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ABSTRACT

The circular-crack model has been widely used in seismology to infer earthquake stress
drop. A common assumption is that the background medium is isotropic, although many
earthquakes occur in geologically anisotropic settings. In this article, we study the effect of
anisotropy on stress drop for a circular crack model and present explicit formalism in both
static and kinematic cases. In the static case, we obtain the relationship between stress
drop and slip for a circular crack model in an arbitrarily anisotropic medium. Special atten-
tion is given to the transversely isotropic (TI) medium. The static formalism is useful in
understanding stress drop, but not all quantities are observables. Therefore, we resort
to the kinematic case, from which we can infer stress drop using recorded far-field body
waves. In the kinematic case, we assume that the crack ruptures circularly and reaches the
final displacement determined by the static solutions. The far-field waveforms show that
the corner frequency will change with different anisotropic parameters. Finally, we calcu-
late the stress drops for cracks in isotropic and anisotropic media using the far-field wave-
forms. We find that in an isotropic medium, only shear stress acting on the crack surface
contributes to shear slip. However, in a Tl medium, if the anisotropy symmetry axis is not
perpendicular or parallel to the crack surface, a normal stress (normal to the crack surface)
can produce a shear slip. In calculating stress drop for an earthquake in an anisotropic
medium using far-field body waves, a large error may be introduced if we ignore the pos-
sible anisotropy in the inversion. For a Tl medium with about 18% anisotropy, the misfit of
inferred stress drop could be up to 41%. Considering the anisotropic information, we can
further improve the accuracy of stress-drop inversion.
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(Allmann and Shearer, 2007; Uchida et al., 2012; Baltay et al,
2013; Abercrombie, 2014) and different types of earthquakes,
for example, induced earthquakes (Goertz-Allmann et al.,
2011; Huang et al., 2016; Wu et al., 2018). However, all of
the aforementioned works assume seismic isotropy for the
background media. Furthermore, for most studies using the
circular crack model, the background media are assumed to
be Poisson solids, that is, A = y (Sato and Hirasawa, 1973;
Kanamori and Anderson, 1975), in which u is the rigidity
and A is the other Lamé elastic parameter.

It is known that many earthquakes occur in anisotropic geo-
logic settings, such as subducting slabs (Li et al., 2018) and
plate boundaries (Song and Kawakatsu, 2012). However, few
researchers considered the seismic anisotropy when calculating
stress drop. Recently, large-scale developments in the oil, gas,
and water disposal industry induce seismicity in anisotropic
sedimentary layers such as shale (Talebi and Boone, 1998;
Sondergeld and Rai, 2011; Grechka and Yaskevich, 2013).
Many factors can give rise to the seismic anisotropy of the
media, such as mineralogy, alignment of inhomogeneity inclu-
sions, fine-layering fabrics, and stress-induced anisotropy
(Schoenberg and Sayers, 1995).

Our goal here is to study the circular crack model in aniso-
tropic media for static and kinematic cases. By studying the cir-
cular crack model, we will gain deeper understanding on how
anisotropy can affect the estimated stress drop of earthquakes
in anisotropic media if ignoring anisotropy in the stress-drop
inversion. Furthermore, we can express the formula for inverting
stress drop for anisotropic media.

In this study, we follow the assumptions made by Eshelby
(1957). We first derive the static equation for stress drop in a
generally homogeneous but anisotropic medium using the
eigenstrain given by Mura (1987). Then, we use numerical
examples to show that our equation gives the same result as
the equation of Eshelby (1957) in a Poisson solid (isotropic
and A = p). There is a significant limitation of using static sol-
ution to infer stress drop in practice. Namely, the static equa-
tion gives stress drop using the average slip (Au) and radius of
the crack (R), which are not observables. Therefore, we further
study the kinematic model to infer stress drop from observable
parameters such as the scalar seismic moment (M) and corner
frequency in an anisotropic medium. For the kinematic model,
we follow the recipe by Sato and Hirasawa (1973), which incor-
porates a kinematic rupture process into the solution for an
isotropic medium, with an additional deceleration phase of
rupture velocity (Boatwright 1980). We compute the far-field
body waveforms and their frequency spectra, which are used to
calculate stress drop for both isotropic and anisotropic media.
We then discuss the influence of anisotropy on the scalar seis-
mic moment and the radius of the crack. In inferring the crack
radius, we discuss the influence of anisotropy on the measured
corner frequency and its related constants (called Cp and Cs).
Then, we discuss the influence of anisotropy on the stress drop.

298 ¢ Bulletin of the Seismological Society of America

Downloaded from http://pubs.geoscienceworld.org/ssa/bssalarticle-pdf/113/1/297/5770672/bssa-2022075.1.pdf
bv | Iniversitv of Houston user

Figure 1. The coordinate system and a flat crack (blue) embedded in a homo-
geneous medium. The color version of this figure is available only in the
electronic edition.

From both the static and kinematic models, we can estimate
the amount of error of stress drop introduced by the ignorance
of anisotropy.

Our contributions can be summarized in two aspects. First,
we extend the procedure of inferring stress drop into anisotropic
media. Second, we quantitatively analyze the errors due to the
ignorance of anisotropic information in the inversion of stress
drop where the background medium may be anisotropic.

THE STATIC SOLUTION FOR STRESS DROP AND SLIP
Problem statement

To estimate the effect of anisotropy on estimating stress drop,
we study the anisotropic circular crack model, which relates the
stress drop with slip. This model assumes that, before the earth-
quake, the homogeneous anisotropic background medium is
continuous everywhere, and a shear stress 0,3 acts in the far
field. After the earthquake happens, a thin crack (Fig. 1) with
radius R forms, and the stress on the crack surface drops to zero.
Stress drop refers to this change in shear stress (Ao) along the
crack surface. For a flat crack, we define Ac = ;3. We would
show the relationship between the stress drop Ao and the dis-
placement discontinuity Au, on two opposing crack surfaces.

Static stress drop of a crack in an anisotropic
medium

We derive the relationship between the stress drop and slip (i.e.,
displacement discontinuity), defined as the relative motion
between two crack surfaces, based on the concept of the eigen-
strain (Eshelby, 1957; Walpole, 1977; Mura, 1987; Weinberger
et al., 2005).

We only show the main results subsequently. For the read-
ers interested in the derivation, please refer to Appendix A. The
slip on the crack surface is given as
—2013 L33

Au(r) = =

e R? -1, (1)
L3s33L3131 — LagssLass
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in which 0,3 is the applied shear stress, R is the radius of the
crack, r is the distance from one point inside the crack to the
center of the crack, and the tensor I:,-jm,, is defined as

- 1

Lijmn == 4 CijklcpqmnnkplqR’ (2)

in which Cyj, is the fourth-rank elastic stiffness tensor and each
subscript takes value 1, 2, or 3, and

0. - / Gipig(§)dS(§) 3)
kg e T\
§ alazaS( 512 + uﬁ;; + 232)

in which Gy, is a tensor (see Appendix A) in a homogeneous
anisotropic medium given by Mura (1987) and & is the direc-
tional vector lies on a unit sphere. The a;, a,, and a3 are the
= R and a; > 0).

Taking the spatial average of equation (1), we get the aver-
age slip Au on the crack surface:

three semiaxis of the crack (i.e., a; = a,

_ 4 RA0GLs335
Au=——= ~
3 L3333L3131

(4)

- L3133L3331

Using equation (4), we can estimate the static stress drop in
an anisotropic medium as

3 Au(Ls33305,5; — Lap35L
Ao = — (Ls333L3131 — Laiss 3331) (5)
4 Rgs3;

In isotropic media, both IT;,;, (equation 3) and I:,jmn can be
calculated analytically (see Appendix B). We find that for the
isotropic case, L3;33 = Li33; = 0, equation (5) becomes

3 Auls;s,
Ag = ->=238L 6
o=-1"% (6)

mu(3A+4p)
4(A+2p)

SOlid When A = M, i3131 =
reduces to the equation of Eshelby (1957):

and Ly5, = - . For the particular case for a Poisson

—7%. In this case, equation (6)

771yAu
16 R~

Ao = (7)

Numerical example: static stress drop in isotropic
and anisotropic media

Here, we give a numerical example using equation (5) to cal-
culate stress drop in an anisotropic medium. We assume the
earthquake occurs in an anisotropic background medium with
elastic properties same as the Mesaverde clayshale (Thomsen,
1986), which is vertical transversely isotropic (e.g., horizontally
layered fabric with a vertical symmetry axis) with about 18%
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TABLE 1

Elastic Parameters for Mesaverde Clayshale
Vp (mis) Vs (mis) p (kg/m3) £ ) y
3794 2074 2560 0.189 0.204 0.175

anisotropy. The crack surface (horizontal) is perpendicular to
the symmetry axis of the anisotropic medium. The Mesaverde
clayshale has vertically propagating P-wave
Vp = 3794 m/s, vertically propagating S-wave
velocity Vg = 2074 m/s, density p = 2560 kg/m?, and the
Thomsen anisotropy parameters ¢ = 0.189, § = 0.204, and
y = 0.175 (Table 1). The relationship between elastic stiffness
tensor Cj; and Thomsen parameters is given in Appendix C.
We set the radius of the crack as R = 2000 m and a slip of
Au = 0.1 m. According to equation (5), the stress drop is
Ao = 8.99 x 10° Pa.

To study the effect of anisotropy on stress drop, we compare
the stress drop, which results in the same slip but for the isotropic
medium. Because equation (7) only works for a Poisson solid, we
further assume the background medium has S-wave velocity
Vs = 2074 m/s, and the medium has no anisotropy (¢ = 0,
8 = 0,and y = 0) with density p = 2560 kg/m?. The calculated
stress drop will be Ag = 7.57 x 10° Pa using equation (7).

Comparing the computed stress-drop values using both
anisotropic and isotropic models with the same slip, we can
see that the anisotropy could cause a 16% difference in the
stress drop in our anisotropic model.

velocity

Numerical example: effect of crack orientation on
the stress drop

The previous examples indicate that the stress drop is different
in isotropic and anisotropic media for the same fault size and
slip strength. In this section, we give a numerical example to
show the impact of the crack orientation on the relationship
between the slip and stress drop.

We show the impact of the crack orientation between stress
drop and slip for two separate stress states: (1) only shear stress
and (2) only normal stress applied in the far field. Here “shear”
and “normal” are with respect to the crack surface. The real
stress state can be a combination of these two states. We again
use the Mesaverde clayshale as the anisotropic background
medium. We simultaneously rotate both the crack and the
applied far-field shear stress corresponding to the x, axis
(Fig. 2) but keep the anisotropy orientation fixed. After the
rotation, the crack and the stresses are no longer parallel or
normal to the coordinate axis x;. We use 0,5 to represent
the new rotated shear stress and o3 to represent the new nor-
mal stress corresponding to the new x}, x,, and x; axis (Fig. 2).
We use Au to represent the scalar value of the slip on the crack
surface.
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Figure 2. The 2D view of the rotation of the crack plane. # is the rotation
angle (left-handed rotation about the x, axis) between the fault plane and
the x; axis. x, axis points out of the represented plane. Gray thick lines
indicate layering of the anisotropic fabric. The color version of this figure is
available only in the electronic edition.

In numerical calculation, we set 0}; = Ao = 8.99 x 10° Pa,
and we rotate the crack by an angle n (Fig. 2). Then, we use
equation (4) (i.e., anisotropic case) to calculate the slip across
the crack interface (Fig. 3a) caused by the same amount of shear
stress drop. We can see (Fig. 3a) that for the same amount of
slip, the stress-drop difference can be about 16% between differ-
ent rotation angles. The result shows that in the anisotropic
medium, applying the same stress to cracks with different ori-
entations could produce different magnitudes of slips.

In equation (4), we show the relationship between slip and
shear stress. Next, we consider possible shear slip caused by an

applied normal stress. The eigenstrain due to a normal stress is
also given by Mura (1987). We give the equation of the shear
slip caused by the normal stress (033):

4 R‘733I~43133

U=-—-= = = = .
3 L3333L3131 - L3133L3331

®)

By setting 033 = Aog, we will obtain the slip in the pure nor-
mal case (Fig. 3b). For the pure normal case, the maximum slip is
about 0.01 m at an angle of # = 45°. Furthermore, our calcula-
tion shows that if the anisotropy symmetry axis is perpendicular
or parallel to the crack surface for a transversely isotropic (TT)
medium, the normal stress applied to the crack result in zero
shear slip, which makes physical sense due to symmetry.

Comparing Figure 3a,b, we can see that to produce the same
amount of shear slip across the crack interface, the magnitude
of the normal stress needs to be 10 times larger than the shear
stress.

The kinematic solution for stress drop and slip

In the previous static solution, we have discussed the relation-
ship between stress drop and slip in anisotropic media.
However, in reality, there are some limitations on using equa-
tion (5) to infer stress drop because the subsurface slip is not
known across the fault surface. To overcome this difficulty, Aki
(1972) used the following equation to infer stress drop:

_TM,
T 16R

Ao )

In this equation, Aki (1972) used the scalar seismic moment
M, instead of Au and p to calculate stress drop, in which M,
can be inferred from observed
far-field body waves. In this
section, we will construct a kin-
ematic faulting model to calcu-

late far-field seismograms. We
then use the seismic waveforms
to estimate the scalar seismic
moment as well as the radius
of crack, and then the stress
drop.

Earthquake rupture
process

The static stress drop formula
can be used to construct the

(a) x10-1 (b) x10-1
L16F ] '
0.08
112 0.04 |
g E
I 0
3 108 3
—0.04+
1.04 -
—-0.08+
1 . . .
0 60 120 180 0

7(°)

Figure 3. The slip at angles # due to the same amount of stress drop. (a) Slip caused by shear stress drop and (b) slip

caused by normal stress drop.
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60 120 180 earthquake rupture process fol-

7(° lowing Sato and Hirasawa
(1973). They assume that the
rupture on a circular crack ini-
tiates at the center of the
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circular fault and propagates radially outward at a constant
rupture velocity. The rupture stops when the crack reaches
a predefined fault boundary (radius of crack as R).
However, the model of Sato and Hirasawa has an unphysical
feature that the slip suddenly arrested everywhere on the fault
(Kaneko and Shearer, 2014; Udias et al., 2014). To avoid this
unphysical feature, we add a deceleration phase to the rupture
process following Boatwright (1980), Dong and Papageorgiou
(2002b), and Sato and Hirasawa (2009). Suppose the rupture
initiates at t = 0 s, using equation (1), we obtain the slip func-
tion (also called source time function) across the fault surface
as follows:

—2A0L r
Au(r,t) = —— B () -rh-<t<t,
L3333L3311 — LazsLlass: v
—2A0L
Au(r t) = —— B (v —k(v(t - t,)): -1
L3333L3311 — LaissLaas
to<t <ty
—2A0L
Au(r, t) = - 3333 VR -1, < t, (10)

3333L3311 - L3133L3331

in which v is the rupture velocity, r is the distance from any
point on the crack to the center of the crack, and r < R because
R is the radius of the crack. The deceleration time and stop
time are given by £, = & (£1)1/2 and ¢, = £(-%)1/2, in which
K is a parameter that determines the duration of the deceler-
ation. We choose « = 3 following Boatwright (1980).

To calculate the far-field displacement of the seismic wave
from the rupture process, we partition the circular fault into
discrete small grids. We assume that the slip at each grid fol-
lows a step-function, in which the slip on the grid remains zero
until the rupture front arrives at that grid. After the rupture
front arrived, the magnitude of the slip is specified by the
source time function, and finally reaches the static equation
(equation 1). The observed seismic field is a linear superposi-
tion of all seismic waves generated by the slip on all the grids
on the circular fault, and the calculation is performed in the
Cartesian system (Fig. 4).

Far-field seismic displacement due to a crack model
Following the study of Aki and Richards (2002), the seismic
displacement field corresponding to the crack slip can be rep-
resented as

W= / " dr / / S0, G DICi Gy o E DIVAZD), (1)

in which E represents points on the crack surface %, Gy, ; is the
spatial derivative along the direction q of the elastodynamic
Green’s function at the source location &,v; is the kth compo-
nent of the fault plane’s normal unit vector. [u;(&, t)] represents
the dynamic displacement discontinuity (slip) in the jth direc-
tion, in which
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Figure 4. The coordinate system of the kinematic crack model. (x;, x,, X3) is
the Cartesian system and (rg, 6, ¢) is the spherical coordinates for the
receiver location. # is the rotation angle between the crack plane and the x;
axis. The red triangle indicates the receiver. The color version of this figure is
available only in the electronic edition.

[w( 1) = Au(, 1), (12)

in which Au(Z’, t) represents the scalar slip function that can be
obtained using equation (10) and ; represents the jth compo-
nent of the slip unit vector. The elastodynamic Green’s function
has been discussed by several researchers (Buchwald, 1959; Ben-
Menahem et al., 1991; Gajewski, 1993; Vavryc¢uk, 1997; Cerveny,
2005; Li and Chesnokov, 2015). Here, we use the Green’s func-
tion first given by Buchwald (1959), and an efficient way of cal-
culating this Green’s function is given by Gajewski (1993). The
Green’s function is shown as

gigp
4mprU L/ |K¥ |

Gy(% € 7) = dt-1-TEE),  (13)

in which g, represent the components of the polarization vector,
U represents the group velocity, and K* represents the Gaussian
curvature of the slowness surface at the source position. The points
at which K* equals to zero are named caustics. Equation (13) can-
not be used when the receiver is at the caustics. When a ray passes
through the caustics, an extra phase shift term is needed for equa-
tion (13). For details dealing with caustics, please refer to
Chapman (1985), Hanyga and Helle (1995), and Cerveny (2005).
By substituting Green’s function (equation 13 into equa-
tion 11), we get the formula for far-field body waveform:
(X t) = = 8iCikpq8pPq V1Y
4rproU./ |K* |

/f cAuE t - TG R))ds(®), (14)

in which p; are the components of the slowness vector.

We use the expression of the far-field P wave as an example
to demonstrate the physical meaning of the first term in equa-
tion (14), where the scalar part of the term:
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= 8iCikpg8pPg Vil (15)

4mpro U4/ |K* |

shows the geometric spreading from the source to the receiver
and the radiation pattern of the source. The integral part,

e // sAu(E t - T(% %))dz(@), (16)

gives the source waveform (which is different from the far-field
body waveform).

We calculate radiation patterns and source waveforms using
the Mesaverde clayshale (Table 1) as well as a Poisson solid
with Vg = 2074 m/s as the background medium, the crack
rotation angle # = 15°, the distance between crack the center
and receiver r, = 50 km, and the source function Au(r, t)
given by equation (10) with the applied shear stress
013 = Ao = 8.99 x 10° Pa, and predefine crack radius R =
2000 m as in the static case.

We show the radiation pattern over the x;-x; plane in
Figure 5. Radiation patterns for different sources in different
media are widely studied by a lot of researchers (Ben-
Menahem and Sena, 1990; Ben-Menahem et al., 1991; Gajewski,
1993; Ben-Menahem and Gibson, 1995). For our calculation, the
radiation patterns show similar shape in anisotropic and iso-
tropic media, but the strength of the radiation patterns are differ-
ent. We also show the source waveforms at several receiver
locations shown in Figure 6. The source waveforms of the differ-
ent locations and different types are shown in Figure 7. The
source waveforms in anisotropic and isotropic media share sim-
ilar shapes. However, there are several differences. One of the
differences is that the arrival time for quasi P, SV, and SH waves
are different in anisotropic and isotropic media. One noticeable
fact is that the differences in quasi SH waves are larger than those
in quasi SV waves. The reason is that the velocity of quasi SV
wave is controlled by & and ¢ (mainly controlled by § — ¢). At
the same time, the velocity of quasi SH wave is controlled by
y (Thomsen, 1986; Vavrycuk, 1997). In this Mesaverde shale,
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-15 -1 -05 0 05 1 15

Figure 5. Normalized radiation pattern for quasi P, quasi SV, and quasi SH
waves. The radiation patterns of quasi P and quasi SV are plotted in x;—x3
plane whereas the radiation pattern for quasi SH is plotted in x,—x3 plane.
The radiation pattern is normalized by the maximum value of the anisotropic
radiation pattern, which could make the axis limits larger than one.

(a) Radiation pattern of quasi P wave, (b) radiation pattern of quasi SV
wave, and (c) radiation pattern of quasi SH wave. The color version of this
figure is available only in the electronic edition.

the § — e is small and y is large. Besides the arrival time, the wave-
forms in isotropic and anisotropic media have different dura-
tions, peak values, and areas of displacement. Those differences
show there is an inherent difference between the source
waveforms in isotropic and anisotropic. Therefore, ignoring
the anisotropic information could cause errors in the inverted
stress drop calculated from recorded far-field seismic body waves
in practice.

e X
0 = 45° 0
o\ \b
\ \
0=75g_ N\
~ N\
~
~ \ \
0)
- N
X
1
6=105°®

Figure 6. The locations of the source waveform Q(X, t) for the present model
for receivers at different 6. This is for the case when the ratio of the rupture
velocity and shear velocity is v/Vs = 0.9. The color version of this figure is
available only in the electronic edition.
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Inversion of stress drop

In this section, we describe the steps for calculating stress drop
in both isotropic and anisotropic media. Inverting stress drop
(both isotropic and anisotropic) involves measuring two prop-
erties of the wave spectra. The first property is the long period
spectral level (u(X, w > 0)), and the second one is the corner
frequency. Inverting stress drop in anisotropic media requires
the same steps as in isotropic media using just different for-
mulas and constants.

Traditional inversion of stress drop in isotropic
media

In isotropic media, we can use long-period spectral level
(u(X, w > 0)) to estimate the scalar moment M, and corner
frequency to estimate crack radius R. Then we use the
isotropic stress-drop formula equation (9) to invert for the
stress drop.

There are several ways to calculate scalar seismic moment;
in this article, we discuss the influence of anisotropy on the
scalar seismic moment when the moment is calculated from
the long-period spectral level. The equation (Aki and Richards,
2002; Kaneko and Shearer, 2014; Clerc et al., 2016) for calcu-
lating scalar seismic moment is
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Figure 7. The source waveforms Q(X, t) for receivers at different 8 shown in
equation (21). (a—d) Waveforms of the P wave, (e~h) waveforms of the SH
wave, and (i—I) waveforms of the SV wave.

4npViroul (X, w > 0)
in which u(X, ) is the spectrum (Fig. 8) of far-field P-wave dis-

M, , 17)

placement in equation (14) and F? is the radiation pattern of P
wave in an isotropic medium, defined as F¥ = 2ym;yvy (Aki
and Richards, 2002). The root mean square value of the radia-
tion pattern on a focal sphere is about 0.52 for P wave (0.63 for S
wave), and the mean absolute value of the radiation pattern is
approximately 0.42 for P wave (0.59 for S wave) according to
Kaneko and Shearer (2014). In practice, the stress drop can
be usually estimated by averaging the values measured from
receivers at different azimuths and takeoff angles to achieve a
reliable result (Abercrombie, 2014, 2015; Wu et al., 2018).
The radius of the crack R can be calculated using the mea-
sured corner frequency. The corner frequency could be defined
by the intersection point between two linear lines in the low-
and high-frequency bands. Here, we measure the corner fre-
quency by fitting the normalized spectrum to the w™ model,
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available to this article. The sup-
plemental material includes one
figure and one table. Figure S1
shows the differences for the
waveforms and frequencies of
one receiver with different mesh
grids. Table S1 shows the corner
frequencies fitted for different
fitting ranges and different
mesh grids, which impacts our
choice of the fitting range. One
example of the corner frequen-
cies fp for receivers around the
sphere of 50 km is shown in
Figure 9. The parameters are
the same as Table 1. The corner
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Figure 8. Far-field displacement spectra for receivers uniformly distributed at the sphere with ry = 50 km. (a) The
spectra in the anisotropic media and (b) the spectra in the isotropic media. The colored solid lines are the average

spectra for corresponding media.

frequencies are lower toward
the receiver locations that are
parallel or perpendicular to

10° 10!
Frequency (Hz)
the crack surface. The corner

frequencies also show less sym-
metry in the anisotropic

in which n is the fall-off rate of the high-frequency band, and n
is fitted simultaneously with corner frequency. The w™ model
can be described as follows:

1
u(f) = A (18)

in which u(f) is the spectrum, f is the frequency, and f, is the
corner frequency.

Sato and Hirasawa (1973) gave the relationship between the
corner frequency and the radius of the crack in the isotropic
medium for both the P and S wave as

CpVp GV
R = = N
2nfp 2nfg

(19)

in which Cp and Cg are the model dependent constant, f and f g
denote the corner frequency, Vp and Vg are the velocities in iso-
tropic media for P and S wave, respectively. This relationship
between the radius of crack and corner frequency is first given
by Brune (1970). The constants Cp and Cg could be calculated
from synthetic waveform spectra, in which the radius of crack
and corner frequencies are known. The Cp and Cg calculated
from synthetic data are used to predict the radius of the crack
from observed seismic traces. As we stated earlier, instead of
using Cp and Cg provided by Sato and Hirasawa (1973), we
choose to calculate the corner frequency as well as the Cp and
Cs by fitting the spectrum with the 0™ model. Considering the
fitting stability, we fit the spectrum using frequencies up to about
10f, similar to Kaneko and Shearer (2015). More details for
choosing 10f, can be found in the supplemental material
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medium than in the isotropic
medium. The impact of
anisotropy on the constants can be found in Appendix D.

Our new inversion of stress drop in anisotropic
media

In the anisotropic medium, the scalar seismic moment may not
be correctly inverted following the conventional inversion (equa-
tion 17). Aki and Richards (2002) proved that the zero frequency
of the spectrum is actually equal to the production of the final slip
and the fault area (Q(X, w > 0) = Ait). We can invert for the A%
instead of the scalar seismic moment. By removing the effect of
the radiation pattern and geometric spreading (equation 15)
from the recorded displacement (equation 14), we obtain

amproU,/ |K* [uP (%, w > 0)

AAu = Q% w > 0)
8:Cikpg8pPy Vil

(20)

Inserting equation (20) into equation (5), we can calculate
the stress drop (shear stress) for the anisotropic medium:

_§AQ(£3333£3131 - L3133L3551)

Ao = ~
4 7TR3L3333

e2y)
Our inversion of stress drop in anisotropic media can be
summarized as the following steps:

1. Measure u” (X, w > 0) and the corner frequency f. from the
recorded waveform.

2. Calculate the R using equation (19) and the production of
averaged slip and fault area A#i using equation (20)

3. Estimate the stress drop Ao using equation (21)
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Figure 9. The corer frequencies for the receivers around the sphere with a distance of 50 km. (a) The corner
frequencies in an anisotropic medium and (b) the corner frequencies in an isotropic medium. The red angle

indicates the point that is perpendicular to the crack surface.

— 0.65

To initialize the inversion,
we assume the receivers are
located on the sphere with a
radius r, = 50 km. We gener-
ate the waveforms in a Poisson’s
solid medium with density p =
2560 kg/m? and S-wave veloc-
ity Vg = 2074 m/s, the rupture
velocity of the crack equals to
0.9 Vg and the crack has rota-
tion angle # = 15°. The mean
absolute u(X,w > 0) is esti-
mated to be 9.36x 107> m-s
(Fig. 8a), and the mean absolute
FP =0.42. Based on equa-
tion (17), we
M, =1.64x10'° N.m.

Next, we estimate the radius
of crack. We use the spectra

0.60

0.55

Frequency (Hz)

0.50

obtain

0.45

given by Sato and Hirasawa
(1973) as the reference spectra

Numerical examples—kinematic inversion of stress drop
In this section, to investigate the effect of anisotropic media on
the inversion of stress drop, we design three cases, (1) seismic
waveform data from isotropic media and inversion using iso-
tropic stress-drop solution, (2) seismic waveform data from
anisotropic media and inversion using isotropic stress-drop
solution, and (3) seismic waveform data from anisotropic
media and inversion using anisotropic stress-drop solution.
We use quasi P wave as the example to perform the inversion
process, but the principles are the same for quasi SH and quasi
SV waves.

In field data calculation, seismic traces from multireceivers
are used to reduce the variance of the receiver’s location. In this
section, we perform forward modeling using Mesaverde shale
(Table 1) as the background medium and set over 1000 receiv-
ers (over 200 receivers are used in Tang, 2021) uniformly dis-
tributed around the sphere with equal distance (50 km). The
average value of the properties over the receivers are used for
the inversion calculation. The locations of the receivers are
given by the spherical design Womersley (2018).

Case 1: data from isotropic media and inversion using
isotropic stress-drop solution. Following the procedure
introduced in the Inversion of stress drop section, we first
use the spectra of far-field waveforms from isotropic media
(Fig. 8a) to estimate the scalar moment M, and crack radius
R. We then use the isotropic stress-drop equation (9) to invert
for the stress drop.
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for isotropic media. We first
infer the reference Cp using
the average spectrum, and
Cp =181 in this situation.
Then, we measure the spherical average corner frequency,
which is f, = 0.52 Hz. Thus the calculated radius R is 2 km.

We then use equation (9) to obtain stress drop
Ac = 8.99 x 10° Pa. Compared with the true stress drop
Ao = 8.99 x 10° Pa, the relative misfit is about 1%.

Case 2: data from anisotropic media and inversion
using isotropic stress drop solution. In this case, to ana-
lyze the error caused by ignoring the anisotropy in an inversion
of stress drop, we use the data from anisotropic media to invert
for the isotropic stress drop. We generate the waveform using
the same geometry of source and receiver as in case 1 but in an
anisotropic media. We set the anisotropic background medium
with the same properties as Mesaverde clayshale. The inversion
procedure is the same as in case 1 although the input data are
different. In the spectrum of input data (Fig. 8b), the spectrum at
zero frequency is u(X, w > 0) = 5.1 x 10 m - s and the corner
frequencyf, = 0.54 Hz. Then we obtain M, = 0.90 x 10'® N -
m using equation (17) Based on the Cp (calculated in case 1)
and the measured f,, we can obatain R = 1.92 using equa-
tion (19). With equation (9), we obtain the stress drop
Ao = 5.50 x 10° Pa whereas the true shear stress drop is
Ao = 8.99 x 10° Pa. The relative error of inverted stress drop
is about 39% if we use isotropic inversion of stress drop but
using the data from anisotropic media.

Case 3: data from anisotropic media and anisotropic
stress drop solution. Now we use the anisotropic solution
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TABLE 2
Inverted Parameters of Three Cases in the Numerical
Examples—Kinematic Inversion of Stress Drop Section

Inverted Parameters Case 1 Case 2 Case 3
Inverted My (N - m) 1.64 x 106 0.90 x 106

Estimated Cp 1.81 1.81 1.78
Inverted R (km) 2.0 1.92 2.0
Inverted ¢ (Pa) 8.99 x 10° 5.50 x 10° 8.99 x 10°

Relative error of o Less than 1% 39% Less than 1%

to calculate the stress drop in an anisotropic medium. First,
we use equation (20) to calculate the production of the
averaged final slip and crack area. In Figure 8b, we can measure
the u(X,w>0)=51x10" m-s, corner frequency is
fo = 0.54 Hz. We use the true crack radius R to estimate
the Cp = 1.78.

By using rock parameters of Meversade clayshale, we
obtain A# = 1.27 x 10° m* whereas the true model
AAu=1.29x10°m>. Then we apply equation (21), we obtain
the stress drop Ag = 8.99 x 10° Pa. The relative misfit is less than
1%. We can see that our anisotropic stress drop solution can
achieve an accurate inversion of stress drop if we use the correct
anisotropy information of the medium.

We summarize the inverted parameters and relative errors
of inverted stress strop in Table 2 for these three cases. From
Table 2, we can see it is necessary to consider the medium
anisotropy in an inversion of stress strop.

In Table 2, we show one example that ignoring anisotropic
information will result in a large misfit (39%). In reality, the
crack can have different rotation angles, and the slip can point
to different directions along the crack surface. In anisotropic
media, both the changes of crack orientation and slip direction
along the crack will impact the far-field body waveforms. To
quantify the impact of those changes, we randomly generate
300 numerical cases with different crack orientations and slip
directions along the crack surface. We follow the same pro-
cedure as we describe earlier. The results (Fig. 10) show that,
in most cases (above 35%), the relative error is about 39%,
and there are about 80% of cases have a relative error higher
than 38%. The results indicate that the impact of anisotropy
should be considered if there is any.

CONCLUSIONS

In this article, we perform theoretical modeling of static and kin-
ematic fault ruptures in both the isotropic and anisotropic
media, and analyzed misfit caused by ignoring medium
anisotropy. In the static case, we derive the static stress drop
formula in anisotropic media. Using this formula, we find that
for the same amount of slip, the stress-drop difference can be
about 16% between different rotation angles the result shows
that, in the anisotropic medium, applying the same stress to
cracks with different orientations could produce different
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Figure 10. Histogram of the relative errors caused by ignoring anisotropic
information. There are 300 cases of inversion with different crack orien-
tations and slip directions along the crack surface. About 80% of the cases
have a relative error larger than 38%. The color version of this figure is
available only in the electronic edition.

magnitudes of slips. One special case is that if the crack is
not perpendicular or parallel to the symmetry axis, normal stress
can also introduce shear slip that could be up to 10% of the shear
slip caused by shear stress.

From the kinematic cases, we derive a simple but compact
kinematic modeling formula. Our modeling shows that the
constants Cp and Cg will change with different anisotropic
parameters. These changes will impact the inferred radius of
the crack. We also calculate stress drop using spherical average
properties, and the conventional isotopic inversion of stress
drop is accurate when the medium is isotropic. However,
if the real medium is anisotropic and if one ignores the
anisotropy, the inverted stress drop using isotopic formula
could have a 39% error in our case. A further study of 300 cases
with different crack orientations and slip directions along the
crack shows that about 80% of the cases have a relative error
higher than 38%, and the largest error is about 41%.

In summary, the anisotropy of background medium could
produce a nonnegligible error for the inversion of stress drop
in both static solution and kinematic cases. Using our proposed
anisotropic stress-drop inversion considering the medium
anisotropy, we can correctly invert for the stress drop.
To achieve an accurate inversion of stress drop, we suggest
the inversion of stress drop should consider the medium
anisotropy when it exists.

DATA AND RESOURCES

No data were used in this article. All synthetic data can be provided by
request. The supplemental material in this article includes a text, a
figure, and a table, which illustrates the details of the authors
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choosing the fitting range of the spectrum when calculating corner
frequency.
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APPENDIX A
The slip (displacement discontinuity) can be expressed as
follows:

1
u;(x;3) = 2ef3x;3 = EAM(XDXZ) X3), (A1)

in which u; measures displacement along the x, direction and
e}, is the eigenstrain. Because the crack is an ellipsoid, its boun-
dary is defined by

2 2 2
1.5 X5

S+2+2=1,

A2
ai a3 a (A2)

and the slip on the crack surface is

2 2
Aulx,, 0 %5) = 4efya5) 2 = 4(efyas) \/ - ("—) - ("—) |
as a a

(A3)

We further assume that a; = a, = R and we can rewrite
equation (A3) as

2
,
Au(r) = 4(efza3)y/1 - 2

in which r = y/x} + x3. The eigenstrain e}, in a general aniso-
tropic medium is given by Mura (1987) as

(A4)

B Lss3s
2(Ls333L3131 = La133L3331)

aszej; = 013 (A5)

in which a; is assumed to be approaching zero, that is, a; > 0.
In equation (A5), the tensor Ly, is defined as

1

Lijmn = E Cijklcpqmnnkplq’ (A6)

in which Cy, is the fourth-rank elastic stiffness tensor and each
subscript takes value 1, 2, or 3, and

Gy, (5)dS(E
= | - AGING) )

-

2 22 22 72 3
& & &\’
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in which Gy, is a tensor in a homogeneous anisotropic
medium given by Mura (1987) and the £ is the directional vec-
tor lies on a unit sphere. Gy, is given as

Gigiy(6) = Nip(EEiE,/D(E), (A8)
in which N;(§) and D(&) are the cofactor and the determi-
nant of the matrix Ky = Cy&;§), respectively, in which
Cyii» €; are the coordinates of &, the index k, j, i, [ run over
1, 2, 3.

Because we assume a; = a, = R, the tensor Lijn s a linear
function of 3. L To emphasize this fact, we write Lijn = L L,]mn in
the followmg equations.

Inserting equation (A5) into equation (A4), we obtain

20131:3333
R? -2,

Au(r) = (A9)

L3333L3131 L3133L3331

APPENDIX B

In isotropic media, equations (2) and (3) can be calculated ana-
lytically. Here we give the analytical result. To make the forms
more compact, we follow the Voigt recipe to write ITy, as IL,g
and Ly, as Ly, in which a and 8 range from 1 to 6. The
change in indices is given as follows:

ij or kI : 11 22 33 32=23 31=13 12=2I

1 1 ol 1 i 1

a B 1 2 3 4 5 6
(B1)

The II,g, which are not zero, are listed subsequently:

5m2 3n?
"7 U8uR 8(M + 2u)R
I, =11, = _77712_7172
8uR  8(A + 2u)R
II; =1y = 57712 - ﬂiz
2uR~ 2(A + 2u)R
m,=_ T __ 3"
27 8uR 8(A+2u)R
L — _ (A +3pr
=l = TR
M, = (A -wr
pA 4+ 2u)R
M, =M, = AT
2u(A +2u)R
A + p)n?
Tes = gun +‘u2‘u)R' (B2)

The I:aﬁ are listed as well:
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_ BmuA +p)

L b

1 8(A +2u)

. o u(7A — p)
L12 - L21 - 8(A + 2#) >
.o muA+p)
Ly=Ly;= 72(/\4_ 2w
[ 13mp(A + p)

27 8 +2u)

- o muAi+p)
Ly =15 = 72(/\4_ 2w
[ - A+

P A+

. 3 ~ mu(3A + 4u)
Luy=1 40+ 2p)
- u(3A + 7u)

T 8 +2u) (B3)

APPENDIX C

In this appendix, we give the relationship between Thomsen
parameters and the elastic modulus. The Thomsen parameters
are widely used because the parameters can be grasped intui-
tively. The Thomsen parameters are used for transverse isot-
ropy media:

Cu (C11-2Cg6) Cys
(C11 —2Cee) Cu Ci
— Cis Cis Cs3
Cor = Cu
Cy
Cos
(C1)
Then the parameters are given as
Vp = vCs/p, (C2)
Vs = +vCu/p, (C3)
Cii-GCy
=—, C4
‘T ac, (©4)
Cos — Cuy
=, (C5)
Y=,
and
_(Cis + Cu)’ = (Cs3 = Cyy)’ (C6)

2C33 (C33 - C44)

Equation (C4) shows that the parameter ¢ reflects the differ-
ence between vertical and horizontal P velocities; equation
(C5) shows that the parameter y reflects the difference between
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vertical and horizontal SH velocities; the parameter § involves
the anisotropy of both quasi P and quasi S waves.

From equation (C4) to (C6) the elastic modulus can be cal-
culate by Thomsen parameters as

Cii = 2eCy3 + Css, (C7)
Ces = 2yCyy + Cyys (C8)
Ci3 = V20Cs55(Cs5 — Cyy) + (Ci3 - Cy)> - Cyy. (C9)
TABLE D1
C, with Different ¢ and § by the Fitting Method
Anisotropic
Parameters e=0 £=005 =01 £=015 £=0.2
§=0 1.73 1.73 1.75 1.76 1.77
§ =0.05 1.73 1.74 1.75 1.76 1.77
§=0.1 1.74 1.75 1.76 1.77 1.78
§=0.15 1.74 1.75 1.76 1.77 1.78
§=0.2 1.74 1.75 1.77 1.78 1.79
TABLE D2
C, with Different ¢ and § by Andrews’ Definition
Anisotropic
Parameters e=0 £=005 £=01 £=015 £=0.2
=0 1.24 1.25 1.26 1.27 1.28
6 =10.05 1.24 1.25 1.26 1.27 1.28
6 =0.1 1.25 1.26 1.27 1.27 1.28
6=0.15 1.25 1.26 1.27 1.28 1.28
§=0.2 1.25 1.26 1.27 1.28 1.29
TABLE D3
Cp with Different ¢ and § by Snoke’s Definition
Anisotropic
Parameters e=0 £=005 £=01 £=015 £=0.2
6=0 1.44 1.46 1.47 1.48 1.49
6 =0.05 1.45 1.46 1.47 1.48 1.49
§=0.1 1.45 1.46 1.48 1.49 1.50
§=0.15 1.45 1.47 1.48 1.49 1.50
§=0.2 1.45 1.47 1.48 1.49 1.50

From Tables D1 to D3, we can see that the trends of Cp in different methods are similar
and the values of Cp are increasing with the anisotropic parameters increasing. Since we
fixed the ratio of rupture velocity with Vs (not V), the Cp for the Poisson solid is different
from the Cp in isotropic media. We calculate the values of Cp in the Poisson solid for
comparison. For a Poisson solid, the Cp by fitting is 1.80; the definition of Andrews
(1986) and Snoke (1987) are 1.53 and 1.72, respectively. The Cp values, given by
Sato and Hirasawa (1973), Madariaga (1976), and Kaneko and Shearer (2015) are
1.60, 1.16, and 1.38, respectively. Then we discuss the impact of anisotropy on the
constant Cs, and Csy. In VTl media, Cs, depends on the subtraction of ¢ and 4,
and Cs, depends on the parameter y. We also limited the range of the parameters
(e=8,y) from 0 to 0.2. The result is listed in Tables D4 and D5. When the
e-8=02, there is a travel-time triplication for the SV wave. The corner
frequencies are not calculated in this situation. VTI, vertical transversely isotropic.
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APPENDIX D

In this appendix, we discuss the effects of anisotropy on the
corner frequency and its related constants (Cp and Cg) using
the same geometric setting as in Numerical Examples—
Kinematic Inversion of Stress Drop section. There are several
ways to measure the corner frequency. Sato and Hirasawa
(1973) use graphic picking as the tool to measure the corner
frequency. However, manually picking could be labor inten-
sive. Instead of manually picking, fitting a w™ spectrum can

TABLE D4
Csy with Different ¢ - § for All Three Methods

Calculation
Methods 0 005 0.1 0.15 0.2

Fitting 271 264 259 257 Travel-time triplication

Andrews 239 243 247 250 Travel-time triplication
Snoke 248 249 251 253 Travel-time triplication
TABLE D5

Csy with Different y for All Three Methods

Calculation Methods 0 0.05 0.1 0.15 0.2

Fitting 2.71 2.91 2.96 2.90 2.80
Andrews 2.39 2.30 2.26 2.23 2.17
Snoke 2.48 2.44 2.42 2.39 2.34

In anisotropic media, even if the anisotropic parameters do not change, the variance
of the crack orientation can still change the constants Cp, Csy, and Cs,. We use the
anisotropic parameters of Mervasade sandstone as an example to show the impact of
angle 5 to the constants Cp, Csy, and Csy, and the results are listed in Tables D6-D8.
The trends of Cp, Csy, and Csy, values are not monotonic with the increasing angle 7,
which could be because of the fitting instability or the complex relationship between
the Cp/Cs and angle 7.

TABLE D6
C, with Different 5 Angles for Mesaverde Sandstone for All
Three Methods

Calculation

Methods 0 15 30 45 60 75 90

Fitting 179 178 176 175 173 172 172

Andrews 129 128 127 126 125 124 124

Snoke 150 150 148 147 145 144 144
TABLE D7

Csy with Different 7 Angles for Mesaverde Sandstone for All
Three Methods

Calculation

Methods 0 15 30 45 60 75 90

Fitting 270 268 265 261 257 254 254
Andrews 241 241 244 247 252 258 260
Snoke 249 249 250 251 254 257 258
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TABLE D8
Csy with Different ;7 Angles for Mesaverde Sandstone for All
Three Methods

Calculation

Methods 0 15 30 45 60 75 90
Fitting 284 285 283 273 253 242 243
Andrews 2.21 2.21 223 227 242 251 2.44
Snoke 237 237 237 238 245 249 244

be more computationally efficient. Besides those two methods,
there are also other methods calculating corner frequency
based on different definitions that could be more objective.
In this appendix, we calculate the three types of measured
corner frequency, by fitting w™ spectra, the definition of
Andrews, and the definition of Snoke (1987). In addition, the
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measured corner frequencies are averaged from over 1000
receivers on the sphere with equal distance (Womersley,
2018). Based on the spherical average corner frequencies, we
obtain the constants (e.g., Cp and Cy) (equation 19) for different
anisotropy parameters 6, ¢, and y. In all the calculations, we fix
v/Vs = 0.9 as we describe before. Fixing the rupture velocity
with shear velocity will make the phenomena that Cp in iso-
tropic media and the Poisson solid yield different values,
whereas Cg yield the same value in both media.

First, we discuss the impact of anisotropy on the constant
Cp. In vertical transversely isotropic media, the P wave
depends on two factors § and e. Here, we only consider the
anisotropic parameters in the range 0-0.2. The calculated
Cp values are given in Tables D1-D3.
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