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soft robots. In Part I, the classical stability criterion based on energy variation was used to study
the elastic stability of the curved-sided hexagram and identify the natural curvature range for the
stability of each state with circular and rectangular rod cross-sections. Here, we combine a multi-
segment Kirchhoff rod model, finite element simulations, and experiments to investigate the
transitions between four basic equilibrium states of the curved-sided hexagram. The four equi-
librium states, namely the star hexagram, the daisy hexagram, the 3-loop line, and the 3-loop "8",
carry uniform bending moments in their initial states, and the magnitudes of these moments
depend on the natural curvatures and their initial curvatures. Transitions between these equi-
librium states are triggered by applying bending loads at their corners or edges. It is found that
transitions between the stable equilibrium states of the curved-sided hexagram are influenced by
both the natural curvature and the loading position. Within a specific natural curvature range, the
star hexagram, the daisy hexagram, and the 3-loop "8" can transform among one another by
bending at different positions. Based on these findings, we identify the natural curvature range
and loading conditions to achieve transition among these three equilibrium states plus a folded 3-
loop line state for one specific ring having a rectangular cross-section with a height to thickness
ratio of 4. The results obtained in this part also validate the elastic stability range of the four
equilibrium states of the curved-sided hexagram in Part I. We envision that the present work
could provide a new perspective for the design of multi-functional deployable and foldable
structures.

1. Introduction

Slender structures are widely observed in nature and are regularly employed in engineering applications across various length
scales. Pertinent examples include curled hairs (Audoly and Pomeau, 2010; Miller et al., 2014), overhand knots (Jawed et al., 2015),
and medical guidewires (Wang et al., 2021). Among various slender structures, ring origami (Lu et al., 2023b; Wu et al., 2021a),
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Fig. 1. Transitions between the four equilibrium states of the curved-sided hexagram made of stainless-steel rods having a rectangular cross-section
with a height to thickness ratio of 4 and a natural curvature discussed in the paper. (a) Schematics and transition paths between the four equilibrium
states. All four states exhibit in-plane configurations. (b) Inversion from the star hexagram to the daisy hexagram. (c) Folding from the daisy
hexagram to the 3-loop "8". (d) Inversion from the 3-loop "8" to the 3-loop line. (e) Unfolding from the 3-loop line to the star hexagram. The blue dots

denote the loading positions. Scale bars: 10 cm.



L. Luetal Journal of the Mechanics and Physics of Solids 180 (2023) 105407

(b)

Natural state

K, <0
Initial state
R Bending K, =0
k= 1R 0<Kk,< 1R
K,>1/R

Fig. 2. Schematics of the rod model. (a) The local material frame (e, e,, e3) is located on the centerline of the rod, and the position vector p(s) is
defined in the global material frame (E;, E5, E3). (b) Natural state and initial state of an elastic rod. The rod with natural curvature «,, is bent into an
arc having a uniform radius of curvature, ko = 1/R, and is clamped at the two ends.

formed by closed-loop rods of different geometries (e.g., circular rings (Audoly and Seffen, 2015; Box et al., 2020; Manning and
Hoffman, 2001; Yoshiaki et al., 1992) and polygonal rings (Wu et al., 2022, 2021a)), has recently emerged as a powerful platform to
design foldable and deployable structures with high packing abilities, such as foldable solar panel devices (Leanza et al., 2022),
foldable tents (Mouthuy et al., 2012), and deployable space structures (Pellegrino, 2001). By harnessing the snap-through instability,
circular or polygonal rings with rationally designed geometric parameters can fold into multi-loop overlapping states in a self-guided
manner under sufficient external bending, twisting, or point loads (Lu et al., 2023a; Sun et al., 2022; Yoshiaki et al., 1992). However, it
has been shown that these circular or polygonal rings can only exhibit monostable or bistable behavior (Sun et al., 2022; Wu et al.,
2021a).

Recently, Dai and Leanza et al. discovered that a curved-sided hexagram with a certain initial curvature can ‘magically’ fold into a
3-loop line (Dai et al., 2023; Leanza et al., 2023). More interestingly, here we have found that, by rationally designing its natural
curvature (the curvature in its disconnected state), the curved-sided hexagram exhibits more equilibrium states. The four basic
equilibrium states of the curved-sided hexagram are illustrated in Fig. 1(a), which are referred to as the star hexagram, the daisy
hexagram, the 3-loop line, and the 3-loop "8". The rods comprising the edges of the rings are treated as being inextensional and of
length L. In particular, the star hexagram consists of six 120° circular arcs of radius R = 3L/2r, and the daisy hexagram is composed of
six 240° circular arcs of radius R = 3L/4n. These two equilibrium states can transition between each other through inversion, namely
one state’s inner surface is turned into the outer surface of the other state. Also, they can transform into the other two compact states
through folding. The star hexagram can fold into a 3-loop line, which has an idealized area of zero and length L. The daisy hexagram
can fold into a 3-loop "8", with both circles in the "8" having length L and radius L/2x. Also, the 3-loop line can transform into the 3-loop
"8" through inversion and vice versa. Transitions between the four equilibrium states can be achieved by applying appropriate external
stimuli. For example, starting with the inversion of the star hexagram into the daisy hexagram by bending at two corners (Fig. 1(b)),
the daisy hexagram can then be folded into a 3-loop "8" by bending at two edges (Fig. 1(c)). Subsequently, the 3-loop "8" can be
inverted into the 3-loop line by bending at its edges (Fig. 1(d)). Finally, the 3-loop line can be unfolded back into the star hexagram
(Fig. 1(e)). An experimental demonstration of this example is presented in Video 1 in the Supplementary Materials, and experimental
details on how to fabricate these rings are provided in Fig. S1 in the Supplementary Materials.

Elastic structures that have multiple stable equilibrium states (i.e., multistable structures) have widespread engineering applica-
tions ranging from shape-reconfigurable architectures (Melancon et al., 2021), shape-morphing soft robots (Chi et al., 2022; Wu et al.,
2021b), energy trapping devices (Shan et al., 2015), mechanical metamaterials (Liu et al., 2023b; Meng et al., 2022) to flexible
electronics (Fu et al., 2018; Zhang et al., 2021). Benefiting from the multiple equilibrium states, these functional structures can switch
from one functional state to another when subjected to a stimulus that can overcome the energy barrier between two states. Under-
standing the elastic stability and transitions between different states of multistable structures is important to guide the design and
realization of multifunctional applications. In recent years, extensive efforts have been devoted to studying the mechanical behavior of
multistable structures or systems such as multistable metamaterials formed from curved beams (Che et al., 2017) or curved shells (Liu
et al., 2023a; Vasios et al., 2021), multistable corrugated shells (Norman et al., 2008) and foldable cones (Seffen, 2021), and multi-
stable origami (Feng et al., 2020; Li and Pellegrino, 2020; Novelino et al., 2020; Waitukaitis et al., 2015). However, far less attention
has been paid to the elastic stability and transitions of multistable systems formed by closed-loop slender rods (Yu et al., 2021).

In the companion paper, Part I (Lu et al., 2023), we have studied the elastic stability of the multiple equilibrium states of the
curved-sided hexagram and obtained the natural curvature range within which each of the states is stable for rods with circular or
rectangular cross-sections. In this paper, we will investigate the transitions between different equilibrium states of the curved-sided
hexagram based on a combination of a multi-segment Kirchhoff rod model, finite element analysis (FEA), and experiments. For
each equilibrium state (i.e., the star hexagram, the daisy hexagram, the 3-loop line, and the 3-loop 8), we comprehensively examine its
transition behavior under external bending loads at corners or edges within the stability range, and present the transition processes,
transition states, as well as moment and energy curves to understand the effects of natural curvature and loading position on the
transitions of the four equilibrium states. Finally, to bring these ideas together, we provide strategies to achieve the transitions between
the four equilibrium states for one particular curved-sided hexagram. The multiple equilibrium states of the curved-sided hexagram
studied in Parts I and II provide a new perspective for the design of multistable, foldable, and reconfigurable structures, which have
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great potential in aerospace, robotics, and other engineering applications.

The remainder of this paper is organized as follows. In Section 2, we present a unified multi-rod system based on the Kirchhoff rod
theory, which is used to analyze the transition behavior of the four equilibrium states of the curved-sided hexagram under external
bending loads. In Section 3, we study the transition behavior of each of the four equilibrium states for a range of natural curvatures
under prescribed rotations at selected corners or edges. In Section 4, we propose strategies to achieve the transitions among the four
stable equilibrium states of a specific curved-sided hexagram. In Section 5, we summarize the main contributions of this work.

2. Theoretical model

In this section, we present a multi-segment rod model based on the Kirchhoff rod theory to study the transition behavior of the four
equilibrium states of the curved-sided hexagram under external stimuli. The schematic of an elastic rod of length L is shown in Fig. 2
(a). The rod is assumed to be inextensible and unshearable. In other words, the length of the rod remains unchanged, and the centerline
of the rod remains perpendicular to the cross-section during deformation. To capture the deformation of the centerline, a position
vector p(s)=p1E;+p2E2+p3Es defined in the global material frame (E;, Ep, E3) is introduced, in which s is the arc length coordinate. A
local material frame (e;, ey, e3) is attached to the centerline of the rod, in which e; and e, are unit vectors in the height and thickness
directions, respectively, and e3 is the unit tangent vector of the centerline. The reader should be aware that some of the conventions
and notation of Part I differ from those in Part II due to the fact that this two-part paper brings together two distinct approaches in the
literature. For consistency with prior work, Part I adopts the same notation as its predecessor, Leanza et al. (2023), while Part II follows
its predecessors, Sun et al. (2022) and Lu et al. (2023a). In particular, in Part I, the tangent to the rod is e, while in Part II it is e3. These
differences will only appear in Section 2 and the Appendix of Part II. In the other sections of Part II, where the results will be presented
and discussed, the notation will be the same as that in Part I. In particular, the sign of the natural curvature, y, in Sections 3-5 of Part II
follows the convention used in Part I. The kinematics of the local material frame is given by e’i —owxe (=1, 2, 3) and
®=kje;+kzex+kses is the Darboux vector, with 1, ko, and k3 denoting the two bending curvatures and the twisting curvature during

deformation, respectively. Note that ()/ = d(-)/ds throughout the present paper. The matrix form of the kinematic equations can be
written as

€ 0 ks —k | [e e
e, | =|-x O K e =[Kl|e|. (¢D)
e/3 Ky —Ki 0 e; e;

Here, we consider the rod has a uniform radius of curvature, kg = 1/R, about e; in the initial state, and a uniform curvature «, about
e in the natural state, as shown in Fig. 2(b). The natural curvature can be greater than, less than, or equal to the initial curvature. For a
rod with a straight natural state, k, = 0. For a curved rod with its bending direction in the natural state opposite to the bending di-
rection in the initial state, x, < 0. When the initial curvature is different from the natural curvature, the rod carries a uniform bending
moment M, in its initial state, which equals the moment required to bend the rod from its natural state to the initial state, namely M;, =
E@L(ko—kp), with E being the Young’s modulus and I; being the moment of inertia of the cross-section with respect to e;. According to
the Kirchhoff rod theory, in the absence of body forces and external couples, the balance of internal forces N and moments M gives

N=0M+e xN=0, 2

where N = Nje;+Nqgex+Nses and M = (M;+Mj)e;+Moes+Mses. For the linear constitutive relations used in this paper, M; =
E@L(x1—x0), My = Elyky, and M3 = GJks, where G is the shear modulus, I, is the cross-sectional moment of inertia with respect to e,, and
J is the torsional constant. For a rod with rectangular cross-section, the two bending rigidities and the torsional stiffness are given by
(Timoshenko and Goodier, 1951)

1 1 Ehf? 192 1 & 1 (2n — 1)zh
El, =—Eh* El, = —ER1,G] = ——{ 1 ——= — tanh , 3
1 12 3 2 12 ’ 6(1 +I_/) { ”5 h “— (2}’1 _ 1)5 an |: 2 ] ( )

where h is the cross-sectional height, ¢ is its thickness, and v is the Poisson’s ratio. By projecting Eq. (2) along the unit vectors ey, e3, and
es, respectively, one obtains six equilibrium equations:

N/l — N2K3 +N3K2 = 07N’2 — N3K1 +N1K3 = O,N; — Nle +N2K1 = 07
M, + M, — Mais + Msky — Ny = 0, M, + (M, + My)ic; — Msk; + N, =0, )
M, — (My + M,)xy + Mok = 0.

In parallel, a unit quaternion q = (qo, q1, 2, g3) With g% + ¢? + g3 + g3 = 1 is introduced to describe the orientation of the rod’s

cross-section during deformation (Healey and Mehta, 2005; Yu and Hanna, 2019), which also relates the local material frame to the
global material frame, as
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Since ej is the unit tangent vector to the centerline, we have p = es. By using Eq. (5), the relationship between the position vector
and the unit quaternion can be obtained as

17’1 = 2(6]1(13 +(1(1512)7[7/2 = 2(%6]3 - (10%)717; = 2(6112) +q§) -1 6)
Substituting Eq. (5) into Eq. (1) leads to [¢,,€,,€,]' = [K][Q][E1,Ez, Es]". The derivative of Eq. (5) gives [e),e,,€;]' =
[Q][E1, Ez, E5]". Thus, [K][Q] = [Q], and equating the elements of matrices on both sides, one obtains

‘1;1 = ( — q1K1 — G2K2 — 513K3)/2711/1 = (CIOK1 — g3k + qu3)/27

, , )
g, = (g3x1 + qokz — 111K3)/2-,‘13 = (— @k +qixz +‘10K3)/2>

Egs. (4), (6), and (7) provide 13 governing equations for the Kirchhoff rod, which produces a well-posed boundary value problem
(BVP) when supplemented with appropriate boundary conditions. The rod model can not only evaluate the internal forces and mo-
ments during deformation but can also predict the deformation process of the rod under external load, which has been widely used to
study the mechanical behavior of various slender elastic structures (Dias and Audoly, 2014; Kodio et al., 2020; Sano et al., 2022;
Starostin and van der Heijden, 2022; Yu et al., 2023).

The curved-sided hexagrams studied in this paper are composed of curved edges and sharply rounded corners in practical fabri-
cations. The initial curvatures at the joints of the edges and the corners are not continuous. In this regard, the curved-sided hexagrams
are first divided into multiple segments, and then each segment is modeled as a Kirchhoff rod. Details on how these rings with different
configurations are divided are shown in Fig. A1l in Appendix A. The rod models in different segments are coupled by imposing
continuous or compatible boundary conditions, which form a multi-segment rod system (Sun et al., 2022). For a curved-sided
hexagram divided into m segments, there are 13m governing equations which contain 13m unknown variables. The unknown vari-

ables for the j-th segment of the curved-sided hexagram are denoted by [Nfl ),Klg ) ,p? ),qg),q? )L inwhichi=1,2,3,andj=1, 2, ---,m. To
construct a unified multi-rod framework, we introduce the following dimensionless quantities,

i 0) W) 70 0] j
FO_NL o ML (;v> ;w) _ (B LT g _p g 3P ) 1 d() ®
! Gl G\ 2’ 2z )T T L L&D ds0) 10 50"

where L is the length of the curved edge, Kg ) is the initial curvature about e; of the j-th segment,&0) = 10) /L is a scaling factor to unify the

normalized arc length 59 of different segments into the same interval [0, 1] with 10) being the length of the j-th segment. Note that the
rounded corners of the rings carry the same bending moment M, in the natural state as that in the curved edges, such that the induced
residual strain is continuous and uniform along the length direction. Then, with the definitions in Eq. (8), the dimensionless governing
equations and boundary conditions for the multi-rod system can be obtained, as provided in Appendix A. The multi-rod system can be
solved using various numerical continuation methods. Here, we use the Continuation Core and Toolboxes (COCO) (Dankowicz and
Schilder, 2013) operated in MATLAB to handle the BVPs of the different multi-rod systems. Additionally, we employ a bending
method, whose details will be clarified later, to trigger the state transitions of the ring with the bending angle © as the continuation
parameter in the numerical implementation. The bending angle will vary from 0 to =, corresponding to the initial and final states,
respectively. The associated equilibrated external bending moments applied at specific locations on the ring are also computed and
presented. The accuracy of the numeral results is verified through independent FEA simulations with details presented in Appendix B.

3. Transition behavior of curved-sided hexagrams

To identify the transition rules between different equilibrium states of the curved-sided hexagram, in this section, we first study the
transition behavior of each of the four equilibrium states using simulations based on the multi-segment Kirchhoff rod model and FEA
by considering different natural curvatures and loading positions for the external bending stimuli. Each of the four equilibrium states, i.
e., the star hexagram, the daisy hexagram, the 3-loop line, and the 3-loop "8", have an edge length of L = 200 mm, a cross-sectional
height of h = 2 mm, and a thickness of t = 0.5 mm, corresponding to h/t = 4 in Part I. As noted, the curved-sided hexagrams considered
in this part have rounded corners between adjacent curved edges to facilitate the numerical and experimental implementations. To
reduce the effect of corner size, we employ a small corner radius of r = 1 mm.

For each case, two loading positions of the external bending loads are considered, i.e., equal and opposite prescribed rotations at a
pair of corners across the ring from each other or at the middle of a pair of edges opposite each other, which are referred to as “corner
bend” and “edge bend”, respectively. The magnitude of each externally imposed rotation is ® and the associated moment is denoted by

M, with the work done by the external stimuli as W = 2 fg) Md®. The elastic energy of the ring is represented by U, and its definition is
provided in Appendix A.
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Fig. 3. Transition behavior of star hexagrams with different natural curvatures under corner bend. (a) Folding process (top view) of a star hexagram
with a dimensionless natural curvature Lk,/21 = 1/3, which has a stress-free initial state. (b) Inversion process (top view) of a star hexagram with a
dimensionless natural curvature Lk,/2n = 0.45. The blue dots denote the loading positions. (¢) Normalized moment and energy versus bending angle
of star hexagrams with natural curvatures smaller than the initial curvature. (d) Normalized moment and energy versus bending angle of star
hexagrams with natural curvatures larger than the initial curvature. The star hexagram with dimensionless natural curvature in the range (0.03,
0.37) folds into the 3-loop line, and in the range (0.38, 0.78) inverts into the daisy hexagram, as indicated by the insets. All the examples in this
paper are for rods having a rectangular cross-section with h/t = 4 and v = 1/3.
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3.1. Natural curvature-dependent transitions from the star hexagram under corner bend

We begin by studying the transition behavior of the star hexagram to other states for a range of natural curvatures under corner
bend. The transition behavior is highly nonlinear and rich in phenomena. We will use the examples in this subsection to discuss the
transition phenomena in some detail, starting with the case when the initial state of the star hexagram is stress-free (and necessarily
stable).

The star hexagram has an edge radius of 3L/2x in its initial state, which corresponds to a dimensionless initial curvature Lky/21 =
1/3. As shown in Fig. 3(a), the star hexagram with a dimensionless natural curvature equal to its dimensionless initial curvature, Lx,/
2n = 1/3, which is stress-free in the initial state, transitions, or folds, to a 3-loop line when the bending angle reaches n. The isometric
view of the folding process is provided in Fig. A3 in Appendix C. Examining the curves in Fig. 3(c) or 3(d) for this natural curvature, one
sees that the transition solution has a monotonically increasing bending angle, ®, from 0 to x. This means that for loading conditions
having prescribed increasing ©, the transition is stable with no dynamic snapping, assuming no bifurcation from this transition so-
lution occurs (which is not considered in this paper).

Under prescribed increasing ©, the moment M first increases, then decreases becoming negative, and then increases to zero in the
final folded 3-loop line state. If the external stimuli were a pair of prescribed equal and opposite moments, M, then dynamic snapping
would occur when the maximum moment is attained at ® = 0.56n. We have made no effort to study the snapping process under a
prescribed value of the maximum M, and it is even possible that no stable static solution exists for that moment. Note that the external
bending stimuli in our experiments have all been applied by hand, and in many cases, we have seen snapping in the transition process
although no snapping is predicted for prescribed rotation in the numerical models. The discrepancy almost certainly stems from the
fact that the human hand is not sufficiently rigid to apply a prescribed rotation.

There is an energy barrier between a stable star hexagram and any other state to which it might transition. For the case of the stress-
free star hexagram (with Lkp/2n = 1/3) just discussed, the energy barrier between it and the 3-loop line state is readily ascertained
from the curve for this natural curvature in Fig. 3(c) or Fig. 3(d). The intermediate point in the transition solution where M = 0, at © =
0.8, is an unstable static equilibrium state. If there were no external constraints on the deformed ring in this state, the ring would
either snap back to the star hexagram state or snap to the 3-loop line state, depending on the disturbing perturbation. In other words,
the ring could snap to the 3-loop line state with no further expenditure of external work on the ring. The energy barrier is the work W
required to bring the ring to the intermediate unstable equilibrium state, which equals the energy difference between the intermediate
state and the initial state. For a star hexagram in the stress-free state, the elastic energy U in Fig. 3(c) is equal to the work done by the
external bending loads, and thus U at ® = 0.8r is the energy barrier. The point where M = 0 corresponds to the point where dU/d® =
0 and where U is a maximum in the second plot in Fig. 3(c). Thus, the energy barrier AU is AUL/GJ = 11 for the star hexagram to 3-
loop line transition when the initial state of the star hexagram is stress-free. This energy barrier should be regarded as an upper bound
to the energy needed to transition from the star hexagram state to the 3-loop line state because there may exist other paths with other
intermediate unstable static equilibrium states that can be activated by other stimuli requiring less work to reach the 3-loop line state.

Now consider the star hexagram in Fig. 3(b) which has a dimensionless natural curvature Lk,/2n = 0.45. In the initial state, this star
hexagram supports a uniform bending moment that increases the radius of the arc from its natural state, and as can be seen in Fig. 3(b),
the star hexagram now undergoes an inversion transition into the daisy hexagram. The isometric view of the inversion process is
provided in Fig. A3 in Appendix C. With reference to the curve in Fig. 3(d) relevant to this case, one sees again that the transition occurs
monotonically with no snapping when the bending angle © is prescribed to increase monotonically from 0 to n. The intermediate
unstable static equilibrium state occurs at ® = 0.5z, and the energy barrier between the star hexagram and daisy hexagram states is
now the difference between U at ® = 0.5n and at ® = 0, resulting in AUL/GJ = 4.

These two examples for the star hexagram illustrate that it can be made to transition to different states under the same external
stimuli by rationally selecting the natural curvature. Later in this subsection, it will be demonstrated that the outcome of the transition
can also be influenced by shifting the location of the loading points of the external stimuli. To give further insight into how the natural
curvature influences transition, we have computed the transition behavior of the star hexagram under corner bend with a wider set of
natural curvatures covering the full stability range of the star hexagram. The stability range for the dimensionless natural curvature of
the star hexagram obtained in Part II is (0.03, 0.78), which is in excellent agreement with that determined in Part I, i.e., (0.025, 0.78),
for h/t =4 and v = 1/3. The outcomes of these additional calculations (all performed with both the rod model and FEA) are plotted in
Figs. 3(c) and 3(d). In the range of dimensionless natural curvature, Lk,,/27, given by (0.03, 0.37), the star hexagram transitions to the
3-loop line state, and the behavior is qualitatively similar to that described for the stress-free state, i.e., under prescribed monotonically
increasing O, there is no snapping, and the energy barrier is equal to Upax — U(0). The maximum U for the lower stability limit of the
natural curvature range, Lk,/21 = 0.03, occurs in the initial state at ® = 0, implying no energy barrier, as it must. Moreover, the
associated M variation with © has a downward curvature at ® = 0, implying that the state at the lower limit, Lx,/2rn = 0.03, is unstable.
In Part I, it was noted that the stability of the upper and lower limits of the range of stable behavior required further post-bifurcation
analysis to ascertain their stability. The analysis of the transition in this part sheds light on the stability of these limiting states.

In the range of dimensionless natural curvature, (0.38, 0.78), in Fig. 3(d), the star hexagram transforms to the daisy hexagram. At
the upper stability limit, Lk,/21 = 0.78, the prescribed bending angle, ®, no longer monotonically increases under external stimuli.
Moreover, the solution continuation algorithm for the rod model gives a different result for the transition state than that for the FEA
simulation at the upper limit. The FEA predicts a transition involving snapping to the daisy hexagram state while the rod model under
prescribed © predicts snapping at © = z/4 without indicating to what state the rod would snap. The continuation method for the rod
takes the solution back to a deformed star hexagram state with © decreasing back to zero. No effort has been made in this paper to
resolve the uncertainty in the behavior at the upper limit of the stability range of the star hexagram—that remains for future study.
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(a) Transition path
Unstable initial state Stable state 1 Stable state 2 Stable state 3
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Fig. 4. Transitions between equilibrium states of an unstable star hexagram with a high natural curvature. (a) The unstable star hexagram (with
edge radius R = 3L/2r) snaps to a 6-circle hexagram with cusps pointing inward, which can further transform into the other two equilibrium states,
i.e., a 6-circle hexagram with cusps pointing outward and a 6-loop "8". The natural curvature of one segment of the unstable star hexagram forms a
roughly 5/3-loop circle with a radius of R/5. The orange portions indicate where the rods overlap. (b) Experimental snapshots of the unstable star
hexagram and its three equilibrium states. Note that the initial state (star hexagram) is unstable, but it is fixed at all corners and edges to show the
geometry. Once the constraints are removed, the unstable star hexagram spontaneously snaps to the 6-circle hexagram with cusps pointing inward.
Scale bars: 10 cm.

However, both methods indicate that the M vs. © relation has a negative curvature at ® = 0 implying that the star hexagram at the
upper stability limit is also unstable.

One additional observation about the results in Figs. 3(c) and 3(d) deserves mentioning. With the exception of the limits of the
range of dimensionless natural curvature, i.e., 0.03 and 0.78, the U vs. © relation for the star hexagram state at ® = 0 has a positive
second derivative, consistent with it being a stable state. At ® = =, the transition states, either the 3-loop line state or the daisy
hexagram state depending on the natural curvature, one sees that the U vs. © relation also has a positive second derivative, consistent
with the transition states being stable in their respective ranges of natural curvature, as shown in Part L. It should also be reported that
the numerical simulations with the rod and FEA models generating the plots in Fig. 3 and later plots in Part II have been conducted
using increments of 0.01 in Lkp/27 over the relevant range of interest.

Our experiments (and simulations) show that when the natural curvature is far above the upper stability limit for the star hexagram
state (e.g., Lkp/2n = 5/3), the initially unstable star hexagram (with edge radius R = 3L/2x) snaps directly into a stable 6-circle
hexagram configuration with two-layer overlapping outer edges, and their cusps pointing inward (i.e., stable state 1, in which the
radius of the small circle is R/5), as shown in Fig. 4(a). This configuration can further invert into another stable 6-circle hexagram with
two-layer overlapping inner edges and cusps pointing outward (i.e., stable state 2, in which the radius of the small circle is R/4). The
stability ranges for these two equilibrium states have been studied in Part I, and the results indicate that neither of them overlap with
the stability range of the star hexagram (if h/t = 4). Additionally, the two 6-circle hexagrams can both be folded into a stable 6-loop "8"
(i.e., stable state 3, in which the radius of the small circle is R/6) if Lx,/2n = 5/3. Experimental snapshots of the unstable star hexagram
and its three equilibrium states are shown in Fig. 4(b), and the complete transition process between the three equilibrium states is
presented in Video 2 in the Supplementary Materials. Experimental details on how to fabricate these 6-circle hexagrams are provided
in the Supplementary Materials. Note that the unstable initial star hexagram state in the experiment is fixed at its corners and edges.
Once the constraints are removed, it spontaneously snaps to the 6-circle hexagram with cusps pointing inward.

3.2. Natural curvature-dependent transitions from the star hexagram under edge bend

Next, we study the transition behavior of star hexagrams under edge bend over the range of natural curvatures for which it is stable.
As in the previous subsection, the stress-free star hexagram is first examined, as seen in Fig. 5(a). Interestingly, unlike the case of corner
bend in which the stress-free star hexagram (with a dimensionless natural curvature Lk,/2n = 1/3) folds into a 3-loop line, under edge



L. Luetal Journal of the Mechanics and Physics of Solids 180 (2023) 105407

(a) Inversion process of a star hexagram with Lk, / 21T = 1/3 (stress-free initial state)
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Fig. 5. Transition behavior of star hexagrams with different natural curvatures under edge bend. (a) Inversion process (top view) of a star hexagram
with a dimensionless natural curvature Lk,/2n = 1/3, which has a stress-free initial state. (b) Folding process (top view) of a star hexagram with a
dimensionless natural curvature Lk,/2r = 0.20. The blue dots denote the loading positions. (¢) Normalized moment and energy versus bending angle
of star hexagrams with natural curvatures smaller than the initial curvature. (d) Normalized moment and energy versus bending angle of star
hexagrams with natural curvatures larger than the initial curvature. The star hexagram with dimensionless natural curvature in the range (0.03,
0.25) folds into the 3-loop line, and in the range (0.26, 0.78) inverts into the daisy hexagram, as indicated by the insets.
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(a) Transition states of the star hexagram
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Fig. 6. Transition states of (a) the star hexagram and (b) the daisy hexagram with different natural curvatures within the stability range under
corner bend and edge bend (h/t = 4 and v = 1/3). The blue dots denote the loading positions.

bend it transitions by inversion to the daisy hexagram state when the bending angle, ©, reaches . The isometric view of the inversion
process is provided in Fig. A4 in Appendix C. This demonstrates that the transition states of star hexagrams depend not only on the
natural curvature but also on the loading positions of the external stimuli. The associated normalized moment and energy curves of the
stress-free star hexagram under edge bend are plotted in Figs. 5(c) and 5(d). It is seen that the prescribed bending angle, ®, mono-
tonically increases during the transition process, and the associated moment first increases, then decreases below zero, and finally
increases back to zero as © varies from O to n. The energy barrier to be overcome to transition from the star hexagram to the daisy
hexagram is AUL/GJ = 11, which is essentially the same as for the transition to the 3-loop line state under corner bend.

Figure 5(b) shows the transition process of the star hexagram with a dimensionless natural curvature Lk,/2n = 0.20 under edge
bend, which carries a uniform bending moment that reduces the radius of the arc from its natural state. The star hexagram folds into
the 3-loop line state in this case, and the isometric view of the folding process is presented in Fig. A4 in Appendix C. The corresponding
moment and energy curves during transition for this natural curvature are shown in Fig. 5(c). One can see that the prescribed bending
angle increases monotonically from 0 to n during the transition, and an intermediate unstable static equilibrium state occurs at © =
0.451t where M = 0. The energy barrier between the star hexagram state with Lk,/2n = 0.20 and the 3-loop line state equals the energy
difference between the intermediate state at ® = 0.45z and the initial state ® = 0, resulting in AUL/GJ = 4.

The transition behavior under edge bend stimuli of the star hexagram with other dimensionless natural curvatures within its

10
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(a) Transition states of the 3-loop line
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Fig. 7. Transition states of (a) the 3-loop line and (b) the 3-loop "8" with different natural curvatures within the stability range under corner bend
and edge bend (h/t = 4 and v = 1/3). The blue dots denote the loading positions.

stability range, (0.03, 0.78), is further examined in Figs. 5(c) and 5(d). In the dimensionless natural curvature range (0.03, 0.25), the
star hexagram folds into the 3-loop line configuration. In the upper end of this range, the prescribed bending angle, ®, does not increase
monotonically during the transition, such as the case with Lk,/2n = 0.25. Instead, © first increases, then decreases, and finally in-
creases to . For this case, the ring would snap dynamically at the point where © has a vertical slope (® = 0.62x), as indicated by the
dashed line curve generated by the FEA solution. For the star hexagram with dimensionless natural curvature within the range (0.26,
0.78), the transition is an inversion into a daisy hexagram. Except at the upper end of this range, the prescribed bending angle increases
monotonically from 0 to n during transition. At the lower and upper stability limits, i.e., Lx,/2n = 0.03 and 0.78, the star hexagrams in
the initial state are unstable to the edge bend stimuli, similar to the finding for corner bend.

3.3. Brief summary of transitions of the four basic equilibrium states
Transition calculations for the star hexagram, as reported above, have been performed for the daisy hexagram, the 3-loop line, and

11
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Fig. 8. Transition paths between the four stable equilibrium states of the curved-sided hexagram illustrated by starting with a stress-free daisy
hexagram state (Lk,/2n = 2/3). (a) Transition from the daisy hexagram to the star hexagram and then to the 3-loop line. (b) Transition from the
daisy hexagram to the 3-loop "8" and then to the 3-loop line. (c) Energy landscapes of the transition paths.

the 3-loop "8" for a range of natural curvatures under corner and edge bend. The results are presented in the Supplementary Materials
in Figs. S2-S7. The outcomes of these simulations are summarized in Figs. 6 and 7, which will be reviewed briefly below. Videos
showing numerical realizations of the transitions available are designated as Videos 3 and 4 in the Supplementary Materials.
Transitions from the star hexagram for natural curvatures falling within, and at the limits, of the range in which it is stable have
already been discussed, and these are summarized in Fig. 6(a). Within a small range of dimensionless curvature, including the initial
curvature 1/3 for which the star hexagram state is stress-free, i.e., (0.26, 0.37), the star hexagram folds into the 3-loop line under
corner bend but inverts into the daisy hexagram under edge bend. Like the star hexagram, the transition states from the daisy hexagram
and from the 3-loop "8" depend on the natural curvature as well as the loading position. However, the transition state from the 3-loop
line in Fig. 7(a) depends only on the natural curvature. Fig. 6(b) shows that the daisy hexagram with a dimensionless natural curvature
in the range (0.32, 0.62) always inverts into the star hexagram, and in the range (0.70, 1.09) always folds into the 3-loop "8". When the
dimensionless natural curvature of the daisy hexagram falls in the range (0.63, 0.69), it inverts to the star hexagram under corner bend,
but folds into the 3-loop "8" under edge bend. Experimental demonstrations of the loading position-dependent transitions of a nearly
stress-free star hexagram and a nearly stress-free daisy hexagram are provided in Video 5 in the Supplementary Materials. For the 3-
loop line in Fig. 7(a), regardless of the bending locations, the 3-loop line inverts into a 3-loop "8" with edge contact in the middle in the
range (0, 0.73), while it inverts into a 3-loop "8" without edge contact in the range (—0.73, 0). Note that for a stress-free 3-loop line

12
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(a) Loading at corners

Star hexagram Daisy hexagram 3-loop line 3-loop “8”

(b) Loading at edges

@ © ) ®
©)

Fig. Al. Schematics of the four equilibrium states of the curved-sided hexagrams under bending (a) at corners and (b) at edges. The blue dots
denote the loading positions, and the green dots represent the joints of adjacent segments. The circled numbers are the segment numbers. The local
material frame (e, ep, e3) is attached to the centerline, and the global material frame (E;, E,, E3) is located at the center of the rings.
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Fig. A2. Finite element implementation for the curved-sided hexagram. (a) Schematic of the bilayer ring considered in FEA whose inner layer is
under thermal contraction, but the outer layer is under thermal expansion. (b) Thermal stress distribution across the thickness direction in the
bilayer ring. The coordinate system (x, y, 2) is located on the centerline of the ring, in which the x-, y-, and z-axes are along the thickness direction,
tangent direction of the centerline, and the height direction (pointing out of the plane), respectively.

(Lkn/27 = 0), the edges of the obtained 3-loop "8" contact in the middle. As shown in Fig. 7(b), the 3-loop "8" inverts into a 3-loop line
within the curvature range (0.64, 0.74), and folds into a 6-loop "8" within the curvature range (1.13, 1.38). When the dimensionless
natural curvature is within the range (0.75, 1.12), the 3-loop "8" inverts to the 3-loop line under corner bend, but folds into a 6-loop "8"
under edge bend. The results in Figs. 6 and 7 provide heuristic design and loading strategies for the curved-sided hexagram to achieve
desired state transition behavior, as will be illustrated in the next section.

4. Transitions between four stable equilibrium states
Having revealed the transition behavior from each of the four basic equilibrium states when the natural curvature is in the range
such that the basic state is stable, it is irresistible to consider an example when all four basic states are mutually stable and to analyze

the transitions among all four states. Based on Figs. 6 and 7, we can determine that all four basic states are stable when the dimen-
sionless natural curvature, Lk,/27, falls within the range (0.64, 0.73), which is in great agreement with that predicted in Part I, namely

13
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Star hexagram with Lk, / 21 = 1/3 (stress-free initial state)
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Fig. A3. Isometric views of transition processes of star hexagrams with different natural curvatures under corner bend. Lk,/2x is the dimensionless
natural curvature, © is the bending angle, and the blue dots denote the loading positions.
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f3 Y0 9 o3 <

Star hexagram with Lk, / 21 = 0.20

pilgnd i

Fig. A4. Isometric views of transition processes of star hexagrams with different natural curvatures under edge bend. Lk,/2x is the dimensionless
natural curvature, © is the bending angle, and the blue dots denote the loading positions.

(0.63, 0.75) for rods with a rectangular cross-section of h/t = 4 and v = 1/3. A stress-free daisy hexagram having dimensionless natural
curvature, Lk,/21 = 2/3, sits in this range, and we will use it as the starting configuration to demonstrate the transitions between all the
four states.

In Fig. 6(b), it was shown that the daisy hexagram with a dimensionless natural curvature 2/3 can invert into the star hexagram
under corner bend, and it can also fold into the 3-loop "8" under edge bend. Thus, in principle, we only need to explore how to obtain
the 3-loop line configuration from either the star hexagram or the 3-loop "8". However, we will compute the transitions from the daisy
hexagram state via each of the two intermediate states along the two paths depicted in Fig. 8(a) and 8(b). For path 1, we first invert the
stress-free daisy hexagram into the star hexagram by bending at its corners, and then we apply bending loads at corners and edges
simultaneously to fold the star hexagram into the 3-loop line. Note that if the bending loads had been applied only at a pair of corners
or edges, the star hexagram would invert back to the daisy hexagram, as demonstrated in Fig. 6(a). For path 2, the 3-loop "8" obtained
from the stress-free daisy hexagram can be inverted into the 3-loop line by directly applying bending loads at its edges. The energy
landscapes of the two transition paths predicted by FEA are illustrated in Fig. 8(c). There is a local (or global for the daisy) minimum of
U at each of the basic states, as required by the fact that each of the states is stable. Moreover, one sees that the strain energy of the star
hexagram state (stable state B) is identical to that of the 3-loop "8" state (stable state D), i.e., U= 41:2E11/ (3L), but expressed in terms of
the dimensionless UL/GJ. At the final stable state C, the strain energy of the 3-loop line obtained by the two paths should also be the
same. Note that the minor strain energy discrepancy at stable state C is due to the slightly different 3-loop line configurations achieved
through different loading paths potentially caused by numerical errors (such as damping and meshing). These transition paths, as well
as those in the earlier section, can be reversed by selecting appropriate bending locations, thus forming a closed-loop transition
sequence as shown in Fig. 1. Reversible behavior is also demonstrated experimentally in Video 1 in the Supplementary Materials.

14
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Finally, it is important to mention that contact algorithms have not been needed in any of the simulations in this paper. The transitions
discussed in this paper have not involved any instances where the motion of the rods causes them to ‘pass through each other’,
although this might seem surprising given the complexity of some of the transition histories.

5. Concluding remarks

This paper has presented a study of the transitions between the four basic equilibrium states, i.e., the star hexagram, the daisy
hexagram, the 3-loop line, and the 3-loop "8", of a curved-sided hexagram. Simulations have been based on a multi-segment Kirchhoff
rod model and finite element analysis, and experiments validating nearly every aspect studied theoretically have been performed. The
rod model was solved using a numerical continuation method to transition from one state to another, and it has been validated by
independently performed finite element simulations. The effects of the natural curvature of the rods used to form the curved-sided
hexagram and the positions of the external bending stimuli on the transition behavior from each of the four basic equilibrium
states have been determined for natural curvatures falling within the stability range of each of the states. The results show that both
natural curvature and the location of the external stimuli are important in determining the transition response. For example, the star
hexagram with a dimensionless natural curvature within the range (0.26, 0.37) can fold into the 3-loop line when bent at corners but
invert into the daisy hexagram when bent at edges. By contrast, when the natural curvature is outside this range (but still within the
stability range), the star hexagram will either fold into the 3-loop line or invert into the daisy hexagram, regardless of the bending
positions. Similar phenomena are observed in the transitions of the daisy hexagram and the 3-loop "8". These findings provide
guidelines for achieving the transitions between the four equilibrium states of the curved-sided hexagram, such as the loading stra-
tegies proposed in Section 4 for a curved-sided hexagram designed such that all four states are mutually stable.

The nonlinear phenomena exhibited by the curved-sided hexagram are unusually rich. For example, it has been shown that a star
hexagram with a modestly large natural curvature is unstable and will snap into a stable 6-circle hexagram. This same star hexagram
could be folded into an unstable 3-loop line state that could be stabilized if properly constrained. It is anticipated, but not established,
that once the constraint on the 3-loop line is released it would snap to the 6-circle hexagram, providing its own energy for the
transition. Such compact and energetic packaging might have functional uses. Hopefully the curved-sided hexagram with multiple
equilibrium states studied in Parts I and II will provide perspective and guidance for the design of multi-functional deployable and
foldable structures.
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Appendix A. Governing equations and boundary conditions for the multi-rod system

The nondimensional governing equations for the j-th (j = 1, 2, ---, m) segment of the multi-rod system are given by
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Schematics of the four equilibrium states of the curved-sided hexagram under bending at corners or at edges are shown in Figs. A1
(a) and A1(b), respectively. It is seen that all the four states are axisymmetric, thus we can take one quarter of them (denoted by orange
lines) in the analysis for simplicity. The quarter rings are further divided into multiple segments to ensure that the initial curvature of
each segment is continuous, and thus each segment can be modeled as a Kirchhoff rod. For the star and daisy hexagrams, they are
divided into four segments. For the 3-loop line and 3-loop "8", they are divided into two segments. An m-segment rod system has 13m
governing equations, which requires 13m boundary conditions to produce a well-posed BVP. At each boundary, there are two types of
boundary conditions, i.e., translational boundary conditions and rotational boundary conditions. For rotational boundary conditions,
it is more straightforward to define them using Euler angles. Therefore, we first define the rotational boundary conditions using Euler
angle (¢, 0, ¢), and then convert them into quaternions. The relationships between the Euler angle, following the 3-2-3 rotation
convention, and the quaternions are given by (Healey and Mehta, 2005; Yu and Hanna, 2019)

7 [ - 0 — [
qo = cosicos ¢#, ¢ = sinisin ¥7 9 = sinzcos ¥7 g = cosisin(ﬁ * ¢ (A.3)

Next, we take the star hexagram as an example to derive the boundary conditions for the multi-rod system under external bending

loads. When the star hexagram is under external bending loads at the two corners, as shown in Fig. A1(a), it is free to rotate about es at
the left boundary of the first segment (i.e., point A1). If we denote the unknown rotational angle as y, the Euler angles are given by ¢ =

7,0 = 0,¢p = 0. Thus, we have qf)l) = cos(y /2),q(11) = O,qgl) = O,q(;) = sin(y /2). Since the rotational angle is not prescribed in this
boundary, we have M(;) =0, leading to Kél) = 0. Thus, the rotational boundary conditions at the left boundary of the first segment are
written as

g,"(0) = 0,45"(0) = 0,&"(0) = 0. (A.4)

Moreover, the left end of the first segment remains in the e;-e3 plane and is free to translate along e,. Therefore, the translational

boundary conditions at the left boundary of the first segment can be expressed as

~ ~ ~(1)

7"(0) = 0, (0) = 0, (0) = 0. (A.5)

At the right boundary of the fourth segment (i.e., point As) where the bending load is applied, the Euler angles are writtenas ¢ = —
7/2,0 =n/2,¢ =r/2— O, in which O is the prescribed bending angle. By using Eq. (A.3), the rotational boundary conditions at the
right boundary of the fourth segment can be obtained as

(1) = \/Ecos<®) A1) = Qcos(g),q(;)(l) = Qsin <9),q24)(1) = 7£sin<9>. (A.6)

2 2)’ 2 2 2 2 2 2

Additionally, under bending loads, the right end of the fourth segment has no displacement along es but is free to translate along e;
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and e;. Note that the position vector p is defined on the global material frame. Therefore, the translational boundary conditions at the
right boundary of the fourth segment are written as

(4 ~@) ~
Ny =08 (1) = 0,57 (1) = 0. A7)

Egs. (A.4)-(A.7) provide 13 boundary conditions for the governing equations of the star hexagram, which also apply for the other
three equilibrium states, i.e., the daisy hexagram, 3-loop line, and 3-loop "8". The remaining 13(m — 1) boundary conditions can be
obtained by considering the force equilibrium and geometric compatibility at the joint of adjacent segments. For example, the
boundary conditions at the joint A; of the star hexagram can be written as

1 ~(2) ~(1)

M) =N 0,8, (1) = 8 0), 8 (1) = N7 (0),

&O(1) + 7 #<>+m,ﬁkn 72 (0), %" (1) =%2(0), A8
A1) =520).5 (1) = 52 (0).55 (1) = 52(0),

2y’ (1) = 45(0),41" (1) = ¢ (0), 45" (1) = ¢52(0), 4" (1) = ¢57(0).

In a similar way, the remaining boundary conditions at the other joints can be obtained. Boundary conditions for the case of
bending at edges are identical to the case of bending at corners, except for the initial curvature of each segment ’Eg) in Eq. (A.8).
Further, the total elastic strain energy of the multi-rod system can be calculated as

v 4i '/(M}i) +Mn>2ds+ /(1;5)2[154_ /(My))zds]

2EI > 2GJ

. _/EII (KY) —Kg)>2ds+/E12( ) ds+/G](Kgf)>2ds (A.9)

=23 : )

j=1
! +/2(K(/)—KO )Mdv+

K 1

Appendix B. Finite element simulations

When the natural curvature of the curved-sided hexagram is not equal to its initial curvature, the hexagram ring carries a uniform
bending moment in the initial state, and the bending moment tends to bend the ring inwards or outwards. To simulate the effect of the
initial bending moment on the transition behavior of the curved-sided hexagram, we consider a bilayer ring with opposite thermal
expansion in the two layers, as shown in Fig. A2(a). Specifically, the inner layer has a negative coefficient of thermal expansion (CTE),
—arT, and the outer layer has a positive CTE, ar, The two coefficients are equal in magnitude. Thereby, when the bilayer undergoes a
temperature rise, AT, the inner layer is under thermal contraction, and the outer layer is under thermal expansion. The thermal strain
mismatch between the two layers produces a bending moment, which acts as the natural curvature induced bending moment. Thermal
stress distribution across the thickness of the bilayer is shown in Fig. A2(b), and its resultant bending moment can be obtained as

h/2 h/2 1 1
My = / / orxdxdz + / / ( — or)xdxdz = —orht* = — EarAThr*. (B.1)
hj2 J -2 n/2 Jo 4 4
As noted in Section 2, the uniform bending moment carried in the curved-sided hexagram in the initial state is given by
M,=EI4 (xo—ky). By setting the two bending moments equal, the temperature change that needs to be prescribed to simulate the initial
bending moment in the ring can be obtained as

ar = (o =k) (B.2)
3ar

Note that for the star hexagram, the curvatures considered in Figs. 3 and 5 should take negative values to produce the corre-
sponding temperature change using Eq. (B.2), because the reference curving direction of a positive curvature in the star hexagram is
defined to be opposite to that in daisy hexagram and 3-loop "8" (as shown in Fig. 1 in Part I). In addition, although such a bilayer can
reproduce the initial bending moment in the ring, the initial elastic energy introduced by the thermal stress in the bilayer is not equal to
that induced by natural curvature. Therefore, the elastic energy of the curved-sided hexagrams in FEA simulations are calculated as the
sum of the external work, W, and the initial energy, Uy, induced by the natural curvature. Particularly, Uy = M2Loa1/2EIL, in which
Liotal represents the total length of the curved-sided hexagram.

After obtaining the required temperature change to simulate the initial bending moment, transition behavior of curved-sided
hexagrams under bending loads is simulated in the commercial software ABAQUS 2021 (Dassault Systémes, France). The ring sizes
are identical to those used in the rod model. C3D8R element is used in all simulations, and the mesh size is set as 0.3 mm. The Young’s
modulus, the CTE, and the Poisson’s ratio are taken as E = 200 GPa, ar = 0.002 K™%, and v = 1/3, respectively. To trigger the
transitions of the rings, a pair of bending angles are applied to the center of a set of opposite edges or a set of opposite corners. Further,
a small damping factor 1078 is used to stabilize the simulation.
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Appendix C. Isometric views of transition processes

Figs. A3 and A4 show the isometric views of transition processes of the star hexagram with different natural curvatures under
corner bend and edge bend, respectively. It is clearly seen that the star hexagram always requires out-of-plane deformation to tran-
sition from one stable state to another, regardless of the loading method.
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