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Abstract—Channel rank and condition number of multi-input
multi-output (MIMO) channels can be effective indicators of
achievable rates with spatial multiplexing in mobile networks. In
this paper, we use extensive ray tracing simulations to investigate
channel rank, condition number, and signal coverage distribution
for air-to-ground MIMO channels. We consider UAV-based user
equipment (UE) at altitudes of 3 m, 30 m, 70 m, and 110 m from
the ground. Moreover, we also consider their communication
link with a cellular base station in urban and rural areas.
In particular, Centennial Campus and Lake Wheeler Road
Field Labs of NC State University are considered, and their
geographical information extracted from the open street map
(OSM) database is incorporated into ray tracing simulations.
Our results characterize how the channel rank tends to reduce
as a function of UAV altitude, while also providing insights into
the effects of geography, building distribution, and threshold
parameters on channel rank and condition number.

Index Terms—AERPAW, condition number, drone, MIMO,
channel rank, ray tracing, spatial multiplexing, UAV.

I. INTRODUCTION

Reliable and high data rate connectivity with unmanned
aerial vehicles (UAVs) have critical applications for mission-
critical and public safety communications, search and rescue,
and surveillance. Spatial multiplexing with multi-input multi-
output (MIMO) systems makes it possible to achieve higher
data rates for UAVs over a wide coverage without allocating
additional bandwidth or transmit power. Various performance
metrics, including uninformed transmitter capacity, singular
value spread, condition numbers, and correlation matrix dis-
tance can be considered for MIMO systems [1]. Especially,
channel rank and condition number can be rapidly employed
for determining whether spatial multiplexing can be adopted
for a given MIMO channel realization [2]-[4].

Fundamental backgrounds and insights into channel rank
and condition number in MIMO systems are provided in
[2], which also evaluates the signal-to-noise ratio (SNR)
requirements needed for obtaining a certain MIMO spectral
efficiency for a given condition number. In [5], the theoretical
lower and upper bounds of channel capacity for high-rank
MIMO systems are studied. Here, a constraint for line-of-
sight MIMO links is derived with the condition number of
the channel matrix. In [6], the effect of vertical separation
of MIMO antennas and the size of the array on the channel
rank and throughput are studied experimentally. Vertically and
horizontally placed MIMO antennas in LTE base stations and
the effects of antenna configuration on spatial multiplexing are
studied in [7] considering 2 and 4 transmit antennas. A path
loss model for unmanned aerial vehicles (UAVs) in an urban

(b)
Map view of the location of transmitters used in ray tracing
simulations: (a) CC1, CC2, and (b) LWI.

Fig. 1.

environment is studied in [8], [9]. Material characteristics
such as permittivity and conductivity of buildings and ground
are considered to develop the path loss model for UAV
communication links.

To our best knowledge, channel rank and condition number
analysis for UAV channels in typical urban and rural scenarios
is not available in the literature. Ray tracing simulations can
serve as a reasonable approach to investigate the distribu-
tion of channel rank for different scenarios, and to analyze
time-varying MIMO systems [10]. They can also be used
for deciding transmission mode (spatial multiplexing, beam
forming, and diversity) for a given channel realization and
to evaluate the achievable data rate for each scenario [11]. In
this paper, we investigate channel rank, condition number, and
received signal strength indicator (RSSI) distribution for UAV
MIMO channels using ray tracing. Simulations are carried
out at different UAV-based user equipment (UE) altitudes,
considering the buildings and topography information in the
Centennial Campus and Lake Wheeler Road Field Labs of NC
State University (see Fig. 1). Subsequently, geographical and
statistical distributions of channel rank and condition number
of a MIMO channel are analyzed for different environments,
UAV altitudes, and threshold settings.

This paper is organized as follows. A description of the
system model and ray tracing simulation scenario is provided
in Section II. We simulate, analyze, and discuss RF signal
coverage, channel rank detection, and condition number for
MIMO UAV links in Section III, Section IV, and Section V,
respectively, while the last section concludes the paper.

II. SYSTEM MODEL
A. MIMO Communication Model

Received signal vectors of a simple MIMO communication
system can be expressed as Y = Hx + n, where H denotes
the N, x Ny MIMO channel matrix, @ is the N; x 1 transmit



signal vector, and n represents the N; X 1 noise vector, re-
spectively [2]. Moreover, N,. denotes the number of receiving
antennas and V; denotes the number of transmitting antennas,
which are set to be 4 for both receiving and transmitting
antennas in this work. The channel coefficients h;; for the
signal from j-th transmit antenna to i-th receive antenna should
be estimated at the receiver side to decode received symbols.
For this scenario, the rank of a channel matrix can be an
indicator of how many data streams can be supported for the
spatial multiplexing [12]. In particular, the channel rank can be
determined by the number of non-zero singular values, which
can be obtained by the singular value decomposition of the

channel matrix as
H=UXV"* (1)

where U is the m X m complex unitary matrix, 3 is the m X n
rectangular diagonal matrix, with diagonal elements o;, with
1 < i < min{m,n}, and V represents the n x n complex
unitary matrix. Without loss of generality, o; are sorted in
descending order as ¢ increases. The rank R of a channel
matrix satisfies R < min{m,n}, and may be calculated as
R = argmax I{o; > orn ), where I{.} is an indicator
function thatz returns 1 if its input is valid and O otherwise,
and ory, is a threshold for the minimum singular value.
While more complex approaches are possible for determining
the channel rank, we consider a threshold-based approach for
simplicity.

The matrix 3 obtained from singular value decomposition
can be seen to characterize multiple single-input single-output
(SISO) channels with zero cross interference [2], from which
the condition number can be derived as CN = oax/Omins
where opax and o, denote the maximum and minimum
singular values of 3. Condition number can provide critical in-
formation in addition to the channel rank, as it can characterize
the link qualities across different spatial data streams and how
reliably the data streams can be reconstructed [2]. Since UAV
channels typically have strong line-of-sight (LoS) dominance,
Omin May be very small in many scenarios, and hence we
will relax the definition of condition number in Section V to
consider only the strongest two singular values.

B. Ray Tracing Model and Scenario

In this paper, the shooting and bouncing ray (SBR) method
[13], [14]-based ray tracing model has been employed. The
basic concept of SBR is to trace all rays launched from a
source to decide if the rays arrive at a receiver after they travel
over a reflective or diffracting trajectory. The SBR method
has three procedures: 1) ray launching, 2) ray tracing, and
3) ray reception. In the ray launching process, it is assumed
that all the rays launched from the source are uniformly
distributed to ensure that all rays carry the same amount of
transmitting power. Here, each ray can be represented by a
line in 3D space and its trajectory can be expressed as [14]
(wlv Y1, Zl) = (il}o, Yo, ZO) =+ (Sm, Sy Sz)t, where (1'07 Yo, ZO)
denotes the reference point, (s, sy, s,) denotes the direction
vector, and ¢ is the time of the trajectory, respectively.

After the launching, the reflective and diffracting rays are
traced. A reflected or diffracted ray will be generated if the

TABLE I
SIMULATION PARAMETERS FOR RAY TRACING.
Parameters Description Value
fe Carrier frequency 3.4 GHz
aBS.CC1 Height of CC1 base station 10 m
aBs.cc2 Height of CC2 base station 25 m
aBs,LW1 Height of LW1 base station 10 m
TCen Target area of Centennial Campus 580 m x 460 m
Trw Target area of Lake Wheeler 740 m x 600 m
Nyet Maximum number of reflected rays 2
Nele Number of antenna elements 4 (TX and RX)
dix Element spacing for TX antennas A
drx Element spacing for RX antennas 0.5
Prx Transmit power of TX antennas 10 W

launched rays intersect any object on its path. The electrical
field after reflection and diffraction can be obtained as [14]:
E($i+1,yi+1,zi+1) = DiFiE(mi,yi,zi)eje, where Di rep-
resents the divergence factor that is related to the spreading
of the ray tube right after the i-th reflection, I'; denotes
the reflection coefficient, E(x;,y;, z;) represents the incident
electric field, and 6 is the phase shift, respectively. In the last
step, a ray tube indicates a possible area of the ray traveling
can be derived. When the ray tube intersects the receiving
field, the receiving rays can be determined.

We consider ray tracing simulations for modeling the prop-
agation around NSF AERPAW platform’s fixed node locations
at NC State University [15]. Matlab’s Ray Tracing tool [16]
is used for carrying out the simulations. Fig. 1 shows the
locations of the transmitters in the Centennial Campus of NC
State University with CC1 and CC2 fixed nodes and Lake
Wheeler Road Field Labs with the LW1 fixed node. Here, the
locations of the transmitters are marked with red markers. The
Centennial Campus area contains buildings and is a campus
urban environment, while the Lake Wheeler area is an open
rural area. The geographical information is obtained from the
open street map (OSM) database [17] and the information
about buildings such as building heights is obtained from the
OSM Buildings database [18]. We assume that if a receiver is
inside a building, it will not have connectivity. Channel rank,
condition number, and RSSI analysis are conducted within
these two areas as will be described as follows.

The following assumptions are made for rank and condition
number analysis: 1) carrier frequency is set to be 3.4 GHz; 2)
4 element array antenna with antenna spacing of A\ for the
transmitter and half of A for the receiver are employed, where
A denotes the wavelength; 3) the heights of the transmitter
are set to be 10 m, 25 m, and 10 m from the ground for
CCl1, CC2, and LW1, respectively; 4) the maximum number
of reflection of the rays is set to be 2 with concrete building
material, perfect reflector for ground reflection of the Cen-
tennial Campus area, and vegetation ground material setting
for Lake Wheeler areas [19]; 5) the receivers are located
on a uniform grid of 20 m resolution for both areas; and
6) noise is neglected for the purpose of rank and condition
number analysis. The key simulation parameters for ray tracing
simulations are summarized in Table I.
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Fig. 2. RSSI in Centennial Campus with CC1 (a)-(d), CC2 (e)-(h), and in Lake Wheeler with LW1 (i)-(1) as the cellular BS (see Fig. 1). Effects of building
blockage are apparent at 3 m and 30 m UE height, especially for the Centennial Campus.
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Fig. 3. CDFs for RSSI at CC1, CC2, and LW1 versus altitude.

III. RF SIGNAL COVERAGE ANALYSIS

In this section, we analyze the RF signal coverage for
an air-to-ground link at four different altitudes using ray
tracing simulations. The simulation settings from Section II
are adopted except for MIMO settings. Here, SISO antennas
are employed for both the transmitter and receiver sides.

Simulation results for RSSI for various altitudes of the
UAV with CC1, CC2, and LW1 transmitters are shown in
Fig. 2, where Z refers to the outdoor receiver locations with

no wireless coverage, and B captures the out-of-coverage
receiver locations within buildings, respectively. As seen in
Figs. 2(a), 2(e), and 2(i), there is extensive blockage when the
receiver height is 3 m, inclusive of building indoor locations.
Moreover, the distribution of the RSSI depends on the distance
from the transmitter as the altitude of the UAV increases. In
Fig. 3, the CDFs for altitude-dependent RSSI at three different
transmitters are given. The combined probabilities that there
is no link coverage at a given altitude and indoor receiver,
Pz + Pp, are also plotted in Fig. 3(d). The RSSI of UAVs
is observed to be mostly distributed between -55 dBm to -40
dBm, especially at higher altitudes and for the rural scenario.

IV. CHANNEL RANK ANALYSIS

In this section, we analyze the channel rank for an air-to-
ground link at multiple altitudes using ray tracing simulations,
based on the assumptions provided in Section II. Once the sin-
gular value matrix 3 in (1) is calculated, the transmitter needs
to decide how many spatial layers to use for communication.
It is known that choosing between spatial multiplexing with
a larger number of spatial layers versus diversity transmission
with fewer spatial layers is not always trivial [20, Ch. 8],
which depends on the signal-to-noise ratio (SNR) and spatial
correlation of received signals at different antennas. It is not
worth transmitting data over a spatial layer that has a very
small singular value, as the SNR over that spatial layer will be
very low, and using diversity transmission may be preferable
as it will improve the SNR. In this context, how to set the
threshold oy, for deciding the channel rank is critical as it
will determine the number of spatial layers.

We consider rounding criteria for finding the singular values
of the channel rank matrix. The singular value for the s-th
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Fig. 4. Channel ranks in Centennial Campus with CC1 (a)-(d), CC2 (e)-(h),
rank is seen to be correlated across different altitudes for a given transmitter.

strongest singular value with rounding can be expressed as

~ Og, 1f Og Z OThr
Os = . ’
0, otherwise

2

where o4 denotes the s-th strongest singular value. Here, we
consider that the threshold o1y, can be proportional to the
strongest singular value for a given X, i.e., orn, = 01/K,
where K is a constant value. Alternatively, the threshold for
s-th strongest singular value can be the average value of
the singular value of the corresponding order, i.e., orp, =
Osmean = »,,0s/N denotes the mean value of the s-th
strongest singular value, where N is the total number of
receiver locations at a given UE altitude. The subscript s
can be bounded as min(m,n) based on the dimensions of
the rectangular diagonal matrix 3. Then, the channel rank is
derived by the number of non-zero singular values after the
thresholding and rounding operation in (2).

Under these assumptions, and considering for now that
OThr = Os,mean 1S Used as a singular value threshold in (2),
simulation results on UAV channel rank at various receiver
altitudes with CC1, CC2, and LW1 serving as transmitters are
shown in Fig. 4. As seen in Fig. 4(a), most of the UEs with
3 m height do not have signal coverage due to the blockage
incurred by buildings. The effect of blockage disappears for
the 30 m altitude since the height of all the buildings in the
area is lower than 30 m. Most receiver locations have ranks

and in Lake Wheeler with LW1 (i)-(1) as the cellular BS (see Fig. 1). Channel

of 1 or 2 with 30 m, 70 m, and 110 m UAV altitudes, while
only some receivers located at the reflected paths have higher
channel ranks. The same trend can be seen in Figs. 4(e)-4(h).
The channel rank distribution is higher with CC2 3 m case
compared to the CC1 3 m case, which can be explained by
the geographic characteristics and heights of CC1’s and CC2’s
locations. Some correlation of the channel rank at different
altitudes for a given transmitter location is apparent, which
requires further investigation in the future.

In Figs. 4(i)-4(1), channel ranks for various receiver altitudes
with LWI1 as the transmitter are provided. A blocked signal
area due to the presence of a building can be observed in the
southeast region in Fig. 4(i) for a receiver height of 3 m. The
distribution of the channel rank tends to be higher at receiver
locations closer to the LW1 tower, likely due to the presence
of paths reflected from the building nearby LW1, as well as
the reflected paths from the ground.

The CDFs for channel rank for CC1, CC2, and LW1 with
various different singular value thresholds are shown in Fig. 5,
where Pz + Pp denotes the combined probability of the
receiver locations with no wireless coverage outside and inside
buildings. With orp = 0 mean, more than 80% and 50%
of receiver locations are out of coverage for CC1 and CC2,
respectively, while only around 10% of receivers are out of
coverage for LW1. We observe that the probability of having
a channel rank of 3 or 4 is very small in all environments
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Fig. 5. CDFs for altitude-dependent channel rank at CC1, CC2, and LW1, for 3 different singular value thresholding criteria.

and thresholds, especially for the rural LW1 scenario. This is
as expected since the UAV links typically have a strong LoS
multipath component and very few other multipath compo-
nents, especially for rural scenarios, which results in low-rank
channels. For K = 10, close to all channels, excluding < 5%
of UE locations around CC1 and CC2 at a UE height of 3 m,
have a channel rank of 1 when there is wireless coverage.
For K = 102, we start observing more UE locations having
a channel rank of 2, but this comes at the cost of observing
up to 20 dB of SNR difference between two spatial layers.
When K = 10%, it is possible to observe channel ranks of up
to 4, but now the range of the SNR over up to four different
spatial streams becomes within 40 dB of the strongest SNR.
Urban environments an lower UE altitudes are more likely to
observe a higher channel rank.

V. CONDITION NUMBER ANALYSIS

Simulation settings and assumptions for condition number
analysis are identical to the simulation settings in the previous
section for rank analysis. In the results, 71 represents the case
where the channel rank is one. Due to the use of the singular
value threshold in (2), the condition number can be undefined
when o,i, = 0. Since it is less likely to observe a channel rank
of 3 and 4 based on the results in Section IV, we investigate

the ratio of the first two strongest singular values as a condition
number in this section, i.e., CN = g1 /05.

The simulation results on o;/oy with orp, = Os,mean
for CC1 are given in Figs. 6(a)-6(d) for four different UE
altitudes. Some receiver sites close to the transmitter have
condition numbers around 20 dB for the 3 m UAV case.
The number of receiver locations that have a higher condition
number increases as the height of the UAV increases. This is
as expected, since fewer multipath components and a stronger
LoS dominance are expected at higher altitudes. The same
trends can be observed with the CC2 transmitter, for which the
condition number is shown in Figs. 6(e)-6(h). The different
condition number distribution for CC1 and CC2 are due to
the geographical difference for the transmitter-receiver link
pairs for those sites. In Figs. 6(i)-6(1), simulation results on
the condition number with LW1 as the transmitter are shown.
The receiver locations having a high condition number are spo-
radically distributed around the center area for the 3 m UAV
case. This can be from reflective paths through the building or
vegetation ground area. The areas that have condition numbers
up to 40 dB become wider at higher altitudes.

The CDFs of condition number for CC1, CC2, and LW1
with various different thresholds are depicted in Fig. 7. More-
over, the distribution of Pz+ Pg+ P,.1 with different threshold
values are shown in Fig. 8. As seen for the 3 m UE height
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Fig. 6. Condition numbers in Centennial Campus with CC1 (a)-(d), CC2 (e)-(h), and in Lake Wheeler with LW1 (i)-(1) as the cellular BS (see Fig. 1). The
condition number is seen to be correlated across different altitudes for a given transmitter.

in Fig. 8(a) for oThr = 05 mean, the combined portion of
the receiver locations without a link and with a rank of 1,
Pz + P+ Py, is higher than 80% for both CC1 and CC2. In
contrast, the same value becomes higher than 90% of receiver
sites with the same altitude for LW1. For o1 = 05 means
the probability of observing a higher condition number is
consistently higher at higher UE altitudes, which implies a
lower spatial multiplexing gain. With the constant threshold
settings, the CDFs of the condition number tend to converge to
their threshold values. As seen in Fig. 8(b), for oy, = 01/10,
Pz+Pp+P,1is close to one for most scenarios, which implies
either no coverage or a channel rank of 1 across the whole
simulation area.

As K increases, we observe that there are more locations
where a channel rank higher than 1 can be observed, especially
for the case of K = 10*. Condition numbers still tend to
increase when the UAV altitude is higher. For K = 102,
Pz + P + P,y is lower than 0.9 for CC1 and CC2, while
it is closer to 0.95 for LW1, for a UE height of 3 m. These
probabilities reduce significantly when K is increased to 10%,
Determining the threshold can be an implement-dependent
issue for a given environment. It can be interpreted that the
mean threshold setting can provide a proper threshold decision
among constant threshold settings.

VI. CONCLUSIONS

In this paper, we analyze channel rank, condition number,
and RF signal coverage over UAV MIMO communication
environments at the Centennial Campus of the NC State
University and Lake Wheeler Road Field Labs. We adopted

an SBR method-based ray tracing scheme to derive channel
rank and condition number, which can represent essential
information of MIMO systems with given geographic charac-
teristics. We also employed the rounding criteria to decide the
singular values of a channel matrix. We have found that the
probability of obtaining a channel rank of 3 or 4 at higher
UAV altitudes and for rural scenarios is extremely small.
We have also observed that the channel rank and condition
number tend to be correlated at different UAV altitudes. In
future work, we plan to study the prediction of the future
MIMO channel rank over the trajectory of a UAV, based on
past observations of the channel matrix. Reflecting surfaces
can provide channel rank improvements for UAV networks
by deliberately generating additional multipath components,
as was recently studied in [21], which we are planning to
study in further detail.
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