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Abstract
Continuous-assumed-strain (CAS) elements were recently introduced
(Casquero and Golestanian. Comput Methods Appl Mech Eng. 2022;
399:115354.) to remove the membrane locking present in quadratic
C1-continuous NURBS-based discretizations of linear plane curved Kirchhoff
rods. In this work, we generalize CAS elements to remove shear and membrane
locking from quadratic NURBS-based discretizations of linear plane curved
Timoshenko rods. CAS elements are an assumed strain treatment that inter-
polates the shear and membrane strains at the knots using linear Lagrange
polynomials. Consequently, the inter-element continuity of the shear and
membrane strains is maintained. The numerical experiments considered in
this work show that CAS elements excise the spurious oscillations in shear and
membrane forces caused by shear and membrane locking. Furthermore, when
using CAS elements with either full or reduced integration, the convergence of
displacements, rotations, and stress resultants is independent of the slenderness
ratio up to 104 while the convergence is highly dependent on the slenderness
ratio when using NURBS elements. We apply the locking treatment of CAS
elements to quadratic C0-continuous NURBS and the resulting element type
is named discontinuous-assumed-strain (DAS) elements. Comparisons among
CAS and DAS elements show that once locking is properly removed, C1 conti-
nuity across element boundaries results in higher accuracy than C0 continuity
across element boundaries. Lastly, CAS elements result in a simple numerical
scheme that does not add any significant computational burden in comparison
with the locking-prone NURBS-based discretization of the Galerkin method.
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2 GOLESTANIAN and CASQUERO

1 INTRODUCTION

Isogeometric analysis (IGA)1,2 makes possible the design and analysis of rods3-8 and shells9-18 using the same
geometric representation in computer-aided-design (CAD) and finite-element-analysis (FEA) programs. This is accom-
plished by using the same spline-based representations of the geometry in CAD and FEA programs. However, when
applied to structural theories that take into account transverse shear deformations, spline-based discretizations suf-
fer from the same types of locking as conventional FEA discretizations based on Lagrange polynomials.19-21 Thus,
spline-based discretizations of curved Timoshenko rods22-26 and Reissner–Mindlin shells27-31 are adversely affected by
shear and membrane locking. Shear and membrane locking lead to displacements, rotations, and bending moments with
smaller values than expected and shear and membrane forces with large-amplitude spurious oscillations.

Several numerical schemes have been developed to overcome locking in conventional FEA discretizations based
on Lagrange polynomials with C0 continuity across element boundaries, such as reduced integration,32-35 selective
reduced integration,36-38 assumed strain treatments,39-42 and mixed formulations.43-45 Due to the higher inter-element
continuity of splines, a direct deployment of the numerical schemes mentioned above is not an effective strategy to
overcome locking. Reduced/selective-reduced integration rules at the element level and assumed strain treatments
with discontinuous strain across elements boundaries fail to properly vanquish locking46-50 while the condensation
of strain variables at the element level cannot be carried out in Bubnov–Galerkin discretizations of mixed formula-
tions.6,19 Thus, the higher inter-element continuity of splines demands to develop new numerical schemes to overcome
locking. Reduced/selective-reduced integration rules at the patch level are explored in References 51-53. In Reference
54, a Petrov-Galerkin discretization of a mixed formulation that condenses the strain variables at the element level
by leveraging Bézier dual basis functions55,56 is proposed. Global versions of the B method57 have been developed for
nearly incompressible solids,58 Timoshenko rods,22,26 Kirchhoff rods,46 Kirchhoff-Love shells,47 and solid shells.48 Anal-
ogously, global versions of the discrete strain gap (DSG) method59,60 have been developed for Timoshenko rods19,22 and
Kirchhoff-Love, Reissner–Mindlin, and 7-parameter shells.27 These global versions of the B and DSG methods success-
fully remove locking by constructing assumed strains that preserve the inter-element continuity of the compatible strains.
Nevertheless, as mentioned by the authors,22,46-48 these numerical schemes are hampered by computing the inverse of
a global Gram matrix and having a global stiffness matrix that is not a sparse matrix. In order to increase the compu-
tational efficiency of the global B method, assumed strains that preserve the inter-element continuity of the compatible
strains are reconstructed from B projections at the element level in References 46 and 47. Although the global stiffness
matrix is no longer a full matrix, its bandwidth is still larger than the bandwidth of the global stiffness matrix obtained
by applying the locking-prone NURBS-based discretization of the Galerkin method. Solving systems of linear algebraic
equations at the element level and performing matrix multiplications to obtain the stiffness matrix are also needed. In
Reference 50, the membrane locking present in C1-continuous quadratic NURBS-based discretizations of linear plane
Kirchhoff rods is overcame constructing continuous assumed strains through the linear interpolation of the compatible
strains at the knots. The resulting element type is named continuous-assumed-strain (CAS) elements. To the authors’
knowledge, CAS elements are the only element type based on quadratic NURBS which has shown to effectively remove
membrane locking for an ample range of slenderness ratios while having the following distinctive characteristics: (1)
no additional degrees of freedom are added, (2) no additional systems of algebraic equations need to be solved, (3) no
matrix multiplications are needed to obtain the stiffness matrix, and (4) the nonzero pattern of the stiffness matrix is
preserved. Coming up with a locking treatment for cubic NURBS that effectively removes membrane locking for an
ample range of slenderness ratios while having the four distinctive characteristics mentioned above remains an open
problem.

In this work, we extend CAS elements to remove shear and membrane locking from quadratic NURBS-based dis-
cretizations of linear plane curved Timoshenko rods. In order to do so, CAS elements interpolate the shear and membrane
strains at the knots using linear Lagrange polynomials. Thus, the inter-element continuity of the shear and membrane
assumed strains is the same as that of the compatible strains. In addition, we apply the same assumed strain treatment
to quadratic C0-continuous NURBS and the resulting element type is named discontinuous-assumed-strain (DAS) ele-
ments. This is done to show that once locking is properly removed, C1 continuity across element boundaries results in
higher accuracy than C0 continuity across element boundaries. Shear and membrane locking cause displacements, rota-
tions, and bending moments with smaller values than expected and shear and membrane forces with large-amplitude
spurious oscillations. Therefore, we study the convergence and plot the distributions of displacements, rotations, and
stress resultants so as to show that CAS elements successfully vanquish shear and membrane locking.
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GOLESTANIAN and CASQUERO 3

The article is outlined as follows. Section 2 describes the mathematical theory of linear plane curved Timoshenko rods.
Section 3 summarizes how to solve the problem using a NURBS-based discretization of the Galerkin method. Section 4
extends CAS elements to treat both the membrane locking and the shear locking existent in quadratic NURBS-based
discretizations of linear plane Timoshenko rods. In Section 5, the performance of CAS elements with full and reduced inte-
gration is evaluated using exact solutions and comparisons with the NURBS-based discretization of the Galerkin method.
Sections 5.1–5.3 consider a clamped quarter-circular arc with a moment applied at the free end, a clamped-clamped
semi-circular arch under a distributed load, and a simply-supported straight rod under a distributed load, respectively. In
Section 6, concluding remarks and directions of future work are drawn.

2 LINEAR PLANE CURVED TIMOSHENKO ROD MODEL

In this section, we describe Timoshenko rods without considering material or geometrical nonlinearities, that is, infinites-
imal deformations and small strains are assumed. The geometry of the rod is defined by the axis of the rod and its cross
section.

2.1 Kinematics in infinitesimal deformations

The position vector of a material point on the axis of the rod is defined by the parametric curve r(𝜉) ∶ [0, 1] → R2 in which
𝜉 is the parametric coordinate. For convenience, we reparametrize the axis of the rod in terms of its arc length s, which is
achieved taking into account that

ds =
‖
‖
‖
‖

dr
d𝜉

‖
‖
‖
‖

d𝜉, (1)

where || ⋅ || denotes the length of a vector. The length of the rod is defined as

L =

1

∫
0

‖
‖
‖
‖

dr
d𝜉

‖
‖
‖
‖

d𝜉. (2)

The tangential and normal displacements of a material point on the axis of the rod are defined by u(s) ∶ [0,L] → R

and v(s) ∶ [0,L] → R, respectively. The in-plane rotation of the cross section is defined as 𝜃(s) ∶ [0,L] → R. The positive
signs of u, v, 𝜃 are indicated in Figure 1.

The membrane strain is defined as

𝜖 = du
ds
− v

R
, (3)

where R is the radius of curvature of the rod axis. The shear strain is defined as

𝛾 = u
R
+ dv

ds
− 𝜃. (4)

The bending strain is defined as

𝜅 = d𝜃
ds

. (5)

2.2 Linear material

The stress resultants of plane curved Timoshenko rods are the membrane force, the shear force, and the bending moment.
For a linear material, the membrane force is defined as

 = EA𝜖, (6)
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4 GOLESTANIAN and CASQUERO

F I G U R E 1 Positive signs for the tangential displacement u, the normal displacement v, the rotation 𝜃, the membrane force , the
shear force  , and the bending moment.

where E is the Young modulus and A is the area of the cross section. The shear force is defined as

 = 𝜇A𝛾 , (7)

where 𝜇 = E
2(1+𝜈)

is the shear modulus and 𝜈 is the Poisson ratio. The bending moment is defined as

 = EI𝜅, (8)

where I is the cross section’s moment of inertia. The positive signs of ,  , are indicated in Figure 1.

2.3 Variational form

The principle of virtual work states that the internal virtual work (𝛿W int) must be equal to the external virtual work
(𝛿W ext) for any virtual displacements and rotations (𝛿u, 𝛿v, 𝛿𝜃), that is,

𝛿W int = 𝛿W ext ∀(𝛿u, 𝛿v, 𝛿𝜃), (9)

with

𝛿W int =

L

∫
0

( 𝛿𝜖 +  𝛿𝛾 +𝛿𝜅
)

ds, (10)

𝛿W ext =

L

∫
0

(ft𝛿u + fn𝛿v +m𝛿𝜃) ds + N0𝛿u(0) + T0𝛿v(0) +M0𝛿𝜃(0) (11)

+ NL𝛿u(L) + TL𝛿v(L) +ML𝛿𝜃(L),

where 𝛿𝜖, 𝛿𝛾 , and 𝛿𝜅 are the virtual membrane strain, the virtual shear strain, and the virtual bending strain, respectively,
ft, fn, and m are a distributed tangential force, a distributed normal force, and a distributed moment along the rod axis,
respectively, N0, T0, M0, NL, TL, and ML are a tangential force, a normal force, and a moment acting at s = 0 and s = L,
respectively.
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GOLESTANIAN and CASQUERO 5

3 NURBS ELEMENTS

The basis functions of a NURBS curve are built from a knot vector. A knot vector 𝚵 = {𝜉1, 𝜉2, … , 𝜉n+p+1} is a
non-decreasing set of coordinates in the parametric space, where 𝜉i is the ith knot, p is the polynomial degree, and n is the
number of basis functions. Knot values may be repeated. The continuity of the basis functions at a knot is Cp−m, where m
is the multiplicity of the knot. A knot vector is said to be open if its first and last knot values are repeated p + 1 times. A
knot span Δ𝜉i is the difference between two consecutive knots, that is, Δ𝜉i = 𝜉i+1 − 𝜉i. Nonzero knot spans play the role
of elements in FEA, that is, nonzero knot spans are the regions where numerical integration is performed.

Once the knot vector is defined, the B-spline basis functions are defined recursively starting with piecewise
constants (p = 0)

MB,0(𝜉) =

{

1 if 𝜉B ≤ 𝜉 < 𝜉B+1,
0 otherwise.

(12)

For p = 1, 2, 3, … , the B-spline basis functions are defined by

MB,p(𝜉) =
𝜉 − 𝜉B

𝜉B+p − 𝜉B
MB,p−1(𝜉) +

𝜉B+p+1 − 𝜉
𝜉B+p+1 − 𝜉B+1

MB+1,p−1(𝜉), (13)

This is referred to as the Cox–de Boor recursion formula.2,61 For evaluating this formula, whenever 0/0 is obtained, 0/0 is
supposed to be substituted with 0. NURBS basis functions are defined as follows

NB(𝜉) =
wBMB,p(𝜉)

∑n
C=1wCMC,p(𝜉)

, (14)

where wB is the Bth weight. The weights are needed to represent conic curves exactly. The reader is referred to Reference
2 for an explanation of how to use the knot insertion algorithm to perform h-refinement. In this work, we use open knot
vectors and basis functions of degree p = 2.

The axis of the rod is obtained as a linear combination of the NURBS basis functions

r(𝜉) =
n
∑

B=1
NB(𝜉)QB, (15)

where QB is the Bth control point. Invoking the isoparametric concept, the tangential displacement, the normal
displacement, and the rotation are discretized as follows

uh(𝜉) =
n
∑

B=1
NB(𝜉)UB,

vh(𝜉) =
n
∑

B=1
NB(𝜉)VB,

𝜃h(𝜉) =
n
∑

B=1
NB(𝜉)ΘB, (16)

where UB, VB, and ΘB are the Bth control variable of the tangential displacement, the normal displacement, and the
rotation, respectively. To discretize the virtual displacements, the Bubnov–Galerkin method is applied, that is, 𝛿uh(𝜉),
𝛿vh(𝜉), 𝛿𝜃h(𝜉) ∈ span{NB(𝜉)}n

B=1.
The use of the isoparametric concept and the Bubnov–Galerkin method yields the following element stiffness matrix

k = k𝜖 + k𝛾 + k𝜅 , (17)

k𝜖 =
[

kij
𝜖,bc

]

, k𝛾 =
[

kij
𝛾,bc

]

, k𝜅 =
[

kij
𝜅,bc

]

, (18)
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6 GOLESTANIAN and CASQUERO

with

k11
𝜖,bc =

se
2

∫
se

1

dNb

ds
EA dNc

ds
ds, k12

𝜖,bc =

se
2

∫
se

1

− dNb

ds
EA Nc

R
ds, k22

𝜖,bc =

se
2

∫
se

1

Nb

R
EA Nc

R
ds, k11

𝛾,bc =

se
2

∫
se

1

Nb

R
𝜇A Nc

R
ds, (19)

k12
𝛾,bc =

se
2

∫
se

1

Nb

R
𝜇A dNc

ds
ds, k13

𝛾,bc =

se
2

∫
se

1

− Nb

R
𝜇ANcds, k22

𝛾,bc =

se
2

∫
se

1

dNb

ds
𝜇A dNc

ds
ds, k23

𝛾,bc =

se
2

∫
se

1

− dNb

ds
𝜇ANcds, (20)

k33
𝛾,bc =

se
2

∫
se

1

Nb𝜇ANcds, k33
𝜅,bc =

se
2

∫
se

1

dNb

ds
EI dNc

ds
ds, (21)

k13
𝜖,bc = k23

𝜖,bc = k33
𝜖,bc = k11

𝜅,bc = k12
𝜅,bc = k13

𝜅,bc = k22
𝜅,bc = k23

𝜅,bc = 0, (22)

where se
1 and se

2 are the arc-length coordinates in which element e starts and ends, respectively, k𝜖 is the element mem-
brane stiffness matrix, k𝛾 is the element shear stiffness matrix, and k𝜅 is the element bending stiffness matrix. Only the
upper triangular part of the element stiffness matrix is specified since the matrix is symmetric. Following standard FEA
paraphernalia, the integrals above are computed performing change of variables twice. First, from the arc length coordi-
nate s to the parametric coordinate 𝜉 and then from the parametric coordinate 𝜉 to the parent element with coordinate
𝜉 ∈ [−1, 1]. The assembly of the element stiffness matrices into the global stiffness matrix is performed using conventional
connectivity arrays.2,62

4 CAS ELEMENTS

The membrane and shear strains of a quadratic NURBS element have the following expressions

𝜖h(s) = duh

ds
(s) − vh(s)

R(s)
, (23)

𝛾h(s) = uh(s)
R(s)

+ dvh

ds
(s) − 𝜃h(s), (24)

respectively. CAS elements interpolate the membrane and shear strains at the knots using linear Lagrange polynomials
resulting in a piecewise linear function for the membrane and shear strains. Thus, the membrane and shear strains of a
CAS element are defined as follows

𝜖CAS,h(s) = L1(s)𝜖h(se
1) + L2(s)𝜖h(se

2), (25)

𝛾CAS,h(s) = L1(s)𝛾h(se
1) + L2(s)𝛾h(se

2), (26)

with

L1(s) =
se

2 − s
se

2 − se
1

, (27)

L2(s) =
s − se

1

se
2 − se

1
, (28)

where L1 and L2 are linear Lagrange polynomials and se
1 and se

2 are the arc-length coordinates which represent the start
and the end of element e, respectively. If the multiplicity of a knot is one, that is, if the displacements and the rotation
have C1 continuity at that knot, Equations (25) and (26) result in assumed strains that have C0 continuity across element
boundaries. However, if the multiplicity of a knot is two, that is, if the displacements and the rotation have C0 continuity
at that knot, Equations (25) and (26) result in assumed strains that are discontinuous at that knot. In both cases, the
continuity of the assumed strains across element boundaries is the same as the continuity of the compatible strains across
element boundaries. In practice, a repeated knot on a particular location is sometimes needed to represent a certain
geometry exactly. When this locking treatment is applied to a knot vector in which the multiplicity of all interior knots is
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GOLESTANIAN and CASQUERO 7

two (i.e., when the locking treatment is applied to C0-continuous quadratic NURBS), the resulting element type is named
DAS elements. Comparisons among CAS and DAS elements are conducted in Section 5.

Equations (25) and (26) yield the following element stiffness matrix for CAS elements

kCAS = kCAS
𝜖 + kCAS

𝛾 + k𝜅 , (29)

kCAS
𝜖 =

[

kCAS,ij
𝜖,bc

]

, kCAS
𝛾 =

[

kCAS,ij
𝛾,bc

]

, k𝜅 =
[

kij
𝜅,bc

]

, (30)

with

kCAS,11
𝜖,bc =

2
∑

l=1

2
∑

m=1

se
2

∫
se

1

Ll(s)
dNb

ds
(se

l )EALm(s)
dNc

ds
(se

m)ds, kCAS,12
𝜖,bc =

2
∑

l=1

2
∑

m=1

se
2

∫
se

1

− Ll(s)
dNb

ds
(se

l )EALm(s)
Nc(se

m)
R(se

m)
ds, (31)

kCAS,22
𝜖,bc =

2
∑

l=1

2
∑

m=1

se
2

∫
se

1

Ll(s)
Nb(se

l )
R(se

l )
EALm(s)

Nc(se
m)

R(se
m)

ds, kCAS,11
𝛾,bc =

2
∑

l=1

2
∑

m=1

se
2

∫
se

1

Ll(s)
Nb(se

l )
R(se

l )
𝜇ALm(s)

Nc(se
m)

R(se
m)

ds, (32)

kCAS,12
𝛾,bc =

2
∑

l=1

2
∑

m=1

se
2

∫
se

1

Ll(s)
Nb(se

l )
R(se

l )
𝜇ALm(s)

dNc

ds
(se

m)ds, kCAS,13
𝛾,bc =

2
∑

l=1

2
∑

m=1

se
2

∫
se

1

− Ll(s)
Nb(se

l )
R(se

l )
𝜇ALm(s)Nc(se

m)ds, (33)

kCAS,22
𝛾,bc =

2
∑

l=1

2
∑

m=1

se
2

∫
se

1

Ll(s)
dNb

ds
(se

l )𝜇ALm(s)
dNc

ds
(se

m)ds, kCAS,23
𝛾,bc =

2
∑

l=1

2
∑

m=1

se
2

∫
se

1

− Ll(s)
dNb

ds
(se

l )𝜇ALm(s)Nc(se
m)ds, (34)

kCAS,33
𝛾,bc =

2
∑

l=1

2
∑

m=1

se
2

∫
se

1

Ll(s)Nb(se
l )𝜇ALm(s)Nc(se

m)ds, k33
𝜅,bc =

se
2

∫
se

1

dNb

ds
EI dNc

ds
ds, (35)

kCAS,13
𝜖,bc = kCAS,23

𝜖,bc = kCAS,33
𝜖,bc = k11

𝜅,bc = k12
𝜅,bc = k13

𝜅,bc = k22
𝜅,bc = k23

𝜅,bc = 0, (36)

where kCAS is the element stiffness matrix of CAS elements, kCAS
𝜖 is the element membrane stiffness matrix of CAS ele-

ments, and kCAS
𝛾 is the element shear stiffness matrix of CAS elements. Only the upper triangular part of the element

stiffness matrix is specified since the matrix is symmetric. As in Section 3, the integrals above are computed perform-
ing change of variables twice (s → 𝜉 → 𝜉 ). In the parent element, Lr(𝜉 ) = (1 + (−1)r𝜉 )∕2. The assembly of the element
stiffness matrices into the global stiffness matrix is performed using conventional connectivity arrays.2,62

When stress resultants are computed using CAS elements, the membrane and shear forces are obtained as

 CAS,h = EA𝜖CAS,h, (37)

 CAS,h = 𝜇A𝛾CAS,h, (38)

respectively.

Remark 1. In Reference 50, the authors of this article proposed the element type CAS elements to remove
membrane locking from NURBS-based discretizations of Kirchhoff rods. In this section, the element type
CAS elements was extended to remove shear and membrane locking from NURBS-based discretizations of
Timoshenko rods. The element type DAS elements defined in this section cannot be applied to Kirchhoff rods
since Kirchhoff rods is a fourth-order theory whose discretization using the Galerkin method requires basis
functions with C1 continuity across element boundaries.

5 NUMERICAL EXPERIMENTS

In this section, we perform numerical investigations using the discretizations described in Sections 3 and 4. The code
used to perform these simulations has been developed on top of the PetIGA framework,63 which adds NURBS discretiza-
tion capabilities and integration of forms to the scientific library PETSc.64 A Gauss–Legendre quadrature rule with p + 1
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8 GOLESTANIAN and CASQUERO

integration points is used to compute all the integrals unless specifically mentioned otherwise. In this section, ncp denotes
the number of control points and nel denotes the number of elements.

We use exact solutions to study the convergence in L2 norm of the tangential displacement, the normal displacement,
the rotation, the membrane force, the shear force, and the bending moment. In order to do so, we define the relative errors
in L2 norm of the tangential displacement, the normal displacement, the rotation, the membrane force, the shear force,
and the bending moment as

eL2(uh) =

√

∫ L
0
(

uh − u
)2 ds

√

∫ L
0 u2 ds

, eL2(vh) =

√

∫ L
0
(

vh − v
)2 ds

√

∫ L
0 v2 ds

, eL2(𝜃h) =

√

∫ L
0
(

𝜃h − 𝜃
)2 ds

√

∫ L
0 𝜃

2 ds
,

eL2( h) =

√

∫ L
0
( h − )2 ds
√

∫ L
0  2 ds

, eL2( h) =

√

∫ L
0
( h −  )2 ds

√

∫ L
0  2 ds

, eL2(h) =

√

∫ L
0
(h −)2 ds
√

∫ L
0 2 ds

,

(39)

respectively. Since we are solving second-order differential equations with basis functions of degree 2, the optimal conver-
gence rates of eL2(uh), eL2(vh), eL2(𝜃h), eL2( h), eL2( h), and eL2(h) are 3, 3, 3, 2, 2, and 2, respectively.62 In engineering
applications, discretization errors are acceptable in case they are smaller than the model errors (errors between real-
ity and the mathematical model). Since errors in Equation (39) are relative errors, values of the errors equal to 10−2

(1% errors) are accurate enough for most engineering applications.

5.1 Clamped quarter-circular arc with a moment applied at the free end

We start our numerical investigation with a pure bending problem. This problem consists of a quarter-circle rod clamped
at one end and free at the other end. A moment is acting on the free end. The geometry of the rod, the boundary conditions,
and the load are shown in Figure 2. The cross-section of the rod is a rectangle with dimensions d and t. Thus, A = td and
I = dt3∕12. The remaining parameters that play a role in this problem have the following values

R = 1.0, ML = 106t3, E = 1.0 × 109, 𝜇 = 5.0 × 108, d = 0.2. (40)

We solve this problem for R∕t = 10, R∕t = 102, and R∕t = 103 by selecting the value of the thickness as t = 0.1, t = 0.01,
and t = 0.001, respectively. In Reference 65, the exact value of the normal displacement at the free end of the rod (denoted
by point B in Figure 2) is given as

vB =
MLR2

EI
. (41)

We initiate our convergence study with a uniform mesh composed of two C1-continuous quadratic elements. Subse-
quently, we carry out uniform h-refinement seven times using the knot insertion algorithm. The axis of the rod is

F I G U R E 2 Geometry, boundary conditions, and applied load for the clamped quarter-circular arch with a moment at the free end.
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GOLESTANIAN and CASQUERO 9

represented exactly since we are using quadratic NURBS. Figure 3 plots the convergence of the normal displacement at
point B using CAS and NURBS elements. As shown in Figure 3, the convergence of NURBS elements heavily worsens as
the slenderness ratio increases. In contrast, the convergence of CAS elements is independent of the slenderness ratio for
the broad range of R∕t values considered in this example.

Figure 4 plots the distributions of the membrane and shear forces for R∕t = 10 using 8, 32, and 128 NURBS elements.
Since this is a pure bending problem, the exact solution of the membrane and shear forces is zero. However, when using
NURBS elements, even for a thick rod (R∕t = 10), membrane and shear locking result in large-amplitude oscillations of
the membrane and shear forces for coarse and fine meshes as shown in Figure 4. In contrast, the values of the membrane
and shear forces are negligible using CAS elements, namely, the absolute value of the membrane and shear forces is
smaller than 10−6 for R∕t = 10, 102, and 103 and mesh resolutions ranging from 2 elements to 256 elements. Thus, CAS
elements are an effective numerical scheme to remove shear and membrane locking.

5.2 Clamped-clamped semi-circular arc under a distributed load

The second numerical investigation deals with a clamped-clamped semi-circular arch under a distributed load as shown
in Figure 5A. Since the problem is symmetric, we solve for half of the arch with the appropriate symmetry boundary
conditions shown in Figure 5B. The next values are used in this example

q = 106t3, R = 10.0, E = 2.1 × 1011, 𝜈 = 0.28, d = 0.1, (42)

Slenderness ratios of R∕t = 102, R∕t = 103, and R∕t = 104 are studied by selecting t = 0.1, t = 0.01, and t = 0.001, respec-
tively. The cross section of the rod is a rectangle. Thus, A = td and I = t3d∕12. q is a distributed load per unit of
horizontal length while ft and fn in Equation (11) are distributed loads per unit length along the axis of the rod. Hence,
ft = −q sin(𝜑) cos(𝜑) and fn = q sin(𝜑) sin(𝜑), where the angle 𝜑 is shown in Figure 5B.

The exact solution to this problem is written in Reference 65, namely,

u = A1 [c1𝜑 sin(𝜑) − c3R (1 − cos(𝜑))] − A2c3 (𝜑 − sin(𝜑)) + A3 sin(𝜑)
− qR

[

sin(2𝜑) ((2∕3)c1 − (1∕6)c2 − 0.125c3R) − 0.5𝜑c3R
]

, (43)

v = A1 [c1 (𝜑 cos(𝜑) − sin(𝜑)) + c2 sin(𝜑) − c3R sin(𝜑)] − A2c3 (1 − cos(𝜑)) + A3 cos(𝜑)
+ qR

[

c1 − 0.5c2 + 0.5c3R − cos(2𝜑) ((1∕3)c1 + (1∕6)c2 − 0.25c3R)
]

, (44)

𝜃 = −A2 (𝜑∕R) c3 + A1c3 (cos(𝜑) − 1) + qRc3 (0.5𝜑 + 0.125 sin(2𝜑)) , (45)

F I G U R E 3 (Color online) Clamped quarter-circular arc with a moment applied at the free end. Convergence of the deflection at point
B using NURBS elements and CAS elements. For the ample range considered, the convergence of CAS elements is independent of the
slenderness ratio.
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10 GOLESTANIAN and CASQUERO

F I G U R E 4 (Color online) Clamped quarter-circular arch with a moment applied at the free end. Membrane and shear forces for
R∕t = 10 using (A, B) 8, (C, D) 32, and (E, F) 128 NURBS elements. For this problem, the exact solution of the membrane and shear forces is
zero. The numerical solutions using NURBS elements lock resulting in large-amplitude spurious oscillations. However, the values of the
membrane and shear forces using CAS elements are negligible, namely, the absolute value of the membrane and shear forces are smaller
than 10−6 for all the slenderness ratios and mesh resolutions considered in this example.
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GOLESTANIAN and CASQUERO 11

F I G U R E 5 Geometry, boundary conditions, and applied load for the clamped-clamped semi-circular arch under a distributed load. (A)
Before applying symmetry. (B) After applying symmetry.

 = A1 sin(𝜑) − qRcos2 (𝜑) , (46)

 = A1 cos(𝜑) + qR cos(𝜑) sin(𝜑), (47)

 = −A1R sin(𝜑) − A2 + 0.5qR2 (1 + 0.5 cos(2𝜑)) , (48)

with

c1 =
1
2

(

R
EA

+ R
𝜇A

+ R3

EI

)

, c2 =
(

R
𝜇A

+ R3

EI

)

, c3 =
R2

EI
. (49)

A1 =
8𝜋q (c1 − c2) + 3𝜋qRc3

6𝜋2 (c1∕R) − 24c3
, (50)

A2 =
qR2

2
−

16𝜋qR (c1 − c2) + 6𝜋qR2c3

6𝜋3 (c1∕R) − 24𝜋c3
, (51)

A3 = −
2qR (c1 − c2)

3
−

3qR2c3

4
. (52)

In order to study the convergence of NURBS and CAS elements, we construct a uniform mesh consisting of two
C1-continuous quadratic elements. Then, we refine this mesh by applying uniform h-refinement seven times. Figure 6
shows the convergence in L2 norm of the tangential and normal displacements, the rotation, the membrane force, the
shear force, and the bending moment using NURBS and CAS elements. As shown in Figure 6, the convergence curves
of NURBS elements heavily deteriorate as the slenderness ratio increases. In addition, Figure 6D,E reveals an anomalous
behavior in the convergence of the membrane and shear forces using NURBS elements, namely, the relative error in L2

norm of the membrane and shear forces increases as uniform h-refinement is performed multiple times (the relative error
of the membrane and shear forces is greater than 100% for most mesh resolutions and slenderness ratios). This type of
anomalous behavior was reported for the membrane force in discretizations of Kirchhoff rods based on B-splines4 and
NURBS.50 However, to the authors knowledge, it has not been reported for Timoshenko rods before. In contrast, the con-
vergence curves of CAS elements for R∕t = 102, R∕t = 103, and R∕t = 104 overlap (with the exception of the fine meshes
for R∕t = 104 which undergo slight differences). The convergence rates of eL2(uh), eL2(vh), eL2(𝜃h), eL2( h), eL2( h), and
eL2(h) using CAS elements are 2, 2, 2, 1.5, 1.5, and 1.5, respectively. Note that the relative error in L2 norm of the mem-
brane and shear forces obtained with CAS elements is multiple orders of magnitude smaller than that of NURBS elements.
As in Section 5.1, CAS elements remove shear and membrane locking for an ample range of slenderness ratios.
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12 GOLESTANIAN and CASQUERO

F I G U R E 6 (Color online) Clamped-clamped semi-circular arc under a distributed load. Convergence of the (A) tangential and (B)
normal displacements, (C) the rotation, (D) the membrane force, (E) the shear force, and (F) the bending moment using NURBS elements
and CAS elements. For any of the slenderness ratios considered, CAS elements overcomes locking.
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GOLESTANIAN and CASQUERO 13

The results plotted in Figure 6 show that it is not enough to only evaluate the accuracy of displacements and rotations
to decide whether or not a certain numerical scheme is effective in overcoming shear and membrane locking. The rea-
son is that eL2( h) and eL2( h) can have unreasonably high values while eL2(uh), eL2(vh), eL2(𝜃h), and eL2(h) have low
values. In order to better show this, Figures 7 and 8 plot the distributions of the tangential and normal displacements,
the rotation, the membrane force, the shear force, and the bending moment for R∕t = 102 using 32 elements. As shown
in Figures 7 and 8, when using NURBS elements, the distributions of tangential and normal displacements, the rotation,
and the bending moment are accurate while shear and membrane locking cause large-amplitude spurious oscillations
in the distributions of the shear and membrane forces. The absolute value of the maximum shear force obtained with
NURBS elements divided by the maximum exact shear force is 7.12 while the absolute value of the maximum membrane
force obtained with NURBS elements divided by the maximum exact membrane force is 2.15. On the contrary, all the
distributions are accurate when using CAS elements. Figures 9 and 10 plot the distributions of the tangential and nor-
mal displacements, the rotation, the membrane force, the shear force, and the bending moment using 32 elements, but
for R∕t = 104. As shown in Figures 9 and 10, when using NURBS elements, shear and membrane locking cause the dis-
tributions of tangential and normal displacements, the rotation, and the bending moment to have zero values and the
shear and membrane forces to have large-amplitude spurious oscillations. The absolute value of the maximum shear force
obtained with NURBS elements divided by the maximum exact shear force is 547.38 while the absolute value of the max-
imum membrane force obtained with NURBS elements divided by the maximum exact membrane force is 152.96. As for
R∕t = 102, all the distributions are accurate when using CAS elements.

F I G U R E 7 (Color online) Clamped-clamped semi-circular arc under a distributed load. Distributions of the (A) tangential and (B)
normal displacements, (C) the rotation, and (D) the bending moment using NURBS elements and CAS elements. The mesh has 32 elements
and R∕t = 102. Both NURBS elements and CAS elements result in accurate distributions.
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14 GOLESTANIAN and CASQUERO

F I G U R E 8 (Color online) Clamped-clamped semi-circular arc under a distributed load. Distributions of the membrane and shear
forces using (A, C) NURBS and (B, D) CAS elements. The mesh has 32 elements and R∕t = 102. The numerical solution using NURBS
elements has large-amplitude spurious oscillations while such spurious oscillations disappear when using CAS elements. Note the different
vertical scale used in each plot.

Next, we compare the convergence of CAS elements and DAS elements. The locking treatment of CAS and DAS ele-
ments is the same. CAS elements applies the locking treatment to C1-continuous quadratic NURBS while DAS elements
applies the locking treatment to C0-continuous quadratic NURBS. Whenever the accuracy of Cp−1-continuous NURBS
basis functions is compared with the accuracy of C0-continuous NURBS basis functions, the comparison should be done
with respect to both the number of control points (ncp) and the number of elements (nel)*. The reason is that the compari-
son with respect to the number of control points is advantageous for Cp−1-continuous NURBS basis functions (for a given
number of control points, Cp−1-continuous NURBS basis functions have significantly more elements than C0-continuous
NURBS basis functions) while the comparison with respect to the number of elements is advantageous to C0-continuous
NURBS basis functions (for a given number of elements, C0-continuous NURBS basis functions have significantly more
control points than Cp−1-continuous NURBS basis functions). Figure 11 shows the convergence in L2 norm of the tan-
gential and normal displacements, the rotation, the membrane force, the shear force, and the bending moment with
respect to the number of control points while Figure 12 shows the convergence in L2 norm of the tangential and normal
displacements, the rotation, the membrane force, the shear force, and the bending moment with respect to the num-
ber of elements. As shown in Figures 11 and 12, the convergence curves of DAS elements for R∕t = 102, R∕t = 103, and
R∕t = 104 overlap. Thus, DAS elements also effectively remove shear and membrane locking for the ample range of slen-
derness ratios considered. However, it is clear from Figures 11 and 12 that the accuracy of CAS elements is higher than
the accuracy of DAS elements.
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GOLESTANIAN and CASQUERO 15

F I G U R E 9 (Color online) Clamped-clamped semi-circular arc under a distributed load. Distributions of the (A) tangential and (B)
normal displacements, (C) the rotation, and (D) the bending moment using NURBS elements and CAS elements. The numerical solution
using NURBS elements has zero values while the numerical solution using CAS elements and the exact solution overlap at the scale of the
plot. The mesh has 32 elements and R∕t = 104.

Discretizations of rod theories based on the Galerkin method and the isoparametric concept are known to result in
stiffness matrices with quite high condition numbers. For R∕t = 103, Table 1 specifies the condition number obtained
with NURBS elements, CAS elements, DAS elements, and standard finite elements (linear Lagrange polynomials with 2
Gauss–Legendre quadrature points). As shown in Table 1, quadratic NURBS do not increase the condition number with
respect to linear Lagrange polynomials, but mildly decrease it. In addition, the high values of the condition number is not
what causes shear and membrane locking since CAS elements and NURBS elements have similar condition numbers,
but CAS elements are locking-free for R∕t = 103 while NURBS elements lock.

5.3 Simply-supported straight rod under a distributed load

The last numerical investigation addresses a simply-supported straight rod under a distributed load. The geometry, the
boundary conditions, and the load are shown in Figure 13. Since the cross section of the rod is a rectangle, A = td and
I = t3d∕12. The next values are used in this example

q = 105t3, L = 20.0, E = 2.1 × 1011, 𝜈 = 0.28, d = 1. (53)

For this problem, the slenderness ratio is defined as L∕t. We solve this problem for three slenderness ratios, namely,
L∕t = 102, L∕t = 103, and L∕t = 104, which are obtained by selecting t = 0.2, t = 0.02, and t = 0.002, respectively. This
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16 GOLESTANIAN and CASQUERO

F I G U R E 10 (Color online) Clamped-clamped semi-circular arc under a distributed load. Distributions of the membrane and shear
forces using (A, C) NURBS and (B, D) CAS elements. The mesh has 32 elements and R∕t = 104. The numerical solution using NURBS
elements has large-amplitude spurious oscillations while such spurious oscillations disappear when using CAS elements. Note the different
vertical scale used in each plot.

problem has the following exact solution

v(s) =
qL4

24EI

(

s
L
− 2 s3

L3 +
s4

L4

)

+
qL2

24𝜇A

(

s
L
− s2

L2

)

, (54)

𝜃(s) =
qL3

24EI

(

1 − 6 s2

L2 + 4 s3

L3

)

, (55)

(s) = −
qL2

2

(

s
L
− s2

L2

)

, (56)

 (s) = qL
2

(

1 − 2 s
L

)

. (57)

As in the preceding sections, we start our convergence study with a uniform mesh composed of two C1-continuous
quadratic elements and then perform uniform h-refinement seven times. Figure 14 plots the convergence in L2 norm of the
normal displacement, the rotation, the shear force, and the bending moment using NURBS and CAS elements. As shown
in Figure 14, the convergence of NURBS elements heavily deteriorates as L∕t increases due to shear locking. In contrast,
CAS elements overcome shear locking satisfactorily. Note that the convergence patterns of eL2( h) using CAS elements
are specific to this particular problem since the exact solution of the shear force is a linear polynomial (see Equation 57).
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GOLESTANIAN and CASQUERO 17

F I G U R E 11 (Color online) Clamped-clamped semi-circular arc under a distributed load. Convergence of the (A) tangential and (B)
normal displacements, (C) the rotation, (D) the membrane force, (E) the shear force, and (F) the bending moment with respect to the number
of control points using DAS elements and CAS elements. Both CAS and DAS elements vanquish locking, but CAS elements result in higher
accuracy.
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18 GOLESTANIAN and CASQUERO

F I G U R E 12 (Color online) Clamped-clamped semi-circular arc under a distributed load. Convergence of the (A) tangential and (B)
normal displacements, (C) the rotation, (D) the membrane force, (E) the shear force, and (F) the bending moment with respect to the number
of elements using DAS elements and CAS elements. Both CAS and DAS elements vanquish locking, but CAS elements result in higher
accuracy.
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GOLESTANIAN and CASQUERO 19

F I G U R E 13 Geometry, boundary conditions, and applied load for the simply-supported straight rod under a distributed load.

T A B L E 1 Clamped-clamped semi-circular arc under a distributed load. Condition numbers for NURBS elements, CAS elements, DAS
elements, and linear Lagrange polynomials for R∕t = 103.

nel FEM NURBS CAS DAS

2 4.277438e+08 3.471324e+08 2.306525e+08 4.559788e+08

4 3.007571e+08 2.894053e+08 2.612427e+08 3.098465e+08

8 4.132764e+08 1.720973e+08 1.652224e+08 4.096552e+08

16 8.480759e+08 3.368758e+08 3.338030e+08 8.489835e+08

32 1.707429e+09 6.833800e+08 6.811998e+08 1.762594e+09

64 3.420561e+09 1.385347e+09 1.383758e+09 3.619738e+09

128 6.843982e+09 2.798342e+09 2.797163e+09 7.956930e+09

256 1.368939e+10 6.119361e+09 6.118801e+09 3.210496e+10

F I G U R E 14 (Color online) Simply-supported straight rod under a distributed load. Convergence rate for the (A) normal displacement,
(B) the rotation, (C) the shear force, and (D) the bending moment using NURBS elements and CAS elements.
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20 GOLESTANIAN and CASQUERO

F I G U R E 15 (Color online) Shear force and bending moment of the simply-supported straight rod under a distributed load using (A, C)
NURBS and (B, D) CAS elements. The mesh has 16 elements and L∕t = 104. The numerical solution of the shear force using CAS elements
overlaps with the exact solution. NURBS elements lock resulting in zero bending moment and large-amplitude spurious oscillations of the
shear force. Note the different vertical scale used in each plot.

In any case, the accuracy of the stress resultants using CAS elements is high even for the extreme slenderness ratio of
L∕t = 104 as shown in Figure 15. For the same mesh resolution (16 elements) and L∕t ratio, NURBS elements result in a
flat distribution of the bending moment and large-amplitude spurious oscillations of the shear forces (the absolute value
of the maximum shear force obtained with NURBS elements divided by the maximum exact shear force is 227.54) as
shown in Figure 15.

We now solve this problem using a simple reduced integration rule with p Gauss points (2GP) to compute all the
integrals and conduct comparisons with respect to the full integration rule with p + 1 Gauss points (3GP). As shown
in Figures 16 and 17, the convergence of NURBS elements gets better when 2 Gauss points are used instead of 3
Gauss points. Nevertheless, the convergence of NURBS elements with 2 Gauss points still worsens significantly as L∕t
increases. The convergence of the shear force using NURBS elements with 2 Gauss points is completely unsatisfac-
tory (the error even increases as the mesh is refined for multiple refinement levels) since the large-amplitude spurious
oscillations of the shear force are still present. For coarse meshes, the accuracy of the normal displacement, the rota-
tion, and the bending moment barely increase when using NURBS elements with 2 Gauss points. This is relevant for
complex industrial applications which often require to work with coarse meshes to obtain manageable computational
times. On the other hand, CAS elements result in essentially the same accuracy regardless of whether 2 Gauss points
or 3 Gauss points are used. Therefore, 2 Gauss points can be used to decrease the computational time when using
CAS elements.

As in Section 5.2, we also computed the condition numbers of NURBS elements, CAS elements, and linear Lagrange
polynomials for R∕t = 103. The values of the condition number are included in Table 2. The trends that are obtained for
this example are the same as those obtained in Section 5.2.
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GOLESTANIAN and CASQUERO 21

F I G U R E 16 (Color online) Simply-supported straight rod under a distributed load. Convergence comparison of (A, C) NURBS
elements and (B, D) CAS elements for the normal displacement and the rotation using either 3 Gauss points or 2 Gauss points.

F I G U R E 17 (Color online) Simply-supported straight rod under a distributed load. Convergence comparison of (B, D) NURBS
elements and (A, C) CAS elements for the shear force and the bending moment using either 3 Gauss points or 2 Gauss points.
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22 GOLESTANIAN and CASQUERO

T A B L E 2 Simply supported straight rod. Condition numbers for NURBS elements, CAS elements, and linear Lagrange polynomials
for R∕t = 103.

nel FEM NURBS CAS

2 1.293921e+10 9.529486e+09 8.203125e+09

4 7.657799e+09 7.143762e+09 6.574945e+09

8 6.464235e+09 4.028596e+09 3.927086e+09

16 1.331088e+10 5.033083e+09 5.033083e+09

32 2.681528e+10 1.007633e+10 1.007633e+10

64 5.372762e+10 2.015822e+10 2.015822e+10

128 1.075038e+11 4.031910e+10 4.031910e+10

256 2.150319e+11 8.063955e+10 8.063955e+10

6 CONCLUSIONS AND FUTURE WORK

In this work, linear plane curved Timoshenko rods are used as a model problem to investigate how to properly remove
shear and membrane locking from quadratic NURBS-based discretizations of structural theories that take into account
transverse shear deformations. The numerical investigations of Section 5 show that locking-prone discretizations undergo
three separate regimes as the element size is decreased:

• Regime 1: The displacements, the rotation, and the bending moment lock resulting in much smaller values than
expected and the shear and membrane forces lock resulting in large-amplitude spurious oscillations.

• Regime 2: The displacements, the rotation, and the bending moment start to unlock and eventually have accurate
values while the shear and membrane forces are still locked resulting in large-amplitude spurious oscillations (the
amplitude of the spurious oscillations may have even increased in comparison with the oscillations in Regime 1).

• Regime 3: The shear and membrane forces start to unlock and eventually have accurate values while the displacements,
the rotation, and the bending moment already have accurate values.

The number of refinement levels that belong to Regimes 1 and 2 increase as the slenderness ratio is increased. As
shown in Figures 6 and 14, the number of refinements levels that belong to Regime 2 is high. Therefore, when the effec-
tivity of a locking treatment is evaluated, it is not enough to only study the accuracy of the unknowns (displacements and
rotations) since the effectivity of the locking treatment in removing Regime 2 is not evaluated at all. Thus, the authors
strongly recommend to always evaluate the effectivity of a locking treatment studying the accuracy of both the unknowns
and the stress resultants. The numerical investigations of Section 5 show that CAS elements remove shear and membrane
locking for an ample range of slenderness ratios, that is, both Regime 1 and Regime 2 disappear. CAS elements overcome
shear and membrane locking by means of interpolating the shear and membrane strains using linear Lagrange polyno-
mials while maintaining the C0 continuity across elements of the shear and membrane strains. The convergence of the
displacements, the rotation, the membrane force, the shear force, and the bending moment is independent of the slender-
ness ratio up to 104 using CAS elements. Lastly, for a given mesh, CAS elements are almost as computationally efficient
as the locking-prone NURBS-based discretization of the Galerkin method.

Future research directions include:

• Extend CAS elements to the nonlinear regime.
• Generalize CAS elements to remove locking from shell formulations.
• Treat the volumetric locking of nearly incompressible solids using CAS elements.
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∗Alternatively, accuracy per computational time could be compared directly. However, this type of comparison is not particularly reliable for
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