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P H Y S I C A L  S C I E N C E S

Necklace-structured high-harmonic generation for  
low-divergence, soft x-ray harmonic combs 
with tunable line spacing
Laura Rego1†, Nathan J. Brooks2†, Quynh L. D. Nguyen2*‡, Julio San Román1, Iona Binnie2, 
Luis Plaja1, Henry C. Kapteyn2, Margaret M. Murnane2, Carlos Hernández-García1

The extreme nonlinear optical process of high-harmonic generation (HHG) makes it possible to map the proper-
ties of a laser beam onto a radiating electron wave function and, in turn, onto the emitted x-ray light. Bright HHG 
beams typically emerge from a longitudinal phased distribution of atomic-scale quantum antennae. Here, we 
form a transverse necklace-shaped phased array of linearly polarized HHG emitters, where orbital angular 
momentum conservation allows us to tune the line spacing and divergence properties of extreme ultraviolet and 
soft x-ray high-harmonic combs. The on-axis HHG emission has extremely low divergence, well below that 
obtained when using Gaussian driving beams, which further decreases with harmonic order. This work provides 
a new degree of freedom for the design of harmonic combs—particularly in the soft x-ray regime, where very 
limited options are available. Such harmonic beams can enable more sensitive probes of the fastest correlated 
charge and spin dynamics in molecules, nanoparticles, and materials.

INTRODUCTION
A new generation of coherent x-ray sources is opening up an ad-
vanced understanding of the fastest coupled charge, spin and pho-
non interactions, and transport in materials (1–5). X-ray sources such 
as free electron lasers (6, 7) and high-harmonic generation (HHG) 
(8–14) can produce coherent light from the extreme ultraviolet (EUV) 
to the soft x-ray (SXR) region. Moreover, in the case of HHG 
sources, they are perfectly synchronized to the driving laser, to sub- 
femtosecond precision, and present high temporal coherence. In 
HHG, an atom undergoes strong field ionization in an intense fem-
tosecond laser field. The liberated electron is then accelerated in 
the laser field before recombining with the parent ion, which results in 
the emission of higher-order harmonics. In the microscopic quan-
tum picture, the driving laser creates a nanoscale dipole antenna in 
each atom, which radiates high harmonics of the fundamental laser 
field. This short wavelength radiation can be manipulated at the sin-
gle atom level or at the macroscopic phase-matching level by structur-
ing the intensity, frequency content, polarization, and orbital 
angular momentum (OAM) of the driving laser field (15–21).

Currently, control of the frequency content of the HHG light 
source—a key property for many advanced applications—is gained 
by changing the wavelength of the driving laser or by using frequency-
selective optics or monochromators. By tuning the driving laser 
wavelength from the mid- and near-infrared (IR) to the ultraviolet, 
the HHG spectrum can be tuned from a bright coherent super-
continuum to a set of narrow band (22, 23). Bright high-order 
harmonics extending into the keV region, well beyond the water 
window, can be obtained by using mid-IR driving fields (22, 24–30). 
Narrow spectral peaks into the SXR region can be achieved by 

driving harmonics with UV lasers, although the low ponderomotive 
energy (~2) necessitates the use of extremely high laser intensities 
(23). The manipulation of the frequency and the divergence of these 
HHG beams are still challenging and demand very efficient mono-
chromators and good focusing optics in the EUV and SXR regions. 
An appealing alternative is to instead imprint the desired properties 
directly onto the HHG light, by tailoring the driving laser and taking 
advantage of selection rules. Recent works have demonstrated the 
relevance of nonperturbative dynamics underlying HHG in rephasing 
the wavefront to achieve good divergence profiles (31, 32), which 
can lead to focusing of harmonic beams without additional optics. 
However, it is still not possible to achieve general/full control over 
the frequency content and divergence properties of HHG radiation 
to tailor the HHG illumination for applications.

The emerging field of ultrafast structured light is providing 
exciting techniques for enhancing laser-matter interactions for 
applications (33). In particular, exploitation of the OAM is opening 
up unexpected avenues for controlling the properties of high-
harmonic fields as they are being generated. OAM manifests itself 
as a variation of the beam’s spatial phase along its transverse profile, 
and it is characterized by its topological charge, ℓ, or number of 2 
phase twists along the azimuthal coordinate (34, 35). Since the first 
experiments in 2012 (36), OAM-driven HHG has proven to be a 
powerful tool for shaping the spatial properties of higher-order 
harmonics—including the topological charge, intensity distribution 
(37–42), and polarization properties (20, 43). OAM can also be used 
to control the temporal shape of HHG—through the generation of 
helical attosecond pulses (37, 39) or high harmonics with an OAM 
that increases during the pulse, which is a unique capability of HHG 
light (21). Although the ability to control the temporal shape im-
plies an ability to also control the spectral shape, to date, OAM has 
not been yet exploited to tailor the spectral content in HHG.

In this work, we are able to control the spectral and divergence 
properties of HHG by driving it with optimally phased necklace 
laser beams—a class of ring-shaped beams with azimuthally modu-
lated amplitude and phase, resulting from the interference of 
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multiple OAM modes. Our theoretical and experimental results 
show that by driving HHG with these structured beams, we gener-
ate a transverse phased array of HHG sources that emit a bright and 
adjustable harmonic comb along the optical axis. OAM selection 
rules and transverse phase-matching conditions allow us to tune the 
spectral spacing of these harmonics. Notably, the on-axis HHG emis-
sion has extremely low divergence, which is not only lower than 
that obtained with standard Gaussian beams, but the scaling behav-
ior with the harmonic order is also reversed––such that higher-order 
harmonics exhibit progressively lower divergences (see Fig. 1). Our 
simulations demonstrate that these properties extend into the water 
window SXR regime, when driven by mid-IR necklace beams. This 
work provides a new degree of freedom for the design of harmonic 
combs—particularly in the SXR regime, where very limited options 
are available.

RESULTS
Modifying the high-harmonic line spacing through 
necklace-driven HHG
Necklace beams can be generated and maintained through self-
focusing in nonlinear media (44, 45) or by creating them using either 

spatial light modulators (46) or specially tailored diffractive optical 
elements (47, 48). Here, we form necklace beams with a distinctive 
phase structure by spatiotemporally overlapping two femtosecond 
laser pulses with identical duration, wavelength, and polarization, 
but opposite and nondegenerate OAM (ℓ1 = |ℓ1|, ℓ2 = −|ℓ2|). The 
composite electric field exhibits a modulated intensity necklace 
structure, with evenly spaced lobes of similar amplitude arranged at 
a constant distance from the optical axis, and with a relative phase 
shift between neighboring lobes. Figure 1A shows the intensity-
modulated phase profile at the focus resulting from the super-
position of two vortex beams with ℓ1 = 2, ℓ2 = −3, as well as the 
far-field spatial intensity distribution of a given harmonic order 
(the 25th). Although the driving field contains a singularity and 
hence has zero intensity at all points along the optical axis, we observe 
numerically and experimentally that a subset of harmonic orders 
develops a bright on-axis maximum upon propagation. We further 
find that by using different combinations of OAM beams to synthe-
size the necklace driver, this subset can be varied, allowing us to 
tune the line spacing of the harmonic comb emitted on the optical 
axis without altering the driving laser wavelength.

This unexpected result can be understood by viewing the 
combined dual-vortex source as an EUV/SXR phased antenna array. 

Fig. 1. Tunable, low-divergence high-harmonic combs via necklace-driven HHG. (A) Two linearly polarized vortex beams carrying OAM of ℓ1 = 2 and ℓ2 = −3 are 
overlapped to create a necklace-structured intensity and phase profile and focused into He/Ar gas to drive HHG. The intensity lobes at the necklace focal plane represent 
a phased array of EUV/SXR emitters, which interfere on-axis to form a comb of harmonics with a spacing dependent on the OAM of the driving fields. The harmonic intensity 
profile shows a strong emission on-axis (detailed in the figure for the 25th harmonic). (B) Time-frequency analysis of the simulated on-axis harmonic comb for Gaussian- 
and necklace-driven (ℓ1 = 2, ℓ2 = −3) HHG in He at 800 nm. The dashed color lines indicate the corresponding phase from (A) for each emission event. (C) HHG spectrum 
for the case of necklace- and Gaussian-driven HHG simulated in (B). The harmonic spacing, ∆ = 100 (15.5 eV), in the necklace-driven on-axis HHG spectrum is a result of 
OAM conservation and is tunable by varying the OAM content of the driving laser (top). The on-axis harmonics are emitted with a divergence, which is substantially 
reduced compared to that of Gaussian-driven HHG and decreases with increasing harmonic order (bottom).
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The composition of OAM beams creates a necklace-structured elec-
tric field containing N = |ℓ1| + |ℓ2| lobes equidistant from the optical 
axis/origin, where the relative phase offset of the fundamental field 
across the nth lobe is constant and equal to (2n|ℓ1|)/(|ℓ1| + |ℓ2|) 
(see the Supplementary Materials). Treating each lobe as a radiator 
of the qth-order harmonic, which is coherent with the driving laser, 
the total field at a point ​​ → ​r​ f​​​​ away from the source plane is the sum of 
fields propagated from all the lobes in the necklace and can be 
approximated by 

	​​ E​ q​​(​ → ​r​ f​​​, t ) ∝ ​∑ n=0​ N−1 ​​ ​e​​ i​(​​q​​ 0​​t + ​qk​ 0​​​d​ n ​​+ 2n ​  q∣​ℓ​ 1​​∣ _ ∣​ℓ​ 1​​∣+∣​ℓ​ 2​​∣​​)​​​​	 (1)

The second phase term qk0dn describes the phase accumulated by 
the qth harmonic propagating a distance ​​d​ n​​ =  ∣ ​  → ​r​ f​​​ − ​ ⟶ ​r​ 0,n​​​ ∣​ from the 
nth lobe to the observation point. Let us now consider the harmonic 
emission that is emitted on-axis. For all points lying along the 
optical axis, these dn = d are equal. Thus, the propagation amounts 
to a constant phase shift (independent of n), which we can omit 
without loss of generality. The final phase term can be simplified 
by reordering the terms in the summation, yielding (see the 
Supplementary Materials)

	​​ E​ q​​(​​ → r ​​ on‐axis​​, t ) ∝ ​e​​ iq​​ 0​​t​ ​∑ n=0​ N−1 ​​ ​e​​ i2n​  q _ ​​ 1​​+​​ 2​​​​​	 (2)

where we have introduced 1 = Llcm/|ℓ1| and 2 = Llcm/|ℓ2|, with Llcm 
being the least common multiple of |ℓ1| and |ℓ2|. From the above 
equation, we can observe that, for harmonics where the quantity 
q/(1 + 2) is an integer, the emission from all lobes arrives in phase, 
resulting in a maximum on axis, while for all other harmonics the 
contributions sum to zero. In other words, for certain harmonic 
orders, the transverse phase matching of the harmonic emission at 
the different lobes results in a constructive interference in the 
far-field optical axis. Taking into account the additional constraint 
that q must be odd due to inversion symmetry results in an HHG 
comb with line spacing equal to

	​  =  2(​​ 1​​ + ​​ 2​​ ) ​​ 0​​​	 (3)

The temporal counterpart of this modified line spacing mani-
fests in the periodicity of harmonic emission recorded on the 
optical axis. In Fig. 1B, we perform a time-frequency analysis of the 
on-axis harmonic signal extracted from our simulation results in 
He at 800 nm (see theoretical methods below). We compare the 
harmonic emission driven by a standard Gaussian beam against 
that driven by a necklace beam with OAM content ℓ1 = 2, ℓ2 = −3. 
For the Gaussian driving beam, harmonics are emitted every half 
period of the driving field, showing a periodicity of ∆t = T0/2 (where 
T0 = 2/0 is the optical cycle associated to the central frequency of 
the driving field), which physically corresponds to the cadence of 
the ionization-rescattering mechanism leading to HHG. This struc-
ture corresponds to a harmonic frequency comb composed of odd 
harmonics, with spacing ∆ = 20 (see Fig. 1C). However, for the 
combined ℓ1 = 2, ℓ2 = −3 OAM driving field, harmonic events are 
observed on-axis 10 times—i.e., 2(1 + 2)—per period of the driving 
frequency, reflecting the coherent addition of the 5—1 + 2—
unique HHG emitters in the necklace. As a consequence, the on-axis 
harmonic emission shows a periodicity of ∆t = T0/10—∆t = T0/2(1 + 
2)—corresponding to a harmonic frequency comb with the line 
spacing given by Eq. 3. We emphasize that this is accomplished 

without altering the wavelength of the driving laser or the micro-
scopic dynamics. The spectral changes arise purely as a result of the 
macroscopic arrangement of the phased emitters.

A deeper understanding of the modified harmonic comb 
spacing can be gained by invoking the selection rules resulting from 
OAM conservation. HHG driven by two spatiotemporally over-
lapped OAM pulses leads to the generation of a comb of harmonics 
with several, nontrivial, OAM contributions (40). In particular, 
neglecting the intrinsic or dipole phase contributions (40), the 
qth-order harmonic order has allowed OAM channels given by 
ℓq = nℓ1 + (q − n)ℓ2, where n is a positive integer representing the 
number of photons of the ℓ1 driver. If we apply this conservation 
rule to our scheme where the two drivers have opposite, nondegen-
erate OAM, i.e., ℓ1 = |ℓ1| and ℓ2 = −|ℓ2|, we can readily observe that 
high-order harmonics emitted on-axis, i.e., with ℓq = 0, are generated 
if n|ℓ1| = (q − n)|ℓ2|. To extract the allowed harmonics that fulfill this 
condition, and thus the content of the harmonic comb emitted 
on-axis, we again denote Llcm as the least common multiple of |ℓ1| 
and |ℓ2|, which fulfills Llcm = n|ℓ1| = (q − n)|ℓ2|, with  being an 
integer. Retaining the definitions of 1 and 2, the harmonic orders 
emitted with ℓq = 0 must fulfill q = (1 + 2). Taking into account 
that q must be odd due to the inversion symmetry,  must be odd, 
and the high-order harmonics that are emitted on-axis are

	​​ ​ q​​  =  (2m + 1 ) (​​ 1​​ + ​​ 2​​ ) ​​ 0​​​	 (4)

where m  =  0, 1, 2…, again leading to the line spacing rule given  
by Eq. 3.

The line spacing ∆ is shown in Fig. 2A in terms of |ℓ1| and |ℓ2|. 
We see that the appearance of on-axis harmonics with modified 
spectral spacing is a necessary consequence of a fundamental con-
servation law for OAM in HHG, as the OAM content of the driver 
determines which harmonic wavelengths have an allowed ℓq = 0 
channel. This interpretation naturally implies that the intensity ra-
tio between the driving beams can be chosen to optimize the ℓq = 0 
(on-axis) contribution (see the Supplementary Materials). Note that 
those harmonics that are not emitted on-axis have nonzero OAM, 
and although they are present in the HHG beam, they present a 
singularity at the center.

To verify these predictions, we performed full quantum HHG 
simulations including propagation using the electromagnetic field 
propagator (49) (see Methods), a method that was used in several 
previous calculations of HHG involving OAM (20, 21, 37, 40, 43). 
In Fig. 2 (B and C), we present the on-axis HHG spectra driven in 
He with 800-nm and 2-m wavelength driving fields, respectively, 
and for different drivers’ OAM combinations: ℓ1 = 1, ℓ2 = −2 (blue); 
ℓ1 = 2, ℓ2 = −3 (green); ℓ1 = 3, ℓ2 = −4 (yellow); and ℓ1 = 4, ℓ2 = −5 
(red). In Fig. 2B, we also show the spectra obtained with a standard 
Gaussian beam driver (gray). The simulation results show the 
versatility of this technique to modify the frequency content of the 
harmonic combs, whose line spacing can be properly varied through 
the choice of the drivers’ OAM, from 20 to 180 for the cases 
presented in Fig. 2.

By using mid-IR drivers, this technique can be exploited to 
customize harmonic combs extending into the SXR—as depicted in 
Fig. 2C, where photon energies of up to 640 eV are reached using 
2-m wavelength. This is particularly promising in a regime where, 
driven by long-wavelength Gaussian beams, neighboring harmonic 
orders tend to merge into a near or true supercontinuum (22, 23), 
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necessitating the use of lossy dispersive optics for spectroscopic 
applications. In contrast, these simulation results demonstrate that, 
using necklace-driven HHG, the discrete and tunable peak struc-
ture can be preserved up to the SXR when driven by mid-IR wave-
lengths. Moreover, the mid-IR OAM-driven HHG necklace scheme 
can, in principle, be implemented in a waveguide, allowing for 
confined propagation that compensates for the low single-atom 
yield to achieve maximum flux. This capability opens previously 
unidentified avenues for element-specific spectroscopies and ultra-
fast spin dynamics of multilayer materials that consist of 3d  
transition metals. We note that the intensity ratio between the two 
driving pulses has been adjusted independently for each OAM com-
bination to optimize the ℓq = 0 contribution (see the Supplementary 
Materials). In addition, the driving beam waists of the different 
OAM modes are chosen so that their rings of maximum intensity 
overlap at 1 = 30/√2 = 21.21 m at the focal plane (see Methods), 
corresponding to the ring of maximum intensity of a vortex beam 
with ℓ = 1 with w0 = 30 m, used as a reference.

To experimentally confirm the predicted spectral properties of 
this unique EUV light source, we use a Mach-Zehnder interferom-
eter to synthesize the necklace-structured driver from two OAM 
laser beams with identical wavelength  = 790 nm and distinct topo-
logical charges of ℓ1 = 1, ℓ2 = −2 (see Methods). The component 
beams are overlapped in time and space and focused into an argon 

gas jet to drive HHG. The spectrum and shape of the emitted har-
monics are then analyzed via a 2D imaging spectrometer consisting 
of a toroidal mirror and flat grating. As the on-axis HHG beam com-
ponent is predicted to develop through propagation away from the 
source, we place an EUV charge-coupled device (CCD) camera 
slightly behind the focal plane of the toroidal mirror. The measured 
spatiospectral images thus simultaneously record the harmonic 
photon energies and individual far-field spatial profiles.

The measured spatial intensity profile of each of the high-order 
harmonics presents a structure with a symmetry similar to that of 
the driving necklace beam, in agreement with the results from our 
theoretical simulations (see Fig. 3). In this OAM combination, the 
predicted line spacing of the on-axis harmonic comb is ∆ = 60 
(9.5 eV), and the highest measurable harmonic orders allowed by 
the selection rule given by Eq. 2 are the 15th (23.5 eV) and 21st 
(33.0 eV) harmonics. This is supported by the intensity profiles 
shown in Fig. 3, where the central bright spot in the 15th and 21st 
harmonics indicates a strong on-axis (ℓ = 0) component. In con-
trast, all other observed harmonic orders exhibit a central null, i.e., 
they only have nonzero OAM contributions that lead to off-axis 
emission profiles. To confirm that these features constitute the 
predicted harmonic combs with on-demand line spacing, we insert 
a small circular aperture into the HHG beam before the spectrometer. 
We observe that the harmonics with on-axis components are cleanly 

Fig. 2. Harmonic frequency combs with tunable line spacing controllable through the drivers’ OAM content. (A) Representation of the line spacing allowed by the 
selection rules for different values of |ℓ1| and |ℓ2|. The color scale represents the line spacing, being 60 (blue), 100 (green),140 (yellow), and 180 (red). (B and C) Simulation 
results of the high-harmonic spectra obtained in He for (B) 800-nm and (C) 2-m wavelength drivers, respectively, for the driver’s OAM combinations: ℓ1 = 1, ℓ2 = −2 (blue); 
ℓ1 = 2, ℓ2 = −3 (green); ℓ1 = 3, ℓ2 = −4 (yellow); and ℓ1 = 4, ℓ2 = −5 (red). The line spacing corresponds to that predicted in (A). The driving beam waists of the different OAM 
modes are chosen to overlap at the radius (​30 / ​√ 

_
 2 ​ m​) of maximum intensity (6.9 × 1014 W/cm2 for 800 nm, and 5 × 1014 W/cm2 for 2 m) at the focal plane. The laser 

pulses are modeled with a trapezoidal envelope with 26.7 fs of constant amplitude.
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transmitted through the aperture, while other harmonic orders are 
strongly suppressed. In the Supplementary Materials, experimental 
results for another phased-necklace driver (ℓ1 = 2, ℓ2 = −3) further 
support the predicted line spacing of the on-axis harmonic combs. 
We would like to point out that the suppression of the forbidden 
harmonics from our necklace driving beam is similar to what is 
usually obtained using bicircular driving beams (18, 50, 51), a very 
well established scheme that has been used for applications in 
spectroscopy.

Generation of low-divergence high-order harmonics via 
necklace-driven HHG
In addition to their spectral content, the divergence of the high-
harmonic combs is also crucial for applications in x-ray spectroscopy 
and imaging. In our scheme, the on-axis harmonics with on-demand 
line spacing are generated with lower divergence, compared to that 
obtained from standard Gaussian driving laser beams. This is a con-
sequence of the generation mechanism, in which the on-axis beam, 
not present in the source plane, arises from the constructive inter-
ference of multiple phased-shifted radiators arranged with circular 
symmetry about the optical axis. Figure 4A shows the simulation 
results of the spatial intensity profile (top) and OAM content 
(bottom) of the 27th harmonic generated in He at 800 nm for two 

different OAM combinations: ℓ1 = 1, ℓ2 = −2 (left) and ℓ1 = 4, ℓ2 = −5 
(right). It can be observed that most of the harmonic intensity is 
contained near the beam axis, corresponding to the ℓ27 = 0 contri-
bution. This is a result of the intensity ratio of the component OAM 
beams, which has been selected to optimize the channel for on-axis 
harmonic emission (see the Supplementary Materials), such that 
the surrounding OAM contributions are naturally suppressed (see 
OAM spectra in the bottom panels of Fig. 4A). This needle-like 
beam naturally separates from the driving laser, which has zero 
on-axis intensity, and can be easily isolated through a pinhole for 
direct use in an experiment.

To show the low divergence of the ℓq = 0 harmonic beam, we 
present in Fig. 4B the divergence of the high-order harmonics driven 
by the opposite nondegenerate OAM combination (corresponding 
to those of Fig. 2B), compared to that of the harmonics driven by a 
Gaussian beam. We have chosen a beam waist of 30 m for the 
Gaussian beam, as a reasonable comparison against the OAM combi-
nation scheme, where the necklace ring presents a radius of 30/√2 m. 
The insets show the divergence profile of two sample harmonics 
(27th and 45th) driven by different drivers’ OAM combinations 
(the solid lines show the ℓ = 0 contribution of each harmonic, 
whereas the dashed lines show the sum of all the OAM contributions) 
and by a Gaussian beam. Note that the intensity yield of the on-axis 

Fig. 3. Experimental and theoretical high-harmonic combs in Ar gas using a pair of 790-nm OAM driving lasers with opposite parity (ℓ1  = 1 and ℓ2 = −2). The 
intensity spatial structure for the 15th (H15) to 21st (H21) harmonics is shown for (A) theory and (B) experiment. On-axis emission is allowed for H15 and H21 as a result 
of OAM selection rules and transverse phase-matching conditions. Thus, the on-axis component is transmitted for H15 and H21, while H17 and H19 are blocked [insets in 
(A) and (B)]. (C) Simulated (top) and experimental (bottom) HHG spectra of necklace-driven on-axis emission. By measuring the spectrum along a line in the dispersion 
plane that intersects the optical axis for all orders, we find that the line spacing of the transmitted harmonics, ∆ = 60 (9.5 eV), is consistent with that predicted by OAM 
conservation laws. Small HHG signals experimentally observed at other harmonic orders are due to leak-through of the components carrying higher topological 
charges and could be further suppressed by using a smaller aperture. The difference in the ratio H15/H21 is due to slightly different cutoff energies between 
simulation and experiment.
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emission is comparable to the yield obtained with a Gaussian beam. 
The bottom panel shows the divergence calculated as the full width 
at half maximum for different drivers’ OAM combinations (dots 
and dashed lines)—with the gas jet placed at the focus position—
and for a Gaussian beam, with the gas jet placed at different 
positions relative to the focus (solid gray lines): before the focus 
(z = −2 mm, z = −1 mm, z = −0.5 mm), at the focus (z = 0 mm), and 
after the focus (z = 0.5 mm, z = 1 mm).

It is worth noticing that Gaussian-driven high-order harmonics, 
counterintuitively, exhibit a divergence that generally increases 
with the harmonic order (31, 32). In such cases, the divergence of 
the central intensity peak of the qth harmonic scales as q ~ q/Dq, 
where Dq is the size of the near-field target area in which the driving 
field is intense enough to generate that particular harmonic. The 
fact that Dq decreases with the harmonic order faster than q results 
in an increasing divergence with the harmonic order, as can be 
observed in Fig. 4B. This behavior holds also when the gas jet is 
placed before the focus position (z < 0 mm), where lower diver-
gences can be obtained due to the converging phase profile of the 
driving beam (31, 32). Because of the use of an optimized phased-
necklace driver, we are able to reverse this behavior. When consid-
ering the opposite nondegenerate OAM driving field, the divergence 
of the ℓq = 0 intensity peak of the qth harmonic scales as

	​  ​​q​ FWHM​ =  2.25 ​  ​​ 0​​ ─ 2qR ​​	 (5)

where R is the radius of the necklace driving structure (see the 
Supplementary Materials). The result is that higher-order harmonics 
can be generated with progressively lower divergence, as R is 
constant for all harmonic orders. Note also that this behavior does 
not depend on the choice of ℓ1 and ℓ2, but on the size of the resulting 
necklace structure, which, for the cases presented in Fig. 4B, 
presents the same size. As a consequence, similar driving schemes 

without OAM, such as a Gaussian-necklace driver or a continuous-
ring driver—which, to the best of our knowledge, have not been used 
before—would also result in on-axis high-order harmonics with pro-
gressively lower divergence. Note, however, that our phased-necklace 
driver is composed of a combination of Laguerre-Gaussian modes, 
whose propagation behavior is regular and which allow us to control 
the on-axis harmonic content as described in the previous section.

We experimentally validate the predicted divergence behavior of 
the HHG frequency combs for Ar at 790 nm in Fig. 5. Taking an 
angular integration centered about the optical axis for the necklace-
driven HHG, and considering the imaging condition of the spec-
trometer, we measure the divergence of the on-axis, Bessel-like 
lobe. We then compare these divergence values to those obtained 
with an equivalent Gaussian driver. To make as direct a comparison 
as possible, we match the beam waist parameter (lens focal length), 
focal position, gas pressure, and peak intensity between the two 
cases, resulting in HHG spectra with similar spectral envelopes and 
cutoff photon energies.

From these spectra, we make several observations. First, it is 
clear that the central lobe of the necklace-driven harmonics with 
on-axis components has a notably lower divergence than that 
achievable with the equivalent Gaussian driver. Furthermore, we 
observe a clear decrease in the divergence of the 21st harmonic 
relative to the 15th harmonic, whereas the Gaussian harmonics, as 
expected, actually increase in divergence over the same energy 
range. Both the divergence values and trend quantitatively agree 
with our simulations, as well as the prediction given by Eq. 5. Last, 
we note that both our numerical and experimental results show that 
the on-axis harmonics are nearly equal in peak brightness to their 
Gaussian counterparts, indicating that the frequency selectivity and 
low divergence achieved in this scheme do not come at the cost of 
reduced flux at those frequencies. Note that the brightness of the 
on-axis harmonics can be controlled through the intensity ratio 
between the drivers (see the Supplementary Materials).

Fig. 4. Low divergence of the necklace-driven harmonic frequency combs. (A) Simulation results of the spatial intensity profile (top) and OAM content (bottom) of 
the 27th harmonic generated in He for ℓ1 = 1, ℓ2 = −2 (left) and ℓ1 = 4, ℓ2 = −5 (right) driving fields. The OAM spectra are obtained from the azimuthal Fourier transform at 
each divergence angle. (B) Simulation results of the full width at half maximum (FWHM) divergence of the high-order harmonics for different OAM driving combinations 
(color dots)—with the gas jet placed at the focus position—and for a Gaussian driving beam where the gas jet is placed at different positions relative to the focus: from 
2 mm before the focus (z = −2 mm) to 1 mm after the focus (z = 1 mm). The orange dashed line indicates the estimation given by Eq. 5. The top insets show the divergence 
profile of two sample harmonics (27th and 45th) for different OAM driving combinations (showing the ℓq = 0 contribution in solid and the total one in dashed line) and 
for a Gaussian beam where the gas jet is placed at the focus position. Simulation parameters correspond to those of Fig. 2B.
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DISCUSSION
Our results present a notable advance for applications that re-
quire highly coherent EUV/SXR beams with customizable proper-
ties. By changing the OAM content and radius of the necklace 
driving field, one can adjust on-demand the line spacing and diver-
gence behavior, respectively, of the emitted high-harmonic combs 
to tailor the light source for a particular application. Necklace-driven 
HHG thus enables marked control over the HHG spectra without 
altering the wavelength of the driving laser. The spectral control 
instead arises as a result of OAM conservation and macroscopic 
transverse phase-matching conditions—the microscopic HHG 
physics remains unchanged, thus avoiding trade-offs in cutoff energy 
or conversion efficiency. Specifically, under the strong-field approxi-
mation, the cutoff energy fulfills the standard rule, Ecutoff = Ip + 3.17 
Up, where Ip is the ionization energy and Up is the ponderomotive 
energy (52). The ability to adjust the spacing between harmonic 
orders enhances the flexibility of HHG light sources for a variety of 
applications, particularly in the SXR region, when driven by mid-IR 

lasers. We note that our necklace-driven HHG scheme allows us to 
adjust the peak spacing, which, when combined with tunable mid-IR 
laser drivers that can precisely control the peak position, allows for 
tailoring of the HHG comb for applications.

In addition to the potential advantages of the unique spectral 
properties, the needle-like divergence behavior of the harmonics 
generated in our scheme may enable a simplification of selected 
imaging and spectroscopy experiments by removing the need for 
either refocusing optics or methods to eliminate the driving laser 
beam. Instead, the on-axis contribution of the OAM harmonics 
could be selected through a pinhole spatial filter, transmitting the 
full on-axis EUV/SXR flux while blocking the driving laser. Although 
this might not be sufficient for all applications of EUV/SXR sources, 
we note that the divergence could be further reduced by adjusting 
the size of the driving beam—see Eq. 5 and fig. S2—at a cost of driving 
pulse energy. This possibility offered by phased-necklace drivers is 
particularly true at shorter wavelengths due to the unique diver-
gence scaling—since the divergence decreases monotonically with 

Fig. 5. Ar-driven harmonic divergences. (A) Theoretical (Th) and experimental (Exp) comparison of the intensity spatial profiles for the 790-nm Gaussian- and necklace-driven 
(ℓ1 = 1 and ℓ2 = −2) in Ar gas. The white dashed circles indicate the on-axis emission of the 15th (H15) and 21st (H21) harmonics for both theory and experiment. We 
applied an angular integration radially to these profiles to extract the divergences. (B) Angularly integrated radial profiles for H15 and H21 for the on-axis emission, 
necklace-driven case compared to the equivalent Gaussian. The vertical blue line and double-headed arrow indicate half of the FWHM of the dual-vortex, necklace-driven 
profile. The intensities of the theoretically predicted on-axis divergence are rescaled for H15 and H21, respectively, to match the intensities of the experimental profiles. 
(C) Theoretical (Eq. 5) and measured FWHM for necklace-driven on-axis emission profile indicates a decrease in the divergence with increasing harmonic order. This is in 
contrast to Gaussian-driven HHG, where divergence increases at higher harmonic orders.
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increasing photon energy. This result is especially relevant for HHG 
driven by mid-IR lasers, where harmonics up to the 1000th can be 
obtained (see Fig. 2C) for a 2-m driving laser, extending well into 
the SXR region. Given the challenge of fabricating and aligning SXR 
beams, many experiments could directly use these low-divergence 
necklace-driven HHG beams. We do not foresee any fundamental 
restriction to applying this technique to even longer driving wave-
lengths (22, 53), making it possible to tailor very high order discrete 
harmonics with extremely low divergence.

In conclusion, we have presented a original technique for the 
generation of EUV and SXR harmonic combs with a line spacing 
that is controlled through the OAM makeup of IR necklace driving 
laser beams. The emitted harmonics exhibit low divergence, which 
further decreases with the harmonic order, in contrast to standard 
HHG driven by a Gaussian beam. This can enable simpler experi-
mental setups for SXR spectroscopies. Our theoretical simulations 
are corroborated by our experimental results, which demonstrate 
both the frequency control and divergence behavior of the generated 
harmonic combs. Our work will facilitate a variety of applications 
that require high beam quality and spectroscopic precision, such as 
tabletop soft x-ray angle resolved photoelectron spectroscopy (SXR- 
ARPES) or resonant magnetic scattering. The ability to adjust and 
maintain separation between adjacent harmonic orders is also 
likely to be beneficial for hyperspectral coherent diffractive im-
aging techniques (54, 55), particularly in the SXR region. The low 
divergence and high beam quality enable these experiments to be 
carried out with simplified setups and enhanced flux throughput. Thus, 
we believe that necklace-driven HHG will become a powerful tool 
for tabletop EUV/SXR spectroscopy and imaging, as well as mea-
surements of ultrafast charge and spin dynamics at the nanoscale.

METHODS
Theoretical simulations of HHG driven by a  
combination of OAM beams
We use a theoretical method that computes both the full quantum 
single-atom HHG response and subsequent propagation (49), thus 
taking into account phase matching of the high-order harmonics 
generated in the gas jet. On the one hand, the quantum single-atom 
response is reproduced by calculating the dipole acceleration 
through the full quantum extended strong field approximation—
without performing the saddle-point approximation—which pres-
ents an excellent qualitative and quantitative agreement against the 
time-dependent Schrödinger equation. Such approximation allows 
us to achieve substantial computational time gain when computing 
macroscopic HHG over the entire gas jet. On the other hand, har-
monic propagation and phase matching are computed through the 
electromagnetic field propagator (49). We discretize the target (gas 
jet) into elementary radiators, assuming that the emitted harmonic 
radiation propagates with the vacuum phase velocity. In the present 
simulations, we have assumed an infinitely thin gas jet, flowing 
along the perpendicular direction to the beam propagation, with a 
peak pressure of 667 Pa (5 torr). We note that such 2D assumption for 
the gas target—performed due to computational time limitations—
where only transverse phase matching is considered, is a reasonable 
assumption for low-density gas jets, based on previous theoretical 
and experimental results (20, 21). Thus, we do not foresee funda-
mental deviations if thicker gas jets, closer to the experimental one 
(150 m in diameter), are considered.

The spatial structure of the driving beams is represented as a 
Laguerre-Gaussian beam propagating in the z direction, with wave-
length 0  (k0 = 2/0) given by

	​​
​​LG​ ℓ,p​​ (, , z; ​k​ 0​​ ) = ​E​ 0​​ ​  ​w​ 0​​ ─ w(z) ​ ​​

(
​​ ​ ​√ 

_
 2 ​  ─ w(z) ​​
)

​​​​ 
∣ℓ∣

​ ​L​p​ ∣ℓ∣​​
(

​​ ​  2 ​​​ 2​ ─ 
​w​​ 2​(z)

 ​​
)

​​​
​    

​× exp​[​​ − ​  ​​​ 2​ ─ 
​w​​ 2​(z)

 ​​]​​exp​[​​iℓ + i ​ ​k​ 0​​ ​​​ 2​ ─ 2R(z) ​ + i ​​ G​​(z ) ​]​​​

  ​​	 (6)

where ​w(z ) = ​w​ 0​​ ​√ 
_

 1 + ​(z / ​z​ 0​​)​​ 2​ ​​ is the beam waist (with w0 being the 
beam waist at focus and ​​z​ 0​​ =   ​w​0​ 2​ / ​​ 0​​​ the Rayleigh range), R(z) = 
z[1 + (z0/z)2] is the phase-front radius, G(z) = −(2p + ∣ℓ∣ + 1) arctan 
(z/z0) is the Gouy phase, and ​​L​p​ ∣ℓ∣​(x)​ are the associated Laguerre 
polynomials. ℓ = 0, ±1, ±2… and p = 0, 1, 2… correspond to the 
topological charge and the number of nonaxial radial nodes of the 
mode, respectively. In this work, we will not consider beams with 
radial nodes, and thus, p = 0. The driving beam waists (w0) of the 
different ℓ modes are chosen to overlap at the focal plane, which 
corresponds to w0, w0/√2, w0/√3, w0/2, and w0/√5 for ℓ = ±1, ±2, ±3, 
±4, and ±5, respectively. In particular, we have considered w0 = 30 m. 
Last, the laser pulses are modeled with a trapezoidal envelope. 
In the simulations performed in Ar and He with 800-nm central 
wavelength, the envelope consists of 3 cycles of sin2 turn-on, 10 cycles 
of constant amplitude (26.7 fs), and 3 cycles of sin2 turn-off. In the 
simulations performed in He with 2-m central wavelength, the 
pulse duration is reduced due to computational time restrictions, 
and the envelope consists of two cycles of sin2 turn-on, four cycles 
of constant amplitude (26.7 fs), and two cycles of sin2 turn-off. The 
amplitudes (E0) of the driving pulses are chosen to obtain a maxi-
mum peak intensity at focus at the radii of maximum superposi-
tion (w0/√2) of 1.7 × 1014 W/cm2 for Ar, 6.9 × 1014 W/cm2 for He 
at 800 nm, and 5 × 1014 W/cm2 for He at 2 m. Note that the inten-
sity ratio for each Laguerre-Gaussian combination has been chosen 
to optimize the harmonic radiation emitted around the beam axis 
(see the Supplementary Materials).

Experimental generation
Necklace beam–driven high harmonics are generated by focusing a 
pair of collinear, linearly polarized IR-vortex beams (with topological 
charges of ℓ1 = 1, ℓ2 = −2) into a supersonic expansion of argon gas. 
The dual-vortex driver is synthesized from the output of a high-power, 
ultrafast regenerative amplifier (790 nm, 40 fs, 8 mJ, 1 kHz, KMLabs 
Wyvern HE) passed through a frequency degenerate Mach-Zehnder 
interferometer. In each arm of the interferometer, independent 
spiral phase plates (16 steps per phase ramp, HoloOr) and focusing 
lenses (f1 = 40 cm, f−2 = 30 cm) result in each beam with identical 
(linear) polarization, distinct topological charges, and similarly 
sized spatial profiles at focus. Independent irises allow for fine 
tuning of the transverse mode size at the focal plane and are used to 
overlap the maximum intensity ring of the two component beams. 
The ring of maximum intensity of the two driving beams was 
matched at a radius of ∼32 m (see the Supplementary Materials). 
Half-waveplate/polarizer pairs are used to independently adjust the 
pulse energy in each arm to optimize the on-axis intensity. For the 
data presented here, the pulse energies are set to E1 = 480 J and 
E2 = 290 J. The combined necklace driver is characterized by a 
modified Gerchberg-Saxton phase retrieval algorithm, which solves 
for the spatial phase of the composite electric field and allows 
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confirmation of the desired OAM content of the driving IR field, 
while additionally confirming the high stability of the interferometer 
setup (see the Supplementary Materials). The two component pulses 
experience approximately equal dispersion throughout each arm of 
the interferometer and are confirmed through frequency-resolved 
optical gating (FROG) measurements to have equal pulse widths 
 ≈ 57 fs. A high-precision, high-stability translation stage (Newport, 
XMS-160S) is used to synchronize the two pulses in time. The beams 
are recombined at the output of the interferometer and focused into 
the supersonic expansion of argon from a circular gas jet (150 m 
diameter). The generated high harmonics, which range in photon 
energy from 20 to 35 eV, are transmitted through a 200-nm-thick 
aluminum filter (Luxel), which serves to block the residual IR driver. 
The transmitted harmonics are subsequently focused by a toroidal 
mirror ( feff = 27 cm) and dispersed by a plane ruled EUV grating 
(1200 grooves/mm, Richardson) at an incidence angle inc ≈ 45°. 
The high incidence angle is chosen to balance the dispersion and 
imaging quality of the spectrometer. An EUV CCD camera (Andor 
Newton 940) is placed behind the toroidal focal plane so as to image 
the far field (20 cm from the gas jet) of the dispersed harmonics 
with a magnification of 1.67. A removable circular pinhole (200 m 
diameter) is placed on the optical axis at a distance of 60 cm from 
the generation region to spatially filter for the on-axis frequency 
comb. The pinhole functions to transmit only the on-axis harmonics, 
which develop very slight diffraction rings but propagate otherwise 
normally through the spectrometer. These parameters are used to 
calculate the divergence of the produced harmonics. A 100-nm 
titanium filter (Lebow) with an absorption edge before the 21st 
harmonic (33 eV) is used to verify the photon energies of the har-
monics exhibiting on-axis intensity.

SUPPLEMENTARY MATERIALS
Supplementary material for this article is available at https://science.org/doi/10.1126/
sciadv.abj7380
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