq. (13) is
L—1
HY == (flfin+He)+ ()N (f{ fo+He). (17)
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FIG. 1. Diagonal matrix elements (mo)aq in the energy eigen-
states of translationally invariant hard-core bosons in the sec-
tor with total quasimomentum x = 27/L. We show results
for systems with L = 20 (black circles, all matrix elements),
L = 28 (orange hexagons, all matrix elements), and L = 36
(blue squares; only 1 of every 25 matrix elements) at quarter
filling N = L/4. The solid (dashed) line shows the average
of (mo)ae within energy windows with AFE,/L = 0.05 for
L =28 (L = 36).

In the latter model, periodic (anti-periodic) boundary
conditions are needed for an odd (even) number N of
particles. We study systems at quarter filling N = L/4
in this section, and consider energy eigenstates with to-
tal quasimomentum k = Zgzl Ko = 27/L, where Kk,
is the quasimomentum of the single-particle eigenstates
that are part of the Slater determinant of the many-body
eigenstates. We note that, as L — oo, Kk — 0. We fo-
cus on this sector, as opposed to the one with k = 0,
to avoid the parity symmetry present in the latter. We
also note that we do not study the half-filled case as it
has an additional particle-hole symmetry. For the sys-
tem sizes considered here, the Hilbert space dimension of
the quasimomentum sectors is D =~ ( ]6) /L. This is the
Hilbert space dimension that we use in our calculations.

In Fig. 1, we show the diagonal matrix elements
(mp)aa of the zero quasimomentum occupation operator
mo = Mg=o in Eq. (14) as a function of the eigenen-
ergy density E, /L for three different system sizes. They
exhibit a well known property of the diagonal matrix
elements of integrable models [11, 22, 34, 54], namely,
the support of the matrix elements at any given value of
E./L does not shrink with increasing the system size.
The solid and dashed lines in Fig. 1 show results for the
averages over energy windows with AE, /L = 0.05 in the
two largest system sizes. The averages overlap (are well
converged) for those systems sizes, for which we are able
to compute all the matrix elements.

Even though the support of the matrix elements does
not decrease with increasing system size, the variance
does decrease [27, 29, 32]. In order to study the scaling
of the variance with increasing system size, and the dis-
tribution of the diagonal matrix elements, we carry out
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FIG. 2. Probability density function P of the scaled diagonal
matrix elements |(mo)aa — (mo),|L"/?, for L = 68 (dashed
line), L = 84 (dashed-dotted line), and L = 100 (double
dashed-dotted line). In axes labels we simplify ma — M.
The solid line is a Gaussian probability density function
P(z) = g\/geﬂ”?/%?, where o = 0.36 is the square root
of the variance obtained for L = 100 [see Eq. (18)]. (Inset)
The variance [see Eq. (18)] plotted as a function of the sys-
tem size. The solid line is a power-law fit o« L~ %°, where
ap = 1.02. The numerical results were obtained using 10°
eigenstates randomly sampled with |Fy|/L < 10™*. The mov-

ing average (mo), is computed averaging (mo)aa Over the
2000 states obtained in the sampling process whose energy is
closest to Eq (see text).

calculations in much larger system sizes than the ones
shown in Fig. 1. For those systems sizes (L > 36), we
cannot compute all the matrix elements so we sample
them.

In the inset of Fig. 2, we show the variance

*|M|Z mo)a

aeM

Var[(mo ao 0) ]2 ’ (18)

where the sum is computed over a set M of states at the
center of the energy spectrum sampled within an energy
window in which |E,|/L < 10~%. We stress that the vari-
ance in Eq. (18) is computed with respect to a moving
average (mg),, not with respect to the average in the
entire energy window. This is done in order to remove
the structure of (mg)aqq as a function of the energy [55].
Our moving averages (myg),, are computed over the 2000
states obtained in the sampling process whose energy is
closest to F,. A power-law fit to those numerical results
shows that the variance decreases oc L™1, i.e., it vanishes
in the thermodynamic limit [27, 29, 32]. This is to be
contrasted with the much faster scaling in nonintegrable
(quantum-chaotic interacting) systems, in which the vari-
ance vanishes exponentially fast in the system size (see,
e.g., Ref. [33] for a recent comparison between numerical
results obtained in integrable and nonintegrable spin-1/2
XXZ chains).

In Fig. 2 we show the probability density func-
tion (PDF) of the scaled matrix elements |(mg)qa —
(mo),|L'/?. We define the PDF, P, of a variable = in
an interval [z, x + Az] as

1 AN
N Az’
where N is the total number of elements (AN is the
number of elements in [z, x + Ax]). Figure 2 shows that
P(|(mo)aa — (mo),|L*/?) is a system-size-independent
Gaussian. The same Gaussian behavior was found in
Ref. [32] for the diagonal matrix elements of elements of
reduced density matrices in eigenstates of the integrable
spin-1/2 isotropic Heisenberg chain.

Having shown that the properties of the diagonal ma-
trix elements of mq are qualitatively similar to those
observed in integrable interacting systems that are not
mappable onto noninteracting models, we turn our at-
tention to the properties of the off-diagonal matrix ele-
ments (mg)ag. As for the diagonal matrix elements, we
consider only matrix elements between eigenstates within
the total quasimomentum sector k = 27 /L.

The variance of the off-diagonal matrix elements
(whose average is negligibly small) is

P(z) = (19)

Var[<mo>aﬁ]=ﬁ Y mo)esl? - (20)

a,BeM’

We carry out our calculations over a set M’ of pairs of
eigenstates |, |3) with E,p = (Eo+Eg)/2 at the center
of the energy spectrum, namely, in a small window of
energy |E,5—Eo| < AE/2, where Eg = Tr{H}/D (Eo =
0 in the translationally invariant model considered in this
section). In addition to their average energy E,ps, pairs
of eigenstates can be labeled by their energy difference
wapg = Eq — Eg. We coarse grain Var[(mg)ag] so that
lwap —w| < Aw/2. We quote the specific widths AE and
Aw used in the calculations in the caption of each figure.
Finally, we report in our plots the scaled variance

Vino (0,w) = D Var[(mo)as], (21)

which, given the fact that observables have a fixed (prop-
erly normalized) Hilbert-Schmidt norm, is the quantity
that is expected to remain finite in the thermodynamic
limit (D — 00).

The main panel of Fig. 3(a) shows the scaled variance
Vine (0,w) as a function of w at small and intermediate
frequencies. The results for three different system sizes
collapse at intermediate frequencies, thereby justifying
the use of the scaled variance in Eq. (21) as a meaningful
quantity in the thermodynamic limit. The scaled vari-
ance in a wider frequency interval (w < 25), for three
system sizes larger than those in Fig. 3(a), is shown in
Fig. 3(b) as a function of w?. The results for the three
system sizes collapse at high frequencies, and they are
consistent with the Gaussian functional form

2

Vine (0, w) = Ae™ " | (22)
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FIG. 3. Scaled variance Vi, (0,w) [Eq. (21] of the off-diagonal
matrix elements (mo)ap in the translationally invariant hard-
core boson model at the center of the energy spectrum. The
energy eigenstates are from the x = 27/L total quasimo-
mentum sector of systems at quarter filling (N = L/4). (a)
Vino (0,w) plotted as a function of w at low and intermediate
frequencies (w € [0,9]). We show results for systems with sizes
L = 28 (dashed line), 36 (solid line), and 44 (dashed-dotted
line). (Inset) Rescaled V,,(0,w)/L plotted as a function of
wL at low frequencies. (b) Vi, (0,w) plotted as a function of
w? (w < 25) for systems with sizes L = 52 (dashed line),
60 (dashed-dotted line), and 68 (solid line). The straight
dashed line is a Gaussian fit oc e=*” to the L = 68 results
for w? € [300,600], with the fitting parameter a = 0.12. (In-
set) Vi, (0,w = 7) vs the system size. For all the results
shown in this figure, AE/L = 2 x 10~*. We compute all pairs
of eigenstates in this interval for L < 36, while for L > 44
we randomly select at least 6 x 107 pairs (see Appendix A).
The variances in the main panels are coarse grained using a
Aw = 0.05 (except for L = 28 for which Aw = 0.2). We use
a finer coarse graining in the inset in (a), Aw = 0.02 (except
for L = 28 for which Aw = 0.1), and the results are plotted
as a running average.

where A and a are constants. The variance of the
off-diagonal matrix elements of observables at high fre-
quency was also found to exhibit a Gaussian decay in
the integrable spin-1/2 XXZ chain [33], and in quantum-
chaotic interacting models in which integrability is bro-
ken by perturbations that are not extensive in the system
size [56, 57].

The behavior of the scaled variance V,,,(0,w) is qual-
itatively different at low frequencies w o< 1/L. The inset

in Fig. 3(a) shows that, in this regime, the results for the
variance collapse only when plotting V;,,(0,w)/L vs wL.
Similar behaviors have been observed in some quantum-
chaotic interacting models [14, 37, 38] and in the inte-
grable spin-1/2 XXZ chain [35], and can be attributed to
the presence of ballistic transport.

In what follows we the study the distributions of the
off-diagonal matrix elements (mg)qs at a fixed frequency
w = 7. This frequency is in the intermediate frequency
regime in Fig. 3(a), and is sufficiently high so that the ma-
trix elements are not affected by the low-frequency “bal-
listic” scaling seen in the inset in Fig. 3(a). (We report
results for the distribution of (mg).s at low-frequencies
in Sec. VI.) The inset in Fig. 3(b) shows that the vari-
ance at w = 7 is, up to small fluctuations, independent
of the system size. In Appendix B, we show that the
occupation of other quasimomentum modes (specifically,
of k = m/2 and 7) exhibit the same qualitative behavior
as the one discussed here for k£ = 0.

We study the PDFs of the squared absolute value of
the scaled matrix elements (which enter in response func-
tions, and others [14, 39])

|(0)asl® = |(mo)as VDI . (23)

To be able to study large systems (with up to L = 100)
so that we can unveil the scaling of the PDFs with the
system size, we randomly sample the matrix elements in
the targeted w window (see Appendix A).

The PDFs P(|(0)ag|?) for L = 68,84 and 100
are shown in Fig. 4(a). They exhibit sharp peaks as
|(Mo)asl® — 0, and long tails for large matrix ele-
ments, as those found for local observables in the in-
tegrable spin-1/2 XXZ chain [33, 35, 38]. In Fig. 4(b),
we plot the corresponding PDFs P(In |(10)as]?). They
exhibit the skewed log-normal like shape observed in
Refs. [33, 35, 38|, and clearly visible tails for small matrix
elements that were visible only in some instances in the
much smaller system sizes studied in Refs. [33, 35, 38].
Both plots make apparent that those distributions are
not independent of the system size (as they would be for a
Gaussian, for which the mean and the variance fix all the
higher moments). In particular, the peak in P(|(120)as|?)
as |(Mmo)asl? — 0 sharpens, while P(In|(10)as|*) ex-
hibits a maximum that drifts to lower values of |(170)as/>
with increasing the system size.

These results suggest that further rescaling of the ma-
trix elements as a function of D is needed if one is to find
a PDF that is meaningful in the thermodynamic limit.
We rescale

. In|(mo)asl®  In|(m0)as|
In |(0)as|? = me = mDﬂ’ (24)

and, consequently (to ensure the new distribution is nor-
malized),

P(In |(10)asl?) — P(In|(0)as]?) In D?
= P(In|(mo)ag|) InD . (25)



FIG. 4. (a) Probability density function P of |(1h0)as|?
[see Eq. (23)] in the translationally invariant hard-core bo-
son model. The thin (cyan) lines overlapping with the results
show the prediction of the generalized Gamma distribution
(GGD) in Eq. (27), with the fitting parameters from Fig. 5(b).
(b) The same results as in panel (a), but plotted as the prob-
ability density function of In |(0)as|>. We study eigenstates
in the quasimomentum sector x = 27 /L for systems at quar-
ter filling N = L/4. We show results for systems with sizes
L = 68 (dashed line), 84 (dashed-dotted line), and 100 (solid
line). We randomly select at least 5 X 108 pairs of eigenstates
with AE/L =2 x 107* and Aw = 0.05 about w = 7.

Figure 5(a) shows that this yields a very good collapse
of the results for different values of L, specially about
and below the maximum of P(In|(7)qs|). The col-
lapse degrades at the highest values of |(1mg) s/, for which
P(ln |(m0)ap|) exhibits a sharp decrease. Properly sam-
pling that part of the distribution becomes increasingly
challenging with increasing system size.

The behavior in Fig. 5(a) is consistent with the loga-
rithm of the PDF [plotted in Fig. 5(b) for L = 100] being
linear for small values of In |(11¢)qs|/In D, and exponen-
tial for large values of In|(mg)ap|/ In D. We therefore fit
the results in Fig. 5(b) to the function

In[P(In|(mo)apg|) In D] =

In |(Mo)as|
InD

(26)
o[ (4530

with Ag, By, ko, and xg being fitting parameters. The fit
provides an excellent description of the data in the regime
in which the results for different system sizes exhibit a
collapse in Fig. 5(a).

The corresponding distribution for |(170)as|? is

Ag + ko

Q 10°F (@)

S0

'€ 102F —— L=68

< . af — L=84 |
= 10°F — L=100 \

In|(rﬁo)aﬁ|/InD

FIG. 5. (a) Rescaled probability density function
P(In|(mo)ag|) In D as a function of In|(mo)as|/In D in the
translationally invariant hard-core boson model. The nu-
merical results are the same as in Fig. 4. (b) The symbols
show the logarithm of the results for L = 100 in (a), and
the solid line is a fit to the points above the dotted line
[P(In|(mo0)aps|])In D > 0.1] using the function in Eq. (26).
The fitting parameters are Ag = 4.30, Bo = 7.29, ko = 7.11,
and o = —0.33.

with Pp = exp[Ao]/(21lnD), kp = ko/(2InD), ap =
exp(—Boxo), and Bp = By/(2Iln D). The distribution
in Eq. (27) in known as the generalized Gamma distri-
bution [47]. In Fig. 4(a), we show that it fits well the
results for P(|(mo)ap|?) for different system sizes.

The results in this section open two important ques-
tions that we address in the reminder of this paper.
The first one is whether perturbing the hard-core bo-
son model considered, e.g., by breaking translational in-
variance, still results in PDF's of the off-diagonal matrix
elements that are described by generalized Gamma dis-
tributions. If yes, we need to understand whether the
parameters of the distributions depend on Hamiltonian
parameters. The second question is what happens if the
hard-core boson model undergoes a localization transi-
tion. In order to address these questions, we consider
next the Aubry-André model.

IV. AUBRY-ANDRE MODEL FOR
SPINLESS FERMIONS

The Aubry-André model is a paradigmatic model of a
delocalization-localization transition in one-dimensional

P(|(7m0)asl?) = Pp|(0)as|**2 Y exp [—ap|(1ho)as|*PP] , lattices [58]. For open boundary conditions, the Aubry-

(27)

André model Hamiltonian for noninteracting spinless
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FIG. 6. Probability density function P,, of the scaled

nonzero off-diagonal matrix elements |(mo)asL|? in the spin-
less fermion Aubry-André model, with a phase shift ¢o = 0.
The systems studied have L = 22 (black circles), 28 (red
squares), and 34 (blue diamonds), and are at half filling
(N = L/2). Results are shown for (a) A\ = 1 (delocalized
regime), (b) A = 2 (transition point), and (c) A = 10 (lo-
calized regime). We consider all pairs of eigenstates with
AE/L=2x10""

fermions can be written as

L—1 L
HY =—J Z(ﬁfiﬂ"‘H-C-)"‘)‘JZCOS(QW/BZ"HZSO)ﬁfi,

i=1 i=1

(28)

where J is the hopping energy between nearest neigh-
bor sites, and the on-site potential has a quasiperiodic
functional form with a magnitude AJ, incommensurate
period 1/ (we choose 8 to be the inverse golden mean
B = (/5 — 1)/2, considered to be the most irrational
number [59]), and a global phase shift ¢g. We set J =1
in what follows. The single-particle eigenstates of the
Aubry-André model have a delocalization-localization
transition at A\, = 2 [58]. For A < A, all single-particle
eigenstates are extended, while for A > A, they are local-
ized. At the transition point A, the energy spectrum ex-
hibits the well known Hofstadter butterfly fractal struc-
ture [60].
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FIG. 7. Scaled variance Vi, (Eo,w) of the off-diagonal matrix
elements (mo)ag in the spinless fermion Aubry-André model,
with a phase shift ¢o = 0. The systems studied have L = 22
(black circles), 28 (red squares), and 34 (blue diamonds), and
are at half filling (N = L/2). Results are shown for (a) A =1
(delocalized regime), (b) A = 2 (transition point), and (c)
A = 10 (localized regime). We consider all pairs of eigenstates
with AE/L = 2x 10~*, and average the results over frequency
windows Aw = 0.2 in (a) and (b), and Aw = 1.0 in (c).

In contrast to translationally invariant systems in
which all the off-diagonal matrix elements of mg vanish
in the many-body eigenstates of the Hamiltonian (be-
cause all the single-particle eigenstates are quasimomen-
tum eigenstates), this is not the case in the Aubry-André
model. As follows from the discussion in Sec. IT A, the
off-diagonal matrix elements (mg)qg in the Aubry-André
model must still be sparse, i.e., the overwhelming ma-
jority of them vanish. The magnitude of those that are
nonzero is expected to scale with the system size accord-
ing to Eq. (11), i.e., [(mg)ap|? o< 1/L% Therefore, here
we study the PDF of the nonzero matrix elements P,, as
a function of scaled matrix elements |(mg)asL|*.

Results for Py, (](mg)asL|?) are shown in Fig. 6, at
A = 1 in the delocalized regime [Fig. 6(a)], at the tran-
sition point A = A, [Fig. 6(b)], and at A = 10 in the
localized regime [Fig. 6(c)]. In all cases one can see that,
up to fluctuations, the scaled distributions collapse for
different system sizes. The PDF's exhibit a sharp peak as



(mo)agL — 0 for A < A, (all of them vanish for A = 0),
which broadens and becomes a broad distribution upon
increasing A for A > A..

Next we compute the scaled variance Vi, (Ep,w), de-
fined for the fermions as in Eq. (21) for the hard-core
bosons. This is the quantity that is expected to remain
finite in the thermodynamic limit. In Fig. 7, we plot
Vino (Eo,w) for the same values of L and X as in Fig. 6.
The results for Vi, (Eo,w) in different systems sizes col-
lapse (up to fluctuations), which suggests that Vi, (Eq, w)
is a well-defined function in the thermodynamic limit. Its
functional form depends strongly on whether A is below
or above the localization transition. One can also see in
Fig. 7 that Vi, (Ep,w) as a function of w is qualitatively
different from V;,,,(0,w) as a function of w for hard-core
bosons (see Fig. 3). For noninteracting spinless fermions
the variance is nonzero (and so are the off-diagonal ma-
trix elements) for an w range that is determined by the
bandwidth of the single-particle spectrum, and no Gaus-
sian decay occurs for large values of w.

V. AUBRY-ANDRE MODEL FOR
HARD-CORE BOSONS

The Aubry-André model for hard-core bosons, with
open boundary conditions, can be written as

L-1 L
JHCB — _ Z(IA)IIA)ZH +Hec)+A Z cos(27mBi + ¢o)blb; ,
i=1 i=1

(29)
and can be mapped onto the spinless fermion Aubry-
André model in Eq. (28). As in the previous sections,
we focus on the matrix elements of the occupation of the
zero quasimomentum mode Mmg.

As advanced in Sec. II, we have seen that the main dif-
ference between the off-diagonal matrix elements (mg)qz3
of hard-core bosons in the translationally invariant model
and the matrix elements (mg)qp of spinless fermions in
the Aubry-André model is that the overwhelming ma-
jority of the former are nonzero. We begin our study
of the off-diagonal matrix elements (mg)qs of hard-core
bosons in the Aubry-André model by computing the rel-
ative difference between those that are nonzero for spin-
less fermions (whose number grows polynomially in the
system size) and the same matrix elements for hard-core
bosons

Yo penz [1(mo)asl” = 1(mo)as |

Ay, = .
nZ Za,ﬁénz |(m0)a5|2 + Za,ﬁénz I(mO)aﬁ|2

(30)

Again, the sum over o and f runs over the pairs of eigen-
states for which (mg)ap are nonzero (o, § € nz).

Results for Ay, vs A, for pairs of eigenstates whose av-
erage energy is at the center of spectrum, are shown in
the main panel of Fig. 8(a) for different system sizes (for
which we compute all pairs of eigenstates in the selected
window). A,, can be seen to be approximately one for

"0 02 04 06
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|L(m,) o)agl

| 1L(my) IL(m,)

2 2 2
ocBl aBl ocBl ’
FIG. 8. Comparison between the matrix elements of hard-
core bosons and spinless fermions in the Aubry-Andre model
at ¢o = 0. (a) Relative difference between the off-diagonal
matrix elements A,, [see Eq. (30)] vs A for three different
system sizes. (b, ¢) PDFs of the scaled matrix elements of
spinless fermions |L(mg)as|> (diamonds) and of hard-core
bosons |L(mo)ag|* (circles) at A = 1 and 10, respectively,
for L = 28. We consider all pairs of eigenstates for which the
matrix elements of the spinless fermions are nonzero, with
AE/L = 2 x 107*, in systems at half filling N = L/2. In-
set in (a): Tuero [see Eq. (31)] vs A for L = 20. To compute
this quantity we use only off-diagonal matrix elements be-
tween pairs of eigenstates for which the corresponding matrix
elements of the spinless fermions are zero.

A < 2, aregime in which (as for the translationally invari-
ant case) we expect the off-diagonal matrix elements of
the hard-core bosons to be dense, while the off-diagonal
matrix elements of the spinless fermions are sparse. Be-
cause of the fixed Hilbert-Schmidt norm, their magnitude
must scale differently with the system size (for the former
it should be negligible when compared to the latter), and
that results in A, =~ 1. For A < 2 the off-diagonal ma-
trix elements of hard-core bosons and spinless fermions
also exhibit very different PDFs. This can be seen in
Fig. 8(b), where we show the PDFs for A = 1 for pairs of
eigenstates a and 8 for which (mg),p are nonzero.

Figure 8(a) also shows that for A > 2, in the local-
ized regime, A,, — 0 as A increases. Namely, the off-
diagonal matrix elements of the hard-core bosons ap-
proach the values of the off-diagonal matrix elements of
the fermions. As a result, one concludes that the off-
diagonal matrix elements of the hard-core bosons be-
come sparse. In this regime localization precludes mg
from connecting an exponentially large number of eigen-
states. Figure 8(c) shows that in this regime, specifically
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FIG. 9. Scaled variance Vi, (Eo,w) of the off-diagonal matrix
elements (mo)ag in the hard-core boson Aubry-André model
plotted vs w?. (a) A = 1 (delocalized regime) and (b) X = 2
(transition point). For these values of A\, we show results for
systems with sizes L = 40 (dashed lines), 50 (dashed-dotted
lines), and 60 (solid lines). The long dashed lines are Gaussian
fits to the L = 60 results for w? € [300,600], with a fitting
parameter [see Eq. (22)] @ = 0.11 in (a) and @ = 0.08 in (b).
We randomly sample at least 10% pairs of eigenstates with
AE/L = 2 x 107*. The average is carried out over at least
1000 Hamiltonian realizations with randomly selected phases
¢o. (c) A = 10 (localized regime). Results are shown for
systems with sizes L = 16 (solid line), 18 (dashed line), and
20 (dashed-dotted line). For this value of A, we consider all
pairs of eigenstates with AE/L = 2 x 10™*, and average over
40 Hamiltonian realizations with randomly selected phases
¢o. All calculations are carried out at half filling N = L/2,
and the results are coarse grained using Aw = 0.05.

for A = 10, the PDFs for hard-core bosons and spin-
less fermions are similar, again plotted there for pairs of
eigenstates & and § for which (mg)qp is nonzero.

A complementary understanding of what happens to
the off-diagonal matrix elements of the hard-core bosons
as A increases can be gained studying for the hard-core
bosons the matrix elements that are zero in the spinless
fermions model. To quantify their magnitude in the hard-
core boson system, we calculate

LS ol (D)

r = -5
ZEero Hm0||2 o et

where the sum is carried out over pairs of eigenstates
for which the corresponding spinless-fermions matrix el-
ements vanish (a, 8 € zero, the overwhelming majority
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FIG. 10. Vp,(Ep,w) in the hard-core boson Aubry-André
model at low and intermediate frequencies w, for (a) A = 1 and
(b) A = 2. Results are shown for systems with sizes L = 22
(solid lines), 26 (dashed lines), and 30 (dashed-dotted lines).
We randomly select at least 5 x 10® pairs of eigenstates at
AE/L =2x 10~*, and average over at least 5000 Hamiltonian
realizations with randomly selected phases ¢o. The variance is
coarse grained using a frequency window Aw = 0.05. (Insets)
The same results as in the main panels but rescaled to show
Ving (Eo,w)/L vs wL. The variance is coarse grained using
a frequency window Aw = 0.02, and plotted as a running
average.

of pairs of eigenstates). Results for r e vs A are shown
in the inset of Fig. 8 for L = 20. In the delocalized
regime, 7,00 is close to one. This is consistent with the
off-diagonal matrix elements being dense. In the local-
ized regime 7,6, — 0 as A increases, which shows that in
this regime the magnitude of those matrix elements de-
creases as the others (the “nonzero” ones) become similar
the ones of the fermions.

In Fig. 9, we show results for the scaled variance
Vimo (Fo,w) as a function of w? for different system sizes
and values of A. (In order to reduce finite size effects, in
these and in the calculations that follow we carry out an
average over results obtained for Aubry-André Hamilto-
nians with randomly selected phases ¢g.) As one may
have advanced given the results in Fig. 8, the results
for the variance are very different in the delocalized and
localized regimes. In the delocalized regime [Fig. 9(a)]
and at the transition point [Fig. 9(b)], Vi, exhibits a
Gaussian decay at high frequencies [similar to the one
observed for translationally invariant hard-core bosons
in Fig. 3(b)]. On the other hand, Fig. 9(c) shows that
no such a Gaussian decay occurs in the localized regime,
similar to what happens for noninteracting fermions. For
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FIG. 11. Scaled probability density function

P(ln|(mo)apl)In D vs In|(Mo)ap|/InD in the hard-core
boson Aubry-André model. (a, ¢) Results for A = 1 and
A = 2, respectively, for systems with sizes L = 80 (solid
lines), 100 (dashed lines), and 120 (dashed-dotted lines)
at half filling N = L/2. (b, d) The symbols show the
results for L = 120 from panels (a) and (c), respectively.
The solid line is a fit to the results above the horizontal
dotted line [P(In|(M0)ap|) In D > 0.1] using the function in
Eq. (26). The fitting parameters are: Ao = 5.06, Bo = 10.08,
ko = 11.62, xg = —0.23 for A = 1, and Ao = 9.40, By = 3.50,
ko = 10.02, o = —0.87 for A = 2. Pairs of eigenstates
are sampled randomly for AE/L = 2 x 107* and w = 7
with Aw = 0.05. We average over at least 3 x 10° pairs of
eigenstates, and over at least 600 Hamiltonian realizations
for randomly selected phases ¢o.

A =10 in Fig. 9(c), one can see a sort of plateau in the
variance for w < 20 (the bandwidth of the single-particle
spectrum is w ~ 20). This result is similar to the one for
spinless fermions at the same A = 10 in Fig. 7(c). For
w 2 20 in Fig. 9(c), Vi, exhibits a sharp drop. In con-
trast to the fermions, however, V,,,, (w 2 20) for hard-core
bosons is small but nonzero.

We emphasize that we use a different numerical pro-
tocol in the calculations of the off-diagonal matrix el-
ements in the delocalized regime and at the transition
point (A < 2), compared to the one in the localized
regime (A > 2). Given the dense nature of the matrix el-
ements in the delocalized regime, for A < 2 we can carry
out calculations for large system sizes randomly sampling
matrix elements that belong to the target energy window.
On the other hand, in the localized regime for hard-core
bosons (as in any regime in the spinless fermion case), the
variances is dominated by a vanishingly small fraction of
the matrix elements. In those cases, we need to com-
pute all pairs of eigenstates in the target energy window,
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thereby limiting the calculations to systems with sizes
L < 22 for hard-core bosons. In the reminder of this sec-
tion we focus on values of A < 2 because those are the
ones for which we expect the properties of hard-core bo-
son matrix elements to resemble those in integrable inter-
acting systems not mappable onto noninteracting models,
such as the spin-1/2 XXZ chain.

In Fig. 10 we show the scaled variance V;,,, (Eo,w) vs w
at low and intermediate frequencies for A = 1 [Fig. 10(a)]
and A = 2 [Fig. 10(b)]. The results at intermediate fre-
quencies collapse for different system sizes L. At low
frequencies w o 1/L, the inset shows that the results
collapse when plotting V,,/L vs wL, as discussed before
for the translationally invariant case. Overall, up to ad-
ditional structure in the variances of the Aubry-André
case, the results in Fig. 10 are qualitatively similar to
those reported in Fig. 3(a).

The corresponding scaled PDFs are shown in
Figs. 11(a) and 11(c) for A = 1 and 2, respectively, for
different system sizes and w = 7. As in the translation-
ally invariant case, the curves collapse in the delocalized
regime [A = 1 in Fig. 11(a)]. The collapse worsens at the
transition point [A = 2 in Fig. 11(c)]. The latter finding
suggests that further rescaling may be needed at A., a
point whose detailed investigation is postponed to future
studies. In Figs. 11(b) and 11(d) we show that the scaled
PDFs, both for A = 1 and 2, are well described by the
ansatz in Eq. (26) with parameters that depend on the
Hamiltonian parameters. Hence, the corresponding dis-
tributions P(|(170)as|?) are well described by generalized
Gamma distributions, see Eq. (27).

VI. BEYOND HARD-CORE BOSON MODELS

The main goal of this work has been the study of the
PDFs of the off-diagonal matrix elements of a specific
few-body operator in models of hard-core bosons that
can be mapped onto noninteracting spinless fermions (in
order to be able to study large system sizes, L ~ 100),
which we expect to describe the PDFs of the off-diagonal
matrix elements of operators in integrable interacting
models that are not mappable onto noninteracting mod-
els (for which full exact diagonalization studies are lim-
ited to sizes L ~ 20). The goal of this section is to pro-
vide evidence to support our expectation that the main
result for the PDF's in the previous sections applies be-
yond hard-core bosons models. Specifically, we show that
the same generalized Gamma distributions that describe
the distributions of off-diagonal matrix elements of the
occupation of the zero quasimomentum mode of hard-
core bosons describe the distribution of off-diagonal ma-
trix elements of a local operator in the spin-1/2 XXZ
model [35]. In Ref. [35], the distributions of the off-
diagonal matrix elements were reported for w — 0. In
what follows, we first discuss results for hard-core bosons
in the limit w — 0 before discussing the results from
Ref. [35].



A. Hard-core boson distributions for w — 0

In the previous sections, we focused on the distribution
of the off-diagonal matrix elements in the intermediate
frequency regime (w = 7). We did this in order to avoid
the low-frequency “ballistic” scaling of the off-diagonal
matrix elements with L. To study the distribution of
the off-diagonal matrix elements for w — 0, we need to
consider the following scaled matrix elements

|(1)as|* = [(mo)apVD/VLI? | (32)

which have an extra 1/v/L factor when compared to
|(70)ap| in Eq. (23). The scaled matrix elements (/m{)as
are the ones that are O(1) in the thermodynamic limit.

In Fig. 12, we show the scaled probability density func-
tion P(In |(m§)as|) In D as a function of In |(7§)qs|/ In D
in the translationally invariant hard-core boson model
discussed in Sec. III. All the parameters used in the cal-
culations are the same as the ones used for Fig. 5, except
for the frequency range w € [0,0.05]. In Fig. 12(a), one
can see that the curves collapse for different system sizes
L. In Fig. 12(b), we fit the scaled PDF with the ansatz
function from Eq. (26). The outcome of the fitting agrees
well with the numerical results, with similar fitting pa-
rameters as the ones obtained in Fig. 5. Thus, the PDF
of |(m§)ap|* is well described by a generalized Gamma
distribution,

P(|(m§)asl?) = Ppl(md)as** P~ exp [—ap|(11g)as|*PP] |

(33)
which is nothing but Eq. (27) after changing |(10)ag|* —
|(m8)a/3|2'
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FIG. 12. (a) Scaled probability density function
P(In|(mg)ap|) In D [see Eq. (32)] vs In|(m§)as|/In D in the
translationally invariant hard-core boson model considered in
Sec. III. We study eigenstates in the quasimomentum sec-
tor k = 2m/L for systems at quarter filling N = L/4. We
show results for systems with sizes L = 68 (dashed line), 84
(dashed-dotted line), and 100 (solid line). We randomly select
at least 3 x 10° pairs of eigenstates with AE/L = 2 x 107*
and w € [0,0.05]. (b) The symbols show the logarithm of
the results for L = 100 in (a), and the solid line is a fit to
the points above the dotted line [P(ln |(7§)ag|) In D > 0.1]
using the function in Eq. (26). The fitting parameters are
A() = 4.22, B() = 7.25, ko = 7.10, and o = —0.32.
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An interesting property of P(|(m)as|?) is that, for
|(M§)ap)® — 0 in large systems sizes, P(|(m{)as]?) o
1/(In D|(my)apl?) =~ 1/(D|(mo)asl?), where in the last
step we used that InD ~ L. A similar result, for a
fixed system size, was recently reported in Ref. [61] for a
nonlocal Jordan-Wigner string in the spin-1/2 XX chain.
The low-frequency behavior of the matrix elements of in-
tegrability breaking perturbations in integrable models
can be used to gain an analytic understanding of the sys-
tem size dependence of the onset of many-body quantum
chaos [61]. Our results for the full PDF's in finite systems
sizes, and their scaling with system size, can be used in
such calculations to improve our understanding of the
onset of quantum chaos.

B. Spin-1/2 XXZ model

With the knowledge gained so far, we are ready to
revisit the results in Ref. [35] for the translationally in-
variant spin-1/2 XXZ chain, whose Hamiltonian has the
form

. I R o
Hxxz =) [2(sjsj+1 +He)+ASIS |, (34)

=1
where S’f ©2) are spin-1/2 operators in the z (y, z) direc-
tions on site j, Sjj-[ =57 iiSJy are the corresponding lad-
der operators. One of the operators studied in Ref. [35]
is the next-nearest-neighbor flip-flop operator

K =588 +5557, (35)
and we are interestefl in results reported there for the
matrix elements of K in pairs of eigenstates within the
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FIG. 13. Scaled probability density function P(In |I~(2ﬁ|) InD
vs In|K%5|/In D [see Eq. (36)] in the integrable spin-1/2 XXZ
model. (a) P(In|Ks|)InD for systems with sizes L = 20
(dashed line), 22 (dashed-dotted line), and 24 (solid line).
(b) The symbols are the results for In[P(Iln |I§'25|) In D] in the
system with L = 24 from (a), while the solid line is a fit to
the results using the function in Eq. (26). We use all the data
points in the fitting, and obtain the following fitting parame-
ters: Ag = 12.2, By = 1.65, ko = 11.6, and z¢o = —1.56. The
data used for this figure are from Fig. 16 in Ref. [35].



same quasimomentum sectors, specifically, in the results
reported in Fig. 16 of Ref. [35] for A = 0.55, where the
pairs of eigenstates were taken to have an average energy
|E| < 0.025L, and 40000 off-diagonal matrix elements
were selected that correspond to the lowest values of w.
Following Eq. (32), we study the PDF of the scaled ma-
trix elements

|Kasl* = [KapVD/VLI? (36)

when reanalyzing the data from Ref. [35].

In Fig. 13(a), we replot the data in Fig. 16 of Ref. [35]
using the additional rescalings in Egs. (24) and (25). The
results for different system sizes in Fig. 13(a) exhibit
a good collapse (note that the system sizes are much
smaller than those in Figs. 5 and 11). In Fig. 13(b) we
compare the results for the largest system size to a fit to
the ansatz in Eq. (26). There is also a good agreement
between the numerical results (symbols) and the fit (solid
line). This suggests that the off-diagonal matrix elements
of observables in integrable interacting models are gener-
ically described by generalized Gamma distributions.

VII. SUMMARY

We studied the statistical properties of the matrix ele-
ments of few-body operators in hard-core boson models,
and of noninteracting spinless fermions to which hard-
core bosons can be mapped, in one-dimensional lattices.
We showed, first analytically and then in numerical calcu-
lations of the model of interest, that the off-diagonal ma-
trix elements of few-body operators in the eigenstates of
noninteracting fermionic Hamiltonians are sparse, i.e, the
overwhelming majority of the matrix elements vanishes
(the number of nonzero matrix elements scales polynomi-
ally with the system size). For hard-core bosons on the
other hand, we showed that there are few-body operators,
such as the occupation of quasimomentum modes that
are of experimental relevance, for which the off-diagonal
matrix elements are dense, i.e., the overwhelming major-
ity of the matrix elements are nonzero.

We considered two hard-core boson Hamiltonians that
can be mapped onto noninteracting spinless fermions
Hamiltonians, translationally invariant hard-core bosons
with nearest neighbor hoppings [Eq. (16)] and the hard-
core boson Aubry-André model [Eq. (29)]. For trans-
lationally invariant hard-core bosons and for the hard-
core boson Aubry-André model in the delocalized regime,
we showed that the scaled variances of the off-diagonal
matrix elements of the occupation of the zero quasi-
momentum mode behave as those of local operators
in integrable interacting models that are not mappable
onto noninteracting models, such as the spin-1/2 XXZ
chain [33, 35, 37, 38]. Namely, they exhibit a regime
with a Gaussian decay in w at high w, and a regime with
a ballistic scaling when w o< 1/L. On the other hand, we
found the behavior of the off-diagonal matrix elements to
be completely different in the localized regime, in which
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the variance is strongly suppressed at frequencies beyond
the single-particle bandwidth and no Gaussian decay oc-
curs at high frequencies. The off-diagonal matrix ele-
ments also become sparse as A increases in that regime,
and become similar to those of the noninteracting spin-
less fermions to which hard-core bosons can be mapped.

Our main results in this work are first the rescaling
of the off-diagonal matrix elements of hard-core bosons
in delocalized regimes, involving the logarithm of the
Hilbert space dimension [see Eq. (24)], and the corre-
sponding rescaling of the PDFs [see Eq. (25)], to pro-
duce meaningful PDFs in the thermodynamic limit. The
second main result is the finding that the PDFs after
rescaling are well described by generalized Gamma dis-
tributions [see Eq. (27)]. Studying translationally invari-
ant hard-core bosons and the hard-core boson Aubry-
André model we showed that these distributions are ro-
bust against the breaking of translational symmetry, so
long as the system does not localize. We also found that
the values of the parameters in the generalized Gamma
distributions depend on the Hamiltonian considered and
its parameters.

Furthermore, a reanalysis of the results for the trans-
lationally invariant spin-1/2 XXZ chain in Ref. [35] sug-
gests that generalized Gamma distributions generically
describe the PDFs of the off-diagonal matrix elements
of observables in integrable interacting models. Fur-
ther studies are needed to support this conjecture and
to understand why such distributions describe the off-
diagonal matrix elements of observables in integrable sys-
tems. Well known distributions that are special cases
of the generalized Gamma distribution in Eq. (27) in-
clude the Weibull distribution (k}, = BJ)), the Gamma
distribution (B}, = 1), and the exponential distribution

(ki = Bp = 1).
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Appendix A: Effect of random sampling

Throughout the main text, we have shown results for
hard-core boson models that were obtained after calcu-
lating all the matrix elements in the target energy and
frequency windows in small system sizes, as well as re-
sults obtained after randomly sampling the matrix el-
ements in the target energy and frequency windows in
larger system sizes. Here compare both approaches in
small systems sizes.
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FIG. 14. (a) Effect of random sampling when calculating the
scaled variance Vi,,(0,w). We show results for translation-
ally invariant hard-core bosons in a system with L = 36 at
quarter filling N = 9, and consider energy eigenstates with
total quasimomentum s = 2r/L, and AE/L = 2x 10™*. The
solid lines show the results when all pairs of eigenstates are
included (a total of 7.3 x 10° pairs), while the dashed lines
show the results obtained using 4 x 10° randomly sampled
pairs of eigenstates. (Inset) The same results as in the main
panels but with V,,(0,w) plotted in a linear scale. (b) Ef-
fect of random sampling for the probability density function
P(In|(0)as|?) at w =7 (Aw = 0.1). The data used for this
plot are the same data used in (a).

In Fig. 14(a) and its inset we show the scaled variance
Vime (Eo,w) from Eq. (21) in the translationally invariant
model. We consider a system with L = 36 sites and N =
9 particles, and focus on pairs of eigenstates from the
k = 27 /L total quasimomentum sector. The black solid
lines are the results obtained including all possible pairs
of eigenstates in the calculation (a total of 7.3x 10° pairs),
while the red dashed lines are the results obtained using
4 x 10° randomly sampled pairs of eigenstates. In both
the main panel and its inset we observe a good agreement
between the results including all the eigenstates and the
results with the random sampling of eigenstate pairs.

In Fig. 14(b) we show the corresponding results for
the probability density function P(|(0)as|?) at w = 7
(with Aw = 0.1). The total number of eligible pairs of
states in this frequency window is around 5.0 x 107, and
the sampled data set has 2.7 x 10* pairs. Also in this
case the agreement between averaging over all pairs of
eigenstates and sampling them is excellent.

More generally, we verified that all the plots shown
in the paper do not change visibly if we use one half
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of the randomly selected pairs of eigenstates in the
calculations. On the other hand, in the localized regime
of the hard-core boson Aubry-André model and in
the spinless fermion models, only a small fraction of
eigenstate pairs (that vanishes in thermodynamic limit)
contributes significantly to the quantities computed in
this work. Consequently, in these cases we report results
only when all the pairs of matrix elements are computed.

Appendix B: PDFs of M;—./2 and Mg=x

In the main text we showed only results for the oc-
cupation of the zero quasimomentum mode My = Mr—g
[see Eq. (14)]. In Fig. 15, we show that the PDFs of
the off-diagonal matrix elements of My_r/o and Mp—r
are qualitatively (and quantitatively) similar to those for
Mg—o in the translationally invariant model. Qualita-
tively similar results (not shown here) were obtained for
the Aubry-André model in the delocalized regime.
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FIG. 15. (a, b) Same as Fig. 5(a) and 5(b), respectively, for
Mpi=r/2. The fitting parameters in (b) are: Ao = 4.31, By =
7.28, ko = 7.12, and xo = —0.33. (c, d) Same as Fig. 5(a)
and 5(b), respectively, for mg—r. The fitting parameters in
(d) are: Ag =4.30, Bo = 7.29, ko = 7.11, and o = —0.33.
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