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Consensus Based Distributed Collective Motion of
Swarm of Quadcopters

Solomon Gudeta, Ali Karimoddini, and Negasa Yahi

Abstract—This paper presents a scalable hierarchical dis-
tributed control framework to address the problem of collective
navigation of a quadcopter swarm, which is a special form of
Internet of Vehicles (IoV), in the presence of member drop-
outs and inter-robot communication link failures. The proposed
control framework has three parts: the swarm descriptors
(the geometric interpretation of swarm statistics) estimator, the
cooperative swarm motion controller, and the attitude controller.
The proposed framework includes a novel distributed dynamic
average consensus algorithm to estimate the swarm descriptors
which represent the collective motion of the swarm in the abstract
space (a lower dimensional space independent of number and
permutation of robots in the swarm). By employing a dynamic
inversion approach, in the cooperative swarm motion controller,
we design a control law that generates the desired thrust, yaw,
pitch, and roll angle commands. In the attitude controller, we
convert the desired commands from the cooperative swarm
motion controller into the rolling, pitching, and yawing moments
required to realize the collective motion of the swarm. The
robustness of the proposed framework and the stability of the
proposed swarm descriptors estimator, the cooperative swarm
motion controller, and the attitude controller, and the overall
cascaded system are mathematically proved. The significance of
the proposed control framework is demonstrated via simulation
in the presence of member robot drop-outs and inter-robot
communication link failures.

Index Terms—Swarm, Quadcopter, Internet of Vehicles, Col-
lective Motion, Cyber-Physical Systems, Vehicular Networks, IoT
Application Platforms

I. INTRODUCTION

During the last decades, a significant amount of attention
has been given to the coordinated collective motion of Internet
of Vehicles (IoV) to perform tasks that are too risky for
humans, or where fast response is crucial, and beyond the
capabilities of a single or few individuals. There has been a
growing body of research [1]-[5] extending formation control
of multi-agents and platooning of Connected and Automated
Vehicles (CAVs), among other topics, to swarm of CAVs. The
conventional CAV control systems mainly focus on highway
vehicles and related concerns, such as platoon driving, coor-
dinated driving in multiple lanes, and management of multi-
lane intersections [S]-[8].In [3], a distance based formation
control has been extended to realize multi-lane platooning.
Further, with the advancements in Vehicle-to-Vehicle (V2V)
communication and shared perception techniques, it has be-
come viable to coordinate a group of autonomous vehicles
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beyond field-of-view to efficiently complete complex missions
within unstructured environment. An example is the coor-
dination of the swarm of quadcopters that are capable of
efficiently performing collaborative tasks beyond visual and
communication line-of-sight.

The authors in [9]-[11], developed swarms of quadcopters
that are convenient for various applications such as agricultural
spraying, pollination, monitoring, and collection of aerial im-
agery in an efficient way. In [12]-[15], the authors developed
swarm systems that can perform collaborative localization,
surveillance, load transport, and target tracking. In general,
the capability of robotic swarms to efficiently and effectively
complete various complex tasks emanates from the inherent
characteristics of swarm robotic systems such as redundancy,
simplicity, low cost, and the ability to generate complex global
behaviors from local interactions [16], [17]. However, the rela-
tive simplicity in design and size of individual swarm members
may inherently limit their sensing, actuation, communication,
computation, and performance capabilities. Therefore, the
guidance and control algorithms of a swarm should be required
to be computationally efficient, scalable to varying numbers
of robots, and robust to V2V communication loss between
adjacent robots. Accordingly, a coordinated collective motion
of swarm of quadcopters creates exciting and challenging
control problems due to the competing requirements and the
complicated quadcopter dynamics.

Based on feedback linearization and consensus theory, the
formation control of a swarm of quadcopters is proposed
in [18] for a time-invariant formation case. The coordinated
collective motion based on nonlinear model of quadcopters
were addressed in [19] and [20]. In [21]-[23], ignoring the
rotational dynamics of each robots, multi-robot formation
control frameworks are proposed for a team of UAVs. Further,
more unified coordinated collective motion frameworks that
consider the translational and rotational motions of a team of
quadcopters were studied in [24]-[27] for simplified models of
quadcopter dynamics. Modeling a quadcopter as a six degrees
of freedom (6-DOF) under-actuated system, the authors in [28]
proposed a leader-follower-based collective flight control of
a group of quadcopters in which each follower knows the
position of the leader robot. Recently, in [29], a consensus-
based robust formation control approach is proposed for a
group of quadcopters with full nonlinear dynamics in the pres-
ence of motion disturbances. The aforementioned consensus-
based approaches mainly ignore or simplify the quadcopter
dynamics and require each robot in the swarm to be provided
with unique specifications of formation parameters. Hence, the
swarm’s collective navigation performance is limited and does
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not scale to a varying number of robots in the group.

Our aim in this paper is to develop a scalable control
algorithm for swarm quadcopters to realize collective motion
of the swarm. In this vein, the authors in [30], proposed a
control framework by encoding the coordinated collective mo-
tion of the swarm using a finite number of swarm descriptors
to navigate the swarm along the desired path. The swarm
descriptors are extracted from the statistics of the swarm’s
distribution. In [31], a control framework to steer a swarm of
robots is proposed based on the mean and covariance of the
swarm’s distribution and hysteresis-based switching technique.
Extending the work in [30], the authors in [32] proposed
a control law to manipulate objects by a group of robots.
However, the frameworks proposed in [30]-[32] are based
on a centralized communication architecture. Alternatively,
in [33]-[35] a swarm control framework based on the local
sensing inputs and information from the neighboring robots
is developed. The local controller on each robot chooses a
control action that minimizes a global cost that describes the
deviation of the actual collective motion of the swarm from the
desired values. However, the performance of the framework
proposed in [33], [34] deteriorates for time-varying swarm
formation. The framework proposed in [33], [34] is extended
in [36] by decoupling the local estimators from the local
controllers on robots. Decoupling the local estimators from the
controllers equips the framework to avoid large estimation [37]
and formation errors in time and improves the performance of
coordinated motion of robotic swarms. However, the proposed
framework suffers from the change in the communication
topology that arises from robot drop-outs and communication
link failures among adjacent robots. Therefore, there is a
need to design a scalable and robust control framework for
collective navigation of swarm of quadcopters in the presence
of varying number of members, varying topology, and varying
inter-UAV distances.

This paper introduces a hierarchical distributed control
framework for collective navigation of swarm of quadcopters
under undirected communication topologies subjected to mem-
ber robot drop-outs and communication link failures among
adjacent robots. The proposed framework consists of a coop-
erative motion controller to govern the motion of the whole
group, and an attitude controller to stabilize the rotational
dynamics of a particular quadcopter. The main features of
the proposed framework are synopsized as follows. First, the
proposed control framework allows the swarm to perform
a time-varying collective scaling, translation, and rotation.
Second, the proposed framework is robust to robot drop-outs
and communication link failures between adjacent robots due
to decoupling of the estimation of the swarm descriptors from
the swarm control.

Compared to the previous related works, the contributions
of this paper are summarized as follows:

1) This paper develops a scalable control framework —
independent of a varying number of robots in the swarm—
for collective navigation of swarm of quadcopters. To this
end, in our case, all the robots in the swarm are given
the same formation parameters. Our formation parame-
ters are global swarm descriptors such as the swarm’s
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center, attitude, width, length, and height. These forma-
tion parameters capture a swarm’s global description,
unlike the formation parameters discussed in state-of-
the-art. For example, the approaches considered in [27],
[29], [38], [39] requires unique formation parameters
for each individual robot in the swarm. However, rather
than specifying unique formation parameters for each
individual robot, in our proposed framework, we only
provide the same formation parameters for each robot in
the swarm. Further, the proposed control framework is
also independent of the number of and permutations of
robots in the swarm.

2) The proposed framework in this paper is robust to robot
drop-outs and loss of communication between adjacent
robots in the swarm. Compared to the work in [30]-[32],
the proposed framework does not require a centralized
observer moving with the swarm as the observer failure
leads to the whole swarm failure.

3) This paper develops a distributed and hierarchical high-
performance collective navigation of a swarm of quad-
copters. Unlike the approaches in [24]-[27], [38], [39],
we do not ignore or simplify the quadcopter dynamics as
the accurate model of the quadcopter is crucial to realize
time-varying coordinated motions with aggressive ma-
neuvers. Further, we separate the group motion control,
the estimation of the swarm descriptor, and the low-level
control from each other. This is very useful in analyzing
the stability of the collective navigation of the swarm
mathematically.

We organize the rest of this paper as follows. In Section II,
we present the preliminaries on the graph theory to model the
UAV swarm communication network. Also, the modelling of
quadcopter dynamics, abstraction of swarm dynamics and the
problem formulation are presented in Section II. Section III de-
tails the development of consensus-based distributed collective
motion framework for UAV swarms. In Section IV, we discuss
the detailed stability and convergence analysis of the devel-
oped framework. In Section V, the flight simulation results
are presented to evaluate and demonstrate the effectiveness
of the proposed consensus-based distributed collective motion
framework. Concluding remarks are synopsized in Section VI.

II. PRELIMINARIES, NOTATION AND PROBLEM
FORMULATION

A. Graph theory

In this paper, we employ the following notations and basic
concepts from graph theory to present the proposed control
framework for the collective navigation of swarms of UAVs.
Let G(t) = (V(t),€(t)) be a graph with N nodes at time
instant ¢, where V(t) £ {v1(t),--- ,un(t)} is the set of nodes
and £(t) C V(t) x V(&)—{(vi(t),v;(t))|vi(t) € V(t)} is the
set of edges. Let A(t) = [A;;(t)] € RV*N be the adjacency
matrix where 4,5 € {1,2,--- , N}, A;;(¢) = 1 if there exists
an edge from node ¢ to node j, and A;;(t) = 0, otherwise.
Here, we assume that G is bidirectional, i.e., A;;(t) = Aj;(t)
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Notation Description
Gg(t) Swarm commucation graph
V(t) Set of nodes in G(t)
E(t)) Set of edges in G(¢)
B(t) Incidence matrix of G(¢)
L(t) Laplacian matrix of G(t)
A2(L(¢)) the algebraic connectivity of G(¢)
Amaz (L(t)) the maximum eigenvalue of £(t)
A(t) Degree matrix of G(t)
A(t) Adjacency matrix of G(¢)
Ni(t) Set of Robot 7 neighbors in G(t)
1y N —dimensional vector of all ones
In N X N identity matrix
1y1%
M Iy — 2N
()* generalized inverse
II-1l¢ 1—norm
-l 2—norm
Il o oco—norm
Koo Class kappa function
SO(3) Special Orthogonal Group

TABLE I: Notations

for all ¢,j € {1,2,--- , N}. We consider the set of neighbors
N;(t) of node v; as

Ni(t) = {v; € V(1) Ayj(t) = 1}. 1)

For a bidirectional graph, the out degree of node v; is given
as d;(t) = Z;\;l Aj;;(t). Then, the degree matrix and the
Laplacian matrix of graph G(t) is given by A(¢) = diag(d;(¢))
and L(t) = A(t) — A(t), respectively. More specifically,
L(t) = [l;;(t)] € RV*N, where L;(t) = Y7, Ay;(t) and
lij(t) = —A;(t) if i # j. The incidence matrix of graph
G(t) is given by B(t) = [b;;(t)] € {—1,0,1}**, where
b;;(t) = —1 for the outgoing communication link from node ¢,
b;;(t) = 1 for the incoming communication link to node 4, and
b;j(t) = 0 otherwise. Here, k& is the total number of edges in
the graph which can be calculated as k = Zf\il d;(t). For ease
of access, the notations related to graph theory is summarized
in Table I. Further, we present the following two lemmas which
will be used in the next sections.

Lemma 1 ( [40]). For any strongly connected bidirec-
tional graph G(t), the Laplacian matrix L(t) and the
incidence matrix B(t) satisfy M = LZ(t)([:(t)q)Jr =
(B(t)BY (1)) (B(t)BT (t))*, where M £ (Iy — %) and
()" is the generalized inverse.

From Lemma 1 it can be seen that the Laplacian matrix
L(t) and the incidence matrix B(t) of graph G(¢) are re-
lated by L(t) = B(t)BT(t). Here, the notations 1y denotes
N —dimensional vector of all ones, I denotes N x N identity
matrix.

Lemma 2 ( [41]). The Laplacian matrix of a strongly con-
nected bidirectional graph G(t) is a positive semi-definite
matrix with a single eigenvalue at zero. The right and left
eigenvectors of L(t) corresponding to the zero eigenvalue are
1y and 1%, respectively.

>0,1%L) =

Lemma 2 describes that Vo € RN, 2T L(t)x
0, B(t)1y = 0 an

0, 15B(t) =0, 1M =0, L(t)1y = d
T
M1y =0, where M = (I — %)
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B. UAV model

In this section, we present the equation of motion of Quad-
copter 4, @ € {1,---, N}, based on its rigid body dynamics.
For this purpose, we define the Earth-fixed world frame where
the basis vectors point in the north, east, and down to the center
of earth and a body reference frame fixed at the bary-center
of the quadcopter. The rotation matrix R; € SO(3) from the
body frame to the Earth-fixed world frame is given as

cos 6; cosp;  sin ¢; sin ; cos ¥; — cos ¢; sin Y;
cos 0; sin1);  sin ¢; sin 0; sin v; + cos ¢; cos P;
R —sin6; sin ¢; cos 6; 5
L cos ¢; sin @; cos ¥; + sin ¢; sin ¥; @
cos ¢; sin #; sin ¥; — sin ¢; cos ¥;
cos ¢; cos b;

where the Euler angles 0 < ¢;, 0; < 3, and ; represent
the roll, pitch, and yaw angles of Quadcopter ¢, respectively.
Let [xi,yi,zi,(bi,Gi,i/)i]T be the vector of Quadcopter i’s
linear and angular qpositions in the Earth-fixed frame and
[ui,v,;,w,;,pi 7q,;,r,;] be the vector of Quadcopter ¢’s linear
and angular velocities in the body fixed frame. Let F;, and
M;,; be the thrust and moment generated by the j — th
propeller on quadcopter i, respectively. Then, the control input
to quadcopter ¢ is given as

Li| F,,D—-Fi,D 3)
m; o FizD —Fi4D ’
n; Mi1 - Miz + Mig — Mi4

where D is the arm length, 7; is total thrust from all rotors,
l; is the rolling moment, m; is the pitching moment, and n;
is the yawing moment of quadcopter ¢. Thrust 7; and yawing
moments M;; of the quadcopter 7 are achieved by varying the
rotational speed of propeller motors w;; as

F;

J

:cw?j,Mij:aDw?j,j:{l,-u,4}, 4)

where c is the thrust constant, a is the drag constant. Then,
neglecting wind effect, the translation motion dynamics of
Quadcopter ¢ in the Earth-fixed world frame is given as

T; 0 0
gi| = [0| +RF| 0 |, Q)
Zi g T

where ¢ is the acceleration due to gravity and m is the mass
of the quadcopter. Ignoring the ground effects, the gyroscopic
moments, and assuming the quadrotor’s body inertia is signif-
icantly bigger than the rotor inertia and quadrotor structure is
symmetric, the rotational motion dynamics of Quadcopter 7 is
given as

yy 1=z 1

) I

Di QZTzI Imz] Tom (1) 0 l;

Gi| = |pri= =+ 00 - 0 imil, (6)
- Tpo—1 1 .

Ti Pidi 0 0 71 L

where I, I, and I, are the body inertia of quadcopter .
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C. Problem formulation

Consider a swarm of N identical quadcopters deployed to
execute a collective navigation task in a coordinated manner.
Assume that the set of neighbors A;(¢) of Quadcopter i is
given by

M(t):{jE{l,"' N}
H[xhyivzi]T - [$j7yjazj]TH <cCryJ 7& i}v @)

where ¢, > 0 is the communication range of Quadcopter <.
Given the state [l‘i, Yis Ziy Oy 035 W5, Ui, Vi Wi, Diy iy Ti}T of
Quadcopter 4, ¢ = 1,---, N, our objective is to design a
control framework for the swarm of quadcopters whose overall
dynamics is given by

&= f(z)+ G(x)u, (8)

where © = [z1,y1,21,01,01,%1, - ,ZN,UN, 2N, ON, ON,
wN]T, u = [Tl, li,mi,n1, -, ITn,In, mN,nN]T, to collec-
tively move the group along a desired path in the presence of
robot drop-outs and communication link failures.

As the dimension of the swarm system in (8) depends
on the number of robots in the swarm, directly solving the
aforementioned control problem is difficult for a large number
of robots. To circumvent this, we reduce the configuration
s = [T1,Y1,21, TN, YN, 2n] " of the swarm to a lower
dimensional representation that will be independent of the
number and spatial order of quadcopters in the swarm and
facilitate commanding the swarm to satisfy specifications
given in terms of time-parameterized curves on the lower
dimensional manifold. Here, among all possible lower dimen-
sional representations, we are particularly interested in those
representations that are invariant to changes in the absolute
reference frames, and involve the lower order moments of
the spatial distributions of the robots. Let the swarm of
quadcopters be initially in a desired swarm configuration.
Also, let a reference frame (Og — zoypzp) with origin Og and
basis vectors xg, Yo, 2o represent a world frame. Similarly, let
a reference frame (O — x5, Y5, 2s,) With origin O; fixed at the
center of the swarm and basis vectors xsp, Ysp, 2sp TEpresent
a frame moving with the swarm (see Figure 1). Now, we can
compute the position of the center of the swarm p € R? as the
average of the position vectors of UAVs in the world frame
(Oo — woyo20) as:

T

N N N
1= [, fry, 1] T = i1 Ti Do Yi Dimy F 9)
xsy My Pz N ) N ) N .

Also, in the world frame (Og — zgy020), the covarinace of the
swarm distribution is given as:

Ozz Ozy Oz
S0= |0y 0Oy Oyz|, (10)
Oz Oys Oas
N R N N
> (wi—pa) > (wi—pa) (Yi—hy) S (wi—pa) (20— =)
where  o,, = =5 s Oy = = N 2 Opz =T —Ff—,
N ) N ~ v
’Z‘(yi_lty) ; (yi—py)(2i—pz) Zl(%_m>
Oyy = =N > Oyz = — ~ L Oa = g
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0

Fig. 1: Reference frames for swarm where red circles symbol-
ically represent the UAVs; xg, 4o, and z( are the basis vectors
of the world frame, and x g, ysp, and zg, are the basis vectors
of a moving frame fixed at the center of the swarm.

The covariance of the swarm distribution in a moving frame
(01 — z5,Ys, 2s,) 18 given by

S1 0 0
$1=10 s 0, 1D
0 0 S3
1 X 2 1 2 1 X 2
where 51 = ﬁ_leW so = ﬁZl i 53 = ﬁlezi,
i= i= i=
[pa:wpywpzi]T = ?T(['Tia Yis Zi]T_:u)’ and R(l) is the rotation

matrix describing rotations from frame (O —xyozo) to frame
(O1 — 24,Ys, %s,)- To determine the swarm rotation angles —
6, (rotation angle about x, axis), ¢, (rotation angle about
yo axis), and 6, (rotation angle about z, axis)- we relate
covariance matrix Yo to the covariance matrix >; as

T S1 S12 S13

0 0

Y1 =R] YoR| = |s12 s2 s3], (12)
S13  S23  S3

2

where s1 = gy, 82 = Oyy, S3 = Osz, S12 = Ogy(c0s® O —

sin®0,) + (0px — Oyy) oSO,y sinb,, 13 = 0,.(cos?6, —

sin? 0.) + (022 — 0ga) cos B, 8in 6., and s93 = 0y, (cos? 0y —
.2 .

sin® 0,) + (oyy — 02) cos 0y sin 6. Then, from (11) and (12),

the swarm rotation angles are computed as

1 20,
0, = ftcmfl( Ty
2 Oyy — Ozz
1 20
0, = —tan™" & (13)
Yy 2 (Uzz _ Uyy)
20,
0. = ~tan™" =
2 a (U:Ex - Uzz)

Now, let a = [po py p= 0 0y 0. s1 s2 53]T €
RY be a vector of swarm descriptors. Also, let a surjective
submersion

d:RN 5 R B(x,) =a, (14)
relate the swarm descriptors a and the swarm configuration
Zs. Then, for i = {1,--- , N}, using (8) and (14), we define
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a new system as

T; 0 0
ii| = |0| + RS ,
5] —
] (o] [ 0 0[] a9
¢i| = piriizzj;f” +10 = 0 {mil,
7] _pﬂ]i% 0 0 I:z i

Yy = a.

Our aim is to design a distributed control law wu; =
[T;,1;,m;i,n;]T for each Quadcopter i in such a way that the
motion of distribution of the swarm follows the desired tra-
jectory ad = [/’Ldm7 Hdy» Hd.» edsr’ edsp’ edsy’ Sd;) Sduw» Sdh]T €
R?. However, synthesizing control law wu; necessitates each
Quadcopter ¢ to know the position information of all robots in
the swarm to determine the vector of the swarm descriptors at
each time t. A central observer that moves with the swarm
could collect the position information of all robots in the
swarm, compute the values of the swarm descriptors, and
broadcast the computed values to all robots in the swarm.
However, such a centralized approach is prone to high band-
width requirements and the centralized observer can be a
single point of failure. We evade these drawbacks by designing
a dynamic average consensus estimator for each Quadcopter ¢
to estimate the swarm descriptors a based on the position
information collected from the neighbor robots, subsequently
realizing a distributed control architecture.

Mathematically, we state the problem of collective naviga-
tion of swarm of quadcopters as follows:

Problem 1. Consider a swarm of quadcopters @,
i = {l,--- N} whose motion dynamics are given in
(15). Given the desired trajectory aq = [pa,, Hd,
td.0d.,+04.,,04d., Sd,s Sdu - Sa,] " € R? for collective motion
of a quadcopter swarm,

a) Design distributed consensus-based estimators to esti-
mate the swarm descriptors a = [fiz, fly, Pz, Od,, Oa,,
04, 81, Sw, sn| T at time t, while handling robot drop-outs
and communication link failures,

b) Design a distributed control laws u; for each Quadcopter
i, 1 € {1,--+ , N}, so that the collective motion of the
swarm tracks the desired trajectory ag.

ITII. CONSENSUS-BASED DISTRIBUTED COLLECTIVE
MOTION FRAMEWORK

In this section, we present the developed consensus-based
distributed collective motion framework. As shown in Fig. 3,
our proposed framework has the following components: the
Motion planner, the UAV swarm descriptors estimator, the
UAV cooperative motion controller, the UAV attitude con-
troller, and the UAV state estimator. The Motion planner
provides the desired collective motion trajectory aq = [ttd, ,
de Hd. QdW Gdsp s Gdsy y Sdyy Sdy s Sdh]T. The UAV swarm de-
scriptors estimator is responsible to provide the estimate of the
swarm descriptors a = [fig, uy,uz,edw,edy,edz,sl,sw,sh]T
at time ¢. The UAV swarm descriptors estimator is built on the
top of the UAV state estimator which provides the estimate of
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the quadcopter state [;, i, Zi, Gs, 0i, Vi, Wi, Vi, Wi, Piy Qi i) T
For the UAV state estimator, any common method in the
literature such as Kalman Filtering can be employed. Then,
this information will be used by the UAV swarm descriptors
estimator to estimate swarm descriptors. Then, we design a
distributed hierarchical control law for each robot so that the
swarm robots can collectively follow a desired trajectory.

A. Consensus-based swarm descriptors estimator

In general, computing the vector of swarm descriptors a
requires all—to—one communication (between the UAVs and
a centralized observer) or all—to—all communication among
the UAVs in the swarm. Such a centralized communication
architecture is prone to failures associated with the centralized
observer, with the UAVs in the swarm, with communication
links between the observer and individual UAVs, or with com-
munication links between the UAVs. To tackle this, we devise
a more robust technique based on a distributed communication
architecture to estimate the vector of swarm descriptors a. To
this end, we re-write the swarm descriptors as follows:

_ N _
% Zﬁ\?l §i1
1
o ? 23\?1 <i2
j N Zi:l Gis
i 1 1 it iy
Yy 1 — — N
Kz  tan Z{V:J\lf Cig
Hm 1 1 ZqN:l Sig
— — 1 — N
a= Zy = [z tan S , (16)
z N
ZNzl (€3
s _ Zi=15ig
5; %tan ' va—l\l, Cig
Zi=1 tip
s N
L23] % Zz]\?l Ciw
N Z?\?l Cill
L % Ei:l <i12 |
where
R T 1
C’ifz Yi
Gia 2 — l;z)(yz - ,Uy) )
Gis (i — py)® — (27 — pa)
Gig 2(y; — ,Uy)(zi — iz)
- — 17)
Sl P Bl [P ey S
Gis 2(z; — pro)(2i — pz)
Gio (T — pa)?® = (20 — 1)’
C’ho .’17%
Ciu y12
_<i12_ L Z22 J

Then, to estimate % Zfil (i, in a distributed way, we propose
an edge-based dynamic average consensus of the form:

Niji = —ptanh{c(yi, —v;.)}, 7 € Vi,
JEN;
where £ = 1,---,12, ¢ > 1 and p € R are global estimator

parameters, 7;;, is the internal state of the estimator on
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Swarm descriptors estimator of UAV ¢
Position Attitude Shape
estimator estimator estimator

= = =

Swarm descriptors estimator of UAV j € N;

Fig. 2: Swarm descriptors estimator of UAV i.

UAV, and 7;, € R is the estimation of + vazl (i), For a
connected communication graph G(t), the consensus protocol
in (18) is robust to UAVs joining or leaving the swarm,
and communication link failures among adjacent UAVs (See
Section IV-A for the proof). Further, the protocol proposed
in (18) does not suffer from chattering phenomena unlike the
work in [40], [42].

The swarm descriptors estimator on UAV ¢ has three
components: the position estimator, the attitude estimator,
and the shape estimator. The block diagram showing the
components of the swarm descriptors estimator on UAV i
is portrayed in Fig. 2. Using the consensus protocol in (18),
the Position estimator block estimates u,, ft,, and p, as v;,,
Viy» and 7y;,, respectively. Also, the Attitude estimator block

Yig Yig
Yiz )’

Yis
), respectively. Further, the Shape estima-

estimates 0, 6,, and 6. as 3 tan™" ( ), 3 tan™!

YVig

and %tanfl v
‘9

tor block estimates si, sg, and S3 as Vi,,, Vips. and v,

respectively. Putting all together, the estimate of the swarm

descriptors @ at UAV ¢ will be

- Yix

/f”” Yia

/fy Yis

gj 3 tan™! z—:

a= |0y =|gtan”! (e (19)

?z ftan™! (2=

S1 Yig

So Yi1o

S3 Yi11

- L Yiiz J

B. Hierarchical distributed Controller

The controller design for highly non-linear and strongly
coupled swarm system in (15) is very challenging. Besides,
the inherent under-actuated property of the quadcopter dy-
namics makes controlling all the six states of the quadcopters
very difficult, while collectively moving the UAVs along
the desired swarm trajectory. In this section, we develop a
distributed controller to track the desired trajectory of the
swarm descriptors ag4 by exploiting the structural property of
the quadcopters’ dynamics. For this purpose, we transform the
attitude dynamics to a form that is suitable for control design.
We start by relating the body rates and the euler angle rates

as Q/) 1 sin ¢; sin 6; cos ¢; sin 6;
T cos 6; cos 6; Y23
Qi =10 COs ¢2 — s d)z q; (20)
i sin ¢; cos ¢i .
wl 0 cos 6; cos 6; T
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By differentiating (20) with respect to time and recalling
(6), assuming small angle motions, the transformed attitude
dynamics will be

o ry 5 Iy—ILs.
i Oibi=r o (1) 0 li
b | = |t = |+ | 0 7= 0 | Imi| . @D
L] _éiéi!”[;[yy 0 0 z-1Llm
Then, we re-write the quadcopter dynamics in (15) as
Ea [0 0
bi| = |0 + R} :
5] L —
I ro i Tyy—IL..
oi L T (1) 0 li (22)
0; | = ¢i¢i7[”1;y]” +10 7. 0] |mif,
_wi_ _¢i ol Im:r,]:z[yy 0 0 T.. n;
Y = a.

The quadcopter dynamics in (22) can be considered as cascade
of translation and rotation subsystems coupled through a
rotation matrix. Moreover, the quadcopter translation is due to
attitude changes and it is affected by the changes of angles
through the rotation matrix. Further, the attitude dynamics
does not depend on the translation component of the model
in (22). Based on this property of quadcopter dynamics, we
design the hierarchical controller by decoupling the transla-
tional and attitude dynamics in (22) into two subsystems.
Hence, the overall control system will have a hierarchical
and distributed structure (see Figure 3) comprised of the
UAV attitude control and the cooperative collective motion
control loops, respectively. The cooperative collective motion
controller is mainly responsible to track the desired swarm
descriptors a4. It operates on the translational dynamics of the
UAV and generates the thrust command and desired attitudes
for the UAV attitude controller. The UAV attitude controller is
mainly responsible to stabilize the UAV rotational dynamics
to the desired attitude.

Remark 1. Similar to approaches in [43], [44], to simplify
the control design approach, we decouple the framework
components and ignore the interconnection terms between
them. However, we will consider the interconnection between
the components when providing the stability analysis of the
swarm control framework.

Cooperative Motion Controller: Now, let a virtual control
v be defined as

v=[v, - ,on]", (23)
where
Z 0 0
vi= || =|0| +Rf | O (24)
Zi g 5

Now, we represent the subsystem relating the collective motion
of the swarm to the translational motion of the UAVs as
follows:

Ts =0,

y=a, (25)

where z, = [21,91,21," - , TN, YN, 2] L. The system in (25)
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Fig. 3: A consensus-based distributed hierarchical control system architecture for UAV; and its neighbor agents, UAV;,

j=1,---,MN;, j # i, communicating over wireless network.

is a non-square MIMO system with 3N states, 3N inputs, and
nine outputs, where the input-output relationship is non-linear.
To design the virtual control v, we linearize the input-output
behavior of (25) to get a linear system of the following form:

(26)

where w is the new input that steers the swarm descriptors to
track the desired trajectory aq4. Since the relative degree of the
system in (26) is two, we design the input w that stabilizes
the following second order error dynamics

Ea + kaba + kpea = 0, Q27

where kq = diag(ka,, ks, kdy, kays kds, kags Kay, kag, Kdg)
and ky, = diag(kp,, kp,, Kpss kpys Kpss Kpes Kpro Kps, kpy) are
control gains, and e, is the tracking error defined as

(28)

eq = 0 — aqg,

where a is the current state of the swarm descriptors, and ag
is the desired trajectory of swarm descriptors. From (27), the

input w can be computed as
w = Gq + kq€q + kpeq. (29)

Here, we use the swarm descriptors estimator (19) to compute
the value of the swarm descriptors a cooperatively. Then, from
input-output linearization, we relate inputs w and v as

v =F%(w— fis —a)

where (.)# is the pseudo inverse operator. Here, o and 3 are
given as

(30)

a = [L;“al L;igag]T
Ti —1 Ti —1
Lol o e Lo Ly an] )
B = : : )
LylL;ig_lag ngNL?g_lag
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where [a1 a9t = ®(zs), rij € N, i = 1,--- 3N, j =
1,---,9, is the relative degree for output a;, f = Oznx3N,
and g = Isnxan. Ly,a; is the Lie derivative of function a;
along a vector field f;, and Ly, Ly, a; is the Lie derivative of
function a; along a vector field f; and along another vector
field g, where £k =1,--- ;3N. Since f = O3nyx3n5, We have
a = 0. We also assume that Bm’s ~ 0. The term (3 is computed
as

b=x—71 oIk (N2 DT (32)
N_1 ﬁ ﬁ
2(1'51 - N) Hl 2(‘TSN 7:“‘) Hl
Q(xsl - M)THQ 2(‘r81\7 - :U‘)TH2
_2({E51 - M)THS 2(xSN - N)TH3-
where Hf = R(l)eie]T(R?)T» [61 €2 63] = I3x3, Tij =

H! +H!, H; = H},i,j = {1,2,3}. Then, we compute 3% =

[(s2—s So—s8 1T
;;szg(xsl - W (T3" §+§< o — )T (TT
ES§+31;( S1 M) (Tsl)T észjtsi;( SN /“L)T(T?})T
sl (o, — )T e B, — )T (T)T

G G
62 ... 82
eg‘ ... eg
%(3«“51 — ) H 3o (s — )" H{
@(‘(ESI - N)iHrQ; ?(msz\f - :u‘)zH%
L T3(x81 )" Hs Tg(xSN —p)" H 33)

Now, recalling (24), the components of the virtual input v;
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are given by

1
—ETi(cos ¢i, Sinb;, cos;, + sin ¢;, sin ;)

Vi, =
1 . . .

v, = _ETi cos ¢;, sin 6, sinp;, — sin ¢;, cosvp;,  (34)
1

0 = = Ti(cos 6y, c0s 0y, + ),

where v;,, Vi, and v;, are the virtual inputs along xo, yo, and
zp axes, respectively, that are needed for tracking the desired
trajectory aq. We use vy, vy , and v, to compute the desired
trust force and desired attitude angles as

T, = m\/vfm + 07+ (9 —vi.)?

Vi, SIN Yy, — vy, COS Yy,

_owin—1
¢i, =sin” (—m T ) (35)
Vi COSW;, + v; siny;
Gid:sinfl(— - Yia 2 1/)d),

g — Y,

where ;, = 0,,.

Remark 2. In the autonomous mode, all the UAVs in the
swarm will only be given the same swarm descriptors’ refer-
ence trajectory aq by the operator or computed by the motion
planner. The attitude angles ¢,;, and 0,, and their derivatives
are computed by the cooperative motion controller.

Attitude Controller: To synthesize the required rolling,
pitching, and yawing moments, we consider the attitude dy-
namics in (22) which is a fully-actuated system for 6; # k7.
Hence, we can employ exact feedback linearization to obtain
a 3D double integrator system of the form:

¢z T
6| = | 7o, (36)
Vi Tep,

We design the following PD controller to stabilize the double
integrator system in (36)

T ¢Ld (Z)M - ¢L Giy — Gi
7_—9,; = aid + kad gid — 01 + k‘ap eid — 01 s (37)
7_-"1b1 'l/}id ,(/)id - ,(/)’L /ll}id - /ll)l

where koq = diag(kad,, Kads, Kads) and kqp = diag(kap,,
Kapys kaps) are control gains. Then, the body angular accel-
erations are obtained as

D 1 0 —sin6; T 0
G| = |0 cos¢; sing;cosb; To; | + |0
7 0 —sing; cos¢;cos;| |Ty, 0
(38)

0 cos 0;0; bi
sin (Z)lqzﬁt —sin (bz sin Glét — COS ¢i COS HIQZSL 91
cos ¢;¢; —sinb; cos ¢;0; + sin ¢; cos 0;¢; | | s

From the body angular accelerations computed in (38), we

compute the required rolling, pitching, and yawing moments
as

li Iwzpz + (IZZ - Iyy)qr
mi | = | LyyGi + (1w — L2)pr (39
n; Izzh + (Iyy - Imm)pq
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IV. STABILITY AND CONVERGENCE ANALYSIS

In this section, recalling that the proposed control frame-
work for swarm of quadcopters has three interconnected sub-
systems, i.e., the consensus based swarm descriptors estimator,
the cooperative motion controller, and the attitude controller
subsystems, we analyze the stability of each the subsystems
followed by the stability analysis of the overall system.

To begin, let the estimate of the swarm descriptors a =
(a+da), where da is the estimation error. Also, assume da is
slowly varying, i.e, 4@ =~ 0 . We can then rewrite (29) as

Wnew = dq + ka(a — aq) + kp(a — aq) + kpda.  (40)

Then, the new virtual control input v,,.,, can be written as

Vnew = ﬂ#eu;wnewa (41)

where fpew = (8 + AB) and AS is due to da. Assuming
Brew = B, 1.€., ~AB = 0, and using properties of matrix (B+
AP)# = p#+p,and B = (BT B) T AB—(BTB) (26T AB+
ABTAB) (BT B+28TAB+ABTAB) (BT +ABT)), we have

VUnew = 6#11) + Ah (42)

where A, = (8% + B)k,0a + Sw. Similarly, in (24) by
replacing (¢, 0;,v:) by (¢, +eg,,0i, +eo,, i, +ey,) where
€y = iy — Gi, €9, = 0;, — 0, ey, = P;, — 14, and recalling
(36), the overall system on Quadcopter ¢ will be

Zs, = v + A1+ Ag,

o
9i = To (43)
Hi :77—01'7
Uy = Tapis

where Ay = —LTihi(¢i,,0i,,Viy, €4,,€0,,€y,) and h; =
(hg,, hy,, hz,) can be computed as follows:
he, = (hs, sinf;, — hg, cos ¢;, — hs, he,) cos;,,
— (hs, cos ¢;, + hs, h3,)sinb;, — hy, sin ¢;,
+ hq, sin;, — he, hs, cos @i, — hi,ha, — I3, hs, he,
hy, = (hs, sinb;, — hg, cos ¢;, — hz, he,) sin;,
— (ha, cos ¢;, + hyg,hs3,)sinb;, — hs, sin ¢;,
— (h1, = he,ha,) cos i, — ha,hs, — hs;ha he,
h,, = ha,hs, + ho, cos ¢;, + hs, cos0;,

(44)
and
hi, = sin(e¢i/2) COS(¢id t e, /2),
ha, = —sin(eq, /2) sin(6;, + eq,/2),
hs, = — Sin(e¢z‘/2) Sin(¢id + e¢i/2)a (45)

ha, = —sine, /2) cos(ii, + e /2),
;== sin(ed,,i/Q) Sin(wid + 611)1/2)7
he, = —sin(eq, /2) cos(b;, + €q,/2).

=
ot
|

Remark 3. The terms Ay and As in fact represent the in-
terconnection between the system’s components. More specif-
ically, A1 captures the interconnection between the swarm
descriptors estimator and the cooperative motion controller
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and Ay captures the interconnection between the cooperative
motion controller and the attitude controller subsystems.

Now, using the theory on the stability of cascade systems
presented in [43]-[45], we show that the interconnection
terms A; and A, satisfies a growth restriction condition (see
Theorem 3 from [43]), which can then be leveraged to show
the stability of the overall system. Accordingly, the stability
analysis process can be broken down into the following parts:

o Prove that the swarm descriptors estimator guarantees a
bounded estimation error da.

« Prove that the cooperative motion controller and the
attitude controller are globally exponentially stable in the
absence of the interconnection terms A and As.

o Prove that the interconnection terms A; and A, satisfies
the growth restriction condition so that the overall closed
loop system is asymptotically stable.

Next, we will provide the proof for the above stated problems.

A. Convergence analysis of the swarm descriptors estimator

Consider the consensus based swarm descriptors estimators
(18) of all the UAVs in the swarm, which can be put together
as

i = —ptanh{cBT ()7}

_ s (46)
Vi = B)1k + Gk
where k = 17 ;12’ ﬁk(t) = [nlka"' anNk]T’ 7hk =
{nijk}jGNwizl aN7 ;Yk(t):h/lka 77Nk] Ck( )

[Cigs > Cni) T, B(t) is the incidence matrix of the swarm
communication graph G(t), and tanh(.) is applied component
wise.

Theorem 1. Consider a swarm with a strongly connected
bidirectional graph G(t) and time-varying ; with bounded
first derivative. The proposed consensus based swarm de-
scriptors estimators (46) guarantee that the estimation error

v = |k — 1NA}N Ck| is uniformly ultimately bounded and
converges to the adjustable compact set given by

~ s T + N)nax (['(t))
{’Yk : ||7k||oo < H(B (t)) H2 < Ao (ﬁ(t))

where Ao(L(t)) is the algebraic connectivity of G(t),
Amaz(L(t)) is the maximum eigenvalue of L(t), 6 =
ihl P+HC}H1
e \ella),

) o}, (47)

Sor all A(to), k = 1,---,12, if and only

if the global consensus parameters are selected as p >
ml?x(supptu HCkH ) and ¢ > 1.

Proof. From the consensus based swarm descriptors esti-
mators in (46), the swarm descriptors estimation error and
estimation error derivatives are given by

. 1n1T
Ve =Yk — ]\]vaCk
Ve = B(t)ik + M,

where M = (Iy — 27 N) Using (48) Lemmas 1 and 2, we
have 15B(t) = 0, BT( )1y =0, 157, = 0, and BT (¢)7), =

(48)
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BT (t)4%. Now, consider the Lyapunov function of the form
= %% 4% and invariant set

14
Qu, = {V < d},Q = {V S hA={c SV <d} @9

2 . .
for some d. > € > %. Taking the derivative of V', we have

V = —0] ptanh(cdy) + OFBT(t) (BB (1)) &, (50)
where

Ok = BT (t)7 = BT ()% (51)

Let @i = milélk + -+ miNéNk, where mMij, = 1,' . ,l,

j=1,---,N, are the elements of BT(¢) (B(t)BT(t))", I is

the total number of edges in G(t), and (.)* is the generalized
inverse. Then, expanding V', we have

V = —p[91, tanh(cdy;,) +
+ 301+

-+ + Uy, tanh (et )]
+91,0;.

(52)
Now, letting w;(J;1.) = —pUiy tanh(cdyy) + 9,0;, we can

re-write V' as l
V = Z ’wl(’l%k)
i=1

Since tanh(¢;x) = sgn(cdyy) (1
w;(¥;x) will be given as

(53)

2
_ m), the term

2
g2l 1

+941,0;.

w;i (Vi) = —pVig (SgH(C19z‘k) (1
(54)

Then, since ¥, sgn(ct;y) = [0y, and |0;] < Zl 1\Qk|
7HCkH we have

wi(0ik) = ~[0iel(p — ey 18],
2p A
*Wz‘k|ﬂ+|ﬂik|m+wik|;|%|~
(55)
We have w;(9;x) < 0 if and only if [9:x] > 0 and

(p— ewiﬁ - HEkH1) > 0. Accordingly, we have (p —

ezqfﬁ - Hé_kul) > 0 if and only if

o+,
|191k|>2 ,and
T,
o> [
1
Then, from (52-56), we can conclude that Vo =
S wi(9ir) < 0 for all |9 > 0. p > Hgk ,and ¢ > 1,
where
L (]9
6—2—1 ~ (57
© Ao
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Now, choosing € and d. such that % < e < d,. then V is
negative definite in the invariant set A = {¢ <V < d.}. Be-
sides, by employing Courant-Fischer Theorem [46], we have
22BN 2 < V< Amas (L) [|5]l3. where Ao(L(t))
is the algebraic connectivity of G(t) and A4, (L£(t)) is the
maximum eigenvalue of £(t). Since V is radially unbounded,

by defining a1 (r) € Koo and aa(r) € Ko as

_ M (L@®) o
1(7“) - N r,
@2 (1) = Az (L£(1)) 72

the ultimate bound for |||, can be given as

W) 5. (59

(58)

A2 (L(t))

Substituting (59) in (51), the ultimate bound on the consensus
~ T + . .
error 7, = (BT (t))" 9 is given as

el = |87 @) 0| < 7o) | 1nle

< H(BT(t))JrHZ ( J\U\W(E(t))> 5 (60)

[0kl oo < ayt(a2(6)) = (

Az (L£(1))

Further, from (57), by choosing p > 10(1]§u><(supt>t0 fk H ), we
= 1

have 6 ~ 0. Accordingly, from (60), we can conclude that the

consensus error can be adjusted to ||5||,, ~ 0 by increasing

the global consensus parameter p. O

Corollary 1. The estimation error of the proposed swarm
descriptors estimators (46) is bounded.

Proof. Choosing p > m]?X(Suptzto

C_kH ) and using the
1

relationship in (60), we can guarantee that the estimation error
- ; Tt N maz (£(D)

is bounded since H(B () ‘2, ( W)’ and § are
all bounded. Further, let

!
b = min(— w;i(Yik),
vEA ; (61)

w o

Then, from (49), (51) and (52), we have V < —b < 0, for all
¥ € A, for all t >ty > 0. Accordingly, V' < V(o) — b(t —
tg) < d.—b(t—tp), and hence, the estimation error enters the

adjustable compact set within finite time ¢* =ty + dcb_ <. O

Corollary 2. The proposed swarm descriptors estimators in
(46) are robust to communication link failures and to UAVs
leaving or joining the swarm as long as as the underlying
swarm communication graph G(t) remains strongly connected.

Proof. From Theorem 1 and Corollary 1, the estimation error
converges to a bounded and adjustable steady-state error.
However, the steady-state error is a function of the algebraic
connectivity A(L(¢)) of the underlying swarm communication
graph G(t). If G(¢t) is not connected, the bound of the
estimation error (48) will be undefined since the algebraic
connectivity of G(t) is zero. On the contrary, If G(t) is
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connected, its algebraic connectivity is different from zero.
Therefore, as long as the swarm communication graph G(t)
remains connected after new UAVs join or member UAVs
leave the swarm, our swarm descriptors estimator always con-
verges to the desired value. Further, using the same argument,
we guarantee that our swarm descriptors estimator converges
to the desired value in the presence of communication link
failures among the UAVs. O

Corollary 3. For a strongly connected swarm communication
graph G(t), the swarm descriptors estimators in (46) do not
require special initialization.

Proof. From the error dynamics in (48), we have 157 (t) =
0, 137 (t) = 0, as 1 B(t)7j(t) = 0 and 15, My (t) = 0 for
all t > to. Also, for a strongly connected graph G(t), we have
BT (t)1x = 0, for all t > tq. Accordingly, 7% (t) can attain any
value for all ¢ > t, i.e., 7x(t) is not required to satisfy any
constraints unlike the approach in [47] where 1xn7jx(to) = 0
is needed. Therefore, the consensus protocol in (46) does not
require any special initialization. O

Remark 4. In practical scenarios, achieving consensus on
the estimation of swarm descriptors can be challenging when
one involves a large number of quadcopters in the swarm.
However, in our proposed swarm control framework, swarm
descriptors estimators do not require special initialization,
and the swarm descriptors estimator and the control synthe-
sis are decoupled. Based on these features, similar to the
approaches employed in [48], the estimation procedures in
swarm descriptors estimators can benefit from warm start
and accelerated communications to propagate the estimates
across the swarm so that the consensus can be reached quickly.
Compared to [48], the recursive computation of gossiping step
in the Multi-Step Dual Accelerated algorithm is replaced with
a single computation using tanh(.) function which simplifies
the procedure.

B. Stability analysis of the cooperative motion controller and
the attitude controller

In this section, recalling the control laws (30) and (37), we
prove the global exponential stability of the cooperative motion
controller and the attitude controller without considering the
interconnection terms A; and As.

Proposition 1. In the absence of interconnection terms A;
and Ao, the closed loop system (43) is globally exponentially
stable (GES).

Proof. Ignoring A; and Ay in (43), the cooperative motion
controller on UAV ¢ is given as

s, (62)

= U;.

Putting together the cooperative motion controllers of UAVs
(62) in the swarm and recalling (30), we get
Ts =0,

B, = B*(w — i), ©3)
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where &y = [@g,,- - ,isN]T and v = [vy,-- ,UN}T. Then,
recalling the input-output relationship (26) and the control law
(29), the cooperative motion controllers (63) can be rearranged
as

ﬁ‘%s+ﬁ-$s = w, (64)
Bis + Bis = .

Also, from (64) and from the relationships in (26) and (29),
we have

a=w, 65)
a=aq+ kd(d — dd) + kp(a — ad).
Then, from (65), we write the tracking error as:
€a| _ |0gxo Igxg| |€q
B R a1
T T
Now, let ey, = [e¢,1,-~- ,e¢N] , €9 = [691,"' 7€0N] )

€y = [611117"' 767,bN]T’ Kap = diag(kapvkapvkap)9 Koq =
diag(kad, kad, kad), and X = [€q, €4, €0, €y, Eq,€p, g, €] .
Then, using (36), (37) and (66), we combine the cooperative
motion controllers and attitude controllers of UAVs in the
swarm as

X = AxX, (67)
where
_01 Oy Oy O3 17 Oy Oy 02_
O1 Oy Oy Oy 07 I, 0Oy 09
O1 Oy O3 0Oy 01 0Oy I O
A - O1 Oz Oz Oy O1 Oz Oy Iy
x kp Oz Oz Oz kg Oz Oz Oz’
Ol kap 92 02 01 kad 92 02
O1 Oz kap Oz O1 Oz kaa O2
O1 Oy Oz kgp O Oz Oz kyq
and O1 = Ogxg9, O2 = Onxn, [t = lox9, I = Inxn,

kp = kpjl, kq = kql, kap = kapI% kq = kqals.
It is now straightforward to prove the global exponential sta-
bility of (67) by defining a positive definite radially unbounded

function
1

V() = 5x"Px, (68)
where P = PT > 0 Taking derivatives, we obtain
V=—x"Qx <0, (69)

where Q@ = —(AT P+ PA,) > 0. Using the fact that V(x) =

2 2
SXTPX < Anax [PIxII7 and xTQx > Anin[Q] [|X]I7, we
conclude that

)\min [Q}

- V. (70)

V= _XTQX < _)‘min[Q] ||X||2 < -

Also, since V(x) is non-increasing function, from (69) and
(70), we can conclude that (67) is GES. O
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C. Stability analysis of the overall framework

In this section, we first provide conditions for boundedness
of the interconnection and coupling terms A; and As in (43).
Then, we provide the overall stability of the overall system.
Before proving the boundedness of A, we first show that 37
is bounded as:

Lemma 3. For a finite swarm with bounded initial configu-

ration, ﬁ#HOO < B < oo if
0 <Ny <|lp— pall < My,
0 <Ns, <|s1—8a,| < Mj,, a1
0 <N, < s2 — 8a,| < Ms,,
0 <Ny, < |53 — 84y| < Ms,,
where N,,, Ns,, Ng,, Ny, My, M, M, and M, are

positive constants.

Proof. For the swarm with bounded initial configuration with

conditions (71), we have |$2=53| |Sazs1| |sizs2y |1 1

Ss2+83 S$3+s1 s1+82 S1 S2

and |é| bounded. Further, using (11), the summation of swarm
shape parameters s1, So, and s3, will be

[l > > [l

N

1
81+ 82 + 83 = N_1 Z(l's, - M)T(xsi - M)a

i=1

(72)

where ¢ = 1,--- , N. Then, from (71), and (72), we have
s, — pilly < V(N = 1)(s1+ 52 + 53)

<\ (N-1)M,

where M = My, + My, + M, + 54, + Sa, + Sa;- On the hand,
from (33), we have

(73)

(3 3) 2
HB#HO":iJR%X,NH((SerSi) 5 (zs, — 1)+
(53 —51) 1 (51— 52)
(5s T 51)T3 (rs, — ) + it 32)T2 (Ts, — p)+

1
e1 +es+es+ —Hy(z,, —p)+
281

1
7H2($Si

1
szl =)+ gt =) )| - 09

283
Then, from (73) and (74), the boundedness on 37 is given as
18|, < B < o0. (75)

\/(N - 1)(M81 + M52 + M83 + 8d; + 8dy + Sdy (3+

1 1 1
3(Noy +50)) 2Ny  53) | 2(Nwy + sd3)>'
O
Corollary 4. For a finite swarm with bounded initial configu-
ration and s1 # 0, sg # 0, and s3 # 0, if the global consensus
parameters are selected as p > mkax(suptzto ék 1) and
¢ > 1, then A1 is bounded.
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Proof. From (41), we can see that the interconnection term
A; is due to the estimation error da. Assuming Af;; € AfS
is a very small number, from (42), we can approximate A; as

Ay = B#kyda. (76)
Now, using the conditions for boundedness of the estimation

error da (see Theorem 1) and # (see Lemma 3), we can
conclude the boundedness of Aj. O

Similarly, we show that the interconnection term As is
bounded. For this purpose, from (43) and (44), we express
the norm of As as follows:

1 1
18ally = —[TilIbilly = —[Tily /02, + 83, + 12, @7
Then, we leverage the following lemmas to show the bound-

edness of the coupling term A,.

Lemma 4. For a bounded desired trajectory (aq, aq and aq)
with ||dq4|| . = Lq and ||aa|| . = La , there exist finite positive
constants ct, and kr, such that the trust feedback T; satisfies
the following property:

€a

]

H
H

|Tl| < kTiCTi7
Proof. Letting T = [Ty, ,Tn]T, e3 = [0,0,1]", and using
(30) and (35), we have

|T;| < kr, , for

2 cr,

> (78)
< cr,

’ oo

for

‘ oo

Il = max(m s — gesll..)

- )
< .
max | m ol + _max | mg

=1,

<mg+m vl

< mg+m B _ (wdw T halleall .+

y ||ea|oo>

< mg+mB(Lg + ka|léallo +
kp lleallo)
< mg -+ mBLdJr
mBmax(ka, k) (|l + llealloo),
< mg +mBLa+
:
=

mg + mBLd
mBv2max(kq, kp)

=)

mBv2max(kq, kp)

’ oo

< mBvV2max(kq, kp) <

(79)
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12
Then, from (79), we can conclude that
ITi| < |7l
R 3L
< mpBv2 max(kq, kp)< mg + mBLq
mBv2max(kq, k)
(80)

=]
1)

From (80), we can easily deduce the results in (78) by letting

_ A _ mg+mpBL
kr, = QmB\/imax(kd,kp) and cr, = méﬂmax(k;,kp)' O

< kr, (CTi + ‘

Lemma 5. There exist a positive constant cr, and a class—K
function T'(.), such that the interconnection term Ay satisfies

the following condition:
€q €q
éq q

Proof. Recalling (44), we first show that ||h;]|, is bounded.
For this purpose, we use the following inequalities

18]l <T(lleyll,) >cr, (8D

’ , for
o0

’ oo

1
|sina| < |af,|cosal < 1,]alb] < =(|a] + [b]),

) 2 82)
lallblle] < 3 (lal + [bl + |el).

for |a|] <1, |b] <1, and |c¢| < 1. Based on this, we have

|h’1i = |h31 < |Sil’1(6¢i/2)| < 0'5|e¢z‘ s
|ha,| = |he,| < |sin(eq,/2)| < 0.5|eq,], (83)
|h41‘ = |h51‘ < |Sin(equ/2)| < 0'5|€"/)i|'

Using (82) and (83), we have
23, . 7.
lho.| < - Isin(es./2)] + 3| sin(eq, /2)[+
23, .
= siney, /2)

23
E(eﬁﬁi +eq, + e"/"i)7

IN

23, . 7.
|hy1 < F| 51n(e¢i/2)| + gl 51n(69i/2)|+

23, .
= Jsinen, /2)

(84)

23
< E(e@ +eg;, + 6’%)7

el < S(1sineg, /2)] + | sin(eo, /2))

< Hew +e0)

Z(eq, +e0,).

=3 @i 0;

From (84), we have |h,,|* < %(eii + €5 + efm), |hy,|? <
%(eii +eg +ei, ), and |hy, | < 5(el +ef ), which results
in

1069
il < %02, 165, +2,)

) 2 2
<11 €%, + €3, +ewi.

(85)
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TABLE II: Quadcopter parameters

<]

|TZ‘ HhZHQ < CAQkTi

Now, for > cr,, we have

‘ oo

enlly , (86)

€a
€q -
where ca, = 11 and [le,||, = /€3 + ej, + e, . Further,
€a
éal |l

where T(fle,l,) = %2 |le, . =

182l = — 1 T3hall, < T(llenll,) , @D

L)
m

Now, we state the stability of the overall closed loop system
as follows:

Theorem 2. For the swarm of quadcopters with strongly
connected bidirectional graph G(t) and the swarm descriptors
estimator in (19), with the proposed cooperative motion con-
trol law in (30) and attitude control law in (37), the collective
motion of the swarm of quadcopters is asymptotically stable.

Proof. The asymptotic stability of cascade systems can be
ensured by showing all the system trajectories are bounded.
To show the boundedness of system trajectories, it is sufficient
to (1) show the stability of each of the systems, and (2)
prove the boundedness of the interconnection terms [43], [44].
Based on this, the stability of cascade systems in (43) can be
ensured if the designed control laws (30) and (37) are stable
and the interconnection terms A and As are bounded. From
Proposition 1, the control laws in (30 and 37) exponentially
stabilizes the closed loop system in (43). Based on Corollary
4 and Lemma 5, the interconnection terms A; and A, are
bounded. Therefore, it can be concluded that the overall
system’s trajectories are bounded. O

V. FLIGHT SIMULATION RESULTS

To demonstrate the performance of our collective motion
framework for swarm of quadcopters, we have performed
flight simulation experiments with various scenarios. Here,
we present results that demonstrate the autonomous collective
motion maneuvers including collective expansion, contraction,
take-off, trajectory tracking, and landing. For this purpose,
we consider a robotic swarm with nine identical quadcopters
with parameters given in [49] and summarized in Table II
for quadcopters’ model given in (5) and (6). We assume that
the quadcopters are initially located at (0,0, 10), (0,2,0),
(0,4,0), (2,0,0), (2,2,0), (2,4,0), (4,0,0), (4,2), (4,4), and
the underlying communication graph remains connected at all
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Quadcopter parameters Controller and consensus parameters
Parameter name Symbol Value Unit Symbol Value Symbol Value Symbol Value
Mass m 0.34 Kg kpq 0.5 ka, 0.5 kad, 342
Moment of inertia Tyoo 3.22 %104 Kgm? kpo 0.5 ka, 0.5 kad, 34.2
Moment of inertia Iy 0 Kgm? kps 1.75 kas 1.75 kads 22.8
Moment of inertia I, 0 Kgm? kpy 0.15 ka, 0.15 kap, 324
Moment of inertia Ly 3.0610~4 Kgm?2 Kps 0.15 kg 0.15 Kaps 324
Moment of inertia Iy 0 Kgm2 kpg 0.15 kdg 0.15 kaps 144
Moment of inertia 1., 5.78 * 1074 | Kgm?2 kp; 0.5 ka, 0.5 P 7.29
Arm length l 0.089 m kpg 0.5 kag 0.5 c 2
kpqg 0.5 kqg 0.5

TABLE III: Controller and consensus parameters

Ref. Mean Heading | Shape Setting Model

NO control | control control

Ours | Yes Yes Yes Distributed | 6-DOF Dynamic
[12] Yes No No Distributed | 6-DOF Dynamic
[21] Yes No No Distributed | Double integrator
[28] Yes No No Centralized| 6-DOF Dynamic
[29] Yes No No Distributed | 6-DOF Dynamic
[30] Yes Yes Yes Centralized | Double integrator
[32] Yes Yes Yes Centralized| Double integrator
[33] | Yes Yes Yes Distributed | Double integrator
[36] Yes Yes Yes Distributed | Double integrator
[39] Yes No No Distributed | Double integrator

TABLE IV: The comparison between the proposed framework
and state-of-the-art swarm control methods.

times. Also, we assume that Quadcopter— 2 crashes at time
instant ¢ = 30sec to analyze the effect of robot drop-outs on
the performance of the swarm.

In this flight simulation test, we command the swarm of
quadcopters to navigate along a given path while controlling
its heading, length, and width to a desired value. We provide
the desired trajectory as follows: pg, = ¢t +4, pg, = 0,
pa, = Stanh(—t + 300) — tanh(—t), 04, = 0, 64, = 0,
04, = 0, sq, = 10, sq, = 8 + 4sin(27t/200), sq, = O.
To track the desired trajectory, we tune the controller and
consensus parameters as shown in Table III. The results of
collective navigation along the provided path is plotted in
Figures 4 and 5. Figures 4a and 4b show the snapshot of
collective motion of quadcopter swarm. To further investigate
the history of the swarm’s configuration, the swarm descriptors
trajectory tracking results are plotted in Figure 5. Further, in
Figure 6, we plot the control inputs to individual quadcopters
in the swarm. From the flight simulation results, it can be
observed that the swarm of quadcopters are attaining the de-
sired collective motions while navigating along the given path
in the presence of a robot dropout and communication link
failures. Furthermore, we summarized the comparison between
our proposed quadcopter swarm control framework to state-of-
the-art frameworks as shown in Table IV. The comparison in
Table IV shows the effectiveness of our proposed framework
in the distributed collective motion of a swarm of quadcopters.

VI. CONCLUSION AND FUTURE WORKS

In this paper, we proposed a scalable and distributed control
framework for collective navigation of swarm of quadcopters
subjected robot drop-outs, and inter-robot communication link
failures. The proposed quadcopter swarm control framework
employed tools from abstraction and consensus theory to con-
trol the distribution of the swarm and stabilize the dynamics
of the quadcopters. We proved that the framework guarantees



This article has been accepted for publication in IEEE Internet of Things Journal. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/JI0T.2023.3305610

Z (m)

200 250

50 100 150
X (m)

(a) 3-D view navigation of swarm of robots.

y (m)

3t -10

0 50 100 150 200 250 300
x(m)

(b) Top view of navigation of swarm of robots.

Fig. 4: Navigation of swarm of robots along the desired path in 3-D space. The robots are initially in a square formation. Their
formation evolves to rectangular and parallelogram shapes along the path.

€15 X
E :', N
2 h —Desired length
Lion - -Actual length
e 1
g
=
N
5 L L L
0 100 200 300
Time (sec)

(a) Swarm length

K —Actual width

! - -Desired width

6 L L L L L

0 50 100 150 200 250 300
Time (sec)

(b) Swarm width

Fig. 5: Swarm width and swarm length tracking

realization of the desired collective maneuvers captured by
the time-varying trajectory of the swarm descriptors. We also
provided flight simulation results to evaluate the theoretical
results and demonstrate the performance of the developed
swarm control framework. Future research efforts focus on
analyzing the effect of limited bandwidth capacity and noisy
communication channels between adjacent robots, and hard-
ware implementation of the proposed framework. Another
future research direction for this work would be exploring the
impact of inaccurate performance of UAVs’ state estimator on
the swarm descriptors estimation and control.
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